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Ston Patèra mouDhm trio Kìtsialo



1 EISAGWG�H & KAJORISM�OS TOU PROBL�HMATOS 41 Eisagwg  & Kajorismì tou Probl mato1.1 Eisagwg .H Arijmhtik  An�lush, san autìnomo episthmonikì kl�do e�nai apì tou teleuta�-ou pou anaptÔqjhkan sti Jetikè Epist me kai jewre�tai apìluta sunufasmènh methn emf�nish tou HlektronikoÔ Upologist , an kai pollo� ereunhtè, ìqi �dika �sw,topojetoÔn ti aparqè th sti arqè tou 20oυ ai¸na,   kai palaiìtera [Brezinski &
Wuytack, 2001℄. H pl rh wr�mans  th katèsth dunat  me thn di�dosh twn upologisti-k¸n susthm�twn kai thn oloèna kai sumferìterh sqèsh upologistik  isqÔo pro ax�aulikoÔ exoplismoÔ (hardware) kai programm�twn (software). 'Eqonta diajèsimh perissì-terh upologistik  dÔnamh, oi mèqri prìtino apodektè lÔsei den ikanopoioÔn plèon kaiapaite�tai h exeÔresh nèwn teqnik¸n kai algor�jmwn gia thn epituqèsterh antimet¸pishtwn problhm�twn pou anakÔptoun. Pèra apì autì, nèa, suneq¸ duskolìtera probl ma-ta t�jentai sto prosk nio. Oi kathgor�e twn problhm�twn pro antimet¸pish suneq¸dieurÔnontai, to oplost�sio twn teqnik¸n kai twn mejìdwn pou qrhsimopoioÔntai gia thlÔsh tou diark¸ aux�nei kai mpore� na eipwje� qwr� uperbol  ìti k�je ousiastikì b maproìdou, e�te sumba�nei ston tomèa tou UlikoÔ e�te sto Logismikì, epifèrei, se sÔnto-mo qronikì di�sthma, allag  kai belt�wsh pollapl�siou megèjou sto {antagwnistikì}tou komm�ti. 'Otan ginìmaste m�rture mia jeamatik  proìdou se k�ti pou afor� p.q.to Logismikì, sqedìn s�goura ja akolouj sei mia {epan�stash} sto Ulikì, h opo�a jaafomoi¸sei ta dunatìtera shme�a th proìdou sto software kai ja k�nei ta mèqri prìtino{gr gora} sust mata na moi�zoun aparqaiwmèna.Apì tou plèon epanastatikoÔ kl�dou th Arijmhtik  An�lush jewre�tai kai au-tì o opo�o anaptÔssetai gÔrw apì to prìblhma th ep�lush Diaforik¸n Exis¸sewnme arijmhtikè mejìdou. Ja mporoÔse na skefte� kane� ìti sto sugkekrimèno ped�o, hJewr�a kai h Praktik  Efarmog  br�skontai se di�stash, èqonta anaptÔxei h kajemi�entel¸ diaforetikè mejodolog�e kai trìpou antimet¸pish problhm�twn. K�ti tètoioìmw, ìpw kai se pollè paremfere� peript¸sei, den antapokr�netai sthn al jeia. Oijewrhtikè mèjodoi br�skontai se agast  sunergas�a me thn arijmhtik  tou ulopo�hsh,èqonta koin  sunistamènh th Montelopo�hsh tou Probl mato. H sumplhrwmatikìthtaaut  e�nai h kinht ria dÔnamh pou k�nei jewrhtik� oikodom mata kai teqnologik� epiteÔg-mata, ta opo�a qje jewroÔntan outopik�, na e�nai koinì tìpo s mera.Kai, fusik�, h �llh ìyh tou nom�smato, to t�mhma th parapèra proìdou, e�nai toìti gia na up�rxei aut  h prìodo, ja prèpei na sugkerastoÔn kai oi dÔo kateujÔnseimontelopo�hsh, tìso h jewrhtik , ìso kai h ulopoi simh / metr simh / h dun�menh naprogrammatiste�.1.2 Sun jei Diaforikè Exis¸sei kai Probl mata Arqik¸nTim¸n.To ereunhtikì ped�o me to opo�o ja asqolhjoÔme e�nai mèro tou tomèa twn diaforik¸nexis¸sewn: e�nai ta probl mata arqik¸n tim¸n twn sun jwn diaforik¸n exis¸sewn. Giaaut� èqoun anaptuqje� di�fore mejodolog�e ep�lush, oi opo�e diafèroun sth filo-sof�a, sto sqediasmì kai thn ulopo�hs  tou. Up�rqoun ektene� episkop sei [Aberth,
1998, Brezinski & Wuytack, 2001, Huang & Innanen, 1996℄, tìso gia { pia} (non–stiff)ìso kai gia {dÔskola} (stiff) probl mata [Jorba & Zou, 2004℄.H mejodolog�a ep�lush problhm�twn arqik¸n tim¸n SDE me th qr sh anaptugm�twn



2 L�USH S.D.E. ME TH M�EJODO TWN SEIR�WN 5se seirè èqei qrhsimopoihje� apì polÔ palaiè epoqè [Barrio et. al., 2003℄. Lìgw ìmwth duskol�a pou aut  parous�aze pollè forè ston analutikì upologismì twn apai-toÔmenwn parag¸gwn stou ìrou twn anaptugm�twn, den qrhsimopoioÔntan w pr¸thepilog , sthn pro twn H/U epoq  [Roberts, 1975℄. H entatik  qr sh plèon twn upolo-gist¸n èqei epifèrei shmantikè allagè sti protim sei th upologistik  koinìthta,tìso pou na mil�me plèon gia m�a anab�wsh th mejìdou kai to qarakthrismì th w{montèrna mèjodo twn seir¸n}[Jorba & Zou, 2004, Fox, 1984, Murison, 1989, Corliss
& Chang, 1982℄. H teqnolog�a pou anaptÔssetai me b�sh aut  [IMA, 1998, ADT, 2005,
GNU gsl, 2005℄ ja ma apasqol sei sth sunèqeia aut  th ergas�a kai Ja anaptÔ-xoume m�a mejodolog�a ep�lush SDE me efarmog  se probl mata arqik¸n sunjhk¸n[Hadjifoteinou & Gousidou-Koutita, 1998, Le Guyader, 1993, QatzhfwteinoÔ, 2002℄.'Eqoume epilèxei merik� prìtupa probl mata, ta opo�a ja bohj soun sto na kataste�eukrin  tìso h leptomereiak  an�ptuxh th mejìdou, lìgw th stadiak� auxanìmenhpoluplokìtht� tou, ìso kai h apot�mhsh th ax�a th, efìson aut� e�nai epilÔsima (tokajèna se diaforetikì bajmì) kai me �lle mejìdou. Sugkekrimèna, ja asqolhjoÔme me:1) to prìblhma tou armonikoÔ talantwt , 2) to prìblhma twn dÔo swm�twn kai d�noumekÔria èmfash sthn ep�lush tou probl mato twn tri¸n swm�twn, se dÔo sugkekrimènetou morfè: 3a) sto genikì ep�pedo prìblhma kai 3b) sto pl re genikì prìblhma, kat�ti opo�e kam�a apì ti emplekìmene m�ze de jewre�tai apeirost    agno simh.2 Olokl rwsh sun jwn diaforik¸n exis¸sewn meth mèjodo twn seir¸n2.1 Jewrhtik  Eisagwg .Antike�meno th paroÔsh ergas�a e�nai h melèth orismènwn teqnik¸n eÔresh lÔsewn memorf  dunamoseir� se grammikè omogene� deÔterh t�xh sun jei diaforikè exis¸seikai h ulopo�hsh ant�stoiqwn upologistik¸n algor�jmwn.JewroÔme th genik  morf  th grammik  omogenoÔ deÔterh t�xh S.D.E.

d2y

dx2
+ p(x)

dy

dx
+ q(x) y = 0 , (1)ìpou oi p(x) kai q(x) e�nai sunart sei mìno th anex�rthth metablht  x. H egkurìthtath an�ptuxh se seir� th y gÔrw apì èna shme�o x0, kajor�zetai apì th sumperifor�twn sunart sewn p(x) kai q(x) sth geitoni� tou shme�ou x0.Skopì ma e�nai na kataskeu�soume lÔsei th (1) th morf 

y(x) = xk
∞∑

n=0

αnxn =
∞∑

n=0

αnxn+k (2)  sunafoÔ morf  (bl. parak�tw, ex. (4)). Sthn ex. (2), oi apodektè timè tou kkajor�zontai apì ton periorismì: a0 6= 0.E�n oi p(x) kai q(x) sthn (1) e�nai peperasmène, monìtima orismène kai diafor�simesto x0, tìte to x0 kale�tai omalì shme�o   {sÔnhje shme�o} (regular point). H ex�sw-sh (1) lème ìti e�nai omal  sto x0. Se aut  thn per�ptwsh kai ta dÔo ìria, limx→x0
p(x)kai limx→x0

q(x) up�rqoun kai e�nai peperasmèna. E�n ìmw èna toul�qiston apì aut�apeir�zetai, lème ìti to x0 e�nai idi�zon shme�o (singular point): h (1) e�nai idi�zousasto x0.



2 L�USH S.D.E. ME TH M�EJODO TWN SEIR�WN 6'Estw ìti to x0 e�nai idi�zon shme�o, all� kai ta dÔo ìria
lim
x→0

(x − x0)p(x) και lim
x→0

(x − x0)
2q(x) (3)up�rqoun kai e�nai peperasmèna. Tìte lème ìti h (1) èqei kanonik  anwmal�a(apale�yimh anwmal�a, regular/removable singularity) sto x0. E�n ìmw toul�qiston ènaapì ta ìria th (3) apeir�zetai, tìte lème ìti up�rqei ousi¸dh anwmal�a (essential

singularity) sto x = x0.H parap�nw kathgoriopo�hsh e�nai qr simh, diìti e�n k�poio shme�o x0 e�nai omalì,tìte mporoÔme p�nta na broÔme dÔo anex�rthte lÔsei me morf  genikeumènhdunamoseir�
y(x) =

∞∑

n=0

αn(x − x0)
n+k , (4)oi opo�e sugkl�noun gia ìle ti timè tou x, apì to x0 kai mèqri to kontinìtero idi�zonshme�o.Parajètoume (qwr� apìdeixh) to parak�twJEWRHMA [Fuch℄: 'Estw h genik  morf  th grammik  kai omogenoÔ SDE t�-xh N :

dNy

dxN
+ AN−1(x)

dN−1y

dxN−1
+ . . . + A1(x)

dy

dx
+ A0(x) y = 0Tìte:1. Se èna omalì shme�o x0, up�rqoun N grammik� anex�rthte lÔsei th ex�swsh.2. Oi seirè Taylor gia autè ti lÔsei, ∞∑

n=0

an(x − x0)
n, sugkl�noun toul�qistonmèqri to kontinìtero an¸malo shme�o.3. Se èna kanonikì an¸malo shme�o, up�rqei toul�qiston m�a lÔsh thmorf  (4), h opo�a sugkl�nei kai aut  toul�qiston mèqri to kontinìtero idi�zonshme�o.2.2 Periorismoi kai exeidikeÔsei se probl mata Mhqanik .'Opw ja doÔme parak�tw (bl. Upoenìthta 3.1), sthn analutik  par�jesh apotelesm�twngia to grammikì armonikì talantwt , e�n oi sunart sei p kai q th (1) e�nai apallagmèneapì an¸mala shme�a, e�nai dhlad  analutikè se ìlo to ped�o orismoÔ tou, h mèjodotwn genikeumènwn dunamoseir¸n mpore� na aplousteute� kai o upologistikì fìrto nameiwje� shmantik�, e�n qrhsimopoi soume aplè dunamoseirè.H sÔgklish twn dunamoseir¸n e�nai exasfalismènh gia ta probl mata Mhqanik  pouja ma apasqol soun sth sunèqeia, diìti ta mètra twn ìrwn an¸terh t�xh ba�nounelattoÔmena.Akìmh kai se probl mata megalÔterh th m�a di�stash, ìpou pijanìn na up�rqounsugkroÔsei (collisions), an¸mala shme�a sto q¸ro twn f�sewn, an�loga me ti arqikèsunj ke, ja ulopoi soume th mèjodo twn apl¸n dunamoseir¸n kai ìqi twn genikeumènwn,ìpw autè ja proèkuptan apì thn efarmog  th mejìdou Frobenius. To sÔnolo twn

collisions e�nai, sta jewroÔmena probl mata, sÔnolo mhdenikoÔ mètrou. Akìmh kai e�nk�poia sÔnola arqik¸n sunjhk¸n odhgoÔn se kroÔsei, up�rqei prìbleyh ston k¸dika,



2 L�USH S.D.E. ME TH M�EJODO TWN SEIR�WN 7ìpou apofeÔgetai to prìblhma sÔgklish twn seir¸n kai o elleip  kajorismì twnperioq¸n sÔgklish (ROC–Region Of Convergence) kai epitugq�netai h bèltisth epilog b mato olokl rwsh, sÔmfwna me k�poia krit ria.2.3 Kanonikopoihmène par�gwgoi kai automatopoihmènh diafì-rish.E�n f(x) : x ∈ I ⊂ R 7→ R e�nai m�a (le�a) sun�rthsh sumbol�zoume thn n�ost  thpar�gwgo w
dn

dxn
f(x) ≡ f (n)(x) . (5)Or�zoume w kanonikopoihmènh par�gwgo n�ost  t�xh thn

f [n](x) ≡
1

n!
f (n)(x) . (6)O sumbolismì autì mpore� na epektaje� kai se migadikè sunart sei.Upojètoume t¸ra ìti h f(x) mpore� na ekfraste� sa sun�rthsh dÔo �llwn sunart -sewn (kl�sew Cn), g(x) kai h(x):

f(x) = F (g(x), h(x)) , (7)twn opo�wn oi kanonikopoihmène par�gwgoi se k�poio shme�o x, g[i](x), h[i](x), i = 0, 1, . . . ne�nai gnwstè   mpore� na upologistoÔn. IsqÔei tìte h parak�twPROTASH : E�n oi sunart sei g kai h e�nai kl�sh Cn kai α ∈ R−{0}, λ1, λ2 ∈ R,ja èqoume:1. E�n f(x) = λ1g(x) ± λ2h(x), tìte
f [n](x) = λ1g

[n](x) ± λ2h
[n](x) (8)2. E�n f(x) = g(x) · h(x), tìte

f [n](x) =
n∑

j=0

g[n−j](x) · h[j](x) (9)3. E�n f(x) =
g(x)

h(x)
, tìte

f [n](x) =
1

h[0](x)



g[n](x) −
n∑

j=1

h[j](x) · f [n−j](x)



 (10)4. E�n f(x) = gα(x), tìte
f [n](x) =

1

n g[0](x)

n−1∑

j=0

[nα − j(α + 1)] g[n−j](x) · f [j](x) (11)



2 L�USH S.D.E. ME TH M�EJODO TWN SEIR�WN 85. E�n f(x) = eg(x), tìte
f [n](x) =

1

n

n−1∑

j=0

(n − j) · g[n−j](x) · f [j](x) (12)6. E�n f(x) = ln(g(x)), tìte
f [n](x) =

1

g[0](x)



g[n](x) −
1

n

n−1∑

j=1

(n − j) g[j](x) · f [n−j](x)



