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Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.1/21



Overview

• Why?

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.
• General relativity.

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.
• General relativity.
• General relativistic plasmas.

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.
• General relativity.
• General relativistic plasmas.
• Splitting techniques (preferred vector fields, null vectors,

timelike directions, spacelike directions, tetrads).

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.
• General relativity.
• General relativistic plasmas.
• Splitting techniques (preferred vector fields, null vectors,

timelike directions, spacelike directions, tetrads).
• 1 + 3 split.

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.
• General relativity.
• General relativistic plasmas.
• Splitting techniques (preferred vector fields, null vectors,

timelike directions, spacelike directions, tetrads).
• 1 + 3 split.
• 1 + 1 + 2 split.

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.
• General relativity.
• General relativistic plasmas.
• Splitting techniques (preferred vector fields, null vectors,

timelike directions, spacelike directions, tetrads).
• 1 + 3 split.
• 1 + 1 + 2 split.
• Applications

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.
• General relativity.
• General relativistic plasmas.
• Splitting techniques (preferred vector fields, null vectors,

timelike directions, spacelike directions, tetrads).
• 1 + 3 split.
• 1 + 1 + 2 split.
• Applications

◦ Cosmology

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.2/21



Overview

• Why?
• Plasma physics.
• General relativity.
• General relativistic plasmas.
• Splitting techniques (preferred vector fields, null vectors,

timelike directions, spacelike directions, tetrads).
• 1 + 3 split.
• 1 + 1 + 2 split.
• Applications

◦ Cosmology
◦ Astrophysics
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Why?

• Plasmas prominent component of many physical systems.
• Support a wide variety of wave modes, and sustain strong

electromagnetic fields.
• Plasmas often immersed in gravitating system.
• Strong gravitational fields and gravitational waves require

general relativity.
• Minimal coupling → modified fluid and Maxwell’s equations.
• Gravitational wave (GW) have same phase speed as plane

vacuum electromagnetic (EM) wave → effective interaction.
• Direct and indirect detection schemes? Would offer an

opportunity to
a) calibrate measurements with laser interferometers and

resonant masses, and
b) open up for a new form of astronomical observations.
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particles, or
◦ kinetic equation ∂tfs + v · ∇rfs + a · ∇vfs = 0, for each

particle species, or
◦ fluid equations for each particle species, or
◦ effective single fluid theory (MHD).

• Particle dynamics governed by Lorentz force q(E+v×B).

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.4/21



Plasma physics

• Self-consistent collective charged particle dynamics.
• Different approaches. Combine Maxwell’s equations with

◦ Hamilton’s equations ṙi = ∇pH, ṗi = −∇rH, for N
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Plasma physics

• Self-consistent collective charged particle dynamics.
• Different approaches. Combine Maxwell’s equations with

◦ Hamilton’s equations ṙi = ∇pH, ṗi = −∇rH, for N

particles, or
◦ kinetic equation ∂tfs + v · ∇rfs + a · ∇vfs = 0, for each

particle species, or
◦ fluid equations for each particle species, or
◦ effective single fluid theory (MHD).

• Particle dynamics governed by Lorentz force q(E + v × B).
• Electromagnetic field governed by distribution and motion of

particles → complex dynamical behaviour.
• Instabilities, Landau damping, soliton formation, wave

steepening ...
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General relativity

• Newtonian gravity → action at a distance.
• General relativity → curvature of spacetime.
• Finite speed of prepagation (= c) of interaction.
• Gravitational waves → graviton (spin-2 boson).
• Formation of horizons → black holes.
• Spacetime dynamical → rotation, expansion, acceleration ...
• Cosmology, Friedmann–Lemaître–Robertson–Walker

model, standard of cosmology (homogeneous, isotropic).
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General relativity

• Einstein’s field equations Rab −
1
2Rgab = Tab couples gravity

(LHS) to matter (RHS). Rab Ricci curvature, R Ricci scalar,
gab metric, Tab energy-momentum tensor.

