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PerÐlhyh

Sth Dunamik , se antÐjesh me to eujÔ prìblhma, kat� to opoÐo, èqontac gnwst� ta
pedÐa dun�mewn, y�qnoume na broÔme tic troqièc pou aut� dhmiourgoÔn, wc antÐstrofo
qarakthrÐzetai to prìblhma thc eÔreshc thc aitÐac (pedÐou dun�mewn) pou anagk�zei èna
sÔsthma na kinhjeÐ me èna sugkekrimèno trìpo.
Se aut  thn ergasÐa ja asqolhjoÔme me thn epÐpedh kÐnhsh enìc ulikoÔ shmeÐou se pedÐa
dun�mewn ta opoÐa proèrqontai apì k�poio dunamikì thc morf c 𝑉 = 𝑉 (𝑥, 𝑦). De ja
melet soume sust mata shmeÐwn, oÔte s¸mata me peperasmènec diast�seic.
Arqik�, parousi�zontai ta ergaleÐa (diaforikèc exis¸seic) pou ja qrhsimopoihjoÔn. To
er¸thma pou jètoume eÐnai �Ektìc twn eujei¸n, ti oikogèneiec par�gei èna eujeioparagwgì
dunamikì?� kai thn ap�nthsh th dÐnoume melet¸ntac to prìblhma se dÔo mèrh:
Sto pr¸to mèroc parousi�zontai oi sunj kec-exis¸seic pou prèpei na ikanopoioÔntai
¸ste stic oikogèneiec troqi¸n pou par�gei èna dunamikì na sumperilamb�netai kai mÐa
oikogèneia eujei¸n (Family of Straight Lines - FSL). Sth sunèqeia, gÐnetai qr sh
touc ¸ste na exag�goume to zhtoÔmeno apotèlesma, dhlad  thn ap�nthsh sthn er¸thsh.
To deÔtero mèroc thc ergasÐac eÐnai afierwmèno stic memonwmènec eujeÐec (Isolated
Straight Lines - ISLs), eujeÐec, dhlad , oi opoÐec den an koun anagkastik� se k�poia
monoparametrik  oikogèneia eujei¸n thn opoÐa dhmiourgeÐ to upìyin dunamikì. MeletoÔme
thn eidik  perÐptwsh isoenergeiak c oikogèneiac troqi¸n kai brÐskoume th sunj kh pou
prèpei na ikanopoieÐ mia tètoia oikogèneia ¸ste na par�getai apì to Ðdio -omogenèc- dunamikì
pou par�gei kai mia memonwmènh eujeÐa 𝑦 = 𝜆𝑥.
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Abstract

In Dynamics, in opposition to the direct problem, which is finding the orbits that the
known force fields produce, the problem of determining the cause (the force field) that
makes a system move in a certain way is known as the inverse problem.
In the present thesis we will deal with the planar movement of a point particle in force
fields produced by a potential of the form 𝑉 = 𝑉 (𝑥, 𝑦). We will not deal with systems of
particles or bodies with finite dimensions.
In the introduction, we present the tools (differential equations) we are going to use. The
question we ask is “Apart from straight lines, what families can a straight line producing
potential create?” and we give the answer by examining the problem in two parts:
In the first part we present the conditions-equations that need to be satisfied for a
potential to create one family of straight lines (FSL) among the other families it creates.
Then, we use them to produce our result, which is the answer to the above question.
In the second part of the thesis, we deal with isolated straight lines (ISLs), which are
straight lines that do not necessarily belong to a whole FSL produced by the potential.
We study the special case of isoenergetic families and we find the condition that has to
be satisfied by a family, so that it is produced by the same -homogenous- potential as an
ISL of the form 𝑦 = 𝜆𝑥.

iii





Perieqìmena

1 Eisagwg  1
1.1 H pr¸thc t�xhc merik  diaforik  exÐswsh (Szebehely’s equation) . . . . . 1
1.2 H deÔterhc t�xhc merik  diaforik  exÐswsh (Bozis’ equation) . . . . . . . 2
1.3 Eujeioparagwg� dunamik� . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Oikogèneiec adelfikèc proc oikogèneiec eujei¸n 5
2.1 Gnwst  oikogèneia eujei¸n . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 'Agnwsth oikogèneia eujei¸n . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 DhmiourgÐa toÔ sust matoc . . . . . . . . . . . . . . . . . . . . . 9
2.2.2 LÔsh t c exÐswshc me �gnwsto to 𝑉𝑥𝑥 . . . . . . . . . . . . . . . . 11
2.2.3 To sÔsthma twn tri¸n DEMP deÔterhc t�xhc . . . . . . . . . . . 13
2.2.4 Sumbatìthta tou sust matoc . . . . . . . . . . . . . . . . . . . . 14

3 Memonwmènec troqièc 21
3.1 DhmiourgÐa toÔ sust matoc . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 LÔsh toÔ sust matoc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2.1 Peript¸seic gia Π ̸= 0 . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2.2 ParadeÐgmata gia omogeneÐc oikogèneiec me 𝜅𝛾 = 0 . . . . . . . . . 26
3.2.3 ParadeÐgmata gia oikogèneiec me 𝜅𝛾 ̸= 0 . . . . . . . . . . . . . . . 29
3.2.4 H eidik  perÐptwsh Π = 0 . . . . . . . . . . . . . . . . . . . . . . . 30

4 Genikèc parathr seic - Sumper�smata 35

v





Kef�laio 1

Eisagwg 

To didi�stato antÐstrofo prìblhma thc Dunamik c tÐjetai wc ex c (bl. [7]):
DÐnetai mÐa monoparametrik  oikogèneia troqi¸n thc morf c

𝑓(𝑥, 𝑦) = 𝑐 (1.1)

thn opoÐa diagr�fei sto epÐpedo èna ulikì shmeÐo me monadiaÐa m�za kai prokajorismènh
katanom  t c enèrgeiac gia k�je mèloc t c oikogèneiac

𝐸 = 𝐸(𝑓(𝑥, 𝑦)) (1.2)

Zht�me ìla ta dunamik� pou par�goun thn (1.1).

1.1 H pr¸thc t�xhc merik  diaforik  exÐswsh
(Szebehely’s equation)

ParagwgÐzontac t n (1.1) wc proc to qrìno èqoume:

𝑓𝑥�̇�+ 𝑓𝑦�̇� = 0 (1.3)

ìpou oi deÐktec shmaÐnoun parag¸gish wc proc thn antÐstoiqh metablht  kai oi teleÐec
parag¸gish wc proc to qrìno. ParagwgÐzontac kai deÔterh for� paÐrnoume thn parak�tw
sqèsh:

𝑓𝑥𝑥�̇�
2 + 2𝑓𝑥𝑦�̇��̇� + 𝑓𝑦𝑦�̇�

2 + �̈�𝑓𝑥 + 𝑦𝑓𝑦 = 0 (1.4)

Ex�llou èqoume:

𝐸 =
1

2
(�̇�2 + �̇�2) + 𝑉 (1.5)

kai
�̈� = −𝑉𝑥 kai 𝑦 = −𝑉𝑦 (1.6)

H (1.5) dÐnei to olokl rwma thc enèrgeiac kai oi (1.6) tic exis¸seic kÐnhshc ulikoÔ shmeÐou
monadiaÐac m�zac gia dÔnamh pou proèrqetai apì dunamikì. Apì tic (1.5) kai (1.3) èqoume:

�̇� = ±𝑓𝑦

√︃
2(𝐸 − 𝑉 )

𝑓 2
𝑥 + 𝑓 2

𝑦

kai �̇� = ∓𝑓𝑥

√︃
2(𝐸 − 𝑉 )

𝑓 2
𝑥 + 𝑓 2

𝑦

(1.7)
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Sundu�zontac tic exis¸seic kÐnhshc (1.6) kai tic taqÔthtec (1.7) me thn (1.4) prokÔptei h
parak�tw sqèsh:

𝑓𝑥𝑉𝑥 + 𝑓𝑦𝑉𝑦 = 2𝑊 (𝐸 − 𝑉 ) (1.8)

ìpou

𝑊 (𝑥, 𝑦) =
𝑓𝑥𝑥𝑓

2
𝑦 − 2𝑓𝑥𝑦𝑓𝑥𝑓𝑦 + 𝑓𝑦𝑦𝑓

2
𝑥

𝑓 2
𝑥 + 𝑓 2

𝑦

H (1.8) eÐnai pr¸thc t�xhc diaforik  exÐswsh me merikèc parag¸gouc, grammik  wc proc
𝑉 kai eÐnai gnwst  wc exÐswsh tou Szebehely.
O F. Morrison (bl. [6]) epes mane ìti h (1.8) sundèei dunamik� 𝑉 (𝑥, 𝑦), me
monoparametrikèc oikogèneiec troqi¸n 𝑓(𝑥, 𝑦) = 𝑐 pou dhmiourgoÔntai apì ta dunamik�
aut� kai th sun�rthsh 𝐸 = 𝐸(𝑓(𝑥, 𝑦)), pou dÐnei thn katanom  thc enèrgeiac
tou kinoÔmenou ulikoÔ shmeÐou sta di�fora mèlh thc oikogèneiac. H exÐswsh aut 
tropopoi jhke apì ton G. Bozis (bl. [1]) kai gr�fthke wc:

𝑉𝑥 + 𝛾𝑉𝑦 +
2Γ

1 + 𝛾2
(𝐸 − 𝑉 ) = 0 (1.9)

ìpou

𝛾 =
𝑓𝑦
𝑓𝑥

kai Γ = 𝛾𝛾𝑥 − 𝛾𝑦 (1.10)

Sthn exÐswsh (1.9), antÐ thc oikogèneiac, emfanÐzetai h �sun�rthsh klÐshc� 𝛾 = 𝛾(𝑥, 𝑦).
Aut  h sun�rthsh eÐnai se èna proc èna antistoiqÐa me thn oikogèneia twn troqi¸n.
Pr�gmati, eÐnai profanèc ìti se dojeÐsa oikogèneia (1.1) antistoiqeÐ mÐa mìno sun�rthsh
klÐshc 𝛾 (1.10a). AntÐstrofa, an dojeÐ mia sun�rthsh klÐshc 𝛾, h antÐstoiqh oikogèneia
𝑓(𝑥, 𝑦) = 𝑐 ja brejeÐ wc lÔsh thc sun jouc diaforik c exÐswshc

𝑑𝑦

𝑑𝑥
= − 1

𝛾(𝑥, 𝑦)

h opoÐa ja eisag�gei th stajer� 𝑐 thc (1.1).

1.2 H deÔterhc t�xhc merik  diaforik  exÐswsh
(Bozis’ equation)

H enèrgeia (1.2) diathreÐtai stajer  kat� m koc k�je troqi�c thc oikogèneiac (1.1). EÐnai,
dhlad , 𝐸 = 𝐸(𝑓), opìte, paragwgÐzontac wc proc 𝑥 kai 𝑦, èqoume:

𝐸𝑥 = 𝐸𝑓𝑓𝑥 kai 𝐸𝑦 = 𝐸𝑓𝑓𝑦

kai, telik�:

𝐸𝑓 =
𝐸𝑥

𝑓𝑥
=

𝐸𝑦

𝑓𝑦
⇒

𝐸𝑦

𝐸𝑥

= 𝛾 (1.11)
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Apì tic (1.11) kai (1.9), prokÔptei (bl. [2]) h deÔterhc t�xhc diaforik  exÐswsh me merikèc
parag¸gouc

−𝑉𝑥𝑥 + 𝑘𝑉𝑥𝑦 + 𝑉𝑦𝑦 = 𝜆𝑉𝑥 + 𝜇𝑉𝑦 (1.12)

me

𝑘(𝑥, 𝑦) =
1− 𝛾2

𝛾
𝜆(𝑥, 𝑦) =

Γ𝑦 − 𝛾Γ𝑥

𝛾Γ
𝜇(𝑥, 𝑦) = 𝜆𝛾 +

3Γ

𝛾
(1.13)

ìpou ta 𝛾 kai Γ dÐnontai apì tic (1.10).
H DEMP (1.12) sqetÐzei oikogèneiec 𝛾(𝑥, 𝑦) kai dunamik� 𝑉 (𝑥, 𝑦). 'Otan èna zeÔgoc {𝛾, 𝑉 }
eÐnai sumbatì (ikanopoieÐ thn (1.12)), h olik  enèrgeia me thn opoÐa to kinoÔmeno ulikì
shmeÐo diagr�fei k�je troqi�, brÐsketai apì thn exÐswsh tou Szebehely (1.9).

1.3 Eujeioparagwg� dunamik�

QarakthrÐzoume wc eujeioparagwg� ta dunamika 𝑉 (𝑥, 𝑦) ta opoÐa, metaxÔ ìlwn twn
∞3 troqi¸n pou dhmiourgoÔn, èqoun kai mÐa toul�qiston eujeÐa   mÐa monoparametrik 
oikogèneia eujei¸n. 'Etsi, gia par�deigma, to dunamikì 𝑉 (𝑥, 𝑦) = 3𝑥2𝑦+ 𝑦3 èqei wc lÔseic
tic eujeÐec 𝑦 = 𝑥 kai 𝑦 = −𝑥, en¸ k�je kentrikì dunamikì 𝑉 = 𝑉 (𝑟) èqei wc lÔsh k�je
eujeÐa 𝑦 = 𝜆𝑥 pou dièrqetai apì to kèntro 𝑂. Ta jewroÔme, loipìn, eujeioparagwg�
dunamik�.
Sto pr¸to mèroc ja asqolhjoÔme me dunamik� pou uiojetoÔn monoparametrikèc oikogèneiec
eujei¸n kai sto deÔtero mèroc me dunamik� pou èqoun memonwmènec eujeÐec wc lÔseic.
Oi G. Bozis kai M.-C. Anisiu (bl. [4]) èdeixan ìti ìla ta dunamik� ta opoÐa par�goun
monoparametrikèc oikogèneiec eujei¸n sto epipedo 𝑂𝑥𝑦 ikanopoioÔn th sqèsh

𝑉𝑥𝑉𝑦(𝑉𝑥𝑥 − 𝑉𝑦𝑦) = 𝑉𝑥𝑦(𝑉
2
𝑥 − 𝑉 2

𝑦 ) (1.14)

h opoÐa prokÔptei wc ex c:
To Γ, apì tic (1.10), dÐnetai apì th sqèsh

Γ =
2𝑓𝑥𝑦𝑓𝑥𝑓𝑦 − 𝑓𝑥𝑥𝑓

2
𝑦 − 𝑓𝑦𝑦𝑓

2
𝑥

𝑓 3
𝑥

kai h kampulìthta twn troqi¸n thc (1.1) dÐnetai apì th sqèsh

𝜅 =
Γ

(1 + 𝛾2)3/2

Gia na apoteleÐtai mia oikogèneia apì eujeÐec, prèpei na isqÔei Γ = 0,  , alli¸c, 𝛾𝛾𝑥−𝛾𝑦 =
0. 'Etsi, apì thn exÐswsh tou Szebehely (1.9), prokÔptei (me 𝑉𝑦 ̸= 0)i:

𝑉𝑥 + 𝛾𝑉𝑦 = 0 ⇒ 𝛾 = −𝑉𝑥

𝑉𝑦

(1.15)

Eis�gontac to apotèlesma autì sth sqèsh Γ = 0 ⇒ 𝛾𝛾𝑥 − 𝛾𝑦 = 0 paÐrnoume th sqèsh
(1.14).

i
Για 𝑉𝑦 = 0 και Γ = 0, από την (1.9) προκύπτει 𝑉𝑥 = 0, δηλαδή 𝑉 = σταθερό. Σε αυτή την ειδική

(τετριμμένη) περίπτωση όλες οι τροχιές είναι ευθείες.
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Kef�laio 2

Oikogèneiec adelfikèc proc
oikogèneiec eujei¸n

Me ton ìro �adelfikèc oikogèneiec�, ennooÔme dÔo monoparametrikèc oikogèneiec pou
par�gontai apì to Ðdio dunamikì 𝑉 (𝑥, 𝑦).
Sto kef�laio autì ja jewr soume ìti h mÐa apì tic dÔo autèc oikogèneiec eÐnai oikogèneia
eujei¸n kai ja epidi¸xoume na apant soume sto er¸thma �SunodeÔetai aut  h oikogèneia
apì k�poia �llh dedomènh oikogèneia troqi¸n 𝛾 = 𝛾(𝑥, 𝑦) (genik�, ìqi eujei¸n)?� 'H,
alli¸c, �Up�rqoun krit ria (IKAS) me th bo jeia twn opoÐwn mporoÔme na apofanjoÔme
an dedomènh oikogèneia 𝛾 = 𝛾(𝑥, 𝑦) eÐnai adelfik  proc  dh up�rqousa oikogèneia eujei¸n?�
Mia safèsterh diatÔpwsh tou parap�nw erwt matoc ja èprepe na perilamb�nei kai thn
plhroforÐa tou kat� pìso h proôp�rqousa oikogèneia eujei¸n mac eÐnai   ìqi gnwst .
DiakrÐnoume, loipìn, kai meletoÔme dÔo kÔriec peript¸seic.