 (13)7. E�n f(x) = cos(h(x)) kai g(x) = sin(h(x)), tìte
f [n](x) = −

1

n

n∑

j=1

jg[n−j](x) · h[j](x) g[n](x) =
1

n

n∑

j=1

jf [n−j](x) · h[j](x) (14)APODEIXH :1. f(x) = λ1g(x) ± λ2h(x) ⇒ f (n)(x) = λ1g
(n)(x) ± λ2h

(n)(x) ⇒
1

n!
f (n)(x) = λ1

1

n!
g(n)(x) ± λ2

1

n!
h(n)(x) ⇒ f [n](x) = λ1g

[n](x) ± λ2h
[n](x). �2. H n�ost  par�gwgo th f , ìtan f = g · h, d�netai apì ton kanìna diafìrish tou

Leibniz: f (n) =

n∑

j=0

(
n
j

)

g(n−j)h(j), opìte ja e�nai
f [n] =

1

n!
f (n) =

1

n!

n∑

j=0

(
n
j

)

g(n−j)h(j) =
1

n!

n∑

j=0

n!

j!(n − j)!
g(n−j)h(j) =

=
n∑

j=0

1

(n − j)!
g(n−j) 1

j!
h(j) =

n∑

j=0

g[n−j]h[j]
�3. E�nai f =

g

h
⇒ g = f · h, opìte, apì thn (9) e�nai

g[n] =

n∑

j=0

f [n−j]h[j] ⇒ g[n] = f [n]h[0] +

n∑

j=1

f [n−j]h[j] ⇒

f [n] =
1

h[0]



g[n] −
n∑

j=1

f [n−j]h[j]



 �4. E�nai
f = gα ⇒ ln f = α ln g ⇒ (ln f)′ = (α ln g)′ ⇒

f ′

f
= α

g′

g
⇒ gf ′ = αg′f .Oi n�ostè kanonikopoihmène par�gwgoi twn mel¸n th teleuta�a ex�swsh e�nai

(
gf ′

)[n]
=

n∑

j=0

g[n−j]
(
f ′

)[j]
=

n∑

j=0

g[n−j](j+1)f [j+1] =

n−1∑

j=0

g[n−j](j+1)f [j+1]+(n + 1)gf [n+1]

︸ ︷︷ ︸

j=n term(15)
(
αg′f

)[n]
= α

n∑

j=0

(
g′

)[n−j]
f [j] = α

n∑

j=0

(n − j + 1)g[n−j+1]f [j] (16)



2 L�USH S.D.E. ME TH M�EJODO TWN SEIR�WN 9Gia n + 1 → k, oi (15) kai (16) d�noun
gkf [k] +

k−2∑

j=0

g[k−j−1](j + 1)f [j+1] = α

n∑

j=0

(n − j + 1)g[n−j+1]f [j] (17)H (17) gia k − 1 → m + 1, k → m + 2 g�netai
gkf [k] = −

m∑

j=0

g[m−j+1](j + 1)f [j+1] + α

n∑

j=0

(n − j + 1)g[n−j+1]f [j] (18)Gia m → n, n → k − 1 èqoume t¸ra
gkf [k] =

k−1∑

j=0

(

α(k − j)f [j] − (j + 1)f [j+1]
)

g[k−j] (19)opìte telik� ja e�nai
f [k] =

1

kg

k−1∑

j=0

(kα − j(a + 1)) g[k−j]f [j] (20)
�Me parìmoio trìpo apodeiknÔontai kai oi upìloipe idiìthte 5, 6 kai 7.2.4 Genik  Upologistik  Mejodolog�a.An�goume to sÔsthma twn exis¸sewn ma se prwtob�jmio, antikajist¸nta parag¸gouan¸terh th pr¸th t�xh me nèe metablhtè, ìpou autì qrei�zetai. Sta probl ma-ta pou ja ma apasqol soun parak�tw, autì shma�nei ìti ta dexi� mèlh ja ekfr�zountou rujmoÔ metabol  twn jèsewn kai twn taqut twn twn swm�twn twn jewroÔmenwnmhqanik¸n susthm�twn.'Eqonta t¸ra to prwtob�jmio sÔsthma diaforik¸n exis¸sewn, èstw t�xh n, eis�-goume th qr sh k bohjhtik¸n sunart sewn, k ≥ 2n, me thn isìthta na isqÔei ìtan tadexi� mèlh mporoÔn na ekfrastoÔn w grammiko� sunduasmo� twn arqik¸n n metablht¸n.Autì e�nai kai o stìqo ma, na qrhsimopoi soume tìse Uk, ¸ste ta dexi� mèlh twn exi-s¸sewn pou d�noun tou rujmoÔ metabol  twn {kanonik¸n} metablht¸n, na kaj�stantaigrammikì sunduasmì twn Uk.K�je mh grammikìthta ja prèpei na antikatastaje� me m�a toul�qiston bohjhtik metablht . Sugkekrimèna, qrei�zetai akrib¸ m�a kainoÔrgia bohjhtik  metablht , e�n hmh grammik  sqèsh an�getai se k�poion apì tou proanaferjènte kanìne an�ptuxh seseir�. E�n ìqi, qrei�zetai na g�noun endi�mesa b mata.An�loga me to prìblhma, to k poik�llei kai exart�tai apì to e�n mporoÔme na k�noumeqr sh twn kanìnwn 1�7, gia na ekfr�soume me sumpag  trìpo ti mh grammikìthtepou upeisèrqontai. To sugkekrimèno prìblhma e�nai prìblhma beltistopo�hsh èkfrashsÔnjetwn parast�sewn me ìso to dunatìn ligìterou prwtogene� ìrou (primitives)me kanìne anagwg  tou 1�7, gia profane� lìgou upologistikoÔ kìstou. Gia autìto shmantikì kai per�ploko prìblhma, èqoun anaptuqje� teqnikè antimet¸pish tou,tìso sth jewr�a grafhm�twn, ìso kai sth jewr�a kataskeu  metaglwttist¸n (compiler

design) kai den ja ma apasqol sei h pl rh antimet¸pish tou. Emfan�zetai kai se �llou



2 L�USH S.D.E. ME TH M�EJODO TWN SEIR�WN 10sunafe� tome�, me shmantikìtero autìn th automatopoihmènh diafìrish [IMA, 1998,
ADT, 2005℄, ìpw  dh èqoume dei sthn prohgoÔmenh Upoenìthta.Gia to skopì ma, gia ta parade�gmata pou èqoume epilèxei na parousi�soume, h ka-t�strwsh tou sust mato e�nai sqetik� eÔkolh. Autì ekphg�zei apì to gegonì ìti taprobl mata aut� e�nai probl mata dunamik , me sqetik� apl  fÔsh twn dun�mewn pouemplèkontai, k�ti pou odhge� sthn aplopo�hsh twn exis¸sewn pou ta perigr�foun. AutìenisqÔetai akìma perissìtero kai apì ti summetr�e pou upeisèrqontai, lìgw dr�sewnkai antidr�sewn kai apì to ìti, ìpw  dh èqoume anafèrei parap�nw, asqoloÔmaste megrammikè kai omogene� sun jei diaforikè ex�swsei deÔterh t�xh.Me ta prìsfata 64�bit upologistik� sust mata mporoÔme na aux soume thn akr�beiatwn apaitoÔmenwn upologism¸n, qwr� epanaprogrammatismì th mejìdou ep�lush twnDE me seirè.Stìqo ma e�nai h ulopo�hsh enì upologistikoÔ plais�ou, to opo�o na èqei ìrioarijmhtik  akribe�a thn akr�beia mhqan  (machine precision). O k¸dika autì jaqrhsimopoihje� se peir�mata prosomo�wsh k�nhsh sÔnjetwn planhtik¸n susthm�twn [Le
Guyader, 1993, Milani & Nobili, 1988, Murison, 1989, Quinn & Tremaine, 1990, Spallicci
et. al., 2005℄, ìpou oi qrìnoi e�nai astronomik  kl�maka, metroÔmenoi se disekatommÔriaqrìnia kai jèloume ta paragìmena endi�mesa apotelèsmata na e�nai register–based kai ìqina up�rqoun diadikas�e metafor� orism�twn apì kai pro th mn mh tou H/U (memory–
to–memory operations), na mhn upolog�zontai dhlad  ta endi�mesa apotelèsmata, jèseikai taqÔthte, me pr�xei se domè dedomènwn sth mn mh, ìpw anapìfeukta ja sumbe� e�nzht soume akr�beia upologism¸n megalÔterh th akr�beia mhqan  tou upologistikoÔ masust mato, apì ti biblioj ke arijmhtik¸n upologism¸n auja�reth akribe�a [GNU
gmp, 2005, GNU gsl, 2005℄.2.4.1 Upologistikì pur na � prìgramma od ghsh � diasÔndesh.O upologistikì pur na e�nai h sun�rthsh do a step(. . .), h opo�a e�nai upeÔjunh gia thmet�bash th kat�stash tou sust mato apì èna arqikì shme�o ston (epauxhmèno) q¸rotwn f�sewn se èna telikì. Dèqetai san e�sodo to arqikì shme�o kai èna proteinìmenoqronikì b ma olokl rwsh kai par�gei sthn èxodì th èna kainoÔrio shme�o kai to epìmenoproteinìmeno b ma olokl rwsh. Se aut  e�nai enswmatwmèna k�poia krit ria epilog b mato kai di�gnwsh pijanìn problhmatik¸n katast�sewn (p.q. adumam�a ektèleshb mato lìgw mh ikanopoihtik  sÔgklish twn seir¸n, adunam�a epilog  tou epìmenoub mato giat� autì br�sketai k�tw apì thn kat¸tath apodekt    p�nw apì thn an¸tathapodekt  tim  tou, klp). Ep�sh, h sun�rthsh aut  pa�rnei apof�sei gia exoikonìmhshupologistikoÔ fìrtou, blèponta to pìsoi ìroi apaitoÔntai gia apodekt  sÔgklish me tosugkekrimèno qronikì b ma kai apofas�zei thn aÔxhsh   me�wsh th t�xh twn seir¸n poukataskeu�zontai. H ulopo�hs  th sta parak�tw probl mata mpore� na g�nei pern¸ntase aut  di�fora or�smata (p.q. de�kte se kat�llhla diamorfwmènou p�nake arqik¸nkai telik¸n shme�wn ston q¸ro twn f�sewn, de�kth se b ma qronik  olokl rwsh klp).'Eqei ulopoihje� k�je for� h pio prìsforh kai upologistik� grhgorìterh upograf  th,p.q. me th qr sh global metablht¸n.H arijmhtik  ep�lush enì sugkekrimènou probl mato, epitugq�netai me thn enswm�-twsh tou upologistikoÔ pur na se èna prìgramma od ghsh (driver program), to opo�oèqei th genik  morf  tou Algìrijmou 1.Ta paragìmena apotelèsmata mporoÔn na apojhkeutoÔn gia parapèra epexergas�akai grafik  anapar�stash se di�fore morfè. 'Eqoume epilèxei th biblioj kh grafik 
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// — Taylor Series ODE Solver Driver Program1

initialization: specific computational problem setup;2

while (time left < time required) do3

perform a step & keep needed results for further processing ;4

input : Point in phase space, recommended integration step
output: New point in phase space, new indicated integration step
do a step(. . .);5

update time & adjust step for next iteration;6

end7

Algorithm 1: Prìgramma od ghsh tou upologistikoÔ pur na.diasÔndesh pgplot [Pearson, pgplot 2005℄, diadedomènh sthn akadhmaðk  koinìthta, hopo�a prosfèrei thn epiplèon proairetik  eukol�a th apofug  eggraf  dedomènwn stosklhrì d�sko kai th metèpeita epexergas�a tou, parèqonta thn on line, real timeapeikìnis  tou sthn ojình   se hard copy.3 Prìtupa Probl mata.3.1 Armonikì talantwt , y′′ + ω2y = 0.3.1.1 Stoiqe�a apì th Jewr�a kai analutik  prosèggish me genikeu-mène dunamoseirè.H D.E.
d2y

dx2
+ ω2y = 0 (21)èqei genik  lÔsh thn

y(x) = A cos(ωx) + B sin(ωx) , (22)ìpou A kai B e�nai (oi dÔo apaitoÔmene) auja�rete stajerè, kajorizìmene apì tioriakè sunj ke tou probl mato.AnazhtoÔme lÔsei th (21) me morf  genikeumènh dunamoseir�:
y =

∞∑

n=0

αn xn+k (23)
dy

dx
=

∞∑

n=0

(n + k)αn xn+k−1 (24)
d2y

dx2
=

∞∑

n=0

(n + k)(n + k − 1)αn xn+k−2 (25)Antikajist¸nta ti (23), (24) kai (25) sthn ex. (21), br�skoume ìti
∞∑

n=0

(n + k)(n + k − 1)αn xn+k−2 + ω2
∞∑

n=0

αn xn+k = 0 . (26)



3 PR�OTUPA PROBL�HMATA 12H ex�swsh deikt¸n (indicial equation) gia to k lamb�netai apì th mikrìterh dÔna-mh pou emfan�zetai sthn (26) kai sugkekrimèna thn xk−2. Aut  emfan�zetai mìno stoaristerì �jroisma (gia n = 0) kai epomènw o ant�stoiqo ìro prèpei na mhden�zetai:
k(k − 1)a0 xk−2 = 0 . (27)'Eqoume epomènw dÔo dunatè timè tou k, ti k = 0 kai k = 1, k�ti pou jewre�taitupikì gia exis¸sei deÔterh t�xh.Metasqhmat�zoume to bwbì de�kth n sto pr¸to �jroisma th (26) w n − 2 → ξ,opìte

n → ξ + 2, n + k− 2 → ξ + k, n + k → ξ + 2+ k, n + k− 1 → ξ + k + 1,
∞∑

n=0

→
∞∑

ξ=−2kai h (26) gr�fetai
∞∑

ξ=−2

(ξ + k + 2)(ξ + k + 1)αξ+2 xξ+k + ω2
∞∑

n=0

αn xn+k = 0 (28)T¸ra, jètonta ξ → n, pa�rnoume
∞∑

n=−2

(n + k + 2)(n + k + 1)αn+2 xn+k + ω2
∞∑

n=0

αn xn+k = 0 (29) , anaptÔssonta tou dÔo pr¸tou ìrou tou aristeroÔ ajro�smato,
k(k − 1)a0x

k−2

︸ ︷︷ ︸

n=−2

+ k(k + 1)a1x
k−1

︸ ︷︷ ︸

n=−1

+
∞∑

n=0

(n+k+2)(n+k+1)αn+2 xn+k+ω2
∞∑

n=0

αn xn+k = 0(30)LÔsh gia k = 0Sthn (30) mporoÔme na sugkr�noume suntelestè kai na p�roume thn anadromik sqèsh
αn+2 = −

ω2

(n + 2)(n + 1)
αn (31)h opo�a èqei th lÔsh

αn =







(−ω2)n/2a0
n! n α̇ρτιoς

0 n περιττ ȯς

(32)H zhtoÔmenh lÔsh y th (21) e�nai
y = α0

∑

n α̇ρτιoς

(−1)n/2(ωx)n
1

n!
= α0 cos(ωx) (33)LÔsh gia k = 1H (29) gia k = 1 d�nei

∞∑

n=−2

(n + 3)(n + 2)αn+2 xn+1 + ω2
∞∑

n=0

αn xn+1 = 0 (34)



