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We study the dynamical evolution of a large amplitudemode by numerical simulation&-modes in
neutron stars are unstable growing modes, driven by gravitational radiation reaction. In these simulations,
r-modes of amplitude unity or above are destroyed by a catastrophic decay: A large amplitode gradu-
ally leaks energy into other fluid modes, which in turn act nonlinearly withrthede, leading to the onset of
the rapid decay. As a result themode suddenly breaks down into a differentially rotating configuration. The
catastrophic decay does not appear to be related to shock waves at the star’s surface. The limit it imposes on
ther-mode amplitude is significantly smaller than that suggested by previous fully nonlinear numerical simu-
lations.
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The r-modes of rotating neutron stars are unstable growpeared on the surface of the star and thmode amplitude
ing modes driven by gravitational radiation react[dp?]. If  collapsed. Lindbloret al. suggested that the nonlinear satu-
the I=m=2 r-mode of a young, rapidly rotating star can ration amplitude of the-modes may be set by dissipation of
grow to an amplitude of order unity, the gravitational radia-€nergy in the production of shock waves. Here, we show that
tion it emits would carry away most of the star’s angular@ hydrodynamical effect will restrict tremode amplitude to
momentum and rotational kinetic energy; and the radiatior® Value significantly below that reported in0,11.

might be detectable by the Laser Interferometric Gravita- We note .that, with the artificially large radiation reaction,
tional Wave ObservatoryLIGO 1) [3] (for recent reviews (e results if10,11 assume that no hydrodynamic process

see[4,5)). Even if its amplitude were smaller, themode ~ (@Kes energy from themode in a time scale between 10 ms
instability would limit the periods of hot, young neutron stars and 40 ;(the art|f|C|a] growth time and the _actua! physical
(and, possibly, of old stars spun up by accretighnumber growth time, respectively In this paper we investigate the

of mechanisms to damp the mode have been examined, igvolution of large amplitude-modes in these time scaletd
cluding shear viscosity enhanced by crust-core coupling anf'S—40 $ We find that(i) a catastrophic decay of the mode,
by nonstandard coolin§6]: bulk viscosity enhanced by a ©°ccuring within these time scales, significantly reduces the

hyperon-rich corg7]; and energy loss to a magnetic field @MPplitude to which an-mode can grow, andi) in a large
driven by differential rotatiori8]. But none of these defini- 2MmPplituder-mode this catastrophic decay leads to a differen-
tively eliminates the instability. tially rotating configuration(As in Refs.[10,11], we assume

The significance of ther-mode instability depends & Perfect fluid with no magnetic fields. _
strongly on its maximum possible amplitude. In two recent e solve the Newtonian hydrodynamics equations for a

articles, Stergioulas and Fogi] and Lindblom, Tohline, and non-viscous fluid flow in the presence of gravitational radia-
Vallisneri [10] performed numerical simulations of nonlinear 0N reaction:

r-modes, both finding that large-amplitude nonlinear ap .

r-modes can exist for some long period of time. In addition, E+V~(pv)=0, (1)
in [10,11], Lindblom et al. carried out numerical simulations

of the growth of ther-modes driven by the current quadru- P

pole post-Newtonian radiation reaction force in Newtonian p _+;.VJ) =—VP—pVd+pFgg, 2
hydrodynamics. In order to achieve a significant growth of ot

the r-mode amplitude in a reasonably short computational h is the densi is th > is th loci
time, they artificially multiplied the radiation reaction force Werep is the densityP is the pressurey is the velocity,
by a factor of 4500. This decreases the growth time of thd-cr IS the radiation reaction force per unit mass, ands

r-mode from about 40 s to 10 ms. Theimensionless the Newtonian potential, satisfying

r-mode amplitudex grew to ~3.3 before shock waves ap- V20 = 47Gp. &)
A high resolution shock capturing schertigoe solvey is
*Corresponding author. used to solve the hydrodynamic equations. In addition, as in
TAlso at Department of Physics, The Chinese University of Hong[9], we applied the 3rd order piecewise parabolic method
Kong, Hong Kong. (PPM) [12] for the cell-reconstruction process in order to
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ov= aoRoﬂo( R_) Ygzel a)t, (6)
0

where a is a dimensionless amplitud&, and Q4 are the
radius and angular velocity of the unperturbed rotating star
model, and\?gz is the magnetic-type vector spherical har-
monic defined byYE =[1(1+1)] Y4 xVY,,. Using Eq.