(a) M�c eÐnai gnwst , kai

(b) Apl¸c gnwrÐzoume ìti up�rqei, de gnwrÐzoume ìmwc poia akrib¸c eÐnai aut .

H pr¸th perÐptwsh èqei  dh melethjeÐ apì touc G. Bozis kai M.-C. Anisiu (bl. [4]) kai
ja thn ekjèsoume ed¸ en suntomÐa. Th deÔterh perÐptwsh th melet same sta plaÐsia thc
paroÔsac ergasÐac.

2.1 Gnwst  oikogèneia eujei¸n

JewroÔme gnwst  oikogèneia (1.1) eujei¸n, me sun�rthsh klÐshc 𝛾*. To dunamikì pou
thn par�gei, ja ikanopoieÐ thn exÐswsh (1.9) tou Szebehely, h opoÐa gÐnetai

𝑉𝑥 + 𝛾*𝑉𝑦 = 0 (2.1)

afoÔ Γ* = 0. Mia adelfik  proc aut n oikogèneia, ja qarakthrÐzetai apì mia sun�rthsh
klÐshc 𝛾 ̸= 𝛾*. H exÐswsh toÔ Bozis, (1.12), se sunduasmì me thn (2.1), mac dÐnei

−𝑉𝑥𝑥 + 𝑘𝑉𝑥𝑦 + 𝑉𝑦𝑦 = (𝜇− 𝜆𝛾*)𝑉𝑦 (2.2)

DiakrÐnoume dÔo peript¸seic:
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𝛾* = 0 H didìmenh oikogèneia apoteleÐtai apì eujeÐec par�llhlec ston �xona 𝑂𝑦. H exÐswsh
(2.1) dÐnei 𝑉𝑥 = 0 ⇒ 𝑉 = 𝑣(𝑦) kai h (2.2) gÐnetai 𝑉𝑦𝑦

𝑉𝑦
= 𝜇. Gia thn adelfik 

oikogèneia 𝛾(𝑥, 𝑦) pou sunup�rqei me thn oikogèneia eujei¸n 𝛾*(𝑥, 𝑦) se èna tètoio
dunamikì ja isqÔei

𝜇𝑥 = 0 (2.3)

𝛾* ̸= 0 ParagwgÐzontac thn (2.1) proc 𝑥 kai 𝑦, paÐrnoume dÔo deuterot�xiec DEMP. MazÐ
me thn (2.2), paÐrnoume èna sÔsthma tri¸n exis¸sewn me treic agn¸stouc, ta 𝑉𝑥𝑥,
𝑉𝑥𝑦 kai 𝑉𝑦𝑦. 'Etsi, èqoume

𝑉𝑥𝑥 + 𝛾*𝑉𝑥𝑦 = −𝛾*
𝑥𝑉𝑦

𝑉𝑥𝑦 + 𝛾*𝑉𝑦𝑦 = −𝛾*
𝑦𝑉𝑦

−𝑉𝑥𝑥 + 𝑘𝑉𝑥𝑦 + 𝑉𝑦𝑦 = (𝜇− 𝜆𝛾*)𝑉𝑦

(2.4)

Antikajist¸ntac ta 𝑉𝑥𝑥 kai 𝑉𝑦𝑦 apì tic pr¸tec dÔo exis¸seic sthn trÐth kai
lamb�nontac up' ìyin ìti 𝛾*𝛾*

𝑥 − 𝛾*
𝑦 = Γ* = 0, paÐrnoume

(1− 𝑘𝛾* − 𝛾*2)𝑉𝑥𝑦 = −𝛾*(𝜇− 𝜆𝛾*)𝑉𝑦 (2.5)

Jètoume
1− 𝑘𝛾* − 𝛾*2 = 𝛿 (2.6)

kai diakrÐnoume dÔo peript¸seic:

1. 𝛿 = 0

Epeid  𝛾 ̸= 𝛾* kai 𝑘 = 1−𝛾2

𝛾
= 1−𝛾*2

𝛾* , sumperaÐnoume ìti 𝛾 = − 1
𝛾* . Apì thn

(2.5) paÐrnoume 𝜇−𝜆𝛾* = 0 kai antikajist¸ntac to 𝛾 me − 1
𝛾* , met� apì arketèc

pr�xeic, paÐrnoume
𝛾*
𝑥𝑥(1 + 𝛾*2)2 = 0 ⇒ 𝛾*

𝑥𝑥 = 0

Epeid  epiplèon isqÔei kai 𝛾*𝛾*
𝑥 − 𝛾*

𝑦 = 0 èqoume mia eidik  oikogèneia eujei¸n

𝛾* = −𝑥+ 𝑐1
𝑦 + 𝑐2

(2.7)

To dunamikì pou thn par�gei brÐsketai apì thn (2.1) kai eÐnai to

𝑉 = 𝑣

(︂
𝑥2 + 𝑦2

2
+ 𝑐1𝑥+ 𝑐2𝑦

)︂
(2.8)

ìpou 𝑣 aujaÐreth sun�rthsh tou orÐsmatoc 𝑥2+𝑦2

2
+ 𝑐1𝑥+ 𝑐2𝑦.

2. 𝛿 ̸= 0

Jètoume

𝛿1 = (𝜇− 𝜆𝛾*)𝛾*2 − 𝛿𝛾*
𝑥

𝛿2 = −(𝜇− 𝜆𝛾*)𝛾*

𝛿3 = 𝜇− 𝜆𝛾* − 𝛿𝛾*
𝑥

(2.9)
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opìte, apì to susthma (2.4) paÐrnoume touc lìgouc

𝑉𝑥𝑥

𝑉𝑦

=
𝛿1
𝛿
,

𝑉𝑥𝑦

𝑉𝑦

=
𝛿2
𝛿

kai
𝑉𝑦𝑦

𝑉𝑦

=
𝛿3
𝛿

(2.10)

Apì tic sunjhkec sumbatìthtac metaxÔ twn (2.10) kai lamb�nontac up' ìyin kai
thn (2.1), èqoume: (︂

𝛿1
𝛿𝛾*

)︂
𝑦

=

(︂
𝛿2
𝛿𝛾*

)︂
𝑥(︂

𝛿2
𝛿

)︂
𝑦

=

(︂
𝛿3
𝛿

)︂
𝑥

(2.11)

Oi dÔo autèc sunj kec, katal goun se mÐa mìno sunj kh, thn ex c:(︂
𝜇− 𝜆𝛾*

𝛿

)︂
𝑥

=

(︂
𝛾*
𝑥

𝛾* − (𝜇− 𝜆𝛾*)𝛾*

𝛿

)︂
𝑦

(2.12)

Ta 𝜆 kai 𝜇 anafèrontai sthn elegqìmenh oikogèneia kai dÐnontai apì tic (1.13)

Efìson h oikogèneia me sun�rthsh klÐshc 𝛾 ikanopoieÐ thn (2.12), proqwroÔme
kai, apì tic (2.10b,g), paÐrnoume to 𝑉𝑦 (me aujairesÐa miac pollaplasiastik c
stajer�c) Sth sunèqeia, apì thn (2.1), brÐskoume to 𝑉𝑥. To dunamikì
pou brÐskoume ètsi, ikanopoieÐ kai thn (2.1) kai thn (2.2), �ra oi 𝛾 kai 𝛾*

sunup�rqoun kai m�c �apokalÔptoun� kai to dunamikì pou tic dhmiourgeÐ.

Par�deigma 1

Erwt�tai: EÐnai h oikogèneia twn kÔklwn 𝛾 = 𝑦
𝑥

sumbat  me thn (parathroÔmenh)
oikogèneia eujei¸n 𝛾* = −𝑥

𝑦
? An nai, poio dunamikì par�gei tic dÔo oikogèneiec?

ApantoÔme: Apì th (2.7) faÐnetai ìti h didìmenh (parathroÔmenh) oikogèneia antistoiqeÐ
se 𝑐1 = 0, 𝑐2 = 0. Ex�llou, 𝛾 = − 1

𝛾* , dhlad  𝛿 = 0. SÔmfwna me th (2.8), kai ìpwc
anamènetai na brejeÐ, oi dÔo oikogèneiec eÐnai sumbatèc kai par�gontai apì to (kentrikì)
dunamikì 𝑉 = 𝑣(𝑥2 + 𝑦2).

Par�deigma 2

Erwt�tai: EÐnai oi oikogèneiec 𝛾* = −𝑥
𝑦
kai 𝛾 = 𝑦

𝑥+
√

𝑥2+𝑦2
(pou antiproswpeÔei tic

parabolèc 𝑟 cos2
(︀
𝜃
2

)︀
= 𝑐) sumbatèc?

ApantoÔme: Se aut n thn perÐptwsh eÐnai 𝛿 = 𝑥2+𝑦2

𝑦2
. BrÐskoume ta antÐstoiqa 𝜆 kai 𝜇

kai diapist¸noume ìti isqÔei h sunj kh sumbatìthtac (2.12). SumperaÐnoume ìti oi dÔo
oikogèneiec eÐnai sumbatèc. Tèloc, apì tic exis¸seic (2.11) brÐskoume ìti to dunamikì pou
tic dhmiourgeÐ eÐnai to Neut¸neio 𝑉 = − 1√

𝑥2+𝑦2
.

AntiparadeÐgmata

MporeÐ na elegqjeÐ ìti h sunj kh (2.12) den isqÔei gia to zeÔgoc oikogenei¸n 𝛾* = −𝑥
𝑦

kai 𝛾 = 2𝑦

𝑥+
√

𝑥2+𝑦2
, ìti, dhlad , oi dÔo autèc oikogèneiec den eÐnai dunatì na sunup�rqoun.
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EpÐshc, mporeÐ na elegqjeÐ ìti oi oikogèneiec 𝛾* = −𝑥
𝑦
kai 𝛾 = − 𝑦

𝑥+
√

𝑥2+𝑦2
sunup�rqoun

men (ikanopoieÐtai h (2.12)), all� de dhmiourgoÔntai apì to Neut¸neio dunamikì 𝑉 =
− 1√

𝑥2+𝑦2
(den ikanopoieÐtai, gia par�deigma, h (2.11a)).

2.2 'Agnwsth oikogèneia eujei¸n

To er¸thma pou tÐjetai eÐnai: Ti �llec oikogèneiec troqi¸n (ektìc apì eujeÐec) par�gei
èna eujeioparagwgì dunamikì? GnwrÐzoume, gia par�deigma, ìti to Neut¸neio dunamikì

𝑉 (𝑥, 𝑦) = −1

𝑟
(2.13)

to opoÐo eÐnai eujeioparagwgì (elègqetai amèswc ìti ikanopoieÐ thn exÐswsh (1.14)),
ektìc apì tic eujeÐec, par�gei kai thn triparametrik  oikogèneia kwnik¸n tom¸n

𝑟 =
𝛼(1− 𝑒2)

1 + 𝑒 cos (𝜃 − 𝜃0)

ìpou 𝛼 o meg�loc hmi�xonac, 𝑒 h ekkentrìthta kai 𝜃0 eÐnai h gwnÐa pou sqhmatÐzei me ton
polikì �xona h dieÔjunsh toÔ perihlÐou t c troqi�c.
Sthn triparametrik  aut  oikogèneia, jètontac 𝜃0 = 0 kai 𝑒 = 1

2
, paÐrnoume thn

monoparametrik  oikogèneia elleÐyewn

𝑟 =
3
4
𝛼

1 + 1
2
cos 𝜃

(2.14)

me par�metro to meg�lo hmi�xona, 𝛼, ìlwn twn kwnik¸n tom¸n (2.14). Epeid  cos 𝜃 = 𝑥
𝑟

kai 𝑟 =
√︀
𝑥2 + 𝑦2, h oikogèneia (2.14) èrqetai sth morf 

𝑓(𝑥, 𝑦) = 𝑥+ 2
√︀
𝑥2 + 𝑦2 = 𝑐 (2.15)

Oi Kartesianèc suntetagmènec anafèrontai se sÔsthma me arq  th mÐa estÐa thc èlleiyhc.
Sthn oikogèneia (2.15) antistoiqeÐ sun�rthsh klÐshc

𝛾(𝑥, 𝑦) =
2𝑦

2𝑥+
√︀

𝑥2 + 𝑦2
(2.16)

To par�deigma autì to qrhsimopoioÔme wc odhgì sth sqetik  jewrÐa. Oi diadoqikoÐ,
endi�mesoi tÔpoi pou prokÔptoun, elègqontai me b�sh autì to par�deigma. Sta arqik�
b mata, upojètoume siwphr� ìti kai to dunamikì (2.13) kai h oikogèneia (2.14) mac eÐnai
gnwst�, telik�, ìmwc, to er¸thma ja tejeÐ -kai ja apanthjeÐ- me dedomènh mìno thn
oikogèneia:
�ProkÔptei aut  h oikogèneia apì k�poio eujeioparagwgì dunamikì, kai poiì eÐnai autì
to dunamikì?� 'Otan to dunamikì brejeÐ, sto er¸thma �Poia eÐnai h adelfik  oikogèneia
eujei¸n proc thn oikogèneia (2.14)?� h ap�nthsh dÐnetai apì ton tÔpo (1.15).
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2.2.1 DhmiourgÐa toÔ sust matoc

Dedomènhc miac monoparametrik c oikogèneiac troqi¸n, h exÐswsh (1.12), efìson, bèbaia,
mporeÐ na lujeÐ, m�c dÐnei ìla ta dunamik� ta opoÐa mporoÔn na thn par�goun. Apì aut� ta
dunamik�, mìno ìsa ikanopoioÔn kai thn (1.14) eÐnai eujeioparagwg�. 'Etsi, gia na broÔme
tic sunj kec pou prèpei na ikanopoioÔntai ¸ste h oikogèneia troqi¸n na proèrqetai apì
k�poio eujeioparagwgì dunamikì, prèpei na lÔsoume to sÔsthma twn dÔo exis¸sewn

−𝑉𝑥𝑥 + 𝑘𝑉𝑥𝑦 + 𝑉𝑦𝑦 = 𝜆𝑉𝑥 + 𝜇𝑉𝑦

𝑉𝑥𝑉𝑦(𝑉𝑥𝑥 − 𝑉𝑦𝑦) = (𝑉 2
𝑥 − 𝑉 2

𝑦 )𝑉𝑥𝑦

(2.17)

'Eqoume dÔo DEMP deÔterhc t�xhc, me �gnwsth mÐa sun�rthsh 𝑉 (𝑥, 𝑦) dÔo metablht¸n.
Sthn pr¸th apì autèc oi suntelestèc 𝑘, 𝜆 kai 𝜇 exart¸ntai apì thn troqi� kai dÐnontai
apì tic sqèseic (1.13).
Genik�, to sÔsthma (2.17) den anamènetai na eÐnai sumbatì. GnwrÐzoume, ìmwc, ìti
gia k�poiec oikogèneiec 𝛾(𝑥, 𝑦), k�poia apì ta dunamik� pou tic dhmiourgoÔn eÐnai
eujeioparagwg�, pr�gma pou shmaÐnei ìti, se k�poiec peript¸seic, to sÔsthma eÐnai
sumbatì. Autèc akrib¸c tic peript¸seic jèloume na broÔme.
Apì pleur�c �lgebrac, oi dÔo exis¸seic (2.17) den eÐnai arketèc gia na ekfr�soume
tic treic parag¸gouc 𝑉𝑥𝑥, 𝑉𝑥𝑦 kai 𝑉𝑦𝑦 sunart sei parag¸gwn pr¸thc t�xhc kai na
suneqÐsoume. Gia to lìgo autì, paragwgÐzoume wc proc 𝑥 kai 𝑦 k�je mÐa apì tic exis¸seic
(2.17) kai dhmiourgoÔme èna nèo sÔsthma tess�rwn exis¸sewn me tèsseric agn¸stouc
(𝑉𝑥𝑥𝑥, 𝑉𝑥𝑥𝑦, 𝑉𝑥𝑦𝑦 kai 𝑉𝑦𝑦𝑦). LÔnontac algebrik� autì to sÔsthma wc proc touc tèsseric
agn¸stouc paÐrnoume tic parag¸gouc trÐthc t�xhc tou 𝑉 sunart sei twn 𝑥, 𝑦 kai twn
parag¸gwn deÔterhc kai pr¸thc t�xhc, dhlad :

𝑉𝑥𝑥𝑥 = 𝑉𝑥𝑥𝑥(𝑥, 𝑦, 𝑉𝑥, 𝑉𝑦, 𝑉𝑥𝑥, 𝑉𝑥𝑦, 𝑉𝑦𝑦)

𝑉𝑥𝑥𝑦 = 𝑉𝑥𝑥𝑦(𝑥, 𝑦, 𝑉𝑥, 𝑉𝑦, 𝑉𝑥𝑥, 𝑉𝑥𝑦, 𝑉𝑦𝑦)

𝑉𝑥𝑦𝑦 = 𝑉𝑥𝑦𝑦(𝑥, 𝑦, 𝑉𝑥, 𝑉𝑦, 𝑉𝑥𝑥, 𝑉𝑥𝑦, 𝑉𝑦𝑦)