3 PR�OTUPA PROBL�HMATA 13kai me to an�ptugma twn dÔo pr¸twn ìrwn tou aristeroÔ ajro�smato ja e�nai
0

︸︷︷︸

n=−2

+ 2a1
︸︷︷︸

n=−1

+

∞∑

n=0

(n + 3)(n + 2)αn+2 xn+1 + ω2
∞∑

n=0

αn xn+1 = 0 . (35)Gia na isqÔei h (35), ja prèpei a1 = 0 kai h anadromik  sqèsh gia ta an g�netai t¸ra
αn+2 = −

ω2

(n + 3)(n + 2)
αn . (36)Apì èna aplì p�naka tim¸n gia ta pr¸ta n

n = 0 a2 =
−ω2

3 · 2
a0

n = 1 a3 =
−ω2

4 · 3
a1 = 0

n = 2 a4 =
−ω2

5 · 4
a2 =

−ω2

5 · 4

−ω2

3 · 2
=

(−ω2)2

(4 + 1)!
a0... ...epalhjeÔoume ìti h (36) èqei th lÔsh

αn =







(−ω2)n/2a0
(n+1)! n α̇ρτιoς

0 n περιττ ȯς

(37)H zhtoÔmenh lÔsh y th (21) e�nai t¸ra
y = α0 x

∑

n α̇ρτιoς

(−1)n/2(ωx)n
1

(n + 1)!
=

α0

ω
sin(ωx) (38)Parathr sei1. Sugkr�nonta th (22), (33) kai (38) parathroÔme ìti A = a0, B = α0

ω .2. Oi dÔo grammik� anex�rthte lÔsei sthn (22), dhlad  oi cos(ωx) kai sin(ωx), e�nai�rtia kai peritt  sun�rthsh th anex�rthth metablht  x, ant�stoiqa. Apì thmorf  th (21) blèpoume ìti e�n m�a sun�rthsh f(x) thn ikanopoie�, tìte kai h f(−x)ja e�nai ep�sh lÔsh; o telest  d2

dx2
den metab�lletai apì thn antikat�stash

x → −x.3. Ta parap�nw den epib�lloun anagkastik� thn apa�thsh k�je lÔsh na e�nai e�te �rtiae�te peritt  sun�rthsh; mporoÔme ìmw na ti eklèxoume eme� w tètoie. Aut  e�naikai h per�ptwsh pou proèkuye sti dÔo parap�nw lÔsei me morf  dunamoseir� poukataskeu�same, ex. (33) kai (38). Ta peritt� αn e�nai entel¸ anex�rthta apì taant�stoiqa �rtia kai, ìson afor� ti lÔsei ma, mporoÔn na tejoÔn ìla �sa memhdèn. Gia na èqoume amig¸ �rtie kai perittè lÔsei, h aploÔsterh epilog  e�naina jèsoume α1 = 0. E�n α1 6= 0, den par�gontai epiplèon lÔsei, apl� anamignÔontaimeriko� ìroi th per�ptwsh me k = 0 me autoÔ th per�ptwsh ìpou k = 1.



3 PR�OTUPA PROBL�HMATA 143.1.2 Upologistik  lÔsh me qr sh apl  dunamoseir�.H (21) e�nai th morf  (1), me p(x) = 0, q(x) = ω2. Oi p kai q e�nai analutikè su-nart sei, opìte den anamènoume probl mata sta anaptÔgmata twn dunamoseir¸n kaiidiaiterìthte sti perioqè sÔgklish (bl. kai Upoenìthta 2.2).Efarmìzoume thn mejodolog�a pou parajèsame sthn Upoenìthta 2.4:1. JewroÔme thn ex�swsh tou grammikoÔ armonikoÔ talantwt 
d2x

dt2
+ ω2x(t) = 0 . (39)H anagwg  th (39) se prwtob�jmio sÔsthma d�nei

dx

dt
= y (40)

dy

dt
= −ω2x2. Ta dexi� mèlh twn exis¸sewn tou sust mato (40) e�nai  dh grammikè sunart seitwn x(t), y(x(t)), opìte de qrei�zontai epiplèon bohjhtikè sunart sei Uk, pèrantwn U1, U2 oi opo�e ja qrhsimopoihjoÔn sto basikì brìqo upologismoÔ.3. Gia aplìthta kai qwr� periorismì th genikìthta, jewroÔme ti akìlouje arqikèsunj ke: x(0) = 0, y(0) = 1.4. To sÔmplegma bohjhtik¸n kai {kanonik¸n} metablht¸n e�nai

U1 = −ω2x

U2 = y (41)
x′ = U2

y′ = U15. Oi kanonikopoihmène par�gwgoi upolog�zontai anadromik� apì ti sqèsei
U

[n]
1 (t) = −ω2x[n](t)

U
[n]
2 (t) = y[n](t) (42)

x[n+1](t) =
1

n + 1
U

[n]
2 (t)

y[n+1](t) =
1

n + 1
U

[n]
1 (t)



3 PR�OTUPA PROBL�HMATA 156. Krit rio apokop  th seir�: e�n to �jroisma twn mètrwn twn ìrwn twn jèsewnkai taqut twn (ìlwn dhlad  twn {kanonik¸n} metablht¸n twn arister¸n mel¸ntou sust mato (41)) sto trèqon b ma epan�lhyh, èstw ston ìro t�xh ξ, e�-nai mikrìtero apì m�a prokajorismènh (mikr ) tim  tol, jewroÔme ìti h sÔgklishepiteÔqjhke.
if (|xξ| + |yξ|) · h

ξ+1 < tol break; (43)7. Epitèlesh enì b mato olokl rwsh: autì epitugq�netai me thn kl sh tou upo-logistikoÔ pur na tou algìrijmou, th sun�rthsh do a step(. . .) (bl. Upoenìth-ta 2.4).8. 'Elegqo orjìthta upologism¸n me th qr sh tou oloklhr¸mato th enèrgeia:
E(0) =

1

2
(y(0))2 +

1

2
ω2(x(0))2 vs. E(t) =

1

2
(y(t))2 +

1

2
ω2(x(t))2 . (44)3.1.3 K¸dika kai apotelèsmata.'Ena prìgramma ep�lush tou probl mato tou grammikoÔ armonikoÔ talantwt  akolou-je� sti dÔo epìmene sel�de. Sto Par�rthma A parajètoume ton �dio k¸dika, ekten¸sqoliasmèno kai epiplèon èqoume ulopoi sei kai m�a grafik  diasÔndesh, apì thn opo�aèqoume epilèxei na parousi�soume merik� stigmiìtupa, Sq. 1�2. Sto Sq 2 parajètoumedÔo diagr�mmata, ta opo�a apeikon�zoun thn exèlixh tou l�jou twn upologism¸n, ìpwautì ekfr�zetai apì th metabol  th tim  th enèrgeia me to qrìno olokl rwsh.

// Taylor S e r i e s s o l u t i o n o f the harmonic o s c i l l a t o r
// them − [ ekots@uom . gr ]
#inc lude <s td i o . h>
#inc lude <s t d l i b . h>
#inc lude <math . h>
// to l e r an c e in x
#de f i n e t o l 1e−15
#de f i n e max(a , b) ( ( ( a ) > (b ) ) ? ( a ) : (b ) )
#de f i n e min (a , b) ( ( ( a ) < (b ) ) ? ( a ) : (b ) )
#de f i n e max n ( ( i n t ) ( 4 0 ) )
#de f i n e max h 0 .2L
#de f i n e min h 1e−25
#undef omega
#de f i n e omega ( 1 . 0 0 )
#de f i n e omega2 (omega∗omega )
double u1 [ max n ] , u2 [ max n ] , x [ max n ] , y [ max n ] , t , E 0 ;
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double Energy ( ){ return 0.5∗ y [ 0 ] ∗ y [0 ]+0 .5∗ omega2∗x [ 0 ] ∗ x [ 0 ] ; } ;
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double do a s tep ( double hstep ){
double h=hstep ;
double new h ; // new t imestep
in t i , order ; // order o f Taylor s e r i e s expans ion
double hpow ;



3 PR�OTUPA PROBL�HMATA 16
i f (h<min h ) {

p r i n t f (” Step e r r o r at time %l f . Ex i t ing . . . \ n” , t ) ;
e x i t ( 1 ) ;

} ;
order=max n ; hpow=1.;
// f i l l up u1 [ i ] , u2 [ i ] , x [ i +1] , y [ i +1] matr ices
// up to order max n
f o r ( i =0; i<max n−1; i++){
hpow∗=h ;
u1 [ i ]=(−omega2 )∗x [ i ] ;
u2 [ i ]=y [ i ] ;
x [ i +1]=(1./( i +1.))∗ u2 [ i ] ;
y [ i +1]=(1./( i +1.))∗ u1 [ i ] ;
// s e r i e s has converged ok?
i f (hpow∗( f ab s (x [ i +1])+ fab s (y [ i +1]))< t o l ) { order=i +1; break ;}
order=i +1;

}
new h=h ;
i f ( order <10) new h=min (2 . 0∗h , max h ) ;
i f ( order >20) new h=0.5∗h ;
i f ( order==max n) return −h ;
hpow=1.; // make Taylor expans ion & update x [ ] , y [ ] matr ices
f o r ( i =1; i<order ; i++){
hpow∗=h ;
x[0]+=x [ i ]∗hpow ;
y[0]+=y [ i ]∗hpow ;
} ;
p r i n t f (”\ ntime : %15.14 l f \ t order %d . s tep : %15.14 l f \n” ,\

t , order , h ) ;
p r i n t f (” E 0= %15.14 l f \tE ( t)= %15.14 l f \ t %15.14 l f \n” ,\

E 0 , Energy ( ) , f ab s ( Energy ()−E 0 ) ) ;
r eturn new h ;

} ; // end o f do a s tep ( )
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
i n t main ( ){
double time , h , ah ;
double x0 , y0 ;// f o r pgp lot pane l s

x0=x [0]= 0 . ;
y0=y [0]= 1 . ;
time = 200;
h=0.01;
t =0. ;
E 0= Energy ( ) ;
wh i le ( t<time ){

i f ( ( ah=do a s tep (h))>0) { t+=h ; h=ah ;}
e l s e {h=−ah ; } ;

} ;
r eturn 0 ;

} ;
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Sq ma 1: LÔsh tou probl mato tou armonikoÔ talantwt . Gia arqikè sunj ke kaitimè twn paramètrwn, bl. ke�meno.
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Sq ma 2: Armonikì talantwt : qrìno ektèlesh t = 200 qronikè mon�de.
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Sq ma 3: Armonikì talantwt : metatìpish (drift) th tim  th enèrgeia, gia di�foret�xei twn seir¸n pou qrhsimopoioÔntai sthn olokl rwsh, gia qrìno t = 10 (ep�nw) kai
t = 100 qronikè mon�de (k�tw).



3 PR�OTUPA PROBL�HMATA 203.2 To Prìblhma twn 2 Swm�twn (2–body problem).3.2.1 Stoiqe�a apì th Jewr�a kai analutikè pr�xei.
(0, 0)

m1

m2

~r2

~r1

~rSq ma 4: To Prìblhma twn 2 Swm�twn.H jewrhtik  antimet¸pish tou probl mato analÔetai pl rw sta [Qatzhdhmhtr�ou,2000, Hirsch & Smale, 1974℄. Ed¸ ja ma apasqol sei o kajorismì th upologistik diadikas�a.
• Kèntro m�za sto (0, 0).
• Exis¸sei th k�nhsh:

m1~̈r1 = −Gm1m2
~r1 −~r2

r3
12

(45)
m2~̈r2 = −Gm2m1

~r2 −~r1
r3
21

(46)
~ri =





xi

yi



 , rij = rji =
√

(xi − xj)2 + (yi − yj)2 , i, j = 1, 2 . (47)
• Se sÔsthma mon�dwn ìpou G = 1, ja e�nai

~̈r1 = −m2
~r1 −~r2

r3
12

(48)
~̈r2 = −m1

~r2 −~r1
r3
21

(49)
• Me thn parat rhsh apì to Sq. 4 ìti~r =~r2−~r1, mporoÔme na gr�youme ti exis¸seith k�nhsh w:

~̈r = −
1

r3
µ~r (50)ìpou µ = m1 +m2 kai mporoÔme, qwr� periorismì th genikìthta, na jewr soumethn per�ptwsh ìpou m1 + m2 = 1, gia aploÔsteush tou k¸dika kai twn pr�xewn.

• Epomènw, to prìblhma arqik¸n tim¸n pou èqoume na lÔsoume e�nai
~̈r = −

1

r3
~r (51)me ~r(0) =

[
x0

y0

]

, ~̇r(0) =

[
ẋ0

ẏ0

]

, r =
√

x2 + y2, x = x2 − x1, y = y2 − y1.



3 PR�OTUPA PROBL�HMATA 21Efarmìzonta th mejodolog�a th Upoenìthta 2.4, an�goume to sÔsthma (51) seprwtob�jmio:
ẋ = z

ẏ = w (52)
ż = −

x

r3

ẇ = −
y

r3Oi bohjhtikè sunart sei Uk, k = 0 . . . 8 pou ja qrhsimopoi soume d�nontai apì ti
U0 = z
U1 = w
U2 = x
U3 = y
U4 → x2

U5 → y2

U6 →
(
x2 + y2

)3/2

U7 → x/r3

U8 → y/r3

(53)
kai oi kanonikopoihmène par�gwgoi t�xh i + 1, ja upolog�zontai gia ti jèsei kai titaqÔthte apì ti sqèsei

x[i+1] =
1

(i + 1)
U

[i]
0

y[i+1] =
1

(i + 1)
U

[i]
1

z[i+1] = −
1

(i + 1)
U

[i]
7

w[i+1] = −
1

(i + 1)
U

[i]
8

(54)
3.2.2 K¸dika.Parajètoume ton upologistikì pur na gia to sugkekrimèno prìblhma
double do a s tep ( double hstep ){
double h=hstep ;
double new h ; // new t imestep
in t i , j , loopsdone ;
double sum=0.;
double hpow ;

i f (h<min h ) {
p r i n t f (” Step e r r o r at time %l f . Ex i t ing . . . \ n” , t ) ;
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e x i t ( 1 ) ;

} ;

loopsdone=max n ;
hpow=1.;
// f i l l up u [ ] [ i ] , x [ i +1] , y [ i +1] , z [ i +1] , w[ i +1] matr ices
// up to order max n
f o r ( i =0; i<max n−1; i++){
hpow∗=h ;

u [ 0 ] [ i ]=z [ i ] ; // x ’
u [ 1 ] [ i ]=w[ i ] ; // y ’
u [ 2 ] [ i ]=x [ i ] ;
u [ 3 ] [ i ]=y [ i ] ;
sum=0.;
f o r ( j =0; j<=i ; j++) sum+=u [ 2 ] [ i−j ]∗ u [ 2 ] [ j ] ; //x∗x
u [ 4 ] [ i ]=sum ;
sum=0.;
f o r ( j =0; j<=i ; j++) sum+=u [ 3 ] [ i−j ]∗ u [ 3 ] [ j ] ; //y∗y
u [ 5 ] [ i ]=sum ;