(6) with a largec,, introduces other modes in the initial data
[11]; that is, the resulting configuration is not the same as an
‘ , r-mode growing from small amplitude driven by gravita-
02 ‘) 04 06 tional radiation reaction. In the following, we will show how

we obtain a large amplitudemode in our study.

Beyond the linear regime, there is no unique mode de-
composition, and hence no unique definition ofremode. In
this paper, by a large amplitudemode we mean a configu-
ration resulting from the growth of an infinitesimaimode
simulate rapidly rotating stars accurately for a large numbeflU€ to gravitational radiation reaction. We define the ampli-
of rotational periods. tude a of the nonllne?rif m=2 mode in terms of its con-

As r-modes couple to the gravitational radiation mainly tribution to J,,= [ pr2v - Y55 d°x:
through the current multipole},,,, we assume that the con-

—_— . £ 11~ .
tribution to the reaction forcé-gg comes solely from the “(t)E’—af a(x)e P g3y
dominant current multipold,,, an approximation used also R

in [10,11]. The resulting expression fétgg is given by(see

0.09
0

FIG. 1. Evolution ofa in a slowly rotating star with the correct
(ko) and artificial (9<10"«,) radiation reaction. The solid lines
represent the numerical results (35@solution, while the dashed
lines are the predictions from linear theory.

[10,13,19) a(x)el?N= 87TR4(pr21;~\?zB§‘)/§(t)f pridix.  (7)
X _iEY — i i z3(5) (6)
For—iFer= = ki (XHiy)[3v7 327 +2.57], 4 HereRis the radius of the corresponding nonrotating star
, o v¥+ivY (5) 1 1(6) model anda(x) is the amplitude density. The phase factor
For=—rIm) (x+iy)7 3 X+iy B+ 57| ) &(x) is defined so thate(x) is real. The definition of the

amplitude is similar to that df10], except that we normalize
where J§) is the nth time derivative ofJy, and k=xo  «(t) by the average angular velocity of the s€at) instead
=32/7G/(45\5¢”). A technical difficulty in evaluating of a fixed initial Q.
Fer is that it depends on high-order time derivativeslgf. In Fig. 1, we show the time evolution ef for two cases
To circumvent this problem, we assume thdl(zg) in a slowly rotating star witif =4.42 ms. In the first case
= (iw)"J5,, with the nonlinear-mode frequency» defined IS et to the correct Post-Newtonian vakie(represented by

by w=—|J$|/|J,,], as in[10,11]. Notice thatJ{}) can be the solid line labeled k,"). The evolution begins with a

expressed as an integral over the fluid variables and is thuinall (linean r-mode perturbation given by E¢6) with aq
calculated on each time sli¢¢0,11,14. =0.1. The simulation is carried out up t&=0.6 ms. To

To investigate the dynamical properties of a large ampli-compare, we plotted as dashed line the evolutionvohs
tuder-mode numerically, one must first generate initial data.Predicted by the linear theofi5]: a=aqe’7er, where the
However, analytically we know only the expression of angravitational radiation time scale is given by
r-mode in the linear regime, under the assumptiorxef1

6 2
andQy—0. In particular, thd =m=2 r-mode perturbation i: GQO(@) L) f prédsx. ®)
(at the first order of)) is given by[15] Tecr 2c’ \405 | kg
25 T T T 0.3
— =0
———- xk=4500,
————— k=9000x, /
0.2 - s ] FIG. 2. Left: Growth of the
, 2 r-mode amplitudex during artifi-
151 1 Ve //' cial “pumping” with «=4500.
ot) s Right: The velocity profile v¥
01 r // 7 along thex axis att=0 and at the
// point whena=2.0.
05 L L L 0 L |
0 5 10 15 20 0 5 10 15 20
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0.02

0.015 1 ] FIG. 3. Left: Evolution of the
“pumped up” « at different val-
ues with k=«,. Right: Fourier
001 - ] spectra ofv? along thex axis (at
x=6 km) at two time slots in the
evolution starting out with «
0.005 | =1.6. The earlylaten time slot is

/\/\JU\A—A denoted by the dashédolid) line.
0 v . . 0 AV el =

0 20 40 60 0 1 2 3 4 5
t (ms) f (kHz)

We note that this formula is correct only to linear ordein  tern does not depend sensitively on the pump (@sdong as
and in(), and is thus accurate only fdr) a<<1 and (ii) the pump rate is large enough so that the large amplitude