𝑉𝑦𝑦𝑦 = 𝑉𝑦𝑦𝑦(𝑥, 𝑦, 𝑉𝑥, 𝑉𝑦, 𝑉𝑥𝑥, 𝑉𝑥𝑦, 𝑉𝑦𝑦)

(2.18)

Apì tic sunj kec sumbatìthtac, èqoume:

𝜕𝑉𝑥𝑥𝑥

𝜕𝑦
=

𝜕𝑉𝑥𝑥𝑦

𝜕𝑥
𝜕𝑉𝑥𝑥𝑦

𝜕𝑦
=

𝜕𝑉𝑥𝑦𝑦

𝜕𝑥
𝜕𝑉𝑥𝑦𝑦

𝜕𝑦
=

𝜕𝑉𝑦𝑦𝑦

𝜕𝑥

(2.19)

Stic exis¸seic (2.19) antikajistoÔme tic parag¸gouc trÐthc t�xhc ìpwc autèc proèkuyan
kai ekfr�sthkan me tic (2.18). 'Etsi, anamènetai na prokÔyoun treic nèec exis¸seic, oi
opoÐec ja perièqoun merikèc parag¸gouc toÔ dunamikoÔ mèqri kai deÔterhc t�xhc. Mac
eÐnai, bèbaia, ek twn protèrwn �gnwsto to kat� pìso autèc oi treic DEMP ja eÐnai
metaxÔ touc anex�rthtec.
Ektel¸ntac tic aparaÐthtec pr�xeic me th bo jeia thc Mathematica, diapist¸noume ìti
h deÔterh apì tic exis¸seic (2.19) ikanopoieÐtai tautotik� (den prosfèrei, loipìn, kamÐa
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plhroforÐa), en¸ h pr¸th kai h trÐth odhgoÔn sto Ðdio apotèlesma. Prìkeitai gia mia
DEMP deÔterhc t�xhc kai m�lista mh grammik  kai arket� ekten . Isqur  èndeixh thc
orjìtht�c thc eÐnai ìti ikanopoieÐtai apì to par�deigma-odhgì pou proanafèrame. Ex�llou,
h nèa exÐswsh eÐnai anex�rthth apì tic dÔo prohgoÔmenec, ìpwc kai anamènetai. Den
mporeÐ, dhlad , na sunisqÔoun oi (2.17), par� mìno upì proôpojèseic, tic opoÐec akrib¸c
epidi¸koume na broÔme. Th nèa aut  exÐswsh, ac thn onom�soume �DEMP E1-3�, gia na
jumÐzei ìti proèkuye apì thn apaÐthsh sumbatìthtac twn exis¸sewn (2.18) up' arijmìn 1
kai 3.
'Etsi ìpwc emfanÐzetai arqik� h E1-3 perièqei parag¸gouc 𝑉𝑥𝑥, 𝑉𝑥𝑦 kai 𝑉𝑦𝑦 mèqri kai trÐtou
bajmoÔ (ìpwc p.q. ìrouc 𝑉 2

𝑥𝑦𝑉𝑦𝑦, 𝑉 2
𝑥𝑥𝑉𝑥𝑦 klp.) me suntelestèc pou exart¸ntai, bèbaia,

apì parag¸gouc pr¸thc t�xhc, all� akìmh uyhlìterou bajmoÔ. To apotèlesma autì
prooiwnÐzetai polÔ dÔskolh th sunèqish tou èrgou apì pleur�c majhmatik¸n pr�xewn.
P�ntwc,   exÐswsh E1-3 eÐnai h mình pou mporeÐ na sumplhr¸sei to sÔsthma (2.17), to
opoÐo, m�lista, to xanagr�foume wc ex c:

−𝑉𝑥𝑥 + 𝑘𝑉𝑥𝑦 + 𝑉𝑦𝑦 = 𝜆𝑉𝑥 + 𝜇𝑉𝑦

−𝑉𝑥𝑥 + 𝐿𝑉𝑥𝑦 + 𝑉𝑦𝑦 = 0

ìpou

𝐿 =
𝑉 2
𝑥 − 𝑉 2

𝑦

𝑉𝑥𝑉𝑦

(2.20)

Afair¸ntac kat� mèlh tic dÔo exis¸seic èqoume:

(𝑘 − 𝐿)𝑉𝑥𝑦 = 𝜆𝑉𝑥 + 𝜇𝑉𝑦 (2.21)

To sÔsthma pou ja lÔsoume ja eÐnai to parak�tw:

−𝑉𝑥𝑥 + 𝐿𝑉𝑥𝑦 + 𝑉𝑦𝑦 = 0

(𝑘 − 𝐿)𝑉𝑥𝑦 = 𝜆𝑉𝑥 + 𝜇𝑉𝑦

DEMP E1-3

(2.22)

Apì tic dÔo pr¸tec exis¸seic (2.22) lÔnoume wc proc 𝑉𝑥𝑦 kai 𝑉𝑦𝑦 kai paÐrnoume:

𝑉𝑥𝑦 =
𝜆𝑉𝑥 + 𝜇𝑉𝑦

𝑘 − 𝐿
(2.23)

kai

𝑉𝑦𝑦 = 𝑉𝑥𝑥 − 𝐿
𝜆𝑉𝑥 + 𝜇𝑉𝑦

𝑘 − 𝐿
(2.24)

Eis�goume tic (2.23) kai (2.24) sthn trÐth exÐswsh (2.22) (dhlad  sthn DEMP E1-3) kai
paÐrnoume mia exÐswsh me mìno �gnwsto to 𝑉𝑥𝑥. Oi suntelestèc tou 𝑉𝑥𝑥 eÐnai sunart seic
twn 𝑥, 𝑦 kai twn parag¸gwn pr¸thc t�xhc toÔ dunamikoÔ, 𝑉𝑥 kai 𝑉𝑦. EkeÐno, ìmwc, to opoÐo
mei¸nei exairetik� tic epÐponec pr�xeic pou akoloujoÔn, eÐnai to gegonìc ìti h exÐswsh wc
proc 𝑉𝑥𝑥 pou telik� prokÔptei eÐnai deÔterou (kai ìqi trÐtou) bajmoÔ.
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2.2.2 LÔsh t c exÐswshc me �gnwsto to 𝑉𝑥𝑥

Sugkekrimèna, me qr sh thc Mathematica, prokÔptei ìti h proc lÔsh exÐswsh E1-3 eÐnai
thc morf c

𝑠2𝑉
2
𝑥𝑥 + 𝑠1𝑉𝑥𝑥 + 𝑠0 = 0 (2.25)

me
𝑠0 = 𝑠0(𝑥, 𝑦, 𝑉𝑥, 𝑉𝑦)

𝑠1 = 𝑠1(𝑥, 𝑦, 𝑉𝑥, 𝑉𝑦)

𝑠2 = 𝑠2(𝑥, 𝑦, 𝑉𝑥, 𝑉𝑦)

h lÔsh thc opoÐac dÐnetai apì th gnwst  sqèsh

𝑉𝑥𝑥 =
−𝑠1 ±

√︀
𝑠21 − 4𝑠2𝑠0
2𝑠2

(2.26)

H exÐswsh (2.25) eÐnai, bebaÐwc, èna kombikì apotèlesma. Gia to lìgo autì, wc isqur 
èndeixh thc orjìthtac twn pr�xewn pou gÐnan wc ed¸ kai thc sugkekrimènhc exÐswshc, thn
epalhjeÔsame kai aut  gia to par�deigma pou anafèrjhke sthn arq  t c paragr�fou S2.2.
Sthn epal jeush aut , siwphr� deqìmaste ìti kai to dunamikì eÐnai gnwstì, en¸ skopìc
mac eÐnai, me mình dedomènh thn oikogèneia troqi¸n, na apant soume sto er¸thma tou kat�
pìso to dunamikì pou thn par�gei eÐnai eujeioparagwgì kai poio eÐnai autì.
ProkÔptei, epÐshc, ìti, wc proc tic metablhtèc 𝑉𝑥 kai 𝑉𝑦, h 𝑠0 eÐnai omogen c bajmoÔ 9, h
𝑠1 omogen c bajmoÔ 8 kai h 𝑠2 omogen c bajmoÔ 7. 'Etsi, gia par�deigma, o suntelest c
𝑠2 eÐnai thc morf c

𝑠2 = 𝑠27𝑉
7
𝑥 + 𝑠26𝑉

6
𝑥 𝑉𝑦 + 𝑠25𝑉

5
𝑥 𝑉

2
𝑦 + . . .+ 𝑠21𝑉𝑥𝑉

6
𝑦 + 𝑠20𝑉

7
𝑦 (2.27)

ìpou
𝑠27 = −2(𝑘𝜆+ 𝜇)

𝑠26 = 2(2𝑘2𝜆− 3𝜆+ 2𝑘𝜇)

𝑠25 = 2(8𝑘𝜆− 𝑘3𝜆− 𝜇− 𝑘2𝜇)

𝑠24 = 10[𝜆(𝑘2 − 1)− 𝑘𝜇]

𝑠23 = −10(𝑘𝜆− 𝜇+ 𝑘2𝜇)

𝑠22 = −2[(1 + 𝑘2)𝜆− 𝑘𝜇(𝑘2 − 8)]

𝑠21 = 2(2𝑘2𝜇− 2𝑘𝜆− 3𝜇)

𝑠20 = 2(𝑘𝜇− 𝜆)

(2.28)

AntÐstoiqec ekfr�seic èqoume kai gia touc suntelestèc 𝑠1 kai 𝑠0.

𝑠1 = 𝑠18𝑉
8
𝑥 + 𝑠17𝑉

7
𝑥 𝑉𝑦 + 𝑠16𝑉

6
𝑥 𝑉

2
𝑦 + . . .+ 𝑠11𝑉𝑥𝑉

7
𝑦 + 𝑠10𝑉

8
𝑦

𝑠0 = 𝑠09𝑉
9
𝑥 + 𝑠08𝑉

8
𝑥 𝑉𝑦 + 𝑠07𝑉

7
𝑥 𝑉

2
𝑦 + . . .+ 𝑠01𝑉𝑥𝑉

8
𝑦 + 𝑠00𝑉

9
𝑦

H omogèneia wc proc 𝑉𝑥 kai 𝑉𝑦 twn suntelest¸n 𝑠2, 𝑠1 kai 𝑠0 thc deuterob�jmiac (wc
proc 𝑉𝑥𝑥) exÐswshc (2.25) de mac eÐnai adi�forh, afoÔ, apì thn (2.26), prokÔptei ìti h
lÔsh ja eÐnai omogen c sun�rthsh bajmoÔ 1 wc proc 𝑉𝑥, 𝑉𝑦.i Thn plhroforÐa aut  thn
ekmetalleuìmaste wc ex c: Jètoume

𝜌 =
𝑉𝑦

𝑉𝑥

(2.29)

i
Ο αριθμητής θα προκύψει ομογενής συνάρτηση βαθμού 8 και ο παρονομαστής ομογενής βαθμού 7.
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kai speÔdoume na poÔme ìti autìc o lìgoc 𝜌 ja paÐxei èna diamesolabhtikì rìlo sthn
an�lush pou akoloujeÐ. 'Opwc faÐnetai apì thn exÐswsh (2.1), sqetÐzetai ousiastik� me th
sun�rthsh klÐshc 𝛾* thc oikogèneiac eujei¸n, thn opoÐa t¸ra de jewroÔme dedomènh,
all� apl¸c deqìmaste ìti up�rqei.
Pr�gmati, me thn eisagwg  tou 𝜌, oi sunart seic 𝑠𝑖 (𝑖 = 0, 1, 2) mporoÔn na grafoÔn wc
ex c:

𝑠2 = 𝜎2𝑉
7
𝑥 𝑠1 = 𝜎1𝑉

8
𝑥 𝑠0 = 𝜎0𝑉

9
𝑥 (2.30)

Oi treic nèec sunart seic 𝜎2, 𝜎1 kai 𝜎0 pou mìlic eisag�game eÐnai polu¸numa wc proc 𝜌,
bajmoÔ 7, 8 kai 9 antÐstoiqa, me suntelestèc 𝜎𝑖𝑗 pou exart¸ntai apokleistik� apì ta 𝑥 kai
𝑦 mèsw twn stoiqeÐwn 𝑘, 𝜆 kai 𝜇 thc oikogèneiac kai parag¸gwn touc mèqri kai deÔterhc
t�xhc ( , alli¸c, mèqri kai tètarthc t�xhc wc proc 𝛾).
Sugkekrimèna, èqoume:

𝜎2 = 𝜎27𝜌
7 + 𝜎26𝜌

6 + . . .+ 𝜎21𝜌+ 𝜎20

𝜎1 = 𝜎18𝜌
8 + 𝜎17𝜌

7 + . . .+ 𝜎11𝜌+ 𝜎10

𝜎0 = 𝜎09𝜌
9 + 𝜎08𝜌

8 + . . .+ 𝜎01𝜌+ 𝜎00

(2.31)

SugkrÐnontac, gia par�deigma, thn pr¸th apì tic exis¸seic (2.31) me thn exÐswsh (2.27),
mporoÔme na ekfr�soume touc suntelestèc 𝜎2𝑖 (𝑖 = 0, 1, . . . , 7) thc 𝜎2 me touc suntelestèc
𝑠2𝑖 (𝑖 = 0, 1, . . . , 7), ìpwc oi teleutaÐoi dÐnontai apì thn (2.28). 'Eqoume, p.q.

𝜎27 = 𝑠20

𝜎26 = 𝑠21
...

𝜎20 = 𝑠27

(2.32)

AntÐstoiqa, brÐskoume kai ìlouc touc suntelestèc 𝜎1𝑖 (𝑖 = 0, 1, . . . , 8) kai 𝜎0𝑖 (𝑖 =
0, 1, . . . , 9). De ja touc parajèsoume ed¸, all� touc kratoÔme se notebooks thc
Mathematica, kai touc jewroÔme efex c gnwstèc sunart seic thc didìmenhc proc èlegqo
oikogèneiac troqi¸n 𝛾 = 𝛾(𝑥, 𝑦). Endeiktik�, anafèroume ìti, p.q., 𝜎09 = 𝑠00 = −𝜇𝑥𝑦,
ìpou to 𝜇 dÐnetai apì thn (1.13g).
Apì thn �llh meri�, h lÔsh thc deuterob�jmiac exÐswshc (2.25), me th bo jeia kai twn
sqèsewn (2.30) mac odhgeÐ sto apotèlesma

𝑉𝑥𝑥 =
−𝜎1 + 𝜖

√
𝜏

2𝜎2

𝑉𝑥 (2.33)

ìpou 𝜖 = ±1 kai
𝜏 = 𝜎2

1 − 4𝜎0𝜎2 (2.34)

H nèa sun�rthsh 𝜏 eÐnai èna polu¸numo tou 𝜌, bajmoÔ 16.