// r=sq r t (xˆ2+yˆ2)
i f ( i==0)
{u [ 6 ] [ 0 ]= pow( ( u [ 4 ] [ 0 ]+ u [ 5 ] [ 0 ] ) , 3 . / 2 . ) ; } // r ˆ3

e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= (1 . 5∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 4 ] [ i−j ]+u [ 5 ] [ i−j ] )∗ u [ 6 ] [ j ] ;

sum/=i ∗(u [ 4 ] [ 0 ]+ u [ 5 ] [ 0 ] ) ;
u [ 6 ] [ i ]=sum ;
} ;

sum=0.;
f o r ( j =1; j<=i ; j++) sum−=u [ 6 ] [ j ]∗ u [ 7 ] [ i−j ] ; // quot i en t
sum+=u [ 2 ] [ i ] ;
sum/=u [ 6 ] [ 0 ] ;
u [ 7 ] [ i ]= sum ; // x/ r ˆ3

sum=0.;
f o r ( j =1; j<=i ; j++) sum−=u [ 6 ] [ j ]∗ u [ 8 ] [ i−j ] ; // quot i en t
sum+=u [ 3 ] [ i ] ;
sum/=u [ 6 ] [ 0 ] ;
u [ 8 ] [ i ]= sum ; // y/ r ˆ3

x [ i +1]= u [ 0 ] [ i ] / ( i +1 . ) ;
y [ i +1]= u [ 1 ] [ i ] / ( i +1 . ) ;
z [ i+1]=−u [ 7 ] [ i ] / ( i +1 . ) ;
w[ i+1]=−u [ 8 ] [ i ] / ( i +1 . ) ;

// s e r i e s has converged ok?
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i f (hpow∗( f ab s (x [ i +1])+ fab s (y [ i +1])\
+fabs ( z [ i +1])+ fab s (w[ i +1]))< t o l )

{ loopsdone=i +1; break ;}
loopsdone=i +1;

}
new h=h ;
i f ( loopsdone <10) new h=min (2 . 0∗h , max h ) ;
i f ( loopsdone >20) new h=0.5∗h ;
i f ( loopsdone==max n) return −h ;

// make Taylor expans ion & update x [ ] , y [ ] , z [ ] , w [ ] matr ices
hpow=1.;
f o r ( i =1; i<loopsdone ; i++){

hpow∗=h ;
x[0]+=x [ i ]∗hpow ;
y[0]+=y [ i ]∗hpow ;
z [0]+=z [ i ]∗hpow ;
w[0]+=w[ i ]∗hpow ;

} ;
p r i n t f (”\ ntime : %15.14 l f \ t order %d . s tep : %15.14 l f \n” ,\

t , loopsdone , h ) ;
p r i n t f (” E 0= %15.14 l f \tE ( t)= %15.14 l f \ t %15.14 l f \n” ,\

E 0 , Energy ( ) , f ab s ( Energy ()−E 0 ) ) ;
r eturn new h ;

} ; // end o f do a s tep ( )

• 'Eqonta ta ~r |t=0, ~r(1) |t=0, mporoÔme na upolog�soume ta ~r(2), ~r(3) . . . mèqri thnt�xh pou qrei�zetai. Oi jèsei kai oi taqÔthte met� apì k�poio b ma h ja d�nontaiapì ti sqèsei:
~r(t + h) =~r(t) + h~r(1)(t) +

h2

2!
~r(2)(t) +

h3

3!
~r(3)(t) + . . .

~̇r(t + h) =~r(1)(t) + h~r(2)(t) +
h2

2!
~r(3)(t) +

h3

3!
~r(4)(t) + . . .

• Apì ton ìro tou upolo�pou (remainder term), mporoÔme na kajor�soume to topikìsf�lma apokop , eklègonta kat�llhlo b ma h [Papadakos, 1983℄.
• 'Eqonta brei to ~r(t) (�ra kai to ~̇r(t)) gia k�poia qronik  stigm , mporoÔme nakajor�soume ti jèsei ~r1(t),~r2(t) kai ti taqÔthte ~̇r1(t),~̇r2(t) twn dÔo swm�twn,apì to je¸rhma diat rhsh th orm  w pro to kèntro m�za kai apì th sqèsh

~r =~r2 −~r1:
m1~r1 + m2~r2 = 0

~r2 −~r1 = ~r

}

⇒~r1 = −
m2

m1
~r2 ⇒~r2

(

1 +
m2

m1

)

=~r ⇒

~r2 =
1

1 +

(
m2

m1

)~r =
m1

µ
~r

~r1 = ~r2 −~r

(55)



3 PR�OTUPA PROBL�HMATA 24kai ant�stoiqa gia ti taqÔthte ja e�nai
~̇r2 =

m1

µ
~̇r

~̇r1 = ~̇r2 − ~̇r

(56)
• MporoÔme na elègxoume thn arijmhtik  akr�beia th mejìdou qrhsimopoi¸nta toolokl rwma th enèrgeia

Eoλ = Eκιν + Eδυν =

=
1

2
m1~̇r1

2
(t) +

1

2
m2~̇r2

2
(t) −

m1m2

r12(t)
=

1

2
m1~̇r1

2
(0) +

1

2
m2~̇r2

2
(0) −

m1m2

r12(0)
. (57)3.2.3 Apotelèsmata.

Sq ma 5: To Prìblhma twn 2 Swm�twn. Arqikè sunj ke: meg�lo hmi�xona 1, ekken-trìthta 0.3 (x0 = 0.7, y0 = 0, z0 = 0, w0 = 0.953939201).
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Sq ma 6: To Prìblhma twn 2 Swm�twn gia t = 100. Arqikè sunj ke: x0 = 0.7, y0 =
0.1, z0 = 0.1, w0 = 0.953939201.



3 PR�OTUPA PROBL�HMATA 26

-35

-30

-25

-20

-15

-10

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

lo
g(

|E
(t

)-
E

(0
)|

)

eccentricity

Two-body problem: energy drift vs. eccentricity

 5

 10

 15

 20

 25

 30

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

m
ax

 o
rd

er
 u

se
d

eccentricity

Two-body problem: max order term vs. eccentricity

Sq ma 7: To Prìblhma twn 2 Swm�twn: metatìpish (drift) th enèrgeia se sqèsh me thnekkentrìthta e (ep�nw) kai metabol  tou qrìnou ektèlesh me thn ekkentrìthta (k�tw)gia qrìno T = 10 · 2π.



3 PR�OTUPA PROBL�HMATA 273.3 To Prìblhma twn 3 Swm�twn (3–body problem).3.3.1 Stoiqe�a apì th Jewr�a kai analutikè pr�xei.Apì ta diashmìtera probl mata th mhqanik . Diexodik  parous�ash tou probl matog�netai sta [Szebehely, 1967℄, [Roy, 1982℄ kai [Goldstein, 1980℄.
• Kèntro m�za sto (0, 0, 0).
• Exis¸sei th k�nhsh:










~̈r1

~̈r2

~̈r3
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−

(
m2

r3
12

+
m3

r3
13

)
m2

r3
12

m3

r3
13

m1

r3
21

−

(
m1

r3
21

+
m3

r3
23

)
m3

r3
23

m1

r3
31

m2

r3
32

−

(
m1

r3
31

+
m2

r3
32
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~r1

~r2

~r3









(58)
kai
~ri =









xi

yi

zi









, R̂ = [Rij ], Rij = Rji = (~ri −~rj)·(~ri −~rj) = (~ri −~rj)
2 , i, j = 1, 2, 3 ,(59)

r̂ = [rij ], rij = rji =
√

Rij =
√

Rji =
√

(xi − xj)2 + (yi − yj)2 + (zi − zj)2 , i, j = 1, 2, 3 .(60)
• Qwr� periorismì th genikìthta, jewroÔme ìti m1 + m2 + m3 = 1.
• 'Estw ìti to tr�to s¸ma e�nai o 'Hlio. Oi sunist¸se th jèsh tou tr�tou s¸matoprosdior�zontai apì ti ant�stoiqe sunist¸se twn �llwn dÔo swm�twn w proto kèntro m�za kai oi sunist¸se th taqÔtht� tou br�skontai me thn efarmog tou Jewr mato diat rhsh th olik  orm  w pro to kèntro m�za.
• Qrhsimopoi¸nta ton kanìna �jroish tou Einstein e�nai mi~ri = 0 kai mi~̇ri = 0:

mixi = 0
miyi = 0
mizi = 0

and
miẋi = 0
miẏi = 0
miżi = 0

(61)opìte
x3 = −

1

m3
(m1x1 + m2x2)

y3 = −
1

m3
(m1y1 + m2y2)

z3 = −
1

m3
(m1z1 + m2z2)

and

ẋ3 = −
1

m3
(m1ẋ1 + m2ẋ2)

ẏ3 = −
1

m3
(m1ẏ1 + m2ẏ2)

ż3 = −
1

m3
(m1ż1 + m2ż2)

(62)



3 PR�OTUPA PROBL�HMATA 28'Eqoume loipìn na upolog�soume, sth genik  per�ptwsh, 12 sunolik� metablhtè,ti
x1, y1, z1, x2, y2, z2, ẋ1, ẏ1, ż1, ẋ2, ẏ2, ż2 ,  8 e�n perioristoÔme sto ep�pedo prìblhma (jewr¸nta ìla ta zi = 0):

x1, y1, x2, y2, ẋ1, ẏ1, ẋ2, ẏ2 .

• Me to na qrhsimopoi soume to olokl rwma th k�nhsh, ~Joλ = ~0, profan¸ q�-noume th dunatìthta epal jeush me autì twn lÔsewn pou br�skoume. Gia tonupologismì tou l�jou kai ton èlegqo twn arijmhtik¸n tim¸n pou prokÔptoun, jaqrhsimopoi soume to olokl rwma th enèrgeia, Eoλ.3.3.2 Exis¸sei kai upologistikì pur na gia to ep�pedo prìblhmatwn tri¸n swm�twn.
m1 + m2 + m3 = 1 (63)

Mij = mi + mj = Mji (64)
µij =

mi

mj
6= µji =

mj

mi
(65)

Nij = 1 + µij 6= Nji = 1 + µji (66)
R13 = (N13x1 + µ23x2)

2 + (N13y1 + µ23y2)
2 (67)

R23 = (N23x2 + µ13x1)
2 + (N23y2 + µ13y1)

2 (68)
R12 = (x1 − x2)

2 + (y1 − y2)
2 (69)

ẍ1 =
m2(x2 − x1)

R
3/2
12

−
M13x1 + m2x2

R
3/2
13

(70)
ÿ1 =

m2(y2 − y1)

R
3/2
12

−
M13y1 + m2y2

R
3/2
13

(71)
ẍ2 =

m1(x1 − x2)

R
3/2
12

−
M32x2 + m1x1

R
3/2
23

(72)
ÿ2 =

m1(y1 − y2)

R
3/2
12

−
M32y2 + m1y1

R
3/2
23

(73)
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−3 body p lanar core
double do a s tep ( double hstep ){
double h=hstep ;
double new h ; // new t imestep
in t i , j , loopsdone=max n ;
double sum=0.;
double hpow=1.;

i f (h<min h ) {
p r i n t f (” Step e r r o r at time %l f . Ex i t ing . . . \ n” , t ) ;
e x i t ( 1 ) ;
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} ;

// f i l l up u [ ] [ i ] , x [ 1 , 2 , 3 ] [ i +1] , y [ 1 , 2 , 3 ] [ i +1] , z [ 1 , 2 , 3 ] [ i +1] ,
// xd [ 1 , 2 , 3 ] [ i +1] , yd [ 1 , 2 , 3 ] [ i +1] , zd [ 1 , 2 , 3 ] [ i +1]
// matr ices up to order max n

f o r ( i =0; i<max n−1; i++){
hpow∗=h ;

u [ 0 ] [ i ]=xd [ 0 ] [ i ] ; //xd1
u [ 1 ] [ i ]=xd [ 1 ] [ i ] ; //xd2
u [ 2 ] [ i ]=yd [ 0 ] [ i ] ; //yd1
u [ 3 ] [ i ]=yd [ 1 ] [ i ] ; //yd2
u [ 4 ] [ i ]= x [ 0 ] [ i ] ; //x1
u [ 5 ] [ i ]= x [ 1 ] [ i ] ; //x2
u [ 6 ] [ i ]= y [ 0 ] [ i ] ; //y1
u [ 7 ] [ i ]= y [ 1 ] [ i ] ; //y2

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(u [ 5 ] [ i−j ]−u [ 4 ] [ i−j ] ) ∗ ( u [ 5 ] [ j ]−u [ 4 ] [ j ] ) ; //( x2−x1 )ˆ2

u [ 8 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(u [ 7 ] [ i−j ]−u [ 6 ] [ i−j ] ) ∗ ( u [ 7 ] [ j ]−u [ 6 ] [ j ] ) ; //( y2−y1 )ˆ2

u [ 9 ] [ i ]= sum ;

i f ( i ==0){
u [ 1 0 ] [ 0 ]= pow(u [ 8 ] [ i ] + u [ 9 ] [ i ] , 1 . 5 ) ; //R 12 ˆ(3/2)

} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 8 ] [ i−j ] + u [ 9 ] [ i−j ] )∗ u [ 1 0 ] [ j ] ;

sum/=( i ∗(u [ 8 ] [ 0 ] + u [ 9 ] [ 0 ] ) ) ;
u [ 1 0 ] [ i ]=sum ;
} ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 0 ] [ j ]∗u [ 1 1 ] [ i−j ] ; / / quot i en t
sum+=u [ 5 ] [ i ]−u [ 4 ] [ i ] ; sum/=u [ 1 0 ] [ 0 ] ; // 1a
u [ 1 1 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 4 ] [ i−j ]+mu23∗u [ 5 ] [ i−j ] ) ∗ ( N13∗u [ 4 ] [ j ]+mu23∗u [ 5 ] [ j ] ) ;

u [ 1 2 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 6 ] [ i−j ]+mu23∗u [ 7 ] [ i−j ] ) ∗ ( N13∗u [ 6 ] [ j ]+mu23∗u [ 7 ] [ j ] ) ;

u [ 1 3 ] [ i ]= sum ;

i f ( i ==0){
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u [ 1 4 ] [ 0 ]= pow(u [ 1 2 ] [ 0 ] + u [ 1 3 ] [ 0 ] , 1 . 5 ) ; //R 13 ˆ(3/2)

} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 1 2 ] [ i−j ] + u [ 1 3 ] [ i−j ] )∗ u [ 1 4 ] [ j ] ;

sum/=( i ∗(u [ 1 2 ] [ 0 ] + u [ 1 3 ] [ 0 ] ) ) ;
u [ 1 4 ] [ i ]=sum ;
} ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 4 ] [ j ]∗u [ 1 5 ] [ i−j ] ; / / quot i en t
sum+=M31∗u [ 4 ] [ i ]+m2∗u [ 5 ] [ i ] ; sum/=u [ 1 4 ] [ 0 ] ; // 1b
u [ 1 5 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 0 ] [ j ]∗u [ 1 6 ] [ i−j ] ; / / quot i en t
sum+=u [ 7 ] [ i ]−u [ 6 ] [ i ] ; sum/=u [ 1 0 ] [ 0 ] ; // 2a
u [ 1 6 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 4 ] [ j ]∗u [ 1 7 ] [ i−j ] ; / / quot i en t
sum+=M31∗u [ 6 ] [ i ]+m2∗u [ 7 ] [ i ] ;
sum/=u [ 1 4 ] [ 0 ] ; // 2b
u [ 1 7 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 0 ] [ j ]∗u [ 1 8 ] [ i−j ] ; / / quot i en t
sum+=u [ 4 ] [ i ]−u [ 5 ] [ i ] ; sum/=u [ 1 0 ] [ 0 ] ; // 3a
u [ 1 8 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(N23∗u [ 5 ] [ i−j ]+mu13∗u [ 4 ] [ i−j ] ) ∗ ( N23∗u [ 5 ] [ j ]+mu13∗u [ 4 ] [ j ] ) ;

u [ 1 9 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(N23∗u [ 7 ] [ i−j ]+mu13∗u [ 6 ] [ i−j ] ) ∗ ( N23∗u [ 7 ] [ j ]+mu13∗u [ 6 ] [ j ] ) ;

u [ 2 0 ] [ i ]= sum ;

i f ( i ==0){
u [ 2 1 ] [ 0 ]= pow(u [ 1 9 ] [ 0 ] + u [ 2 0 ] [ 0 ] , 1 . 5 ) ; //R 23 ˆ(3/2)

} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 1 9 ] [ i−j ] + u [ 2 0 ] [ i−j ] )∗ u [ 2 1 ] [ j ] ;

sum/=( i ∗(u [ 1 9 ] [ 0 ] + u [ 2 0 ] [ 0 ] ) ) ;
u [ 2 1 ] [ i ]=sum ;
} ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 1 ] [ j ]∗u [ 2 2 ] [ i−j ] ; / / quot i en t
sum+=M32∗u [ 5 ] [ i ]+m1∗u [ 4 ] [ i ] ;
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sum/=u [ 2 1 ] [ 0 ] ; // 3b
u [ 2 2 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 0 ] [ j ]∗u [ 2 3 ] [ i−j ] ; / / quot i en t
sum+=u [ 6 ] [ i ]−u [ 7 ] [ i ] ; sum/=u [ 1 0 ] [ 0 ] ;
u [ 2 3 ] [ i ]= sum ; // 4a

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 1 ] [ j ]∗u [ 2 4 ] [ i−j ] ; / / quot i en t
sum+=M32∗u [ 7 ] [ i ]+m1∗u [ 6 ] [ i ] ;
sum/=u [ 2 1 ] [ 0 ] ; // 4b
u [ 2 4 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

x [ 0 ] [ i +1]=u [ 0 ] [ i ] / ( i +1 . ) ;
x [ 1 ] [ i +1]=u [ 1 ] [ i ] / ( i +1 . ) ;
y [ 0 ] [ i +1]=u [ 2 ] [ i ] / ( i +1 . ) ;
y [ 1 ] [ i +1]=u [ 3 ] [ i ] / ( i +1 . ) ;

xd [ 0 ] [ i +1]=(m2∗u [ 1 1 ] [ i ]−u [ 1 5 ] [ i ] ) / ( i +1 . ) ;
xd [ 1 ] [ i +1]=(m1∗u [ 1 8 ] [ i ]−u [ 2 2 ] [ i ] ) / ( i +1 . ) ;
yd [ 0 ] [ i +1]=(m2∗u [ 1 6 ] [ i ]−u [ 1 7 ] [ i ] ) / ( i +1 . ) ;
yd [ 1 ] [ i +1]=(m1∗u [ 2 3 ] [ i ]−u [ 2 4 ] [ i ] ) / ( i +1 . ) ;

i f (hpow∗( f ab s ( x [ 0 ] [ i +1])+ fab s ( x [ 1 ] [ i +1])+\
f ab s ( y [ 0 ] [ i +1])+ fab s ( y [ 1 ] [ i +1])+\
f ab s (xd [ 0 ] [ i +1])+ fab s (xd [ 1 ] [ i +1])+\
f ab s (yd [ 0 ] [ i +1])+ fab s (yd [ 1 ] [ i +1]))\

<t o l ) { loopsdone=i +1; break ;}
loopsdone=i +1;

}

new h=h ;
i f ( loopsdone <10) new h=min (1 . 5∗h , max h ) ;
i f ( loopsdone >20) new h=0.5∗h ;
i f ( loopsdone==max n) return −h ;

// update p o s i t i o n s & v e l o c i t i e s o f m1, m2
hpow=1.;
f o r ( i =1; i<loopsdone ; i++){
hpow∗=h ;
x [0 ] [0 ]+= x [ 0 ] [ i ]∗hpow ;
x [1 ] [0 ]+= x [ 1 ] [ i ]∗hpow ;
y [0 ] [0 ]+= y [ 0 ] [ i ]∗hpow ;
y [1 ] [0 ]+= y [ 1 ] [ i ]∗hpow ;
xd [0 ] [0 ]+= xd [ 0 ] [ i ]∗hpow ;
xd [1 ] [0 ]+= xd [ 1 ] [ i ]∗hpow ;
yd [0 ] [0 ]+= yd [ 0 ] [ i ]∗hpow ;
yd [1 ] [0 ]+= yd [ 1 ] [ i ]∗hpow ;
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} ;
//update p o s i t i o n & v e l o c i t y o f the th i r d body
x [ 2 ] [ 0 ]= −(m1∗ x [ 0 ] [ 0 ]+m2∗ x [ 1 ] [ 0 ] ) /m3;
y [ 2 ] [ 0 ]= −(m1∗ y [ 0 ] [ 0 ]+m2∗ y [ 1 ] [ 0 ] ) /m3;
xd [ 2 ] [ 0 ]= −(m1∗xd [ 0 ] [ 0 ]+m2∗xd [ 1 ] [ 0 ] ) /m3;
yd [ 2 ] [ 0 ]= −(m1∗yd [ 0 ] [ 0 ]+m2∗yd [ 1 ] [ 0 ] ) /m3;

#i f n d e f p gp l o t g r aph i c s
p r i n t f (” E 0= %3.15 l f \tE ( t)= %15.14 l f \ t %15.14 l f \n” ,\

E 0 , Energy ( ) , f ab s ( Energy ()−E 0 ) ) ;
p r i n t f (” time : %5.20 l f \ t order %d . s tep : %5.20 l f \n” ,\

t , loopsdone , h ) ;
#end i f

r eturn new h ;
} ; // end o f do a s tep ( )3.3.3 Exis¸sei kai upologistikì pur na gia to pl re prìblhmatwn tri¸n swm�twn.

m1 + m2 + m3 = 1 (74)
Mij = mi + mj = Mji (75)
µij =

mi

mj
6= µji =

mj

mi
(76)

Nij = 1 + µij 6= Nji = 1 + µji (77)
R13 = (N13x1 + µ23x2)

2 + (N13y1 + µ23y2)
2 + (N13z1 + µ23z2)

2 (78)
R23 = (N23x2 + µ13x1)

2 + (N23y2 + µ13y1)
2 + (N23z2 + µ13z1)

2 (79)
R12 = (x1 − x2)

2 + (y1 − y2)
2 + (z1 − z2)

2 (80)
ẍ1 =

m2(x2 − x1)

R
3/2
12

−
M13x1 + m2x2

R
3/2
13

(81)
ÿ1 =

m2(y2 − y1)

R
3/2
12

−
M13y1 + m2y2

R
3/2
13

(82)
z̈1 =

m2(z2 − z1)

R
3/2
12

−
M13z1 + m2z2

R
3/2
13

(83)
ẍ2 =

m1(x1 − x2)

R
3/2
12

−
M32x2 + m1x1

R
3/2
23

(84)
ÿ2 =

m1(y1 − y2)

R
3/2
12

−
M32y2 + m1y1

R
3/2
23

(85)
z̈2 =

m1(z1 − z2)

R
3/2
12

−
M32z2 + m1z1

R
3/2
23

(86)
//−−−−−−−−−−−−−−−−−−−−−−−−−3 body f u l l core
double do a s tep ( double hstep ){
double h=hstep ;
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double new h ; // new t imestep
in t i , j , loopsdone=max n ;
double sum=0.;
double hpow=1.;

i f (h<min h ) {
p r i n t f (” Step e r r o r at time %l f . Ex i t ing . . . \ n” , t ) ;
e x i t ( 1 ) ;

} ;

// f i l l up u [ ] [ i ] , x [ 1 , 2 , 3 ] [ i +1] , y [ 1 , 2 , 3 ] [ i +1] , z [ 1 , 2 , 3 ] [ i +1] ,
// xd [ 1 , 2 , 3 ] [ i +1] , yd [ 1 , 2 , 3 ] [ i +1] , zd [ 1 , 2 , 3 ] [ i +1]
// matr ices up to order max n

f o r ( i =0; i<max n−1; i++){
hpow∗=h ;

u [ 0 ] [ i ]=xd [ 0 ] [ i ] ; //xd1
u [ 1 ] [ i ]=xd [ 1 ] [ i ] ; //xd2
u [ 2 ] [ i ]=yd [ 0 ] [ i ] ; //yd1
u [ 3 ] [ i ]=yd [ 1 ] [ i ] ; //yd2
u [ 4 ] [ i ]=zd [ 0 ] [ i ] ; // zd1
u [ 5 ] [ i ]=zd [ 1 ] [ i ] ; // zd2

u [ 6 ] [ i ]= x [ 0 ] [ i ] ; //x1
u [ 7 ] [ i ]= x [ 1 ] [ i ] ; //x2
u [ 8 ] [ i ]= y [ 0 ] [ i ] ; //y1
u [ 9 ] [ i ]= y [ 1 ] [ i ] ; //y2
u [ 1 0 ] [ i ]= z [ 0 ] [ i ] ; // z1
u [ 1 1 ] [ i ]= z [ 1 ] [ i ] ; // z2

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
// con s t ruct R 12 ˆ(3/2) , R 13 ˆ (3/2 ) . R 23 ˆ(3/2)
// form 1a , 2a , 1b , 2b , e t c .

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(u [ 7 ] [ i−j ]−u [ 6 ] [ i−j ] ) ∗ ( u [ 7 ] [ j ]−u [ 6 ] [ j ] ) ; //( x2−x1 )ˆ2

u [ 1 2 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(u [ 9 ] [ i−j ]−u [ 8 ] [ i−j ] ) ∗ ( u [ 9 ] [ j ]−u [ 8 ] [ j ] ) ; //( y2−y1 )ˆ2

u [ 1 3 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(u [ 1 1 ] [ i−j ]−u [ 1 0 ] [ i−j ] ) ∗ ( u [ 1 1 ] [ j ]−u [ 1 0 ] [ j ] ) ; //( z2−z1 )ˆ2

u [ 1 4 ] [ i ]= sum ;
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

i f ( i ==0){
u [ 1 5 ] [ 0 ]= pow(u [ 1 2 ] [ 0 ]+ u [ 1 3 ] [ 0 ]+ u [ 1 4 ] [ 0 ] , 1 . 5 ) ; //R 12 ˆ(3/2)
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} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 1 2 ] [ i−j ] +\
u [ 1 3 ] [ i−j ] + u [ 1 4 ] [ i−j ] )∗ u [ 1 5 ] [ j ] ;

sum/=( i ∗(u [ 1 2 ] [ 0 ] + u [ 1 3 ] [ 0 ] + u [ 1 4 ] [ 0 ] ) ) ;
u [ 1 5 ] [ i ]=sum ;
} ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 6 ] [ i−j ]+mu23∗u [ 7 ] [ i−j ] ) ∗ ( N13∗u [ 6 ] [ j ]+mu23∗u [ 7 ] [ j ] ) ;

//(N13∗x1+mu23∗x2 )ˆ2
u [ 1 6 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 8 ] [ i−j ]+mu23∗u [ 9 ] [ i−j ] ) ∗ ( N13∗u [ 8 ] [ j ]+mu23∗u [ 9 ] [ j ] ) ;

//(N13∗y1+mu23∗y2 )ˆ2
u [ 1 7 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 1 0 ] [ i−j ]+mu23∗u [ 1 1 ] [ i−j ] ) ∗ ( N13∗u [ 1 0 ] [ j ]+mu23∗u [ 1 1 ] [ j ] ) ;

//(N13∗ z1+mu23∗ z2 )ˆ2
u [ 1 8 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
i f ( i ==0){

u [ 1 9 ] [ 0 ]= pow(u [ 1 6 ] [ 0 ] + u [ 1 7 ] [ 0 ] + u [ 1 8 ] [ 0 ] , 1 . 5 ) ; //R 13 ˆ(3/2)
} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 1 6 ] [ i−j ] +\
u [ 1 7 ] [ i−j ] + u [ 1 8 ] [ i−j ] )∗ u [ 1 9 ] [ j ] ;

sum/=( i ∗(u [ 1 6 ] [ 0 ] + u [ 1 7 ] [ 0 ] + u [ 1 8 ] [ 0 ] ) ) ;
u [ 1 9 ] [ i ]=sum ;
} ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(mu13∗u [ 6 ] [ i−j ]+N23∗u [ 7 ] [ i−j ] ) ∗ ( mu13∗u [ 6 ] [ j ]+N23∗u [ 7 ] [ j ] ) ;

//(mu13∗x1+N23∗x2 )ˆ2
u [ 2 0 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(mu13∗u [ 8 ] [ i−j ]+N23∗u [ 9 ] [ i−j ] ) ∗ ( mu13∗u [ 8 ] [ j ]+N23∗u [ 9 ] [ j ] ) ;

//(mu13∗y1+N23∗y2 )ˆ2
u [ 2 1 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(mu13∗u [ 1 0 ] [ i−j ]+N23∗u [ 1 1 ] [ i−j ] ) ∗ ( mu13∗u [ 1 0 ] [ j ]+N23∗u [ 1 1 ] [ j ] ) ;