• Perfect fluid: Tab = (µ + p)uaub + pgab.

• Electromagnetic field: Tab = (E2 + B2)uaub + 1
2(E2 +

B2)gab + 2u(aεb)cdE
cBd − (E(aEb) + B(aBb)).

• Imperfect fluid: Tab = (µ + p)uaub + pgab + 2u(aqb) + Πab.
(Needs to be complemented by transport parameters.)

• Scalar field (inflation).
• Spinor field.
• Tensor field (Landau & Lifshitz gravity pseudo

energy-momentum tensor).
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General relativistic plasmas

• Gravity modifies plasma dynamics through geometry:
Vlasov equation

pa ∂f

∂xa
− Γa

bcp
bpc ∂f

∂pa
= 0,

or energy-momentum conservation equations (follows from
twice contracted Bianchi identities)

∇bT
ab = 0,

and Maxwell’s equations

∇bF
ab = ja,

∂[aFbc] = 0.
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• Gravity modifies plasma dynamics through geometry:
Vlasov equation

pa ∂f

∂xa
− Γa

bcp
bpc ∂f

∂pa
= 0,

or energy-momentum conservation equations (follows from
twice contracted Bianchi identities)

∇bT
ab = 0,

and Maxwell’s equations

∇bF
ab = ja,

∂[aFbc] = 0.

• Rotation coefficients capture influence of gravity.
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General relativistic plasmas

• The plasma couples to gravity through the energy
momentum tensor

Tab = T fluid
ab + T EM

ab

in Einstein’s equations. Under most circumstances
µfluid � µEM, pfluid � pEM, and should not affect gravitational
collapse/expansion appreciably, but EM field may introduce
significant anisotropies in fluids.
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General relativistic plasmas

• The plasma couples to gravity through the energy
momentum tensor

Tab = T fluid
ab + T EM

ab

in Einstein’s equations. Under most circumstances
µfluid � µEM, pfluid � pEM, and should not affect gravitational
collapse/expansion appreciably, but EM field may introduce
significant anisotropies in fluids.

• Nonlinear effects due to EM fields in Einstein’s equations
may give many interesting effects, and should not a priori
be discarded.
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Spacetime is often described using
• the metric, given a set of coordinates,
• a cotangent basis (tetrad) for the spacetime manifold, such

as
◦ a Lorentz tetrad (suitable for massive fluids),
◦ a null tetrad (Newman–Penrose or

Geroch–Held–Penrose formalism), or
• covariant variables, defined using a prefered timelike vector

field ua, the 1 + 3 formalism (Ehlers, Ellis, Kundt, Trümper).
◦ Suitable in spacetimes with a prefered timelike flow, e.g.

cosmological models.
◦ “Feels like home”: physical interpretation in terms of

scalars and 3-D objects.
◦ Allows for covariant gauge-invariant perturbation theory

(see Christos Tsagas’ lecture).
Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.9/21



1 + 3 split

au

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.10/21



1 + 3 split

au dt

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.10/21



1 + 3 split

• Einstein’s equations ⇔

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.11/21



1 + 3 split

• Einstein’s equations ⇔

◦ Ricci identities 2∇[a∇b]uc = Rabcdu
d (kinematic evolution

of fluid flow),

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.11/21



1 + 3 split

• Einstein’s equations ⇔

◦ Ricci identities 2∇[a∇b]uc = Rabcdu
d (kinematic evolution

of fluid flow),
◦ twice contracted Bianchi identities ∇bT

ab = F abjb

(energy and momentum conservation), and

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.11/21



1 + 3 split

• Einstein’s equations ⇔

◦ Ricci identities 2∇[a∇b]uc = Rabcdu
d (kinematic evolution

of fluid flow),
◦ twice contracted Bianchi identities ∇bT

ab = F abjb

(energy and momentum conservation), and
◦ the Bianchi identities ∇[aRbc]de = 0 (evolution of the

gravitational tensor field).