𝜏 = 𝜏16𝜌
16 + 𝜏15𝜌

15 + . . .+ 𝜏1𝜌+ 𝜏0 (2.35)

me suntelestèc 𝜏𝑖 pou exart¸ntai apì thn oikogèneia 𝛾(𝑥, 𝑦) kai dÐnontai sunart sei twn
suntelest¸n 𝜎𝑖𝑗. 'Etsi, par�deigma, 𝜏16 = 𝜎18−4𝜎09𝜎27. Touc suntelestèc 𝜏𝑖, gia didìmenh
oikogèneia, touc jewroÔme epÐshc gnwstoÔc kai touc ful�ssoume sta notebooks mac.
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Me th bo jeia tou lìgou 𝜌 ekfr�zoume epÐshc th sun�rthsh 𝐿 pou eis qjh me thn exÐswsh
(2.20) kai klhronom jhke stic exis¸seic (2.23) kai (2.24). EÐnai

𝐿 =
1− 𝜌2

𝜌
(2.36)

2.2.3 To sÔsthma twn tri¸n DEMP deÔterhc t�xhc

Sthn S2.2.1 eÐqame gr�yei tic dÔo DEMP pr¸thc t�xhc (2.17) kai zht same na broÔme tic
sunj kec sumbatìthtac twn dÔo aut¸n exis¸sewn. Wc tètoia sunj kh brèjhke h monadik 
DEMP (2.25), h opoÐa eÐnai epÐshc deÔterhc t�xhc wc proc to dunamikì 𝑉 (𝑥, 𝑦). 'Eqoume,
loipìn, t¸ra sth di�jes  mac to sÔsthma twn tri¸n DEMP (2.33), (2.23) kai (2.24).
Autì to sÔsthma, me th bo jeia kai tou lìgou 𝜌, to gr�foume wc ex c:

𝑉𝑥𝑥 = 𝐴𝑉𝑥

𝑉𝑥𝑦 = 𝐵𝑉𝑥 =
𝐵

𝜌
𝑉𝑦

𝑉𝑦𝑦 = 𝐶𝑉𝑥 =
𝐶

𝜌
𝑉𝑦

(2.37)

ìpou, sÔmfwna me thn (2.33), èqoume

𝐴 =
−𝜎1 + 𝜖

√
𝜏

2𝜎2

, 𝜖 = ±1 (2.38)

SÔmfwna me tic (2.23), (2.29) kai (2.36), gr�foume to 𝐵 wc

𝐵 =
𝜆𝜌+ 𝜇𝜌2

𝜌2 + 𝑘𝜌− 1
(2.39)

EpÐshc, sÔmfwna me tic (2.24), (2.29) kai (2.36), gr�foume to 𝐶 wc

𝐶 = 𝐴− 𝐿(𝜆+ 𝜇𝜌)

𝑘 − 𝐿
(2.40)

Oi treic sunart seic 𝐴, 𝐵 kai 𝐶 exart¸ntai apì thn oikogèneia kai apì parag¸gouc pr¸thc
t�xhc toÔ dunamikoÔ, mèsw tou lìgou 𝜌. Gia th sun�rthsh 𝐵 h ex�rthsh eÐnai sqetik�
apl : Prìkeitai gia mia rht  sun�rthsh tou 𝜌, èna lìgo dÔo triwnÔmwn deÔterou bajmoÔ
wc proc 𝜌. H sun�rthsh 𝐴 eis�gei mia tetragwnik  rÐza enìc poluwnÔmou bajmoÔ 16 wc
proc 𝜌, ìpwc faÐnetai sthn (2.34). Tèloc, h sun�rthsh 𝐶, sthn (2.40), mporeÐ kai prèpei
na grafeÐ wc ex c:

𝐶 =
𝐶1 + 𝜖𝐶2

√
𝜏

𝐶0

(2.41)

ìpou
𝐶1 = −(𝜌2 + 𝑘𝜌− 1)𝜎1 − 2(1− 𝜌2)(𝜆+ 𝜇𝜌)𝜎2

𝐶2 = 𝜌2 + 𝑘𝜌− 1

𝐶0 = 2(𝜌2 + 𝑘𝜌− 1)𝜎2

(2.42)
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Qrei�zetai t¸ra na diapist¸soume, me th bo jeia twn (2.31), ìti oi merikìterec sunart seic
𝐶1, 𝐶2 kai 𝐶0 (me th bo jeia twn opoÐwn brÐsketai h 𝐶) eÐnai polu¸numa tou 𝜌, bajmoÔ
10, 2 kai 9 antÐstoiqa. EÐnai dhlad :

𝐶1 = 𝐶110𝜌
10 + 𝐶19𝜌

9 + . . .+ 𝐶11𝜌+ 𝐶10

𝐶2 = 𝜌2 + 𝑘𝜌− 1

𝐶0 = 𝐶09𝜌
9 + 𝐶08𝜌

8 + . . .+ 𝐶01𝜌+ 𝐶00

(2.43)

EÐnai fanerì ìti oi 𝐶1𝑖, (𝑖 = 0, 1 . . . 10) kai 𝐶0𝑖, (𝑖 = 0, 1 . . . 9) exart¸ntai apokleistik�
apì thn proc èlegqo oikogèneia 𝛾(𝑥, 𝑦) kai ekfr�zontai me th bo jeia twn gnwst¸n  dh
suntelest¸n 𝜎𝑖𝑗 (𝑖 = 0, 1, 2) pou qrhsimopoi jhkan stic sqèseic (2.31) kai pou, ìpwc
proanafèrjhke, ful�ssontai se notebooks t c Mathematica. EÐnai, gia par�deigma,
𝐶110 = −𝜎18 + 2𝜇𝜎27 kai 𝐶09 = 2𝜎27 = 4(𝑘𝜇− 𝜆).
EÐnai fanerì ìti ìti oi pr�xeic èqoun barÔnei polÔ, akìma kai gia èna prìgramma ìpwc h
Mathematica. Kai autì gia èna er¸thma pou akoÔgetai m�llon aplì kai pou eÐnai, bèbaia,
b�simo, èqei, dhlad , nìhma kai eÐnai epitreptì:
�Gia poiec oikogèneiec 𝛾(𝑥, 𝑦) sumbaÐnei na èqoun k�poia koin  lÔsh oi dÔo DEMP (2.17)
kai poia eÐnai aut  h koin  lÔsh?�
De ja filodoxoÔsame, bèbaia, na broÔme (ìtan up�rqoun) to sÔnolo aut¸n twn
oikogenei¸n 𝛾(𝑥, 𝑦) kai twn sunod¸n dunamik¸n 𝑉 (𝑥, 𝑦). Epidi¸koume, ìmwc, toul�qiston,
na broÔme th sunj kh (  tic sunj kec) pou qrei�zetai na èqoume sth di�jes  mac, ¸ste
na apantoÔme se erwt mata tou tÔpou �DÐnetai mia sugkekrimènh oikogèneia.
Par�getai potè aut  oi oikogèneia apì eujeioparagwgì dunamikì? SunodeÔetai, dhlad ,
aut  h didìmenh oikogèneia 𝛾(𝑥, 𝑦) apì k�poia oikogèneia eujei¸n?�
ProqwroÔme, loipìn, me autì to skeptikì, èqontac mei¸sei tic apait seic mac, ìpwc
exhg same.

2.2.4 Sumbatìthta tou sust matoc

Pr¸th graf  twn sunjhk¸n sumbatìthtac

Oi treic DEMP (2.37) me monadik  �gnwsth sun�rthsh to dunamikì 𝑉 (𝑥, 𝑦) den anamènetai
na eÐnai, bèbaia, en gènei sumbatèc. Oi suntelestèc 𝐴, 𝐵 kai 𝐶 exart¸ntai apì tic
anex�rthtec metablhtèc 𝑥, 𝑦 �mesa (mèsw thc didìmenhc oikogèneiac 𝛾(𝑥, 𝑦)) kai èmmesa
(mèsw tou lìgou 𝜌 = 𝑉𝑦

𝑉𝑥
). EÐnai axioshmeÐwto ìti oi merikèc par�gwgoi 𝜌𝑥 kai 𝜌𝑦 mporoÔn

na ekfrastoÔn (me th bo jea kai twn suntelest¸n 𝐴, 𝐵 kai 𝐶) kai p�li sunart sei tou
Ðdiou tou 𝜌.
Pr�gmati, èqoume:

𝜌𝑥 =

(︂
𝑉𝑦

𝑉𝑥

)︂
𝑥

=
𝑉𝑥𝑦𝑉𝑥 − 𝑉𝑥𝑥𝑉𝑦

𝑉 2
𝑥

=
𝑉𝑥𝑦

𝑉𝑥

− 𝑉𝑥𝑥𝑉𝑦

𝑉 2
𝑥

= 𝐵 − 𝜌𝐴

𝜌𝑦 =

(︂
𝑉𝑦

𝑉𝑥

)︂
𝑦

=
𝑉𝑦𝑦𝑉𝑥 − 𝑉𝑥𝑦𝑉𝑦

𝑉 2
𝑥

=
𝑉𝑦𝑦

𝑉𝑥

− 𝑉𝑥𝑦𝑉𝑦

𝑉 2
𝑥

= 𝐶 − 𝜌𝐵

(2.44)

H sunj kh sumbatìthtac metaxÔ twn dÔo pr¸twn exis¸sewn (2.37) eÐnai, profan¸c:

𝐴𝑦 = 𝐵𝑥 (2.45)
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An h (2.45) ikanopoieÐtai, autèc oi dÔo exis¸seic (oi dÔo pr¸tec twn (2.37)) m�c epitrèpoun
na broÔme tic parag¸gouc (ln𝑉𝑥)𝑥 kai (ln𝑉𝑥)𝑦 kai, kat� sunèpeia, m�c epitrèpoun na broÔme
to ln𝑉𝑥 (kat� prosèggish miac prosjetik c stajer�c).
Me parìmoio trìpo, mporoÔme na broÔme to ln𝑉𝑦 apì th deÔterh kai trÐth exÐswsh (2.37),
ef' ìson, bèbaia, exasfalÐsoume ìti kai autèc eÐnai sumbatèc. Gia to skopì autì, gr�foume
autèc tic exis¸seic wc

𝑉𝑥𝑦 =
𝐵

𝜌
𝑉𝑦 kai 𝑉𝑦𝑦 =

𝐶

𝜌
𝑉𝑦 (2.46)

kai, apì th sunj kh sumbatìtht�c touc,
(︁

𝐵
𝜌

)︁
𝑦

=
(︁

𝐶
𝜌

)︁
𝑥
, me th bo jeia twn (2.44),

paÐrnoume:
𝐵𝑦 +𝐵2 = 𝐶𝑥 + 𝐶𝐴 (2.47)

Oi sqèseic (2.45) kai (2.47) eÐnai ikanèc kai anagkaÐec sunj kec ¸ste na eÐnai sumbatì to
sÔsthma (2.37) kai, ìpwc exhg same, na mporoÔme na upologÐsoume ta 𝑉𝑥 kai 𝑉𝑦 (kat�
prosèggish miac pollaplasiastik c stajer�c, dhlad , telik�, na broÔme to dunamikì
𝑉 (𝑥, 𝑦) (kata prosèggish miac prosjetik c kai miac pollaplasiastik c stajer�c). Oi
sqèseic autèc èqoun epÐshc epalhjeuteÐ gia to par�deigma pou anafèrjhke sthn arq  t c
paragr�fou S2.2.
DieukrinÐzetai ìti oi (2.45) kai (2.47) den eÐnai oi oristikèc sunj kec sumbatìthtac gia to
prìblhm� mac, ìpwc to jèsame. Diìti autèc suneqÐzoun na èqoun th metablht  𝜌, dhlad 
to epÐshc �gnwsto se em�c dunamikì 𝑉 (𝑥, 𝑦)
EpÐshc, eÐnai aparaÐthth h ex c dieukrÐnish: H sunj kh (2.47) brèjhke apì tic (2.46) me
parag¸gish twn klasm�twn 𝐵

𝜌
kai 𝐶

𝜌
(wc proc 𝑦 kai 𝑥 antÐstoiqa) mèsw tou 𝜌, mìno ìson

afor� thn �mesh parousÐa tou 𝜌 (¸ste na fÔgoun oi paronomastèc 𝜌2) kai ìqi thn parousÐa
tou 𝜌 mèsw twn 𝐵 kai 𝐶. Epomènwc, oi par�gwgoi 𝐴𝑦, 𝐵𝑥, 𝐵𝑦 kai 𝐶𝑥 pou emfanÐzontai
stic (2.45) kai (2.47) eÐnai olikèc par�gwgoi, dhlad  prèpei kat� ton upologismì touc na
lhfjeÐ up' ìyin kai h ex�rthsh twn 𝐴, 𝐵 kai 𝐶 apì ta 𝑥 kai 𝑦 mèsw tou 𝜌.
SÔmfwna me ta prohgoÔmena, oi sunj kec (2.45) kai (2.47) gr�fontai wc ex c:

̃︁𝐴𝑦 + 𝐴′𝜌𝑦 = ̃︁𝐵𝑥 +𝐵′𝜌𝑥 (2.48)

kai ̃︀𝐵𝑦 +𝐵′𝜌𝑦 +𝐵2 = ̃︁𝐶𝑥 + 𝐶 ′𝜌𝑥 + 𝐶𝐴 (2.49)

ìpou h perispwmènh anafèretai sthn �mesh parag¸gish wc proc 𝑥 kai 𝑦 kai o tìnoc
anafèretai sthn parag¸gish wc proc 𝜌.
An t¸ra l�boume up' ìyin tic sqèseic (2.44), oi dÔo sunj kec gr�fontai, antÐstoiqa

̃︁𝐴𝑦 − ̃︁𝐵𝑥 + (𝐴′𝐶 −𝐵𝐵′) = 𝜌(𝐴′𝐵 − 𝐴𝐵′) (2.50)

kai ̃︁𝐵𝑦 − ̃︁𝐶𝑥 + (𝐵′𝐶 −𝐵𝐶 ′) + (𝐵2 − 𝐶𝐴) = 𝜌(𝐵𝐵′ − 𝐴𝐶 ′) (2.51)

Apallag  apì thn �rrhth par�stash
√
𝜏

S' aut  thn teleutaÐa morf  pou gr�fhkan oi dÔo sunj kec, suneqÐzoun na emfanÐzoun

to 𝜌 mèsw rht¸n ekfr�sewn, ìpwc ta 𝐵, ̃︁𝐵𝑥, ̃︁𝐵𝑦, 𝐵′, all� kai mèsw thc
√
𝜏 , lìgw thc
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parousÐac twn 𝐴 kai 𝐶. Ja epidi¸xoume, loipìn, sth sunèqeia, na apallagoÔme apì thn
√
𝜏

kai na parousi�soume tic (2.50) kai (2.51) wc dÔo poluwnumikèc exis¸seic tou 𝜌, k�poiou
-èstw polÔ uyhloÔ- bajmoÔ.

Gia to skopì autì, pr¸ta etoim�zoume, me b�sh thn exÐswsh (2.38), tic parag¸gouc ̃︁𝐴𝑦

kai 𝐴′. EÐnai: ̃︁𝐴𝑦 = ̃︀𝑎1 + 𝜖 ̃︀𝑎0√𝜏 kai 𝐴′ = 𝑎*1 + 𝜖𝑎*0
√
𝜏 (2.52)

ìpou ̃︀𝑎1 = 𝜎1𝜎2𝑦 − 𝜎1𝑦𝜎2

2𝜎2
2̃︀𝑎0 = 𝜎2𝜏𝑦 − 2𝜏𝜎2𝑦

4𝜎2
2𝜏

𝑎*1 =
𝜎1𝜎

′
2 − 𝜎′

1𝜎2

2𝜎2
2

𝑎*0 =
𝜎2𝜏

′ − 2𝜏𝜎′
2

4𝜎2
2𝜏

(2.53)

ìpou, bèbaia, oi tìnoi dhl¸noun parag¸gish wc proc 𝜌.

AntÐstoiqa, me b�sh thn (2.40), etoim�zoume ta ̃︁𝐶𝑥 kai 𝐶 ′. EÐnai:

̃︁𝐶𝑥 = ̃︀𝑐1 + 𝜖̃︀𝑐0√𝜏 kai 𝐶 ′ = 𝑐*1 + 𝜖𝑐*0
√
𝜏 (2.54)

ìpou ̃︀𝑐1 = 𝐶0𝐶1𝑥 − 𝐶1𝐶0𝑥

𝐶2
0̃︀𝑐0 = 𝐶0𝐶2𝜏𝑥 + 2𝜏(𝐶0𝐶2𝑥 − 𝐶2𝐶0𝑥)

2𝜏𝐶2
0

𝑐*1 =
𝐶0𝐶

′
1 − 𝐶1𝐶

′
0

𝐶2
0

𝑐*0 =
𝐶0𝐶2𝜏

′ + 2𝜏(𝐶0𝐶
′
2 − 𝐶 − 2𝐶 ′

0)

2𝜏𝐶2
0

(2.55)

Gia tic parag¸gouc ̃︁𝐵𝑥, ̃︁𝐵𝑦 kai 𝐵′ oi upologismoÐ gÐnontai me b�sh thn (2.39), pou eÐnai
 dh rht  sun�rthsh tou 𝜌. 'Eqoume:

̃︁𝐵𝑥 =
𝛽4(𝜌)

(𝜌2 + 𝑘𝜌− 1)2̃︁𝐵𝑦 =
𝑏4(𝜌)

(𝜌2 + 𝑘𝜌− 1)2

𝐵′ =
𝐵3(𝜌)

(𝜌2 + 𝑘𝜌− 1)2

(2.56)

ìpou ta 𝛽4(𝜌) kai 𝑏4(𝜌) eÐnai polu¸numa tou 𝜌 tet�rtou bajmoÔ, me suntelestèc
exart¸menouc apì to 𝛾 kai parag¸gouc tou mèqri kai trÐthc t�xhc, kai to 𝐵3(𝜌) eÐnai
polu¸numo trÐtou bajmoÔ me suntelestèc pou èqoun mèqri kai deÔterhc t�xhc parag¸gouc
tou 𝛾.
Se autì to st�dio pou epiqeiroÔme na apallagoÔme apì to

√
𝜏 , kratoÔme to 𝐵 kai tic

parag¸gouc ̃︁𝐵𝑥, ̃︁𝐵𝑦 kai 𝐵′ wc èqoun.
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Antikajist¸ntac tic ekfr�seic (2.38), (2.40), (2.53) kai (2.55) stic dÔo sunj kec (2.50)
kai (2.51), gr�foume autèc tic dÔo sunj kec, antÐstoiqa, sth morf :

𝜖𝑝1
√
𝜏 + 𝑝0 = 0 (2.57)

ìpou

𝑝1 = [𝜌𝐵′ + 2𝜎2( ̃︀𝑎0 −𝐵𝑎*0)]𝐶0 + 2𝜎2(𝑎
*
0𝐶1 + 𝑎*1𝐶2)

𝑝0 = [−𝐵′𝜌𝜎1 + 2𝜎2( ̃︀𝑎1 − 𝑎*1𝜌𝐵 −𝐵𝐵′ − ̃︁𝐵𝑥)]𝐶0 + 2𝜎2(𝑎
*
1𝐶1 + 𝑎*0𝐶2)

(2.58)

kai
𝜖𝑞1

√
𝜏 + 𝑞0 = 0 (2.59)