//(mu13∗z1+N23∗ z2 )ˆ2
u [ 2 2 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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i f ( i ==0){

u [ 2 3 ] [ 0 ]= pow(u [ 2 0 ] [ 0 ] + u [ 2 1 ] [ 0 ] + u [ 2 2 ] [ 0 ] , 1 . 5 ) ; //R 23 ˆ(3/2)
} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 2 0 ] [ i−j ] +\
u [ 2 1 ] [ i−j ] + u [ 2 2 ] [ i−j ] )∗ u [ 2 3 ] [ j ] ;

sum/=( i ∗(u [ 2 0 ] [ 0 ] + u [ 2 1 ] [ 0 ] + u [ 2 2 ] [ 0 ] ) ) ;
u [ 2 3 ] [ i ]=sum ;
} ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 4 ] [ i−j ] ; / / quot i en t
sum+=u [ 7 ] [ i ]−u [ 6 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 1a
u [ 2 4 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 5 ] [ i−j ] ; / / quot i en t
sum+=u [ 9 ] [ i ]−u [ 8 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 2a
u [ 2 5 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 6 ] [ i−j ] ; / / quot i en t
sum+=u [ 1 1 ] [ i ]−u [ 1 0 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 3a
u [ 2 6 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 7 ] [ i−j ] ; / / quot i en t
sum+=u [ 6 ] [ i ]−u [ 7 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 4a
u [ 2 7 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 8 ] [ i−j ] ; / / quot i en t
sum+=u [ 8 ] [ i ]−u [ 9 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 5a
u [ 2 8 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 9 ] [ i−j ] ; / / quot i en t
sum+=u [ 1 0 ] [ i ]−u [ 1 1 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 6a
u [ 2 9 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 9 ] [ j ]∗u [ 3 0 ] [ i−j ] ; / / quot i en t
sum+=M13∗u [ 6 ] [ i ]+m2∗u [ 7 ] [ i ] ; sum/=u [ 1 9 ] [ 0 ] ; // 1b
u [ 3 0 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 9 ] [ j ]∗u [ 3 1 ] [ i−j ] ; / / quot i en t
sum+=M13∗u [ 8 ] [ i ]+m2∗u [ 9 ] [ i ] ; sum/=u [ 1 9 ] [ 0 ] ; // 2b
u [ 3 1 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 9 ] [ j ]∗u [ 3 2 ] [ i−j ] ; / / quot i en t
sum+=M13∗u [ 1 0 ] [ i ]+m2∗u [ 1 1 ] [ i ] ; sum/=u [ 1 9 ] [ 0 ] ; // 3b
u [ 3 2 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 3 ] [ j ]∗u [ 3 3 ] [ i−j ] ; / / quot i en t
sum+=m1∗u [ 6 ] [ i ]+M23∗u [ 7 ] [ i ] ; sum/=u [ 2 3 ] [ 0 ] ; // 4b
u [ 3 3 ] [ i ]= sum ;
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sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 3 ] [ j ]∗u [ 3 4 ] [ i−j ] ; / / quot i en t
sum+=m1∗u [ 8 ] [ i ]+M23∗u [ 9 ] [ i ] ; sum/=u [ 2 3 ] [ 0 ] ; // 5b
u [ 3 4 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 3 ] [ j ]∗u [ 3 5 ] [ i−j ] ; / / quot i en t
sum+=m1∗u [ 1 0 ] [ i ]+M23∗u [ 1 1 ] [ i ] ; sum/=u [ 2 3 ] [ 0 ] ; // 6b
u [ 3 5 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
x [ 0 ] [ i +1]=u [ 0 ] [ i ] / ( i +1 . ) ;
x [ 1 ] [ i +1]=u [ 1 ] [ i ] / ( i +1 . ) ;
y [ 0 ] [ i +1]=u [ 2 ] [ i ] / ( i +1 . ) ;
y [ 1 ] [ i +1]=u [ 3 ] [ i ] / ( i +1 . ) ;
z [ 0 ] [ i +1]=u [ 4 ] [ i ] / ( i +1 . ) ;
z [ 1 ] [ i +1]=u [ 5 ] [ i ] / ( i +1 . ) ;

xd [ 0 ] [ i +1]=(m2∗u [ 2 4 ] [ i ]−u [ 3 0 ] [ i ] ) / ( i +1 . ) ;
yd [ 0 ] [ i +1]=(m2∗u [ 2 5 ] [ i ]−u [ 3 1 ] [ i ] ) / ( i +1 . ) ;
zd [ 0 ] [ i +1]=(m2∗u [ 2 6 ] [ i ]−u [ 3 2 ] [ i ] ) / ( i +1 . ) ;

xd [ 1 ] [ i +1]=(m1∗u [ 2 7 ] [ i ]−u [ 3 3 ] [ i ] ) / ( i +1 . ) ;
yd [ 1 ] [ i +1]=(m1∗u [ 2 8 ] [ i ]−u [ 3 4 ] [ i ] ) / ( i +1 . ) ;
zd [ 1 ] [ i +1]=(m1∗u [ 2 9 ] [ i ]−u [ 3 5 ] [ i ] ) / ( i +1 . ) ;

// ! con s id e r the th i r d body a l s o
i f (hpow∗( f ab s ( x [ 0 ] [ i +1])+ fab s ( x [ 1 ] [ i +1])+\

f ab s ( y [ 0 ] [ i +1])+ fab s ( y [ 1 ] [ i +1])+\
f ab s ( z [ 0 ] [ i +1])+ fab s ( z [ 1 ] [ i +1])+\
f ab s (xd [ 0 ] [ i +1])+ fab s (xd [ 1 ] [ i +1])+\
f ab s (yd [ 0 ] [ i +1])+ fab s (yd [ 1 ] [ i +1])+\
f ab s ( zd [ 0 ] [ i +1])+ fab s ( zd [ 1 ] [ i +1])+\
f ab s ( (m1∗x [ 0 ] [ i +1]+m2∗x [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗y [ 0 ] [ i +1]+m2∗y [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗z [ 0 ] [ i +1]+m2∗z [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗xd [ 0 ] [ i +1]+m2∗xd [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗yd [ 0 ] [ i +1]+m2∗yd [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗zd [ 0 ] [ i +1]+m2∗zd [ 1 ] [ i +1])/m3))\

<t o l ) { loopsdone=i +1; break ;}
loopsdone=i +1;

}

new h=h ;
i f ( loopsdone <10) new h=min (1 . 5∗h , max h ) ;
i f ( loopsdone >20) new h=0.5∗h ;
i f ( loopsdone==max n) return −h ;

// update p o s i t i o n s & v e l o c i t i e s o f m1, m2
hpow=1.;
f o r ( i =1; i<loopsdone ; i++){
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hpow∗=h ;
x [0 ] [0 ]+= x [ 0 ] [ i ]∗hpow ;
x [1 ] [0 ]+= x [ 1 ] [ i ]∗hpow ;
y [0 ] [0 ]+= y [ 0 ] [ i ]∗hpow ;
y [1 ] [0 ]+= y [ 1 ] [ i ]∗hpow ;
z [0 ] [0 ]+= z [ 0 ] [ i ]∗hpow ;
z [1 ] [0 ]+= z [ 1 ] [ i ]∗hpow ;

xd [0 ] [0 ]+= xd [ 0 ] [ i ]∗hpow ;
xd [1 ] [0 ]+= xd [ 1 ] [ i ]∗hpow ;
yd [0 ] [0 ]+= yd [ 0 ] [ i ]∗hpow ;
yd [1 ] [0 ]+= yd [ 1 ] [ i ]∗hpow ;
zd [0 ] [0 ]+= zd [ 0 ] [ i ]∗hpow ;
zd [1 ] [0 ]+= zd [ 1 ] [ i ]∗hpow ;

} ;
//update p o s i t i o n & v e l o c i t y o f the th i r d body
x [ 2 ] [ 0 ]= −(m1∗ x [ 0 ] [ 0 ]+m2∗ x [ 1 ] [ 0 ] ) /m3;
y [ 2 ] [ 0 ]= −(m1∗ y [ 0 ] [ 0 ]+m2∗ y [ 1 ] [ 0 ] ) /m3;
z [ 2 ] [ 0 ]= −(m1∗ z [ 0 ] [ 0 ]+m2∗ z [ 1 ] [ 0 ] ) /m3;
xd [ 2 ] [ 0 ]= −(m1∗xd [ 0 ] [ 0 ]+m2∗xd [ 1 ] [ 0 ] ) /m3;
yd [ 2 ] [ 0 ]= −(m1∗yd [ 0 ] [ 0 ]+m2∗yd [ 1 ] [ 0 ] ) /m3;
zd [ 2 ] [ 0 ]= −(m1∗zd [ 0 ] [ 0 ]+m2∗zd [ 1 ] [ 0 ] ) /m3;

#i f n d e f p gp l o t g r aph i c s
p r i n t f (” E 0= %3.15 l f \tE ( t)= %15.14 l f \ t %15.14 l f \n” ,\

E 0 , Energy ( ) , f ab s ( Energy ()−E 0 ) ) ;
p r i n t f (” time : %5.20 l f \ t order %d . s tep : %5.20 l f \n” ,\

t , loopsdone , h ) ;
#end i f

r eturn new h ;
} ; // end o f do a s tep ( )3.3.4 Apotelèsmata.
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Sq ma 8: To Ep�pedo Prìblhma twn 3 Swm�twn gia t = 11000. Gia arqikè sunj kebl. ant�stoiqo Par�rthma.
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General full three-body problem: 3D configuration space
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Sq ma 9: To Genikì Prìblhma twn 3 Swm�twn. Gia arqikè sunj ke bl. ant�stoiqoPar�rthma.



4 SUMPER�ASMATA 404 Sumper�smataH mejodolog�a ep�lush grammik¸n kai omogen¸n SDE deÔterh t�xh, h opo�a ana-ptÔqjhke sti prohgoÔmene Enìthte, e�nai mia stibar  mèjodo gia probl mata SDEarqik¸n sunjhk¸n. Sundu�zei ta epijumht� qarakthristik� th (jewrhtik�) auja�rethakr�beia, k�ti pou bèbaia perior�zetai apì thn akr�beia mhqan  pou to upologistikì masÔsthma   to sunergazìmeno Logismikì parèqei, thn taqÔthta upologism¸n, kaj¸ apo-deiknÔetai taqÔterh apì ti perissìtere sumbatikè mejìdou olokl rwsh [Fox, 1984,
Roberts, 1975℄ kai, k�ti arket� shmantikì gia poluplhj  sust mata (poll¸n bajm¸neleujer�a), d�nei th dunatìthta beltistopo�hsh twn eswterik¸n brìqwn tou upologi-stikoÔ th pur na.Oi palaiìtere ulopoi sei th, ephreasmène �sw apì th fainomenolog�a pou ako-louje�tai sth jewrhtik  an�ptuxh tou jèmato, l�mbanan upìyh tou kai tou sunte-lestè twn dun�mewn tou anaptÔgmato. Oi sugkekrimènoi ìroi perièqoun ekfr�sei meparagontik�, kai eis�goun anapìfeukta, e�n qrhsimopoihjoÔn, sf�lmata apokop  kaistroggulopo�hsh, ta opo�a m�lista g�nontai pio shmantik� kaj¸ h t�xh prosèggishaux�netai. H eisagwg  tou sumbolismoÔ twn kanonikopoihmènwn parag¸gwn èdwse ika-nopoihtik  lÔsh sto sugkekrimèno jèma.H automatopoihmènh diafìrish, entatik� anaptussìmeno ereunhtikì ped�o, èdwse nèa¸jhsh sti mejìdou ep�lush SDE me seirè, kajist¸nta dunat  thn eÔkolh ulopo�hshkai kat�strwsh sÔnjetwn problhm�twn. Beba�w, den èqoume ft�sei akìmh sto st�dioautì o automatopoihmèno k¸dika na mpore� na antagwniste� ton prosektik� kai dia qei-rì programmatist  diamorfwmèno k¸dika, idia�tera ìtan h automatopo�hsh den lamb�neiupìyh thorismène paradoqè, ti opo�e o sqediast  tou upologistikoÔ pur na, sthnulopo�hsh pou parajèsame, èqei sth di�jes  tou (epiplèon desmo� kai oloklhr¸mata tousust mato twn DE, dunatìthta apaloif  metablht¸n me b�sh aut�, epanaqrhsimopo�h-sh bohjhtik¸n metablht¸n klp.).H mèjodo twn seir¸n parèqei akr�beia mhqan . 'Etsi, den mpore� apeuje�a na sug-krije� w pro thn apìdos  th me m�a �llh dhmofil  kathgor�a programm�twn olokl -rwsh, tou sumplektikoÔ oloklhrwtè, par� mìno èmmesa. H mèjodo twn seir¸n denmpore� na g�nei {pio sumplektik }.Peraitèrw èreuna kai epexergas�a th mejodolog�a ep�lush h opo�a sthr�zetai stiseirè Taylor mpore� na g�nei tìso se diathrhtk� kai Qamiltonian� sust mata, ìso kai semh sunthrhtik�, apwlestik� (dissipative), idia�tera sti peript¸sei arket¸n apì aut�pou e�nai {dhmofil } kai apoteloÔn mètro sÔgkrish diafìrwn mejìdwn, ta opo�a stadexi� tou mèlh èqoun polu¸numa (Lorenz, Rössler k.�.).
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// Taylor S e r i e s s o l u t i o n o f the harmonic o s c i l l a t o r
// them − [ ekots@uom . gr ]
//
// uncomment t h i s to compile with pgp lot support
//
//
// bu i ld as :
// gcc −c < t h i s f i l e >. c
// f77 < t h i s f i l e >.o l i b c p gp l o t . a l i b p gp l o t . a −o <e x e c f i l e >
// −I / usr /X11R6/ inc lude −L /usr /X11R6/ l i b −lX11 −lm
//
#de f i n e pgp l o t g r aph i c s

#i f d e f p gp l o t g r aph i c s
#inc lude ” cpgp lot . h”

#end i f

#inc lude <s td i o . h>
#inc lude <s t d l i b . h>
#inc lude <math . h>

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
// g l ob a l s & #de f i n e s
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
//
// to l e r an c e in x
#de f i n e t o l 1e−15

#de f i n e max(a , b) ( ( ( a ) > (b ) ) ? ( a ) : (b ) )
#de f i n e min (a , b) ( ( ( a ) < (b ) ) ? ( a ) : (b ) )

#undef max n
#de f i n e max n ( ( i n t ) ( 4 0 ) )

#undef max h
#de f i n e max h 0 .2L

#undef min h
#de f i n e min h 1e−25
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
// system : harmonic o s c i l l a t o r , x ’ ’+ w∗w ∗ x = 0
// th i s reduces to the f i r s t order system
// x ’ = y
// y ’ = − w∗w ∗ x
//



5 PARART�HMATA 42
// so , we need 4 v a r i a b l e s
//
// u1 = − w∗w ∗ x
// u2 = y
// x ’ = u2
// y ’ = u1
//
// −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
//
// normal ized d e r i v a t i v e o f a funct i on u :
//
// [ n ] 1 (n )
// u ( t ) = −−− u ( t )
// n !
//
// −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
//
//
// [ n ] [ n ]
// u1 ( t ) = −w∗w x ( t )
//
// [ n ] [ n ]
// u2 ( t ) = y ( t )
//
// [ n+1] 1 [ n ]
// x ( t ) = −−− u2 ( t )
// n+1
//
// [ n+1] 1 [ n ]
// y ( t ) = −−− u1 ( t )
// n+1
//

#undef omega
#de f i n e omega ( 1 . 0 0 )
#de f i n e omega2 (omega∗omega )

double u1 [ max n ] , u2 [ max n ] , x [ max n ] , y [ max n ] ;

double t ;

double E 0 ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
#i f d e f p gp l o t g r aph i c s

// f o r number to tex t conver s i on by pgp lot
i n t nc=10;
char s [ 1 0 0 ] ;

f l o a t XX, YY;
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char ch=100; // !
i n t junk ;

void i n i t g r a p h i c s ( f l o a t ulx , f l o a t uly ,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t l rx , f l o a t l r y ) ;

void draw ( f l o a t ulx , f l o a t uly ,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t l rx , f l o a t l ry ,
f l o a t h ) ;

#end i f
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double Energy ( ){ return 0.5∗ y [ 0 ] ∗ y [0 ]+0 .5∗ omega2∗x [ 0 ] ∗ x [ 0 ] ; } ;
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double do a s tep ( double hstep ){
double h=hstep ;
double new h ; // new t imestep
in t i ;
i n t order ; // order o f Taylor s e r i e s expans ion
double hpow ;

i f (h<min h ) {
p r i n t f (” Step e r r o r at time %l f . Ex i t ing . . . \ n” , t ) ;
e x i t ( 1 ) ;