Qo/‘/G;<1- While assumptiorii) is reasonably goodji) r-mode can be arrived jatin Fig. 2 (right), we show the

is actually not accurate for the model used: rotation periodotational velocity profile v¥ along the x axis for «

%2\/@3 is the Kepler limit, wherd represents the av- same initial model. For comparison, we also plot the initial

. . profile in the same figure. We see that the two lines,
gcr)?r?; ddeensny of the starNevertheless, the two lines nearly =9000, 450@,, agree with each other to better than 3%,

With radiation reaction coefficient. an evolution time with smaller discrepancy away from the surface. In the rest
t~3%10f ms is needed to reach:i)’ For a 128 grid- of this paper, we will take the “pumped up” configurations
ooint simulation, this would tak@(loll). time steps, requir- given in Fig. 2(left) as the initial state in our investigation of

! : . .. the hydrodynamical behavior of the large amplituemode.
ing a clearly impracticaD(10°) hours on a 128 CPU Origin ; : :
2000 (MIPS R12000. To the extent that different pumping rates are not affecting

. . .. the initial w he artificial pumping is not affectin
To arrive at a large amplitudeemode we use an artifi- the Initial state we use, the artificial pumping Is not affecting

. . . - . the results we report below.
cially largek as in[10,11]. In Fig. 1, the solid line labeled Here we focug on one question: What is the fate of a
9x10'k,” represents the evolution ofa with =9

; . large-amplitude-mode in a rapidly rotating neutron star for
X 10"ko. For comparison, we also plot the evolution®fs g P pigy g

oredicted by the linear theory with this as the dashed line a sufficiently long time evolution, modeled as the 1.24 ms
: Iyt d ibed above. That is, what lution is implied
The slight offset between the dashed and solid lines at th OyIrope cescrived ahove. ' nals, wha: evo'ution IS impie

Egs.(1)—(3), with the correct amount of radiation reac-
initial time is due to the fact that(t=0) as calculated from Y =4 D-@

Eq. (7) equals toay as defined in Eq(6) only in the limit In Fig. 3 (left) we show the evolution of vs time for
<1 and(2,—0. _ various large amplituder-modes starting off with

In Fig. 2 (left), we show the growth of anmode(with  _5 555 18 1.6. We see that the mode amplitudes start
=0.5) 10 a large amplitude with an artificial of 4500<y ot 5owly decaying, leaking energy to other modes. The de-
n our fast rotating star model: The star has_a r?asMof cay rate is small, until a certain time. We plot in Fig(rht)
=1.6M with a poE/troplc equation of statB=Kkp®. The o Fourier transform of the velocity componentalong the
equatorial radiusRe=14.5 km. The ratio of the polar 10 y ayis at a typical point inside the star at two different time

equatorial radii is 0.76. The rotation period1s=1.24 ms.  gjots in the evolution of ther=1.6 casdthe lowest line in
This model is used for the rest of the simulations discussed

in this paper. Unless otherwise noted, we use’128rtesian
grid points withAx=Ay=Az=0.42 km.

In Fig. 2 (left), the amplitudex rises from 0.5t0 2.2 in 19 2r /
ms. An indicator of the accuracy of the simulation is that the i
total mass of the system is constant to 0.08% by 20 ms in our : 1
129 runs. Also, the actual numerical evolution of the total @ / \ \ \ W

angular momentund=| [ pr X vd3x| agrees with the theoret- "

ical prediction[see Eq(11) of Ref.[10]] to about 1%.
While the discussion above shows the accuracy of our ’

numerical treatment, one still must ask whether the large

amplituder-mode obtained with the large artificial pumping , ,

is physical or not, in the sense that whether the rapid pump- ° %0 £ (me) 100 150

ing excites modes that would not be excited with <. We

compare the large amplitudemodes obtained with different FIG. 4. Evolution ofa (65° resolution with artificial pumping

pumping rates and conclude that the resulting fluid flow patef x=4500«, whenevera drops below its initial value.
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FIG. 5. The amplitude density
a(x) on the equatorial plane be-
fore (left) and after (right) the
breakdown for the case where the
initial “pumped up” « is 2.0 in
Fig. 3.