ìpou

𝑞1 = [(𝑐*1 − 𝑐*0𝜎1)𝜌− 2𝜎2(̃︀𝑐0 +𝐵𝑐0)]𝐶0 − 𝐶1 + (𝜎1 + 2𝐵′𝜎2)𝐶2

𝑞0 = [(𝑐*0𝜏 − 𝜎1𝑐
*
1)𝜌− 2𝜎2(𝐵

2 + ̃︁𝐵𝑦 −𝐵𝑐*1 − ̃︀𝑐1 −𝐵𝐵′𝜌)]𝐶0+

+ (𝜎1 + 2𝜎2𝐵
′)𝐶1 − 𝜏𝐶2

(2.60)

Telik�, uy¸noume tic dÔo exis¸seic (2.57) kai (2.59) sto tetr�gwno, kai paÐrnoume:

𝑝21𝜏 − 𝑝20 = 0

𝑞21𝜏 − 𝑞20 = 0
(2.61)

Sth morf  (2.61), oi dÔo exis¸seic den èqoun plèon �rrhto mèroc, suneqÐzoun, ìmwc, na
eÐnai ajroÐsmata rht¸n (wc proc 𝜌, p�ntote) ekfr�sewn. 'Opwc faÐnetai apì tic (2.58) kai

(2.60), paronomastèc eis�goun to 𝐵 kai oi par�gwgoÐ tou, ̃︁𝐵𝑥, ̃︁𝐵𝑦 kai 𝐵′ (sqèsh (2.39)),
ta ̃︀𝑎1, ̃︀𝑎0, 𝑎*1, 𝑎*0 (sqèseic (2.53)) kai ta ̃︀𝑐1, ̃︀𝑐0, 𝑐*1 kai 𝑐*0 (sqèseic (2.55)).
P�nta me th bo jeia thc Mathematica, apallassìmaste apì ìlouc autoÔc touc
paronomastèc kai odhgoÔmaste telik� se dÔo algebrikèc, wc proc 𝜌, exis¸seic, me
suntelestèc pou exart¸ntai apì thn oikogèneia h opoÐa mac dÐdetai gia na elègxoume kat�
pìso prokÔptei apì eujeioparagwgì dunamikì.
Oi dÔo sqèseic (2.61) eÐnai h metexèlixh twn dÔo sunjhk¸n (2.45) kai (2.47). EÐnai, bèbaia,
aploÔsterec (all� ìqi ligìtero ekteneÐc) apì tic (2.45) kai (2.47) kat� to ìti eÐnai dÔo
poluwnumikèc exis¸seic wc proc 𝜌. O bajmìc kajenìc apì aut� ta polu¸numa ja mporoÔse
na eÐnai polÔ uyhlìc (thc t�xhc toÔ 100). Kat� perÐptwsh t c proc èlegqo oikogèneiac
𝛾(𝑥, 𝑦), ja mporoÔse na eÐnai kai arket� qamhlìteroc. Autì exart�tai apì ta 𝑝0, 𝑞0, 𝑝1
kai 𝑞1, ta opoÐa, me th seir� touc, exart¸ntai apì to 𝛾(𝑥, 𝑦).
Parakolouj¸ntac, sth sunèqeia, mìno ennoiologik� to jèma mac, katal goume sto ex c:
An, gia thn elegqìmenh oikogèneia, oi exis¸seic (2.61) den èqoun kamÐa koin  rÐza, tìte,
h up' ìyin oikogèneia de sunup�rqei (se kanèna apì ta �peira dunamik� pou thn par�goun)
me oikogèneia eujei¸n. An, ìmwc, oi dÔo exis¸seic (2.61) èqoun mÐa (  endeqomènwc
perissìterec) koin  rÐza, tìte up�rqei dunamikì (  dunamik�), eujeioparagwgì pou
uiojeteÐ thn up' ìyin oikogèneia. To dunamikì autì (kat� prosèggish p�ntote miac
pollaplasiastik c kai miac prosjetik c stajer�c) brÐsketai me th bo jeia t¸n sqèsewn
(2.37).
'Ena par�pleuro sumpèrasma aut c thc melèthc eÐnai to ex c: Didìmenh proc èlegqo
oikogèneia 𝛾(𝑥, 𝑦) eÐte de sunup�rqei potè me oikogèneia eujei¸n, eÐte sunup�rqei me
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peperasmèno pl joc tètoiwn oikogenei¸n, diìti, bèbaia, to pl joc twn koin¸n riz¸n t¸n
(2.61) eÐnai peperasmèno. H parat rhsh aut , prèpei na parablhjeÐ me to dedomèno ìti,
genik�, dojeÐsa oikogèneia troqi¸n par�getai apì mia �dipl  apeirÐa� dunamik¸n.
Mènei, loipìn, na antimetwpÐsoume to prìblhma tou kat� pìso oi exis¸seic (2.61) èqoun  
ìqi koinèc rÐzec kai, epiplèon, mènei to prìblhma t c eÔreshc aut¸n twn riz¸n. O èlegqoc
autìc gÐnetai me th bo jeia t c apaleÐfousac (eliminant, bl. [9], sel. 164) twn dÔo
algebrik¸n exis¸sewn me �gnwsto to 𝜌,  , ìpwc merikèc forèc anafèretai, t c legìmenhc
orÐzousac tou Sylvester.
Sugkekrimèna, jewroÔme dÔo algebrikèc exis¸seic, bajm¸n 𝑛 kai 𝑠 antÐstoiqa, me �gnwsth
th metablht  𝜌.

𝛼𝑛𝜌
𝑛 + 𝛼𝑛−1𝜌

𝑛−1 + . . .+ 𝛼1𝜌+ 𝛼0 = 0

𝛽𝑠𝜌
𝑠 + 𝛽𝑠−1𝜌

𝑠−1 + . . .+ 𝛽1𝜌+ 𝛽0 = 0
(2.62)

(me 𝛼𝑛 ̸= 0, 𝛽𝑠 ̸= 0) kai sqhmatÐzoume thn orÐzousa (𝑛+ 𝑠)× (𝑛+ 𝑠)

𝑅 =

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒

𝛼𝑛 𝛼𝑛−1 . . . 𝛼0 0 . . . 0 0
0 𝛼𝑛 . . . 𝛼1 𝛼0 . . . 0 0
...

...
...

...
...

...
...

...
0 0 . . . 0 𝛼𝑛 . . . 𝛼1 𝛼0

𝛽𝑠 𝛽𝑠−1 . . . 𝛽0 0 . . . 0 0
0 𝛽𝑠 . . . 𝛽1 𝛽0 . . . 0 0
...

...
...

...
...

...
...

...
0 0 . . . 0 𝛽𝑠 . . . 𝛽1 𝛽0

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒

(2.63)

Genik�, h orÐzousa 𝑅 (pou onom�zetai orÐzousa toÔ Sylvester) eÐnai di�forh toÔ mhdenìc.
An, ìmwc, sumbaÐnei na mhdenÐzetai, tìte (kai mìno tìte) oi dÔo exis¸seic (2.62) èqoun
mÐa toul�qiston koin  rÐza. H sunj kh aut , sthn perÐptws  mac, exart�tai mìno apì thn
oikogèneia, pr�gma pou shmaÐnei ìti mporoÔme amèswc na elègxoume an epalhjèuetai gia
k�poia didìmenh oikogèneia. To dunamikì to opoÐo par�gei tic dÔo oikogèneiec (th didìmenh
kai thn oikogèneia eujei¸n), sqetÐzetai me tic koinèc rÐzec t¸n dÔo exis¸sewn (2.61) kai
brÐsketai me ton parak�tw trìpo:
AfoÔ epibebai¸soume ìti oi dÔo exis¸seic èqoun koin  rÐza (  koinèc rÐzec), h epìmenh
doulei� mac eÐnai na broÔme th rÐza aut  (  tic rÐzec autèc). Autì gÐnetai wc ex c:
'Estw 𝑛 > 𝑠 (qwrÐc periorismì t c genikìthtac). Arqik� elègqoume e�n h 𝜌 = 0 eÐnai koin 
rÐza t¸n dÔo exis¸sewn (e�n 𝛼0 = 𝛽0 = 0, oi dÔo exis¸seic èqoun koin  rÐza to 𝜌 = 0). Sth

sunèqeia, pollaplasi�zoume thn exÐswsh (2.62b) me
(︁

𝛼𝑛

𝛽𝑠

)︁
𝜌𝑛−𝑠 (o pollaplasiasmìc me mia

stajer� kai me to 𝜌 den all�zei tÐpota wc proc tic rÐzec tic exÐswshc) kai t n afairoÔme apì
thn (2.62a). 'Etsi, èqoume mia nèa poluwnumik  exÐswsh, mikrìterou bajmoÔ (toul�qiston
kat� 1) apì thn (2.62a). QrhsimopoioÔme, t¸ra, th nèa aut  exÐswsh (èstw bajmoÔ 𝑞) me
thn (2.62b).

𝛽𝑠𝜌
𝑠 + 𝛽𝑠−1𝜌

𝑠−1 + . . .+ 𝛽1𝜌+ 𝛽0 = 0

𝛾𝑞𝜌
𝑞 + 𝛾𝑞−1𝜌

𝑞−1 + . . .+ 𝛾1𝜌+ 𝛾0 = 0
(2.64)

'Estw 𝑠 < 𝑞. Pollaplasi�zoume th (2.64b) me
(︁

𝛾𝑞
𝛽𝑠

)︁
𝜌𝑞−𝑠 kai thn afairoÔme apì thn (2.64a).

�RÐqnoume�, ètsi ki �llo to bajmì toÔ sust matìc mac.
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SuneqÐzoume pollaplasi�zontac thn exÐswsh me to mikrìtero bajmì me touc kat�llhlouc
suntelestèc kai afair¸ntac, ¸ste o bajmìc toÔ sust matoc na �pèftei� k�je for�
toul�qiston kat� 1. Katal goume, me autìn ton trìpo, se mÐa exÐswsh me rÐzec tic koinèc
rÐzec twn arqik¸n exis¸sewn (2.62).
BrÐskontac me ton parap�nw trìpo thn koin  rÐza (  tic koinèc rÐzec) twn exis¸sewn (2.61),
kai xèrontac thn ex�rthsh twn 𝐴, 𝐵 kai 𝐶 apì to 𝜌, mporoÔme na broÔme tic parast�seic
autèc sunart sei twn 𝑥 kai 𝑦. Gr�foume tic sqèseic (2.37) wc ex c:

(ln𝑉𝑥)𝑥 = 𝐴

(ln𝑉𝑥)𝑦 = 𝐵 = 𝜌(ln𝑉𝑦)𝑥

𝜌(ln𝑉𝑦)𝑦 = 𝐶

(2.65)

Apì tic sqèseic (2.65), upologÐzoume ta ln𝑉𝑥 kai ln𝑉𝑦 me prosèggish mÐac prosjetik c
stajer�c, to opoÐo shmaÐnei ìti brÐskoume ta 𝑉𝑥 kai 𝑉𝑦 me prosèggish mÐac
pollaplasiastik c stajer�c. Xèrontac ta 𝑉𝑥 kai 𝑉𝑦, me olokl rwsh upologÐzoume to
dunamikì 𝑉 , me prosèggish mÐac pollaplasiastik c kai mÐac prosjetik c stajer�c.
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Kef�laio 3

Memonwmènec troqièc

Se autì to mèroc thc ergasÐac asqoloÔmaste me memonwmènec eujeÐec, eujeÐec dhlad 
oi opoÐec par�gontai apì k�poio dunamikì, all� den ent�ssontai anagkastik� se k�poia
oikogèneia eujei¸n thn opoÐa par�gei ex olokl rou to dunamikì.

Sugkekrimèna, jètoume to ex c er¸thma: �DÐdetai mia eujeÐa

𝑦 = 𝜆𝑥 (3.1)

kai mia isoenergeiak  oikogèneia troqi¸n 𝛾 = 𝛾(𝑥, 𝑦), troqi¸n, dhlad , oi opoÐec gr�fontai
me thn Ðdia (arijmhtik�) stajer  enèrgeia kai, m�lista, Ðsh me mhdèn. EÐnai dunatì aut� na
dhmiourgoÔntai apì k�poio omogenèc dunamikì (bajmoÔ omogèneiac 𝜅)?�

'H, alli¸c, �Poia   poiec sunj kec prèpei na ikanopoieÐ mia oikogèneia 𝛾(𝑥, 𝑦), ¸ste na
eÐnai dunat  h sunÔparx  thc me thn eujeÐa (3.1)?�

'Opwc blèpoume, to er¸thma èqei tejeÐ sunodeuìmeno apì k�poiec aplousteutikèc
upojèseic. Sugkekrimèna:

i) ìti h eujeÐa (3.1) dièrqetai apì thn arq  t¸n axìnwn

ii) ìti h elegqìmenh oikogèneia gr�fetai isoenergeiak� (𝐸(𝑐) = 0) kai

iii) ìti to zhtoÔmeno dunamikì eÐnai omogenèc.

QwrÐc autèc oi prìsjetec upojèseic na eÐnai idiaitèrwc perioristikèc apì �poyh Fusik c,
m�c epitrèpoun na gr�youme (kai na doulèyoume me autèc) ìsec DEMP qreiazìmaste ¸ste
na èqoume mia pr¸th �anagn¸rish ed�fouc� se tètoia erwt mata.

Ja diapist¸soume ìti e�n h proc èlegqo oikogèneia 𝛾(𝑥, 𝑦) ikanopoieÐ mia diaforik 
sunj kh (sthn opoÐa eisèrqontai mèqri kai deÔterhc t�xhc par�gwgoi thc 𝛾(𝑥, 𝑦)), tìte
eÐnai dunat  h sunÔparx  thc me thn eujeÐa (3.1) kai, m�lista, autì sunteleÐtai parousÐa
dunamikoÔ 𝑉 (𝑥, 𝑦) pou brÐsketai monos manta.
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3.1 DhmiourgÐa toÔ sust matoc

'Eqoume treic exis¸seic pou prèpei na epalhjeÔontaii

𝑉𝑥 + 𝛾𝑉𝑦 −
2Γ𝑉

1 + 𝛾2
= 0

𝑉𝑦 − 𝜆𝑉𝑥 = (𝑦 − 𝜆𝑥)𝑅(𝑥, 𝑦)

𝑥𝑉𝑥 + 𝑦𝑉𝑦 = 𝜅𝑉

(3.2)

H pr¸th apì tic (3.2) prokÔptei apì thn exÐswsh tou Szebehely (1.9) gia mhdenik  enèrgeia
kai dÐnei ta ìla dunamik� pou par�goun oikogèneiec 𝛾 me 𝐸 = 0.
H deÔterh exÐswsh prokÔptei apì thn apaÐthsh to dunamikì 𝑉 na par�gei th memonwmènh
eujeÐa 𝑦 = 𝜆𝑥. Gia na up�rqei h eujeÐa aut , prèpei h dÔnamh F pou askeÐtai se ulikì
shmeÐo pou kineÐtai epÐ thc eujeÐac na eÐnai suneq¸c par�llhlh me thn eujeÐa. Dhlad :

𝐹(𝑦)

𝐹(𝑥)

= 𝜆 (3.3)

ìpou oi deÐktec se parènjesh sumbolÐzoun tic antÐstoiqec dieujÔnseic. Epeid  h dÔnamh
proèrqetai apì dunamikì, èqoume F = −∇𝑉 kai h (3.3) gÐnetai

𝑉𝑦 − 𝜆𝑉𝑥 = 0 (3.4)

H (3.4) dÐnei th sunj kh pou prèpei na ikanopoieÐtai ¸ste h dÔnamh na èqei pantoÔ klÐsh
𝜆. An autì Ðsque se ìlo to epÐpedo 𝑥𝑦, ja s maine pwc to dunamikì par�gei thn oikogèneia
par�llhlwn eujei¸n 𝑦 − 𝜆𝑥 = 𝑐. Pr�gmati, gia thn oikogèneia aut , eÐnai 𝛾 = − 1

𝜆
kai

Γ = 0, opìte, sÔmfwna me thn (1.9) prokÔptei h (3.4).
EmeÐc periorizìmaste sto na zht soume to mhdenismì thc par�stashc 𝑉𝑦 − 𝜆𝑉𝑥 mìno
ep�nw sthn eujeÐa, dhlad  gia 𝑦 = 𝜆𝑥. Gia na gÐnei autì, sto dexÐ mèloc t c (3.4) prèpei
na èqoume to 𝑦−𝜆𝑥 pollaplasiasmèno me mia aujaÐreth sun�rthsh 𝑅(𝑥, 𝑦), h opoÐa, ìmwc,
ja prèpei na orÐzetai ep�nw sthn eujeÐa 𝑦 = 𝜆𝑥.ii

Tèloc, h trÐth exÐswsh (3.2) eÐnai h sunj kh omogèneiac -bajmoÔ 𝜅- toÔ dunamikoÔ 𝑉 .
LÔnontac algebrik�, wc proc 𝑉 , 𝑉𝑥 kai 𝑉𝑦 to sÔsthma (3.2) èqoume:

𝑉 =
𝑅(𝜆𝑥− 𝑦)(−𝑦 + 𝑥𝛾)(1 + 𝛾2)

𝜅(1 + 𝜆𝛾)(1 + 𝛾2)− 2(𝑥+ 𝜆𝑦)Γ

𝑉𝑥 =
−𝑅(𝜆𝑥− 𝑦)(2𝑦Γ− 𝛾(1 + 𝛾2)𝜅)

𝜅(1 + 𝜆𝛾)(1 + 𝛾2)− 2(𝑥+ 𝜆𝑦)Γ

𝑉𝑦 =
𝑅(𝜆𝑥− 𝑦)(2𝑥Γ− (1 + 𝛾2)𝜅)

𝜅(1 + 𝜆𝛾)(1 + 𝛾2)− 2(𝑥+ 𝜆𝑦)Γ

(3.5)

opìte, jètontac
Π = 𝜅(1 + 𝜆𝛾)(1 + 𝛾2)− 2(𝑥+ 𝜆𝑦)Γ

𝐿0 = (𝜆𝑥− 𝑦)(𝛾𝑥− 𝑦)(1 + 𝛾2)

𝐿1 = −(𝜆𝑥− 𝑦)(2𝑦Γ− 𝛾(1 + 𝛾2)𝜅)

𝐿2 = (𝜆𝑥− 𝑦)(2𝑥Γ− (1 + 𝛾2)𝜅)

(3.6)

i
Υπ΄ όψιν ότι εδώ τα σύμβολα 𝜅 και 𝜆 είναι σταθερές και συμβολίζουν το βαθμό ομογένειας τού δυναμικού

𝑉 και την κλίση τής ευθείας (3.1) αντίστοιχα, και δεν πρέπει να συγχέονται με τις συναρτήσεις 𝑘(𝑥, 𝑦) και
𝜆(𝑥, 𝑦) που ορίσαμε με τις σχέσεις (1.13).

ii
Δηλαδή, η συνάρτηση 𝑅(𝑥, 𝜆𝑥) να μην απειρίζεται.
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èqoume

𝑉 =
𝐿0

Π
𝑅

𝑉𝑥 =
𝐿1

Π
𝑅

𝑉𝑦 =
𝐿2

Π
𝑅

(3.7)

3.2 LÔsh toÔ sust matoc

ParathroÔme ìti, gia na orÐzontai oi treic sqèseic (3.7), prèpei Π ̸= 0. Arqik� ja
jewr soume ìti autì isqÔei kai ja melet soume tic lÔseic pou prokÔptoun. H eidik 
perÐptwsh Π = 0 ja melethjeÐ xeqwrist� sto tèloc.