} ;

order=max n ;
hpow=1.;
// f i l l up u1 [ i ] , u2 [ i ] , x [ i +1] , y [ i +1] matr ices
// up to order max n
f o r ( i =0; i<max n−1; i++){
hpow∗=h ;

u1 [ i ]=(−omega2 )∗x [ i ] ;
u2 [ i ]=y [ i ] ;
x [ i +1]=(1./( i +1.))∗ u2 [ i ] ;
y [ i +1]=(1./( i +1.))∗ u1 [ i ] ;

// s e r i e s has converged ok?
i f (hpow∗( f ab s (x [ i +1])+ fab s (y [ i +1]))< t o l ) { order=i +1; break ;}
order=i +1;

}

new h=h ;
i f ( order <10) new h=min (2 . 0∗h , max h ) ;
i f ( order >20) new h=0.5∗h ;
i f ( order==max n) return −h ;
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// make Taylor expans ion & update x [ ] , y [ ] matr ices
hpow=1.;
f o r ( i =1; i<order ; i++){
hpow∗=h ;
x[0]+=x [ i ]∗hpow ;
y[0]+=y [ i ]∗hpow ;
} ;

p r i n t f (”\ ntime : %15.14 l f \ t order %d . s tep : %15.14 l f \n” ,\
t , order , h ) ;

p r i n t f (” E 0= %15.14 l f \tE ( t)= %15.14 l f \ t %15.14 l f \n” ,\
E 0 , Energy ( ) , f ab s ( Energy ()−E 0 ) ) ;

r eturn new h ;
} ; // end o f do a s tep ( )
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

i n t main ( ){
double time , h , ah ;
double x0 , y0 ;// f o r pgp lot pane l s

x0=x [0]= 0 . ;
y0=y [0]= 1 . ;
time = 200;
h=0.01;
t =0. ;

E 0= Energy ( ) ;

#i f d e f p gp l o t g r aph i c s
i n i t g r a p h i c s ( ( f l o a t ) ( 2 . 4∗ y0 ) , ( f l o a t ) ( 2 . 4∗ y0 ) ,

( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( 2 . 4∗ y0 ) ,
( f l o a t ) ( 2 . 4∗ y0 ) , ( f l o a t ) ( 2 . 4∗ y0 ) ,
( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( 2 . 4∗ y0 ) ) ;

#end i f

wh i le ( t<time ){
i f ( ( ah=do a s tep (h))>0) { t+=h ; h=ah ;}
e l s e {h=−ah ; } ;

#i f d e f p gp l o t g r aph i c s
draw ( ( f l o a t ) ( 2 . 4∗ y0 ) , ( f l o a t ) ( 2 . 4∗ y0 ) ,

( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( 2 . 4∗ y0 ) ,
( f l o a t ) ( 2 . 4∗ y0 ) , ( f l o a t ) ( 2 . 4∗ y0 ) ,
( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( 2 . 4∗ y0 ) ,
( f l o a t )h ) ;

#end i f
} ;

#i f d e f p gp l o t g r aph i c s
cpgend ( ) ;



5 PARART�HMATA 45
#end i f

r eturn 0 ;
} ;

//============================================================
//============================================================
#i f d e f p gp l o t g r aph i c s

void i n i t g r a p h i c s ( f l o a t ulx , f l o a t uly ,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t l rx , f l o a t l r y ){

i f ( cpgbeg (0 , ”/xw” , 1 , 1) != 1)
e x i t (EXIT FAILURE ) ;

cpgsch ( 1 . 7 ) ; / / determines f o n t s i z e
cpgsubp ( 2 , 2 ) ;
cpgenv(−ulx /2 . , u lx /2. ,− uly /2 . , u ly /2 . , 0 , 1 ) ;
cpglab (”( x )” , ”( x dot )” ,
”harmonic o s c i l l a t o r , x−x dot phase space ” ) ;

cpgenv (0 , urx ,−ury /2 . , ury /2 . , 0 , 1 ) ;
cpglab (”( t )” , ”( x )” ,
”harmonic o s c i l l a t o r , x t im e s e r i e s ” ) ;

cpgenv(− l l x /2 . , l l x /2. ,− l l y /2 . , l l y /2 . , 0 , 0 ) ;
cpglab (”” , ”” ,
”harmonic o s c i l l a t o r , d e t a i l s panel ” ) ;

cpgenv (0 , l rx ,− l r y /2 . , l r y /2 . , 0 , 1 ) ;
cpglab (”( t )” , ”( x dot )” ,
”harmonic o s c i l l a t o r , x dot t im e s e r i e s ” ) ;

cp g s c i ( 1 ) ;
} ; // end o f i n i t g r a p h i c s ( . . . )

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
void draw ( f l o a t ulx , f l o a t uly ,

f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t l rx , f l o a t l ry ,
f l o a t h){

cpgpanl ( 1 , 1 ) ;
cpgswin(−ulx /2 . , u lx /2. ,− uly /2 . , u ly / 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t )x [ 0 ] , ( f l o a t )y [ 0 ] , 1 ) ; //x − x dot

cpgpanl ( 2 , 1 ) ;
cpgswin (0 , urx ,−ury /2 . , ury / 2 . ) ;
cp g s c i ( 3 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )x [ 0 ] , 1 ) ; // time − x

cpgpanl ( 2 , 2 ) ;
cpgswin (0 , l rx ,− l r y /2 . , l r y / 2 . ) ;
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cpg s c i ( 5 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )y [ 0 ] , 1 ) ; // time − y

cpgpanl ( 1 , 2 ) ;
cpgswin(− l l x /2 . , l l x /2. ,− l l y /2 . , l l y / 2 . ) ;
cp g s c i ( 0 ) ;
cpgr ec t (−0.9∗ l l x /2 . , 0 . 9∗ l l x /2. , −0.9∗ l l y /2 . , 0 . 9∗ l l y / 2 . ) ;
cp g s c i ( 1 ) ;
s p r i n t f ( s , ” T ime : %3.7 l f ” , t ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 9 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ” S t e p : %3.7 l f ” ,h ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 8 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ”E(0) : %3.20 l f ” , E 0 ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 7 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ”E( t ) : %3.20 l f ” , Energy ( ) ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 6 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ” |E( t)−E 0 | : %3.20 l f ” , f ab s ( Energy ()−E 0 ) ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 5 , 0 . 0 , s ) ; nc=20;
} ; // end o f draw ( . . . )

#end i f
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// Taylor S e r i e s s o l u t i o n o f the 2 body problem
// them − [ ekots@uom . gr ]
//

// uncomment t h i s to compile with pgp lot support
//
//
// bu i ld as :
// gcc −c < t h i s f i l e >. c
// f77 < t h i s f i l e >.o l i b c p gp l o t . a l i b p gp l o t . a −o <e x e c f i l e >
// −I / usr /X11R6/ inc lude −L /usr /X11R6/ l i b −lX11 −lm
//
#de f i n e pgp l o t g r aph i c s

#i f d e f p gp l o t g r aph i c s
#inc lude ” cpgp lot . h”

#end i f

#inc lude <s td i o . h>
#inc lude <s t d l i b . h>
#inc lude <math . h>

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
// g l ob a l s & #de f i n e s
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
//
// to l e r an c e in x
#undef t o l
#de f i n e t o l 1e−25

#de f i n e max(a , b) ( ( ( a ) > (b ) ) ? ( a ) : (b ) )
#de f i n e min (a , b) ( ( ( a ) < (b ) ) ? ( a ) : (b ) )

#undef max n
#de f i n e max n ( ( i n t ) ( 4 0 ) )

#undef max h
#de f i n e max h 0 .2L

#undef min h
#de f i n e min h 1e−25

double u [ 1 0 ] [ max n ] , x [ max n ] , y [ max n ] , z [ max n ] , w[ max n ] ;

double t , E 0 ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
#i f d e f p gp l o t g r aph i c s
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// f o r number to tex t conver s i on by pgp lot
i n t nc=10;
char s [ 1 0 0 ] ;

f l o a t XX, YY;
char ch=100; // !
i n t junk ;

void i n i t g r a p h i c s ( f l o a t ulx , f l o a t uly ,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t l rx , f l o a t l r y ) ;

void draw ( f l o a t ulx , f l o a t uly ,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t l rx , f l o a t l ry ,
f l o a t h ) ;

#end i f
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double Energy ( )
{

return 0 . 5∗ ( z [ 0 ] ∗ z [0]+ w[ 0 ] ∗w[ 0 ] ) − 1.0/ s q r t (x [ 0 ] ∗ x [0]+ y [ 0 ] ∗ y [ 0 ] ) ;
}
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double do a s tep ( double hstep ){
double h=hstep ;
double new h ; // new t imestep
in t i , j , loopsdone ;
double sum=0.;
double hpow ;

i f (h<min h ) {
p r i n t f (” Step e r r o r at time %l f . Ex i t ing . . . \ n” , t ) ;
e x i t ( 1 ) ;

} ;

loopsdone=max n ;
hpow=1.;
// f i l l up u [ ] [ i ] , x [ i +1] , y [ i +1] , z [ i +1] , w[ i +1] matr ices
// up to order max n
f o r ( i =0; i<max n−1; i++){
hpow∗=h ;

u [ 0 ] [ i ]=z [ i ] ; // x ’
u [ 1 ] [ i ]=w[ i ] ; // y ’
u [ 2 ] [ i ]=x [ i ] ;
u [ 3 ] [ i ]=y [ i ] ;
sum=0.; f o r ( j =0; j<=i ; j++) sum+=u [ 2 ] [ i−j ]∗u [ 2 ] [ j ] ; //x∗x
u [ 4 ] [ i ]=sum ;
sum=0.; f o r ( j =0; j<=i ; j++) sum+=u [ 3 ] [ i−j ]∗u [ 3 ] [ j ] ; //y∗y
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u [ 5 ] [ i ]=sum ;

// r=sq r t (xˆ2+yˆ2)
i f ( i ==0){u [ 6 ] [ 0 ]= pow( ( u [ 4 ] [ 0 ]+ u [ 5 ] [ 0 ] ) , 3 . / 2 . ) ; } // r ˆ3
e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= (1 . 5∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 4 ] [ i−j ]+u [ 5 ] [ i−j ] )∗ u [ 6 ] [ j ] ;

sum/=i ∗(u [ 4 ] [ 0 ]+ u [ 5 ] [ 0 ] ) ;
u [ 6 ] [ i ]=sum ;
} ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 6 ] [ j ]∗u [ 7 ] [ i−j ] ; // quot i en t
sum+=u [ 2 ] [ i ] ;
sum/=u [ 6 ] [ 0 ] ;
u [ 7 ] [ i ]= sum ; // x/ r ˆ3

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 6 ] [ j ]∗u [ 8 ] [ i−j ] ; // quot i en t
sum+=u [ 3 ] [ i ] ;
sum/=u [ 6 ] [ 0 ] ;
u [ 8 ] [ i ]= sum ; // y/ r ˆ3

x [ i +1]= u [ 0 ] [ i ] / ( i +1);
y [ i +1]= u [ 1 ] [ i ] / ( i +1);
z [ i+1]=−u [ 7 ] [ i ] / ( i +1);
w[ i+1]=−u [ 8 ] [ i ] / ( i +1);

// s e r i e s has converged ok?
i f (hpow∗( f ab s (x [ i +1])+ fab s (y [ i +1])+ fab s ( z [ i +1])+ fab s (w[ i +1]))< t o l )

{ loopsdone=i +1; break ;}
loopsdone=i +1;

}
new h=h ;
i f ( loopsdone <10) new h=min (2 . 0∗h , max h ) ;
i f ( loopsdone >20) new h=0.5∗h ;
i f ( loopsdone==max n) return −h ;

// make Taylor expans ion & update x [ ] , y [ ] , z [ ] , w [ ] matr ices
hpow=1.;
f o r ( i =1; i<loopsdone ; i++){

hpow∗=h ;
x[0]+=x [ i ]∗hpow ;
y[0]+=y [ i ]∗hpow ;
z [0]+=z [ i ]∗hpow ;
w[0]+=w[ i ]∗hpow ;

} ;
p r i n t f (”\ ntime : %15.14 l f \ t order %d . s tep : %15.14 l f \n” ,\

t , loopsdone , h ) ;
p r i n t f (” E 0= %15.14 l f \tE ( t)= %15.14 l f \ t %15.14 l f \n” ,\

E 0 , Energy ( ) , f ab s ( Energy ()−E 0 ) ) ;



5 PARART�HMATA 50
return new h ;

} ; // end o f do a s tep ( )

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
i n t main ( ){
double time , h , ah ;
double x0 , y0 ;// f o r pgp lot pane l s

// semimajor ax i s 1 , e c c e n t r i c i t y 0 .3
x [0]= 0 . 7 ;
y [0]= 0 . 1 ;
z [0 ]= 0 . 1 ;
w[0]= 0 .953939201 ;

/∗
// near c o l l i s i o n ICs
x [0]= 0 . 7 ;
y [0]= 0 . 7 ;
z [0 ]= 0 . 7 ;
w[0]= 0 .953939201 ;
∗/

time = 100;
h=1e−1;
t =0. ;

E 0= Energy ( ) ;

#i f d e f p gp l o t g r aph i c s
x0=2.∗( x [0]+w [ 0 ] ) ; y0=1.1∗(x [0]+ y [ 0 ] ) ;
i n i t g r a p h i c s ( ( f l o a t ) ( x0 ) , ( f l o a t ) ( 1 . 2∗ x0 ) ,

( f l o a t ) ( x0 ) , ( f l o a t ) ( 2 . 4∗ x0 ) ,
( f l o a t ) ( 2 . 4∗ x0 ) , ( f l o a t ) ( 2 . 4∗ x0 ) ,
( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( 2 . 4∗ y0 ) ) ;

#end i f

wh i le ( t<time ){
i f ( ( ah=do a s tep (h))>0) { t+=h ; h=ah ;}
e l s e { h=−ah ; } ;

#i f d e f p gp l o t g r aph i c s
draw ( ( f l o a t ) ( x0 ) , ( f l o a t ) ( 1 . 2∗ x0 ) ,

( f l o a t ) ( x0 ) , ( f l o a t ) ( 2 . 4∗ x0 ) ,
( f l o a t ) ( 2 . 4∗ x0 ) , ( f l o a t ) ( 2 . 4∗ x0 ) ,
( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( 2 . 4∗ y0 ) , h ) ;

#end i f
} ;

#i f d e f p gp l o t g r aph i c s
cpgend ( ) ;
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#end i f

r eturn 0 ;
} ;

//============================================================
//============================================================
#i f d e f p gp l o t g r aph i c s

void i n i t g r a p h i c s ( f l o a t ulx , f l o a t uly ,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t l rx , f l o a t l r y ){

i f ( cpgbeg (0 , ”/xw” , 1 , 1) != 1)
e x i t (EXIT FAILURE ) ;

// cpgpap ( 1 3 , 0 . 8 6 1 8 ) ;
cpgsch ( 1 . 8 ) ; / / determines f o n t s i z e
cpgsubp ( 2 , 2 ) ;