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.11/21



1 + 3 split

• Einstein’s equations ⇔

◦ Ricci identities 2∇[a∇b]uc = Rabcdu
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of fluid flow),
◦ twice contracted Bianchi identities ∇bT

ab = F abjb

(energy and momentum conservation), and
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gravitational tensor field).
• Faraday tensor split into electric and magnetic field:

Fab = uaEb − ubEa + εabcB
c.

Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.11/21
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• Einstein’s equations ⇔

◦ Ricci identities 2∇[a∇b]uc = Rabcdu
d (kinematic evolution

of fluid flow),
◦ twice contracted Bianchi identities ∇bT

ab = F abjb

(energy and momentum conservation), and
◦ the Bianchi identities ∇[aRbc]de = 0 (evolution of the

gravitational tensor field).
• Faraday tensor split into electric and magnetic field:

Fab = uaEb − ubEa + εabcB
c.

• That’s it!
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1 + 3 split

• Multi-fluids (Ellis, Dunsby, Marklund, Betschart, Servin,
Tsagas): Observers with 4-velocity ua → hab ≡ gab + uaub

metric on local rest space of ua.
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• Multi-fluids (Ellis, Dunsby, Marklund, Betschart, Servin,
Tsagas): Observers with 4-velocity ua → hab ≡ gab + uaub

metric on local rest space of ua.
• Collection of perfect fluids with 4-velocities

ua
(i) = γ(i)(u

a + va
(i)), γ(i) ≡ (1 − v2

(i))
−1/2.
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• Multi-fluids (Ellis, Dunsby, Marklund, Betschart, Servin,
Tsagas): Observers with 4-velocity ua → hab ≡ gab + uaub

metric on local rest space of ua.
• Collection of perfect fluids with 4-velocities

ua
(i) = γ(i)(u

a + va
(i)), γ(i) ≡ (1 − v2

(i))
−1/2.

• Relative to ua:

T ab
(i) = µ̂(i)u

aub + p̂(i)h
ab + 2u(aq̂

b)
(i)

+ π̂ab
(i);

where
µ̂(i) ≡ γ2

(i)(µ(i) + p(i)) − p(i) ,

p̂(i) ≡ p(i) + 1
3γ2

(i)(µ(i) + p(i))v
2
(i) ,

q̂a
(i) ≡ γ2

(i)(µ(i) + p(i))v
a
(i) ,

π̂ab
(i) ≡ γ2

(i)(µ(i) + p(i))(v
a
(i)v

b
(i) −

1
3v2

(i)h
ab) .
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1 + 3 split

• Fluid equations Let ḟ ≡ ua∇af and Da 3-D covariant
derivative → energy conservation

µ̇(i) = −
(

µ(i) + p(i)

)

(

Θ + Dav
a
(i)

)

−γ−1
(i)

(

µ(i) + p(i)

)

(

γ̇(i) + γ(i)u̇av
a
(i) + va

(i)Daγ(i)

)

−va
(i)Daµ(i),

momentum conservation
(

µ(i) + p(i)

)

(

u̇a + v̇
〈a〉
(i)

)

= −γ−2
(i)

Dap(i) −
1
3Θ

(

µ(i) + p(i)

)

va
(i) − ṗ(i)v

a
(i)

−
(

µ(i) + p(i)

)

(

vb
(i)Dbv

a
(i) + σa

bv
b
(i) + εabcωbv(i)c

)

+γ−1
(i)

(

µ(i) + p(i)

)

(

va
(i)γ̇(i) + va

(i)v
b
(i)Dbγ(i)

)

−va
(i)v

b
(i)Dbp(i) + γ−1

(i) ρc(i)(E
a + εabcv(i)bBc),
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1 + 3 split

• Maxwell’s equations (see Marklund et al. for notational
details)

Ė〈a〉 = −2
3ΘEa + σa

bE
b + εabcωbEc + εabcu̇bBc + curlBa −

∑

s

j
〈a〉
(s)