3.2.1 Peript¸seic gia Π ̸= 0

Profan¸c, metaxÔ twn tri¸n sqèsewn (3.7) prèpei na ikanopoioÔntai oi parak�tw sqèseic:

𝐿1

Π
𝑅 =

(︂
𝐿0

Π
𝑅

)︂
𝑥

𝐿2

Π
𝑅 =

(︂
𝐿0

Π
𝑅

)︂
𝑦

(3.8)

Oi (3.8) odhgoÔn se èna sÔsthma exis¸sewn thc morf c

𝑐11𝑅𝑥 + 𝑐10𝑅 = 0

𝑐22𝑅𝑦 + 𝑐20𝑅 = 0
(3.9)

Ta 𝑐10 kai 𝑐20 exart¸ntai apì thn proc èlegqo oikogèneia 𝛾(𝑥, 𝑦) (kai tic stajerèc 𝜅 kai
𝜆) kai eÐnai k�pwc ekten . Ta èqoume apojhkeumèna se notebook thc Mathematica kai
jewroÔntai gnwst�. Ta 𝑐11 kai 𝑐22 eÐnai aploÔsterec parast�seic. SumbaÐnei, m�lista, na
eÐnai Ðsa metaxÔ touc. Jètoume, loipìn 𝑐11 = 𝑐22 = Π*, ìpou

Π* = (𝑦 − 𝜆𝑥)(𝛾𝑥− 𝑦)(1 + 𝛾2)Π (3.10)

Sunj kh gia to 𝛾

Gia Π* ̸= 0, to sÔsthma (3.9) gr�fetai wc

𝑅𝑥

𝑅
= −𝑐10

Π*

𝑅𝑦

𝑅
= −𝑐20

Π*

(3.11)

Epeid 
𝑅𝑥

𝑅
=

𝜕 ln𝑅

𝜕𝑥
kai

𝑅𝑦

𝑅
=

𝜕 ln𝑅

𝜕𝑦
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h sunj kh sumbatìthtac gia tic exis¸seic (3.11) dÐnei:(︁
−𝑐10
Π*

)︁
𝑦
=

(︁
−𝑐20
Π*

)︁
𝑥

(3.12)

Met� apì pr�xeic, h (3.12) katal gei sthn:

2(1 + 𝛾2)(𝑦 − 𝛾𝑥)(𝑥Γ𝑥 + 𝑦Γ𝑦 + Γ)−
−
[︀
𝜅(1 + 𝛾2)2 − 2Γ

[︀
𝑥(1 + 3𝛾2)− 2𝛾𝑦

]︀]︀
(𝑥𝛾𝑥 + 𝑦𝛾𝑦) = 0

(3.13)

ParathroÔme ìti sth sqèsh aut  den emfanÐzetai h stajer� 𝜆. Autì shmaÐnei ìti h (3.13)
eÐnai mÐa anagkaÐa sunj kh pou prèpei na ikanopoieÐ h isoenergeiak  oikogèneia 𝛾, ¸ste
na eÐnai sumbat  me k�poia eujeÐa 𝑦 = 𝜆𝑥, na dhmiourgeÐtai, dhlad , apì k�poio omogenèc,
eujeioparagwgì dunamikì.
ParathroÔme, epÐshc, to ex c endiafèron: E�n h oikogèneia èqei sun�rthsh klÐshc 𝛾,
omogen  wc proc 𝑥 kai 𝑦, bajmoÔ omogèneiac 0, h sunj kh (3.13) epalhjeÔetai amèswc.
Pr�gmati, an h 𝛾 eÐnai omogen c, bajmoÔ omogèneiac 0, ja èqoume:

𝑥𝛾𝑥 + 𝑦𝛾𝑦 = 0 (3.14)

Epiplèon, epeid  Γ = 𝛾𝛾𝑥 − 𝛾𝑦, an o bajmìc omogèneiac, 𝜅𝛾, t c sun�rthshc klÐshc t c
oikogèneiac eÐnai Ðsoc me 0, tìte, o bajmìc omogèneiac 𝜅Γ, t c sun�rthshc Γ(𝑥, 𝑦) pou
antistoiqeÐ sthn oikogèneia, ja eÐnai Ðsoc me −1, pou shmaÐnei ìti

𝑥Γ𝑥 + 𝑦Γ𝑦 = −Γ (3.15)

Eis�gontac tic (3.14) kai (3.15) sth sqèsh (3.13), blèpoume ìti h teleutaÐa epalhjeÔetai.
Fusik�, h omogèneia bajmoÔ 0 thc 𝛾 den eÐnai o mìnoc trìpoc epal jeushc thc (3.13).
MporeÐ (kai prèpei) na epalhjeÔetai kai apì mh omogen  𝛾,   apì omogen  me 𝜅𝛾 ̸= 0. H
(3.13) eÐnai mia genik  sunj kh: Opoiad pote oikogèneia troqi¸n, thc opoÐac h sun�rthsh
klÐshc epalhjeÔei thn (3.13), eÐnai adelfik  proc k�poia eujeÐa 𝑦 = 𝜆𝑥.

Upologismìc toÔ dunamikoÔ

SuneqÐzoume na ergazìmaste me Π ̸= 0 kai Π* ̸= 0.
Gia na broÔme to dunamikì, eÐnai aparaÐthto na prohghjeÐ h lÔsh toÔ sust matoc (3.11),
¸ste na upologÐsoume to 𝑅, to opoÐo, sth sunèqeia, ja qrhsimopoi soume sth sqèsh
(3.7a).
Den xeqnoÔme ìmwc, ìti o par�gontac 𝑅(𝑥, 𝑦) (pou eis�getai sthn exÐswsh (3.2b)) den
prèpei na apeirÐzetai ep�nw sthn eujeÐa 𝑦 = 𝜆𝑥, ¸ste aut  h exÐswsh na ekplhroÐ
thn apostol  thc. All�, epeid , sÔmfwna me thn (3.10), gia 𝑦 = 𝜆𝑥, eÐnai Π* = 0,
sumperaÐnoume ìti oi suntelestèc 𝑐10 kai 𝑐20 prèpei na èqoun par�gonta th diafor� 𝑦−𝜆𝑥.
Prèpei, dhlad , na eÐnai epÐshc

𝑐10(𝑥, 𝑦 = 𝜆𝑥) = 0 kai 𝑐20(𝑥, 𝑦 = 𝜆𝑥) = 0 (3.16)

Me b�sh ta 𝑐10 kai 𝑐20 (pou èqoume krat sei sto notebook), brÐskoume ìti oi dÔo sqèseic
epalhjeÔontai ìtan kai mìno ìtan

(1 + 𝑔2)(1 + 𝜆𝑔)𝜅 = 2𝑥𝐺(1 + 𝜆2) (3.17)
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ìpou
𝑔(𝑥) = 𝛾(𝑥, 𝑦 = 𝜆𝑥) kai 𝐺(𝑥) = Γ(𝑥, 𝑦 = 𝜆𝑥) (3.18)

me ta 𝛾(𝑥, 𝑦) kai Γ(𝑥, 𝑦) na upologÐzontai gia thn elegqìmenh oikogèneia (ìqi gia thn
eujeÐa).
Sqoli�zoume, t¸ra, th sunj kh (3.17) wc ex c: JewroÔme ìti, mazÐ me th didìmenh proc
èlegqo oikogèneia 𝛾(𝑥, 𝑦), m�c dÐnoun kai mÐa sugkekrimènh eujeÐa 𝑦 = 𝜆𝑥 kai m�c rwtoÔn
e�n aut� ta dÔo eÐnai sumbat�. Tìte, me th bo jeia twn (3.18), mporoÔme na èqoume sth
di�jes  mac kai tic sunart seic 𝑔(𝑥) kai 𝐺(𝑥), na èqoume, dhlad , th sqèsh metaxÔ t c
stajer c klÐshc 𝜆 kai toÔ bajmoÔ omogèneiac 𝜅. Autì, ìmwc, de shmaÐnei ìti mporoÔme na
xekinoÔme me opoiod pote zeÔgoc {𝛾,𝜆} kai na anamènoume na ikanopoihjeÐ h sqèsh (3.17)
me k�poiec stajerèc 𝜅 kai 𝜆. Gia na exasfalÐsoume k�ti tètoio, prèpei, epÐ plèon, to
zeÔgoc {𝛾,𝜆} na eÐnai tètoio, ¸ste(︂

𝑥𝐺

(1 + 𝑔2)(1 + 𝜆𝑔)

)︂
𝑥

= 0 (3.19)

Aut  h teleutaÐa apaÐthsh (ìpwc sunèbaine kai me thn apaÐthsh (3.13)) sÐgoura
ikanopoieÐtai gia oikogèneiec 𝛾(𝑥, 𝑦) omogeneÐc, mhdenikoÔ bajmoÔ omogèneiac. Diìti tìte,
to 𝑔(𝑥) eÐnai bajmoÔ omogèneiac 0, to 𝐺(𝑥) eÐnai bajmoÔ omogèneiac −1 kai h (3.19)
profan¸c isqÔei. Ta paradeÐgmata pou akoloujoÔn ja eÐnai aut c t c morf c.
SuneqÐzoume me to sqoliasmì t c (3.17): JewroÔme t¸ra ìti monadikì dedomèno eÐnai h
isoenergeiak� (𝐸 = 0) grafìmenh oikogèneia 𝛾(𝑥, 𝑦) kai to er¸thma eÐnai e�n aut  mporeÐ
na prokÔyei apì omogenèc eujeioparagwgì dunamikì. H ap�nthsh eÐnai nai, efìson:

1. Gia to didìmeno 𝛾(𝑥, 𝑦) ikanopoieÐtai h (3.13).

2. Up�rqei stajer� 𝜆 tètoia ¸ste na ikanopoieÐtai h (3.19). An h oikogèneia 𝛾(𝑥, 𝑦)
eÐnai sugkekrimènh, tìte h (3.19) elègqetai amèswc kai apì thn (3.17) brÐsketai h
sqèsh metaxÔ twn 𝜅 kai 𝜆.

Sumperasmatik�, gia k�je �kat�llhlh� oikogèneia 𝛾(𝑥, 𝑦), h (3.17) sundèei tic stajerèc
𝜅 kai 𝜆 (me to gnwstì touc nìhma). Gia k�je klÐsh 𝜆 dÐnei èna bajmì omogèneiac 𝜅.
'Omwc, ìpwc ja doÔme kai sta paradèigmata, gia sugkekrimèno 𝜅 (prokajorismèno bajmì
omogèneiac toÔ dunamikoÔ) h (3.17) mporeÐ na ikanopoieÐtai apì perissìtera 𝜆.
Se k�je perÐptwsh, suneqÐzoume brÐskontac th sun�rthsh 𝑅 apì tic sqèseic (3.11). AfoÔ
epibebai¸soume ìti to 𝑅 orÐzetai gia 𝑦 = 𝜆𝑥 (den apeirÐzetai ep�nw sthn eujeÐa) kai
aporrÐyoume tic timèc twn 𝜅 kai 𝜆 gia tic opoÐec 𝑅 = ∞, proqwroÔme upologÐzontac to
dunamikì 𝑉 , apì th sqèsh (3.7a).

Sunoptik  parousÐash thc mejìdou

1. JewroÔme dedomènh monoparametrik  oikogèneia troqi¸n (gnwst  sun�rthsh klÐshc
𝛾(𝑥, 𝑦)).

2. Elègqoume e�n epalhjeÔetai h exÐswsh (3.13). E�n ìqi, sumperaÐnoume ìti h
oikogèneia 𝛾 de sunup�rqei me kamÐa eujeÐa t c morf c 𝑦 = 𝜆𝑥 se k�poio
omogenèc dunamikì.
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3. E�n h (3.13) epalhjeÔetai, tìte, elègqoume kai th sunj kh (3.19). An kai aut 
isqÔei, h (3.17) dÐnei ìla ta epitrept� zeÔgh stajer¸n {𝜅,𝜆}.

4. Apì tic sqèseic (3.11) upologÐzoume to ln𝑅(𝑥, 𝑦) kai sth sunèqeia th sun�rthsh
𝑅(𝑥, 𝑦).

5. UpologÐzoume to omogenèc dunamikì pou antistoiqeÐ se aut n, apì th sqèsh (3.7a).

3.2.2 ParadeÐgmata gia omogeneÐc oikogèneiec me 𝜅𝛾 = 0

San paradeÐgmata qrhsimopoioÔme dÔo gnwstèc monoparametrikèc oikogèneiec troqi¸n:

i) Thn oikogèneia
𝑓1 = 3𝑥2 − 2𝑦2 = 𝑐

gia thn opoÐa gnwrÐzoume ìti par�getai apì to dunamikì

𝑉1 = 9𝑥2𝑦 + 4𝑦3

to opoÐo, ektìc �llwn, par�gei kai thn eujeÐa

𝑦 =

√︂
3

2
𝑥

ii) Thn oikogèneia
𝑓2 = 𝑥3 + 𝑦3 = 𝑐

pou par�getai apì to dunamikì

𝑉2 =
𝑥4 + 𝑦4

(𝑥− 𝑦)4

pou par�gei epÐshc kai thn eujeÐa

𝑦 = −𝑥

Sta parak�tw, jewroÔme �gnwsta ta dunamik� kai tic eujeÐec kai prospajoÔme na ta
anapar�goume, èqontac gnwstèc mìno tic oikogèneiec. Kai oi dÔo sunart seic klÐshc pou
antistoiqoÔn stic oikogèneiec eÐnai omogeneÐc, bajmoÔ omogèneiac 𝜅𝛾 = 0, �ra h exÐswsh
(3.13) epalhjeÔetai sÐgoura. Autì pou apomènei eÐnai na brejoÔn (e�n up�rqoun) adelfikèc
eujeÐec kai ta omogen  dunamik� pou par�goun tic oikogèneiec kai tic eujeÐec autèc.