Fig. 3 (left)]. The dashed line is the profile at the beginningsubsequent re-growth of themode is possible or ngtL6].

of the evolution(13 ms—35 mk we see that there is only one  In Fig. 6 we plot the rotational velocity profile¥ along
large peak at the-mode frequency0.93 kH2. This is com-  the x axis for the case where the initial is 2.0. The solid
pared to the solid line representing the spectrum at a latdine is the initial profile, while the dashed line is the profile
time slot(35 ms—50 ms We see that various smaller peaks after the decay. To further quantify the amount of differen-
appear in the spectrum, especially the one at twice théal rotation, we define the kinetic energy associated to dif-
r-mode frequency1.86 kH2. Spectra at different points in- ferential rotation by I=%fp(v¢—v_¢)2d3x, where U_¢

side the star give similar structure, with those in the core — > —— . . .
region showing more peaks at different frequencies. =0 Vx*+y~ with () being the average angular velocity of

The most interesting feature of Fig. (Bft) is that after the star. We plot the evolution @f andl| together in Fig. 7

some slow leaking of energy into other fluid modes, thelleft). It is seen that the amount of differential rotatior) (

r-mode amplitude drops catastrophically to a value mucHi,Ses rapidly during the breakdown .Of' We also See In our
smaller than 1. This abrupt drop occurs through nonlinea?'mUIat'ons that the star has a relatively large amplitude pul-

couplings with other fluid modes: In the slow leaking phase S&tion during the breakdown. Figure (fight) shows the

these other fluid modes are growing linearly until a certaindU@drupole-moment componeR,, against time for the
unstable point. The time it takes to reach the unstable poirt@Me case as in Fig.(ieft). We see thaQ, is basically zero
depends sensitively on themode amplitude. It shortens until the breakdown and it then oscillates rapidly afterward.

from approximately 45 ms to 8 ms when the initial value of HOWever, based on an order-of-magnitude estimation, the
« changes from 1.6 to 2.2. gravitational radiation amplitude due to the changing quad-

To further investigate this catastrophic decay we perfornfUPOle moment is P:Jnly aboutfl% fOf that due tg thenode.
a set of numerical experiments in which we pump energy [N contrast to the study of Ref§10,11, we do not see
into ther-mode by turning on the artificial radiation reaction €vidence that this catastrophic decay is due to the generation
force with coefficient«=4500¢, whenever its amplitude ©f Shock waves on the surface of the star.

drops down below its initial value. The resulting evolution of We found in this paper that a large amplitudmode W".l
a vs time is given in Fig. 4. The evolution tracks ofstart- lose energy to other fluid modes whose growth in turn trigger
ing off with valuesa=2.1, 1.9, 1.7, 1.5, 1.4, 1.0 are given a catastrophic decay of tlremode. For arr-mode with an

With the large artificial pumping remains constant despite
energy leaking to other modes. In all cagezcepta=1.0 0s |
where the simulation is not evolved long enoydtowever,
the hydrodynamical nonlinear interaction eventually over-
whelms the artificial pumping, and themode amplitude oz} P
falls catastrophically. vie 1
In Fig. 5 we compare the distribution of the amplitude {
density a(x) as defined in Eq(7) on the equatorial plane oty
before(left) and after(right) the breakdown respectively for :
the case where the initial is 2.0(the «=2.0 line in Fig. 3. ;

In the figure, the brighter region represents higher amplitude 0 5 1"(0 15 20
density. During the catastrophic decay, thenode pattern )
changes rapidly from a 4-fold “regular” shapéeft) to a FIG. 6. The rotational velocity profile¥ along thex axis for the

whirlpool-like spiral (right). We also see in our simulations case where the initial “pumped up# is 2.0. The solid line is the
that strong differential rotation is developed during theinitial profile ata= 2.0, while the dashed line is the profile after the
breakdown, a potentially important fact regarding whetheroreakdown.
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0.02

FIG. 7. Left: Evolution ofa
(dashed and! (solid) for the case
where the initial “pumped up’a
is 2.0. Note thatl has been re-
scaled for comparison. Right:
. | Evolution of Q,, (in G=c=Mg
=1 unit9 for the same case.

o ) . ) ~0.01 . . .
17 22 27 32 17 22 27 32
t(ms) t (ms)

amplitude @ of order one, the onset of catastrophic decaycillation modes. Such investigation is beyond the resolution
requires a time much shorter than the growth time of thepower of our present simulations. Note that, if the conclu-
r-mode due to radiation reaction; and the decay thus limitsions of[17] are correct, there may be no astrophysical situ-
the r-mode amplitude to a value less than that found byation in whichr-modes grow to amplitudes large enough to
[10,11]. Further work is in progress to determine the natureexhibit the sudden decay seen in our simulations.