,

Ḃ〈a〉 = −2
3ΘBa + σa

bB
b + εabcωbBc − εabcu̇bEc − curlEa ,

DaE
a =

∑

s

ρ(s) + 2ωaB
a ,

DaB
a = −2ωaE

a ,

where curlBa ≡ εabcDbBc.
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1 + 3 split

• Maxwell’s equations (see Marklund et al. for notational
details)

Ė〈a〉 = −2
3ΘEa + σa

bE
b + εabcωbEc + εabcu̇bBc + curlBa −

∑

s

j
〈a〉
(s)

,

Ḃ〈a〉 = −2
3ΘBa + σa

bB
b + εabcωbBc − εabcu̇bEc − curlEa ,

DaE
a =

∑

s

ρ(s) + 2ωaB
a ,

DaB
a = −2ωaE

a ,

where curlBa ≡ εabcDbBc.
• Gravitational equations given in Ellis & van Elst!
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Example

Magnetic field generation in cosmology (see also Christos
Tsagas’ talk).

• We may define gauge-invariant fluid- and electromagnetic
perturbations using the above formalism.
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universe:
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• We may define gauge-invariant fluid- and electromagnetic
perturbations using the above formalism.
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universe:
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◦ Equilibrium configuration → charge neutrality and zero

currents.
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Example

Magnetic field generation in cosmology (see also Christos
Tsagas’ talk).

• We may define gauge-invariant fluid- and electromagnetic
perturbations using the above formalism.

• Start with dust (cold fluid) Friedmann–Robertson–Walker
universe:
◦ Expansion Θ,
◦ Equilibrium configuration → charge neutrality and zero

currents.
• Velocity (i.e., current) perturbations in cold charged two-fluid

model:
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Example

Magnetic field generation in cosmology (see also Christos
Tsagas’ talk).

• We may define gauge-invariant fluid- and electromagnetic
perturbations using the above formalism.

• Start with dust (cold fluid) Friedmann–Robertson–Walker
universe:
◦ Expansion Θ,
◦ Equilibrium configuration → charge neutrality and zero

currents.
• Velocity (i.e., current) perturbations in cold charged two-fluid

model:
◦ Nonzero initial curl Ki of the perturbation velocity (see

Battefeld & Brandenberger for a possible source of these
perturbations).
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Example

Magnetic field generation in cosmology (see also Christos
Tsagas’ talk).

• We may define gauge-invariant fluid- and electromagnetic
perturbations using the above formalism.

• Start with dust (cold fluid) Friedmann–Robertson–Walker
universe:
◦ Expansion Θ,
◦ Equilibrium configuration → charge neutrality and zero

currents.
• Velocity (i.e., current) perturbations in cold charged two-fluid

model:
◦ Nonzero initial curl Ki of the perturbation velocity (see

Battefeld & Brandenberger for a possible source of these
perturbations).

◦ Wave equations for the electric and magnetic fields.
Workshop on Relativistic Plasma Physics, Thessaloniki, 2004-08-30 – p.15/21



Example

• The magnetic field as a function of the redshift:

|B| ≈ Kih

(

1 + z

1 + zi

)1/4

(1 + z)3/2 × 10−24 G.
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Example

• The magnetic field as a function of the redshift:

|B| ≈ Kih

(

1 + z

1 + zi

)1/4

(1 + z)3/2 × 10−24 G.

◦ Dimensionless Hubble parameter h ∼ 0.7.
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)1/4

(1 + z)3/2 × 10−24 G.

◦ Dimensionless Hubble parameter h ∼ 0.7.
◦ CMB measurements give Ki ∼ 10−5 at decoupling.
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• The magnetic field as a function of the redshift:

|B| ≈ Kih
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)1/4

(1 + z)3/2 × 10−24 G.

◦ Dimensionless Hubble parameter h ∼ 0.7.
◦ CMB measurements give Ki ∼ 10−5 at decoupling.

• At z ∼ 100 − 10

|B| ∼ 10−26 − 10−28 G
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Example

• The magnetic field as a function of the redshift:

|B| ≈ Kih

(

1 + z

1 + zi

)1/4

(1 + z)3/2 × 10−24 G.