Par�deigma (i)

DÐnetai h oikogèneia
𝑓 = 3𝑥2 − 2𝑦2 = 𝑐 (3.20)

H sun�rthsh klÐshc pou antistoiqeÐ sthn oikogèneia eÐnai h

𝛾 = −2𝑦

3𝑥
me Γ =

2(3𝑥2 − 2𝑦2)

9𝑥3
(3.21)
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An h (3.20) sunodeÔetai (se k�poio apì ta �peira dunamik� pou thn par�goun) apì k�poia
eujeÐa 𝑦 = 𝜆𝑥, tìte, sÔmfwna me tic (3.18), eÐnai:

𝑔 = −2

3
𝜆

𝐺 =
2(3− 2𝜆2)

9𝑥

(3.22)

kai h (3.19) profan¸c ikanopoieÐtai.
H (3.17) dÐnei:

(9 + 4𝜆2)(3− 2𝜆2)𝜅 = 12(1 + 𝜆2)(3− 2𝜆2) (3.23)

h opoÐa, me th seir� thc, sunep�getai ìti

𝜆 = ±
√︂

3

2
  𝜅 =

12(1 + 𝜆2)

9 + 4𝜆2
(3.24)

Exet�zoume, loipìn, k�je mÐa apì tic peript¸seic (3.24):

∙ PerÐptwsh (i)

𝜆 = ±
√︁

3
2

Me aut� ta 𝜆 kai me 𝛾 = − 2𝑦
3𝑥
, upologÐzoume kat� seira: apì thn (3.10) to Π*,

apì to notebook ta 𝑐10 kai 𝑐20 kai apì thn (3.11) toÔc lìgouc 𝑅𝑥

𝑅
kai 𝑅𝑦

𝑅
. AutoÐ

oi lìgoi (prèpei na) eÐnai sumbatoÐ kai autì m�c epitrèpei na broÔme th sun�rthsh-
pollaplasiast  gia tuqoÔsa tim  toÔ 𝜅. EÐnai:

𝑅 = 𝑥
2𝜅−11

5 𝑦
3(𝜅−3)

5 [3
√
6(3𝜅− 4)𝑥2 − 60𝑥𝑦 + 4

√
6(𝜅− 3)𝑦2] (3.25)

Sth sunèqeia, apì tic (3.6), upologÐzoume ta Π kai 𝐿0 kai apì thn (3.7a) brÐskoume
to dunamikì

𝑉 = 𝑥
2(𝜅−3)

5 𝑦
3𝜅−4

5 (9𝑥2 + 4𝑦2) (3.26)

Gia 𝜆 =
√︁

3
2
kai 𝜅 = 3 to 𝑉 pou dÐnetai apì thn (3.26) sumpÐptei me to gnwstì ek

twn protèrwn 𝑉 toÔ paradeÐgmatoc, dhlad  𝑉 = 9𝑥2𝑦 + 4𝑦3.

∙ PerÐptwsh (ii)

𝜅 = 12(1+𝜆2)
9+4𝜆2

Gia tuqìn 𝜆 me autì to 𝜅, ergazìmaste ìpwc prohgoumènwc kai brÐskoume:

𝑅 = 𝑒
− (4𝜆2+15) ln 𝑥+9 ln [𝑦(4𝜆2+9)]

4𝜆2+9 (3𝑥2𝜆− 2𝑦2𝜆− 6𝑥𝑦(1 + 𝜆2))

𝑉 = 𝑥
− 6

9+4𝜆2 𝑦
4𝜆2

9+4𝜆2 (9𝑥2 + 4𝑦2)

(3.27)
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Sqìlio: EÐnai axioshmeÐwto ìti, gia ta dÔo sugkekrimèna 𝜆 = ±
√︁

3
2
, up�rqoun �peira

dunamik� (3.26), k�je epijumhtoÔ bajmoÔ omogèneiac 𝜅, pou eÐnai sumbat� me thn oikogèneia

(3.20) kai tic eujeÐec 𝑦 = ±
√︁

3
2
𝑥. 'Etsi, gia par�deigma, ektìc apì to trÐtou bajmoÔ

dunamikì 𝑉 = 9𝑥2𝑦 + 4𝑦3, jètontac 𝜅 = 2 sthn (3.26), paÐrnoume kai to dunamikì 𝑉 =

𝑥− 2
5𝑦

2
5 (9𝑥2 + 4𝑦2), pou eÐnai deÔterou bajmoÔ kai epÐshc eÐnai sumbatì.

Apì thn �llh meri�, ìpwc blèpoume apì thn (3.27b), se k�je 𝜆 antistoiqeÐ èna mìno

dunamikì, bajmoÔ 𝜅 = 12(1+𝜆2)
9+4𝜆2 . Bèbaia, gia 𝜆 = ±

√︁
3
2
, prokÔptei, ìpwc anamènetai,

𝑉 = 𝑥− 2
5𝑦

2
5 (9𝑥2 + 4𝑦2), me 𝜅 = 2.

Par�deigma (ii)

DÐnetai h oikogèneia
𝑓 = 𝑥3 + 𝑦3 (3.28)

H sun�rthsh klÐshc pou antistoiqeÐ sthn oikogèneia eÐnai h

𝛾 =
𝑦2

𝑥2
me Γ = −2𝑦

𝑥2
− 2𝑦4

𝑥5
(3.29)

Apì tic (3.18) upologÐzoume ta 𝑔 kai 𝐺 kai elègqetai ìti h (3.19) ikanopoieÐtai, en¸ h
(3.18) dÐnei proc exètash dÔo peript¸seic:

i)
𝜆 = −1 (3.30)

ii)

𝜅 = −4 (𝜆+ 𝜆3)

1 + 𝜆4
(3.31)

∙ PerÐptwsh (i)

𝜆 = −1

𝑅 = 𝑥−1+𝜅(𝑥− 𝑦)−6−𝜅𝑦−1+𝜅
(︀
𝜅
(︀
𝑥2 + 𝑦2

)︀ (︀
𝑥4 + 𝑦4

)︀
+ 4𝑥𝑦

(︀
𝑥4 + 𝑥3𝑦 + 𝑥𝑦3 + 𝑦4

)︀)︀
𝑉 = 𝑥𝜅𝑦𝜅

(𝑥4 + 𝑦4)

(𝑥− 𝑦)𝜅+4

(3.32)
Gia th lÔsh aut , kai 𝜅 = 3, èqoume 𝑉 = −5(9𝑥2𝑦+4𝑦3), dhlad  to ek twn protèrwn
gnwstì dunamikì, me th diafor� miac pollaplasiastik c stajer�c.

∙ PerÐptwsh (ii)

𝜅 = −4(𝜆+𝜆3)
1+𝜆4

𝑅 = 𝐴

[︃
𝑥
−1−

4(𝜆+𝜆3)
1+𝜆4 (𝑥− 𝑦)

−5+
4(𝜆+𝜆3)

1+𝜆4
(︀
𝑦
(︀
1 + 𝜆4

)︀)︀−1−
4(𝜆+𝜆3)

1+𝜆4

]︃
𝐴 = −𝑥𝑦4𝜆

(︀
−1 + 𝜆2

)︀
+ 𝑥5

(︀
1 + 𝜆2

)︀
− 𝑥2𝑦3(−1 + 𝜆)

(︀
1 + 𝜆2

)︀
−

− 𝑥3𝑦2(−1 + 𝜆)𝜆
(︀
1 + 𝜆2

)︀
− 𝑦5𝜆2

(︀
1 + 𝜆2

)︀
+ 𝑥4𝑦

(︀
𝜆− 𝜆3

)︀
𝑉 = 𝑥

−
4(𝜆+𝜆3)

1+𝜆4 (𝑥− 𝑦)
−4+

4(𝜆+𝜆3)
1+𝜆4

(︀
𝑥4 + 𝑦4

)︀
𝑦
−

4(𝜆+𝜆3)
1+𝜆4

(3.33)
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3.2.3 ParadeÐgmata gia oikogèneiec me 𝜅𝛾 ̸= 0

'Estw oi oikogèneiec troqi¸n me sunart seic klÐshc

𝛾 =

√︂
𝛼

𝑦𝜅 − 𝛼

kai
𝛾 =

√︀
𝛽𝑥2 − 1

ìpou 𝛼, 𝛽 stajerèc. Par' ìti autèc oi sunart seic klÐshc den eÐnai omogeneÐc bajmoÔ
0, epalhjeÔoun th sunj kh (3.13). 'Etsi, suneqÐzoume ìpwc kai sta prohgoÔmena
paradeÐgmata.

Par�deigma (i)

𝛾 =

√︂
𝛼

𝑦𝜅 − 𝛼
(3.34)

ProkÔptoun oi parak�tw timèc:

𝑅 =
𝑦−1+𝜅

𝑦 − 𝑥𝜆

𝐿0 =

(︂
𝑦 − 𝑥

√︂
𝛼

−𝛼 + 𝑦𝜅

)︂(︂
1 +

𝛼

−𝛼 + 𝑦𝜅

)︂
(𝑦 − 𝑥𝜆)

Π = 𝑘 − 𝛼𝜅𝑥𝑦−1+𝜅√︁
𝛼

−𝛼+𝑦𝜅
(−𝛼 + 𝑦𝜅)2

+
𝛼𝜅

−𝛼 + 𝑦𝜅
+

+ 𝜅

√︂
𝛼

−𝛼 + 𝑦𝜅
𝜆+ 𝜅

(︂
𝛼

−𝛼 + 𝑦𝜅

)︂3/2

𝜆− 𝛼𝜅𝑦𝜅𝜆√︁
𝛼

−𝛼+𝑦𝜅
(−𝛼 + 𝑦𝜅)2

𝑉 = 𝑦𝜅

(3.35)

Par�deigma (ii)

OmoÐwc, gia

𝛾 =
√︀

𝛽𝑥𝑘 − 1 (3.36)

prokÔptoun oi parak�tw timèc:

𝑅 =
𝑥−1+𝜅

−𝑦 + 𝑥𝜆

𝐿0 = 𝑥𝜅𝛽
(︁
𝑦 − 𝑥

√︀
−1 + 𝑥𝜅𝛽

)︁
(𝑦 − 𝑥𝜆)

Π = 𝜅− 𝜅𝑥𝜅𝛽 + 𝜅 (−1 + 𝑥𝜅𝛽)− 𝜅𝑥−1+𝜅𝑦𝛽𝜆+ 𝜅
√︀
−1 + 𝑥𝜅𝛽𝜆+

+ 𝜅 (−1 + 𝑥𝜅𝛽)3/2 𝜆

𝑉 =
𝑥𝜅

𝜅

(3.37)
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3.2.4 H eidik  perÐptwsh Π = 0

Kat� th dhmiourgÐa toÔ sust matoc, gia na lÔsoume tic exis¸seic (3.7), jewr same ìti
Π ̸= 0. Sthn par�grafo aut , ja melet soume thn eidik  perÐptwsh kat� thn opoÐa Π = 0.
H perÐptwsh aut  emfanÐzetai ìtan h tri�da {𝛾, 𝜅, 𝜆} sundèetai me mia sqèsh. Pr�gmati,
apì thn (3.6a), sunep�getai

𝜅 =
2(𝑥+ 𝜆𝑦)

(1 + 𝛾2)(1 + 𝜆𝛾)
Γ (3.38)

Efìson elègqoume sumbatìthta didìmenhc oikogèneiac 𝛾(𝑥, 𝑦) me sugkekrimènh eujeÐa
𝑦 = 𝜆0𝑥, mporoÔme amèswc na gnwrÐzoume e�n to deÔtero mèloc t c (3.38) odhgeÐ se
mÐa stajer�. An autì pr�gmati sumbaÐnei, sumperaÐnoume ìti aut  h stajer� 𝜅 = 𝜅0 eÐnai
o bajmìc omogèneiac tou zhtoÔmenou dunamikoÔ 𝑉 (𝑥, 𝑦).
To er¸thma pou akoloujeÐ eÐnai: �P¸c ja brejeÐ autì to dunamikì?� Asfal¸c ìqi apì ton
tÔpo (3.5a), ston opoÐo èqoume ek tautìthtac mhdenismèno ton paronomast . Ja qreiasteÐ
na epistrèyoume sto arqikì sÔsthma twn tri¸n DEMP (3.2). Aut  th for�, ìmwc, me
thn prìsjeth gn¸sh ìti kai o arijmht c sthn (3.5a) mhdenÐzetai (kai, m�lista, se ìlo to
epÐpedo 𝑂𝑥𝑦). Autì to teleutaÐo shmaÐnei ìti eÐte

i) 𝑅(𝑥, 𝑦) = 0, eÐte

ii) 𝛾 = 𝑦
𝑥
.

Exet�zoume, loipìn, ta dÔo aut� endeqìmena.

UpoperÐptwsh i: Epilègoume sthn (3.2b) pollaplasiast  𝑅(𝑥, 𝑦) = 0. To arqikì
sÔsthma exis¸sewn (3.2), enìyei kai thc (3.38), gÐnetai:

𝑉𝑥 + 𝛾𝑉𝑦 =
𝜅0(1 + 𝜆0𝛾)

𝑥+ 𝜆0𝑦
𝑉

−𝜆0𝑉𝑥 + 𝑉𝑦 = 0

𝑥𝑉𝑥 + 𝑦𝑉𝑦 = 𝜅0𝑉

(3.39)

EÔkola, diapist¸noume ìti oi treic exis¸seic toÔ sust matoc (3.39) ikanopoioÔntai gia

𝑉 𝑥

𝑉
=

𝜅0

𝑥+ 𝜆0𝑦
kai

𝑉𝑦

𝑉
= 𝜆0

𝜅0

𝑥+ 𝜆0𝑦
(3.40)

Apì tic (3.40) prokÔptei to (omogenèc, bajmoÔ 𝜅0) dunamikì

𝑉 = 𝑉0(𝑥+ 𝜆0𝑦)
𝜅0 (3.41)

me 𝑉0 stajer�.

UpoperÐptwsh ii: 𝛾 = 𝑦
𝑥
(dÐdetai, dhlad , h oikogèneia omokèntrwn kÔklwn 𝑥2+𝑦2 =

𝑐).

To antÐstoiqo Γ = 𝛾𝛾𝑥 − 𝛾𝑦 = −𝑥2+𝑦2

𝑥3 kai, apì thn (3.38), prokÔptei ìti 𝜅0 = −2, dhlad 
to zhtoÔmeno dunamikì eÐnai bajmoÔ −2.
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EÐnai gnwstì (bl. [5]) ìti ìla ta dunamik� pou par�goun kÔklouc 𝑥2+ 𝑦2 = 𝑐 dÐdontai apì
th sqèsh

𝑉 (𝑟, 𝜃) = 𝑔(𝑟) +
1

𝑟2
ℎ(𝜃) (3.42)

ìpou 𝑔(𝑟) kai ℎ(𝜃) eÐnai aujaÐretec sunart seic t¸n polik¸n suntetagmènwn 𝑟 kai 𝜃
antÐstoiqa. Apì ìla ta dunamik� (3.42), entopÐzoume ta omogen , bajmoÔ −2 pou
ikanopoioÔn tic treic exis¸seic (3.2). EÔkola, prokÔptei ìti aut� eÐnai ta (kentrik�)
dunamik�

𝑉 (𝑥, 𝑦) =
ℎ0

𝑥2 + 𝑦2
(3.43)

me ℎ0 stajer�.
Shmei¸netai ìti h (3.2b) isqÔei me epilog  t c 𝑅(𝑥, 𝑦) = − 2ℎ0

(𝑥2+𝑦2)2
kai, fusik�, k�je eujeÐa

𝑦 = 𝜆𝑥 eÐnai dekt 

Sqìlio: H sqèsh (3.38) m�c epitrèpei, epÐshc, na broÔme analutik� èna ploÔsio
uposÔnolo oikogenei¸n 𝛾(𝑥, 𝑦) pou par�gontai apì k�poio eujeioparagwgì kai omogenèc
dunamikì (me didìmeno bajmì omogèneiac 𝜅 = 𝜅0) pou epidèqetai wc lÔsh kai th
sugkekrimènh eujeÐa 𝑦 = 𝜆0𝑥. Anaferìmaste se uposÔnolo troqi¸n, diìti h sqèsh (3.38)
�ekproswpeÐ� tri�dec {𝛾, 𝜅, 𝜆} pou odhgoÔn sthn eidik  perÐptwsh Π = 0 pou exet�zoume
sthn par�grafo aut . Lème, dhlad , ìti to dunamikì (3.41) (to opoÐo èqei wc lÔsh k�je
eujeÐa 𝑦 = 𝜆0𝑥) èqei, epÐshc, wc troqièc (kai, m�lista, grafìmenec isoenergeiak�, me
𝐸 = 0) kai ìlec tic oikogèneiec 𝛾(𝑥, 𝑦) pou orÐzontai apì thn (3.38) Endiafèron èqei ìti
autèc oi oikogèneiec eÐnai dunatì na brejoÔn analutik�, eÐnai, dhlad , dunatì na lujeÐ h
DEMP

𝛾𝛾𝑥 − 𝛾𝑦 =
𝜅0(1 + 𝛾2)(1 + 𝜆0𝛾)

2(𝑥+ 𝜆0𝑦)
(3.44)

Pr�gmati, h (3.44) eÐnai grammik  diaforik  exÐswsh me merikèc parag¸gouc pr¸thc t�xhc,
me �gnwsth th sun�rthsh 𝛾 kai anex�rthtec metablhtèc tic 𝑥 kai 𝑦. Oi bohjhtikèc
exis¸seic pou antistoiqoÔn sthn DEMP aut , eÐnai:

𝑑𝑥

𝛾
=

𝑑𝑦

−1
=

𝑑𝛾(2(𝑥+ 𝜆0𝑦))

𝜅0(1 + 𝛾2)(1 + 𝜆0𝛾)
(3.45)