of this catastrophic decay, whether it is related to any known e thank N. Andersson, G. Comer, E. Evans, S. lyer, L.
hydrodynamical instability of nonlinear flow, and how large | jndplom, M. Miller, Y. Mino, B. Owen, and C. Will for
anr-mode amplitude can be with this effect taken into ac-ysefy| discussions. The simulations in this paper made use of
count. the following code components: Newtoavolve (Newton-

Note added.Towards the end of the preparation of this ian gravity and evolutionby P. Gressman, PPNPPM re-

paper we learned the results of Aretsal.[17]. We note the on by T. F N dules f .
following differences between the hydrodynamical phenom-COﬂStrm_:t'O')I y T. Font, ewt_onana(mo ules for various
ewtonian analysedy L.-M. Lin, and the Cactus computa-

enon studied in this paper and that studied by them: Th('%I . X
work of Arraset al. points to a slow leakage of thremode tional toolkit by T. Goodaleet al. The research is supported

energy into some short wavelength oscillation modes, lead?y NSF Phy 00-71044, 00-96522, 99-79988DI Astro-

ing to an equilibrium distribution of mode amplitudes. This Physics ~ Simulation ~ Collaboratory = Projgct NRAC

in turn, through viscosity dissipation, limits themode am- MCS93S025, the EU Program “Improving the Human Re-
plitude to a small value. In this paper we find a sudden angearch Potential and the Socio-Economic Knowledge Base”
complete breakdown of themode that operates independent (Research Training Network Contract HPRN-CT-2000-
of viscosity. Further numerical investigation will be carried 00137, KBN-5P03D01721, and support from the NASA
out to investigate the interactions oimodes with other os- AMES NAS.

[1] N. Andersson, Astrophys. 502 708 (1998.

[2] J.L. Friedman and S.M. Morsink, Astrophys. 302, 714

(1998.

[3] B.J. Owenet al,, Phys. Rev. D68, 084020(1998.
[4] N. Andersson and K.D. Kokkotas, Int. J. Mod. Phys1@ 381

(2002.

[5] J.L. Friedman and K.H. Lockitch, gr-qc/0102114.

[8] H.C. Spruit, Astron. Astrophys341, L1 (1999; L. Rezzolla,

F.K. Lamb, and S.L. Shapiro, Astrophys. J. L&81, L139

(2000; L. Rezzolla, F.K. Lamb, D. Markovic, and S.L. Sha-
piro, Phys. Rev. D64, 104013(2001); 64, 104014(2001).

[9] N. Stergioulas and J.A. Font, Phys. Rev. L88, 1148(2001).

[10] L. Lindblom, J.E. Tohline, and M. Vallisneri, Phys. Rev. Lett.

86, 1152(2001).

[6] N. Andersson, D.I. Jones, K.D. Kokkotas, and N. Stergioulas[11] L. Lindblom, J.E. Tohline, and M. Vallisneri, Phys. Rev.d5,

Astrophys. J. Lett534, L75 (2000; M. Rieutord, Astrophys. J.
550, 443(2001); 557, 493E) (2002); L. Lindblom, B.J. Owen,
and G. Ushomirsky, Phys. Rev. &2, 084030(2000); Y. Levin
and G. Ushomirsky, Mon. Not. R. Astron. So824, 917
(2002; Y. Wu, C.D. Matzner, and P. Arras, Astrophys.53.9,
1011(2001); G. Mendell, Phys. Rev. B4, 044009(2001).

[7] P.B. Jones, Phys. Rev. Le®86, 1384(2001); Phys. Rev. D64,
084003(2001); L. Lindblom and B.J. Owenipid. 65, 063006
(2002; P. Haensel, K.P. Levenfish, and D.G. Yakovlev,

astro-ph/0110575.

084039(2002.

(1984.

[12] P. Collela and P.R. Woodward, J. Comput. Phgd, 174

[13] L. Blanchet, Phys. Rev. B5, 714(1997.
[14] L. Rezzollaet al., Astrophys. J525, 935(1999.

[15] L. Lindblom, B.J. Owen, and S.M. Morsink, Phys. Rev. Lett.

80, 4843(1998.

024003(2009).

[16] S. Karino, S. Yoshida, and Y. Eriguchi, Phys. Rev. @3,

[17] P. Arraset al.,, astro-ph/0202345.

041303-5