◦ Dimensionless Hubble parameter h ∼ 0.7.
◦ CMB measurements give Ki ∼ 10−5 at decoupling.

• At z ∼ 100 − 10

|B| ∼ 10−26 − 10−28 G

• Dynamo mechanism requires |B| ∼ 10−30 G. Thus we are
well within reach of this!
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Example
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1 + 1 + 2 split

Another useful covariant formalism for anisotropic spacetimes
have been developed by Clarkson & Barret.

• Suppose we have, apart from an prefered observer, a
prefered spacelike direction na, i.e. spherical symmetry.
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Another useful covariant formalism for anisotropic spacetimes
have been developed by Clarkson & Barret.

• Suppose we have, apart from an prefered observer, a
prefered spacelike direction na, i.e. spherical symmetry.

BH
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1 + 1 + 2 split

Another useful covariant formalism for anisotropic spacetimes
have been developed by Clarkson & Barret.

• Suppose we have, apart from an prefered observer, a
prefered spacelike direction na, i.e. spherical symmetry.

• All 1 + 3spacetime quantities may then be split w.r.t. this
new direction, and a new metric may be introduced on the
corresponding local 2-spaces.

• Anlogously to 1 + 3 covariant formalism, this 1 + 1 + 2
formalism is well suited for gauge invariant covariant
perturbation theory (compare to, e.g., the Membrane
Paradigm).
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1 + 1 + 2 split

Another useful covariant formalism for anisotropic spacetimes
have been developed by Clarkson & Barret.

• Suppose we have, apart from an prefered observer, a
prefered spacelike direction na, i.e. spherical symmetry.

• All 1 + 3spacetime quantities may then be split w.r.t. this
new direction, and a new metric may be introduced on the
corresponding local 2-spaces.

• Anlogously to 1 + 3 covariant formalism, this 1 + 1 + 2
formalism is well suited for gauge invariant covariant
perturbation theory (compare to, e.g., the Membrane
Paradigm).

• Perturbations of Locally Rotationally Symmetric Spacetimes
(anisotropic cosmologies), black holes, and neutron stars
(see also talk by Kostas Kokkotas).
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Example

• Problem: Gravitational wave from oscillating BHs
surrounded by strong magnetic fields (see Clarkson et al.):

EM field around a BH = induced ‘currents’ of the form

(GW × strong static magnetic field).
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Example

• Problem: Gravitational wave from oscillating BHs
surrounded by strong magnetic fields (see Clarkson et al.):

EM field around a BH = induced ‘currents’ of the form

(GW × strong static magnetic field).

• Start with static BH, surrounded by strong magnetic field.
• Perturb the horizon using gaussian initial data; gravitational

waves in the form of normal modes.
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Example

• Problem: Gravitational wave from oscillating BHs
surrounded by strong magnetic fields (see Clarkson et al.):

EM field around a BH = induced ‘currents’ of the form

(GW × strong static magnetic field).

• Start with static BH, surrounded by strong magnetic field.
• Perturb the horizon using gaussian initial data; gravitational

waves in the form of normal modes.
• Pick out the electromagnetic signature from this system.
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Example
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Conclusions

• The covariant formalism is well established in ‘standard’
cosmology (CMB etc.).
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• The 1 + 1 + 2 formalism gives interesting results for

GW-magnetic field interaction.
• Formulate a MHD theory within the 1 + 1 + 2 formalism for
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Conclusions

• The covariant formalism is well established in ‘standard’
cosmology (CMB etc.).

• Interesting results when applied to plasma systems (new
modes of density fluctuations, magnetic field generation).

• Offers a gauge invariant way to perform perturbation theory
in general relativistic plasmas.

• Still to be applied to gravitational waves in plasmas.
• The 1 + 1 + 2 formalism gives interesting results for

GW-magnetic field interaction.
• Formulate a MHD theory within the 1 + 1 + 2 formalism for

BHs.
• The covariant formalism is alive and well!
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