Apì thn pr¸th isìthta èqoume:

𝑑𝑥

𝛾
=

𝑑𝑦

−1
⇒ 𝑑𝑥

𝛾
=

𝜆0𝑑𝑦

−𝜆0

=
𝑑𝑥+ 𝜆0𝑑𝑦

𝛾 − 𝜆0

=
𝑑(𝑥+ 𝜆0𝑦)

𝛾 − 𝜆0

(3.46)

Sundu�zontac tic (3.45) kai (3.46), èqoume:

𝑑(𝑥+ 𝜆0𝑦)

𝑥+ 𝜆0𝑦
=

2(𝛾 − 𝜆0)

𝜅0(1 + 𝛾2)(1 + 𝜆0𝛾)
𝑑𝛾 (3.47)

Oloklhr¸nontac ta dÔo mèlh t c (3.47), paÐrnoume:

𝜅0 ln (𝑥+ 𝜆0𝑦) = ln

(︂
1 + 𝛾2

(1 + 𝜆0𝛾)2

)︂
+ staj. ⇒ (𝑥+ 𝜆0𝑦)

𝜅0(1 + 𝜆0𝛾)
2

1 + 𝛾2
= 𝑐1 (3.48)
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Apì thn exÐswsh (3.48) èqoume

𝑥+ 𝜆0𝑦 =
𝑐

(︁
1
𝜅0

)︁
1 (1 + 𝛾2)

(︁
1
𝜅0

)︁

(1 + 𝜆0𝛾)

(︁
2
𝜅0

)︁
 

𝑦 =
𝑐

(︁
1
𝜅0

)︁
1 (1 + 𝛾2)

(︁
1
𝜅0

)︁

𝜆0(1 + 𝜆0𝛾)

(︁
1
𝜅0

)︁ − 𝑥

𝜆0

(3.49)

apì thn opoÐa prokÔptei h sqèsh

𝑑𝑦 = −𝑑𝑥

𝜆0

+
2𝑐

(︁
1
𝜅0

)︁
1 (𝛾 − 𝜆0)(1 + 𝛾2)

(︁
1
𝜅0

−1
)︁

𝜅0𝜆0(1 + 𝜆0𝛾)
2
𝜅0

+1
𝑑𝛾 (3.50)

Apì thn pr¸th isìthta twn (3.45) èqoume

𝑑𝑥

𝛾
=

𝑑𝑦

−1
(3.51)

Sundu�zontac tic (3.51) kai (3.50) èqoume:

𝑑𝑥

𝛾
− 𝑑𝑥

𝜆0

=
(𝜆0 − 𝛾)𝑑𝑥

𝜆0𝛾
= −2𝑐

(︁
1
𝜅0

)︁
1 (𝛾 − 𝜆0)(1 + 𝛾2)

(︁
1
𝜅0

−1
)︁

𝜅0𝜆0(1 + 𝜆0𝛾)
2
𝜅0

+1
𝑑𝛾 (3.52)

 

𝑑𝑥

𝛾
=

2𝑐

(︁
1
𝜅0

)︁
1 (1 + 𝛾2)

(︁
1
𝜅0

−1
)︁

𝜅0(1 + 𝜆0𝛾)

(︁
2
𝜅0

+1
)︁ 𝑑𝛾 (3.53)

H teleutaÐa exÐswsh mporeÐ na grafeÐ wc ex c:

𝜅0𝑑𝑥

2𝑐

(︁
1
𝜅0

)︁
1

=
𝛾(1 + 𝛾2)

(︁
1
𝜅0

−1
)︁

(1 + 𝜆0𝛾)

(︁
2
𝜅0

+1
)︁𝑑𝛾 ⇒ 𝜅0𝑥

2𝑐

(︁
1
𝜅0

)︁
1

= 𝐼(𝛾, 𝜅0, 𝜆0) + 𝑐2 (3.54)

ìpou

𝐼(𝛾, 𝜅0, 𝜆0) =

∫︁
𝛾(1 + 𝛾2)

(︁
1
𝜅0

−1
)︁

(1 + 𝜆0𝛾)

(︁
2
𝜅0

+1
)︁𝑑𝛾 (3.55)

To 𝐼(𝛾, 𝜅0, 𝜆0) eÐnai mìno h tim  toÔ oloklhr¸matoc, qwrÐc thn aujaÐreth stajer�
olokl rwshc, h opoÐa eÐnai to 𝑐2 sth sqèsh (3.54).
Antikajist¸ntac sth sqèsh (3.54) thn tim  toÔ 𝑐1 apì thn (3.48), èqoume:

𝑐2 =
𝜅0𝑥(1 + 𝛾2)

(︁
1
𝜅0

)︁

2(𝑥+ 𝜆0𝑦)(1 + 𝜆0𝛾)

(︁
2
𝜅0

)︁ − 𝐼(𝛾, 𝜅0, 𝜆0) (3.56)

H genik  lÔsh t c (3.44) dÐnetai apì mia aujaÐreth sun�rthsh twn 𝑐1 kai 𝑐2,  :

𝜅0𝑥(1 + 𝛾2)

(︁
1
𝜅0

)︁

2(𝑥+ 𝜆0𝑦)(1 + 𝜆0𝛾)

(︁
2
𝜅0

)︁ − 𝐼(𝛾, 𝜅0, 𝜆0) = 𝐴

(︂
(𝑥+ 𝜆0𝑦)

𝜅0(1 + 𝜆0𝛾)
2

1 + 𝛾2

)︂
(3.57)
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Sqìlio: Mia teleutaÐa dieukrÐnish afor� akrib¸c aut  th sqèsh (3.57) kai, idiaitèrwc,
ton prohgoÔmeno isqurismì mac ìti �mporoÔme na broÔme ìlec tic oikogèneiec 𝛾(𝑥, 𝑦). . . � H
(3.57) eÐnai pr�gmati h genik  lÔsh t c (3.44), all� mÐa sugkekrimènh lÔsh 𝛾(𝑥, 𝑦) mporeÐ
na prokÔyei apì aut n upì dÔo proupojèseic:

∙ Gia didìmena 𝜅0, 𝜆0 eÐmaste se jèsh na upologÐsoume to olokl rwma 𝐼(𝛾, 𝜅, 𝜆) sthn
(3.55) (Quadratures).

∙ Gia tuqaÐa epilog  t c aujaÐrethc sun�rthshc 𝐴 sthn (3.57), eÐmaste se jèsh na
lÔsoume wc proc 𝛾 thn (algebrik    ìqi) exÐswsh (3.57).

'Etsi, gia par�deigma, an epilèxoume 𝜅0 = 1, apì thn (3.55) èqoume

𝐼 = − 1 + 2𝜆0𝛾

2𝜆2
0(1 + 𝜆0𝛾)2

(3.58)

Gia 𝐴 = 0, h (3.57) prokÔptei deuterob�jmia wc proc 𝛾 me lÔseic (gia 𝜆0 ̸= 0)

𝛾 = −𝑥𝜆0 + 𝑦𝜆2
0 ±

√︀
𝜆3
0(𝑥𝑦 − 𝑥2𝜆0 + 𝑦2𝜆0)

𝑥𝜆2
0

(3.59)

Elègqetai ìti gia 𝑉 pou dÐnetai apì thn (3.41) (sth sugkekrimènh perÐptwsh eÐnai to
𝑉 = 𝑉0(𝑥+ 𝜆0𝑦)) kai 𝐸 = 0, h exÐswsh tou Szebehely epalhjeÔetai.
An epilèxoume 𝜅0 = 1 kai 𝐴 = 1, h (3.55) m�c dÐnei epÐshc deÔterou bajmoÔ wc proc 𝛾
exÐswsh, me lÔseic

𝛾 = −𝑥𝜆0 + 𝑦𝜆2
0 ±

√︀
𝜆2
0(𝑥+ 𝑥𝑦𝜆0 − 𝑥2𝜆2

0 + 𝑦2𝜆2
0)

𝑥𝜆2
0

(3.60)

en¸ an jèsoume

𝐴 =
(𝑥+ 𝜆0𝑦)

𝜅0(1 + 𝜆0𝛾)
2

1 + 𝛾2
(3.61)

h (3.55) m�c dÐnei tet�rtou bajmoÔ exÐswsh wc proc 𝛾.
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Kef�laio 4

Genikèc parathr seic -
Sumper�smata

Sthn ergasÐa aut  melet same eujeioparagwg� dunamik�. Prìkeitai gia dunamik� ta
opoÐa dhmiourgoÔn eÐte mÐa monoparametrik  oikogèneia eujei¸n (aut� pou ikanopoioÔn
thn DEMP (1.14)), eÐte mia memonwmènh eujeÐa (aut� gia ta opoÐa up�rqei 𝜆 ¸ste na
isqÔei h exÐswsh (3.2b)).
To er¸thma pou jèsame anaforik� me aut� ta dunamik� eÐnai aplì: Skeftìmaste mia
monoparametrik  oikogèneia troqi¸n (ìqi eujei¸n). GnwrÐzoume ìti up�rqei mia dipl 
apeirÐa dunamik¸n pou, genik�, mporoÔn na anal�boun na dhmiourg soun aut n thn
oikogèneia (eÐnai ìla ta dunamik� pou ikanopoioÔn thn DEMP (1.12)). RwtoÔme loipìn:
�EÐnai k�poio,   k�poia, apì aut� ta dunamik� eujeioparagwgì?� 'H, lÐgo diaforetik�:
�Sunup�rqei h didìmenh oikogèneia 𝑓(𝑥, 𝑦) = 𝑐 troqi¸n me oikogèneia eujei¸n  , èstw, me
memonwmènh eujeÐa?�
Gia thn pr¸th perÐptwsh to er¸thma �metafr�sjhke� sthn anaz thsh sunjhk¸n (epÐ thc
didìmenhc oikogèneiac), ¸ste dÔo DEMP me �gnwsth mÐa sun�rthsh (th 𝑉 (𝑥, 𝑦)) na èqoun
koinèc lÔseic.
Gia th deÔterh perÐptwsh krÐname skìpimo na jèsoume prìsjetec aplousteutikèc sunj kec,
tìso gia th morf  toÔ dunamikoÔ pou zhtoÔme (omogenèc), ìso kai gia thn eujeÐa 𝑦 = 𝜆𝑥
pou dÐnoume (pern�ei apì thn arq  t¸n axìnwn).
P�ntwc, kai stic dÔo peript¸seic diakrÐname èna koinì qarakthristikì. Par� thn aplìthta
toÔ erwt matoc, h ap�nthsh eÐnai idiaitèrwc �polÔplokh�. QrhsimopoioÔme autìn ton
ìro gia na dhl¸soume thn anagkaiìthta pou parousi�zetai na k�noume èna meg�lo
arijmì pr�xewn, kurÐwc paragwgÐseic kai lÔseic sun jwn (grammik¸n   ìqi) susthm�twn
algebrik¸n exis¸sewn. To mègejoc t¸n apaitoÔmenwn pr�xewn eÐnai adÔnato na
antimetwpisjeÐ qwrÐc th qr sh enìc upologistikoÔ pakètou (sth sugkekrimènh perÐptwsh
to pakèto autì  tan h Mathematica). 'Iswc, m�lista, k�poiec forèc antimetwpÐzei
prìblhma akìmh kai ènac isqurìc upologist c. Aut  h diapÐstwsh prèpei na sunektimhjeÐ
me to gegonìc ìti to skeptikì t c lÔshc enìc tètoiou probl matoc eÐnai sqetik� aplì kai
opwsd pote peistikì.
'Oson afor� tic aplousteutikèc upojèseic pou �qrei�sthke� na k�noume sto deÔtero mèroc,
ja mporoÔsame na jèsoume to er¸thma pio genik�, me didìmenh eujeÐa 𝑦 = 𝜆𝑥 + 𝜇
kai didìmenh oikogèneia troqi¸n 𝛾 = 𝛾(𝑥, 𝑦) kai to er¸thma e�n aut� ta dÔo eÐnai
sumbat�, qwrÐc periorismì sth morf  toÔ dunamikoÔ pou ta uiojeteÐ. Autì ja s maine ìti
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èqoume na elègxoume th sumbatìthta (dhlad  thn eÔresh kat�llhlwn pollaplasiastik¸n
sunart sewn 𝑅(𝑥, 𝑦)) ¸ste oi dÔo DEMP (3.2b) kai (1.12) na èqoun koinèc lÔseic 𝑉 (𝑥, 𝑦).
Sqetik� eÔkola, mporoÔme na doÔme ìti aut  h apaÐthsh odhgeÐ sthn apaÐthsh dÔo DEMP,
trÐthc t�xhc (grammikèc) wc proc 𝑅(𝑥, 𝑦), me suntelestèc exart¸menouc apì thn oikogèneia
kai tic stajerèc 𝜆 kai 𝜇, na sunisqÔoun. Autì, me th seir� tou, ja m�c dhmiourgoÔse
thn upoqrèwsh na proqwr soume se exis¸seic (grammikèc, p�ntote) pèmpthc t�xhc wc
proc 𝑅(𝑥, 𝑦). Blèpoume kai p�li pìso �ekjetik�� aux�nei to pl joc t¸n pr�xewn. Ant'
autoÔ, periorist kame sto na èqoume na k�noume me to sÔsthma twn DEMP (3.2) kai to
sunakìloujo sÔsthma (3.11) gia th sun�rthsh 𝑅(𝑥, 𝑦).

Sunoptik�, ta apotelèsmata t c ergasÐac aut c eÐnai ta ex c:
'Oson afor� to pr¸to komm�ti, dhlad  to komm�ti pou afier¸jhke stic oikogèneiec eujei¸n,
h ap�nthsh sto er¸thm� mac eÐnai o mhdenismìc   ìqi t c orÐzousac toÔ Sylvester t¸n dÔo
exis¸sewn (2.61). E�n h orÐzousa mhdenÐzetai, tìte mporoÔme na poÔme me bebaiìthta ìti
up�rqei oikogèneia eujei¸n adelfik  proc th didìmenh oikogèneia 𝛾(𝑥, 𝑦). 'Ena shmantikì
stoiqeÐo pou proèkuye eÐnai ìti, me th melèth pou k�name, katal xame sto ìti to pl joc
twn dunamik¸n pou mporoÔn na uiojet soun tic dÔo oikogèneiec (th 𝛾 kai thn adelfik  thc
oikogèneia eujei¸n) eÐnai peperasmèno. 'Eqontac up' ìyin ìti mia oikogèneia, genik�, mporeÐ
na uiojethjeÐ apì mia dipl  apeirÐa dunamik¸n, diapist¸noume ìti h apaÐthsh h oikogèneia
aut  na èqei mia adelfik  oikogèneia eujei¸n periorÐzei polÔ shmantik� to pl joc autì.
To dunamikì, kaj¸c kai h adelfik  oikogèneia eujei¸n, brÐskontai sth sunèqeia me ton
trìpo pou perigr�yame.
Sto deÔtero komm�ti thc ergasÐac, par� tic perioristikèc �aplousteutikèc� sunj kec pou
epib�lame, katal xame se mia arket� genik  sqèsh, thn (3.13). Aut  eÐnai h sunj kh
pou prèpei na ikanopoieÐ mia isoenergeiak  oikogèneia troqi¸n (me mhdenik  enèrgeia), pou
par�getai apì omogenèc dunamikì, ¸ste na eÐnai adelfik  me k�poia eujeÐa pou dièrqetai
apì thn arq  t¸n axìnwn kai par�getai apì to Ðdio dunamikì. E�n, loipìn, isqÔei h sqèsh
(3.13), up�rqei zeÔgoc {𝜅, 𝜆} gia to opoÐo to er¸thm� mac na èqei jetik  ap�nthsh. Sth
sunèqeia upologÐzoume to dunamikì, mèsw toÔ upologismoÔ t c sun�rthshc 𝑅(𝑥, 𝑦).
Endiafèron èqei h eidik  perÐptwsh kat� thn opoÐa o paronomast c Π(𝑥, 𝑦) pou eisag�game
mhdenÐzetai. Oi tri�dec {𝜅, 𝜆, 𝛾} pou mhdenÐzoun to Π sundèontai me th sqèsh (3.38). Aut 
th sqèsh thn exet�zoume apì tic ex c dÔo pleurèc:

a) Me didìmeno 𝛾 kai 𝜆 = 𝜆0 h (3.38) m�c dÐnei to antÐstoiqo 𝜅0 kai m�c odhgeÐ sto
dunamikì (3.41)

b) H Ðdia sqèsh, (3.38), gr�fetai wc DEMP pr¸thc t�xhc, me �gnwsth th sun�rthsh
𝛾(𝑥, 𝑦), sth morf  (3.44). Diapist¸noume ìti h (3.44 lÔnetai analutik�. MporoÔme,
dhlad , na broÔme ìlec tic oikogèneiec 𝛾(𝑥, 𝑦)) pou (gia prokajorismèna 𝜅0, 𝜆0)
odhgoÔn se Π = 0 kai, epÐshc, se omogen  dunamik� (3.41)   (3.43), pou tic par�goun
isoenergeiak�. Autèc oi oikogèneiec dÐnontai apì th sqèsh (3.57).
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