// cpgsubp ( 3 , 2 ) ;
cpgenv(−ulx /2 . , u lx /2. ,− uly /2 . , u ly /2 . , 0 , 1 ) ;
cpglab (”( x )” , ”( y )” ,
”2 body problem , 2D con f i gu r a t i on space ” ) ;

cpgenv(−urx /2 . , urx /2. ,− ury /2 . , ury /2 . , 0 , 1 ) ;
cpglab (”( x , y )” , ”( x dot , y dot )” ,
”2 body problem , x−x dot / y−y dot phase space ” ) ;

cp g s c i ( 0 ) ;
cpgenv(− l l x /2 . , l l x /2. ,− l l y /2 . , l l y /2 . , −1, −1);
cp g s c i ( 1 ) ;
cpglab (”” , ”” ,
”2 body problem , d e t a i l s panel ” ) ;

cpgenv (0 , l rx ,− l r y /2 . , l r y /2 . , 0 , 1 ) ;
cpglab (”( t )” , ”(x , y )” ,
”2 body problem , x t ime s e r i e s , y t im e s e r i e s ” ) ;

// cpgenv(− l r x /2 . , l r x /2. ,− l r y /2 . , l r y /2 . , 0 , 1 ) ;
// cpglab (”( y )” , ”( y dot )” ,
// ”2 body problem , y−y dot phase space ” ) ;

cp g s c i ( 1 ) ;
} ; // end o f i n i t g r a p h i c s ( . . . )

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
void draw ( f l o a t ulx , f l o a t uly ,

f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t l rx , f l o a t l ry ,
f l o a t h){

cpgpanl ( 1 , 1 ) ;
cpgswin(−ulx /2 . , u lx /2. ,− uly /2 . , u ly / 2 . ) ;
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cpg s c i ( 2 ) ; cpgpt1 ( ( f l o a t )x [ 0 ] , ( f l o a t )y [ 0 ] , 1 ) ; // x − y

cpgpanl ( 2 , 1 ) ;
cpgswin(−urx /2 . , urx /2. ,− ury /2 . , ury / 2 . ) ;
cp g s c i ( 3 ) ; cpgpt1 ( ( f l o a t )x [ 0 ] , ( f l o a t ) z [ 0 ] , 1 ) ; // x − x dot
cpg s c i ( 4 ) ; cpgpt1 ( ( f l o a t )y [ 0 ] , ( f l o a t )w[ 0 ] , 1 ) ; // y − y dot

cpgpanl ( 2 , 2 ) ;
cpgswin (0 , l rx ,− l r y /2 . , l r y / 2 . ) ;
// cpgswin(− l r x /2 . , l r x /2. ,− l r y /2 . , l r y / 2 . ) ;
cp g s c i ( 5 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )x [ 0 ] , 1 ) ; // t − x
cpg s c i ( 6 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )y [ 0 ] , 1 ) ; // t − y

cpgpanl ( 1 , 2 ) ;
cpgswin(− l l x /2 . , l l x /2. ,− l l y /2 . , l l y / 2 . ) ;
cp g s c i ( 0 ) ;
cpgr ec t (−0.9∗ l l x /2 . , 0 . 9∗ l l x /2. , −0.9∗ l l y /2 . , 0 . 9∗ l l y / 2 . ) ;
cp g s c i ( 1 ) ;
s p r i n t f ( s , ” T ime : %3.7 l f ” , t ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 9 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ” S t e p : %3.7 l f ” ,h ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 8 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ”E(0) : %3.20 l f ” , E 0 ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 7 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ”E( t ) : %3.20 l f ” , Energy ( ) ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 6 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ” |E( t)−E 0 | : %3.20 l f ” , f ab s ( Energy ()−E 0 ) ) ;
cpgmtxt (”RV” , −22 .0 ,0 . 5 , 0 . 0 , s ) ; nc=20;
} ; // end o f draw ( . . . )

#end i f
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// Taylor S e r i e s s o l u t i o n o f the ∗ p lanar∗ 3 body problem
// them − [ ekots@uom . gr ]
//
//
// uncomment t h i s to compile with pgp lot support
//
//
// bu i ld as :
// gcc −c < t h i s f i l e >. c
// f77 < t h i s f i l e >.o l i b c p gp l o t . a l i b p gp l o t . a −o <e x e c f i l e >
// −I / usr /X11R6/ inc lude −L /usr /X11R6/ l i b −lX11 −lm
//
//#de f i n e pgp l o t g r aph i c s

#i f d e f p gp l o t g r aph i c s
#inc lude ” cpgp lot . h”

#end i f

#inc lude <s td i o . h>
#inc lude <s t d l i b . h>
#inc lude <math . h>

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
// g l ob a l s & #de f i n e s
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
//
// to l e r an c e in x
#undef t o l
#de f i n e t o l 1e−15

#de f i n e max(a , b) ( ( ( a ) > (b ) ) ? ( a ) : (b ) )
#de f i n e min (a , b) ( ( ( a ) < (b ) ) ? ( a ) : (b ) )

#undef max n
#de f i n e max n ( ( i n t ) ( 3 0 ) )

#undef max h
#de f i n e max h 0 .2

#undef min h
#de f i n e min h 1e−26

double u [ 2 5 ] [ max n ] , x [ 3 ] [ max n ] , y [ 3 ] [ max n ] , \
xd [ 3 ] [ max n ] , yd [ 3 ] [ max n ] ;

double t ;
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double m1,m2,m3;
double M31, M32 , mu23 , mu13 , N13 , N23 ;
double E 0 ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
#i f d e f p gp l o t g r aph i c s

// f o r number to tex t conver s i on by pgp lot
i n t nc=10;
char s [ 1 0 0 ] ;

f l o a t XX, YY;
char ch=100; // !
i n t junk ;
i n t x1y1=2, x2y2=3, x3y3=7;

void i n i t g r a p h i c s ( f l o a t ulx , f l o a t uly ,
f l o a t umx, f l o a t umy,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t lmx , f l o a t lmy ,
f l o a t l rx , f l o a t l r y ) ;

i n t draw( f l o a t ulx , f l o a t uly ,
f l o a t umx, f l o a t umy,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t lmx , f l o a t lmy ,
f l o a t l rx , f l o a t l ry ,
f l o a t h , i n t durat ion ) ;

#end i f
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double Energy ( )
{

return
0 .5∗ (\

m1∗( xd [ 0 ] [ 0 ] ∗ xd [ 0 ] [ 0 ] + yd [ 0 ] [ 0 ] ∗ yd [ 0 ] [ 0 ] )+\
m2∗( xd [ 1 ] [ 0 ] ∗ xd [ 1 ] [ 0 ] + yd [ 1 ] [ 0 ] ∗ yd [ 1 ] [ 0 ] )+\
m3∗( xd [ 2 ] [ 0 ] ∗ xd [ 2 ] [ 0 ] + yd [ 2 ] [ 0 ] ∗ yd [ 2 ] [ 0 ] )\

) \
−m1∗m2∗ ( 1 . / ( s q r t (\

( x [ 0 ] [ 0 ] − x [ 1 ] [ 0 ] ) ∗ ( x [ 0 ] [ 0 ] − x [ 1 ] [ 0 ] )+ \
( y [ 0 ] [ 0 ] − y [ 1 ] [ 0 ] ) ∗ ( y [ 0 ] [ 0 ] − y [ 1 ] [ 0 ] ) \

) ) )\
−m1∗m3∗ ( 1 . / ( s q r t (\

( x [ 0 ] [ 0 ] − x [ 2 ] [ 0 ] ) ∗ ( x [ 0 ] [ 0 ] − x [ 2 ] [ 0 ] )+ \
( y [ 0 ] [ 0 ] − y [ 2 ] [ 0 ] ) ∗ ( y [ 0 ] [ 0 ] − y [ 2 ] [ 0 ] ) \

) ) )\
−m2∗m3∗ ( 1 . / ( s q r t (\

( x [ 1 ] [ 0 ] − x [ 2 ] [ 0 ] ) ∗ ( x [ 1 ] [ 0 ] − x [ 2 ] [ 0 ] )+ \
( y [ 1 ] [ 0 ] − y [ 2 ] [ 0 ] ) ∗ ( y [ 1 ] [ 0 ] − y [ 2 ] [ 0 ] ) \

) ) ) ;
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}
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double do a s tep ( double hstep ){
double h=hstep ;
double new h ; // new t imestep
in t i , j , loopsdone=max n ;
double sum=0.;
double hpow=1.;

i f (h<min h ) {
p r i n t f (” Step e r r o r at time %l f . Ex i t ing . . . \ n” , t ) ;
e x i t ( 1 ) ;

} ;

// f i l l up u [ ] [ i ] , x [ 1 , 2 , 3 ] [ i +1] , y [ 1 , 2 , 3 ] [ i +1] , z [ 1 , 2 , 3 ] [ i +1] ,
// xd [ 1 , 2 , 3 ] [ i +1] , yd [ 1 , 2 , 3 ] [ i +1] , zd [ 1 , 2 , 3 ] [ i +1]
// matr ices up to order max n

f o r ( i =0; i<max n−1; i++){
hpow∗=h ;

u [ 0 ] [ i ]=xd [ 0 ] [ i ] ; //xd1
u [ 1 ] [ i ]=xd [ 1 ] [ i ] ; //xd2
u [ 2 ] [ i ]=yd [ 0 ] [ i ] ; //yd1
u [ 3 ] [ i ]=yd [ 1 ] [ i ] ; //yd2
u [ 4 ] [ i ]= x [ 0 ] [ i ] ; //x1
u [ 5 ] [ i ]= x [ 1 ] [ i ] ; //x2
u [ 6 ] [ i ]= y [ 0 ] [ i ] ; //y1
u [ 7 ] [ i ]= y [ 1 ] [ i ] ; //y2

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(u [ 5 ] [ i−j ]−u [ 4 ] [ i−j ] ) ∗ ( u [ 5 ] [ j ]−u [ 4 ] [ j ] ) ; //( x2−x1 )ˆ2

u [ 8 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(u [ 7 ] [ i−j ]−u [ 6 ] [ i−j ] ) ∗ ( u [ 7 ] [ j ]−u [ 6 ] [ j ] ) ; //( y2−y1 )ˆ2

u [ 9 ] [ i ]= sum ;

i f ( i ==0){
u [ 1 0 ] [ 0 ]= pow(u [ 8 ] [ i ] + u [ 9 ] [ i ] , 1 . 5 ) ; //R 12 ˆ(3/2)

} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 8 ] [ i−j ] + u [ 9 ] [ i−j ] )∗ u [ 1 0 ] [ j ] ;

sum/=( i ∗(u [ 8 ] [ 0 ] + u [ 9 ] [ 0 ] ) ) ;
u [ 1 0 ] [ i ]=sum ;
} ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 0 ] [ j ]∗u [ 1 1 ] [ i−j ] ; / / quot i en t
sum+=u [ 5 ] [ i ]−u [ 4 ] [ i ] ; sum/=u [ 1 0 ] [ 0 ] ; // 1a
u [ 1 1 ] [ i ]= sum ;
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sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 4 ] [ i−j ]+mu23∗u [ 5 ] [ i−j ] ) ∗ ( N13∗u [ 4 ] [ j ]+mu23∗u [ 5 ] [ j ] ) ;

u [ 1 2 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 6 ] [ i−j ]+mu23∗u [ 7 ] [ i−j ] ) ∗ ( N13∗u [ 6 ] [ j ]+mu23∗u [ 7 ] [ j ] ) ;

u [ 1 3 ] [ i ]= sum ;

i f ( i ==0){
u [ 1 4 ] [ 0 ]= pow(u [ 1 2 ] [ 0 ] + u [ 1 3 ] [ 0 ] , 1 . 5 ) ; //R 13 ˆ(3/2)

} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 1 2 ] [ i−j ] + u [ 1 3 ] [ i−j ] )∗ u [ 1 4 ] [ j ] ;

sum/=( i ∗(u [ 1 2 ] [ 0 ] + u [ 1 3 ] [ 0 ] ) ) ;
u [ 1 4 ] [ i ]=sum ;
} ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 4 ] [ j ]∗u [ 1 5 ] [ i−j ] ; / / quot i en t
sum+=M31∗u [ 4 ] [ i ]+m2∗u [ 5 ] [ i ] ; sum/=u [ 1 4 ] [ 0 ] ; // 1b
u [ 1 5 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 0 ] [ j ]∗u [ 1 6 ] [ i−j ] ; / / quot i en t
sum+=u [ 7 ] [ i ]−u [ 6 ] [ i ] ; sum/=u [ 1 0 ] [ 0 ] ; // 2a
u [ 1 6 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 4 ] [ j ]∗u [ 1 7 ] [ i−j ] ; / / quot i en t
sum+=M31∗u [ 6 ] [ i ]+m2∗u [ 7 ] [ i ] ;
sum/=u [ 1 4 ] [ 0 ] ; // 2b
u [ 1 7 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 0 ] [ j ]∗u [ 1 8 ] [ i−j ] ; / / quot i en t
sum+=u [ 4 ] [ i ]−u [ 5 ] [ i ] ; sum/=u [ 1 0 ] [ 0 ] ; // 3a
u [ 1 8 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(N23∗u [ 5 ] [ i−j ]+mu13∗u [ 4 ] [ i−j ] ) ∗ ( N23∗u [ 5 ] [ j ]+mu13∗u [ 4 ] [ j ] ) ;

u [ 1 9 ] [ i ]= sum ;

sum=0.;
f o r ( j =0; j<=i ; j++)
sum+=(N23∗u [ 7 ] [ i−j ]+mu13∗u [ 6 ] [ i−j ] ) ∗ ( N23∗u [ 7 ] [ j ]+mu13∗u [ 6 ] [ j ] ) ;

u [ 2 0 ] [ i ]= sum ;



5 PARART�HMATA 57
i f ( i ==0){
u [ 2 1 ] [ 0 ]= pow(u [ 1 9 ] [ 0 ] + u [ 2 0 ] [ 0 ] , 1 . 5 ) ; //R 23 ˆ(3/2)

} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 1 9 ] [ i−j ] + u [ 2 0 ] [ i−j ] )∗ u [ 2 1 ] [ j ] ;

sum/=( i ∗(u [ 1 9 ] [ 0 ] + u [ 2 0 ] [ 0 ] ) ) ;
u [ 2 1 ] [ i ]=sum ;
} ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 1 ] [ j ]∗u [ 2 2 ] [ i−j ] ; / / quot i en t
sum+=M32∗u [ 5 ] [ i ]+m1∗u [ 4 ] [ i ] ;
sum/=u [ 2 1 ] [ 0 ] ; // 3b
u [ 2 2 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 0 ] [ j ]∗u [ 2 3 ] [ i−j ] ; / / quot i en t
sum+=u [ 6 ] [ i ]−u [ 7 ] [ i ] ; sum/=u [ 1 0 ] [ 0 ] ;
u [ 2 3 ] [ i ]= sum ; // 4a

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 1 ] [ j ]∗u [ 2 4 ] [ i−j ] ; / / quot i en t
sum+=M32∗u [ 7 ] [ i ]+m1∗u [ 6 ] [ i ] ;
sum/=u [ 2 1 ] [ 0 ] ; // 4b
u [ 2 4 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

x [ 0 ] [ i +1]=u [ 0 ] [ i ] / ( i +1 . ) ;
x [ 1 ] [ i +1]=u [ 1 ] [ i ] / ( i +1 . ) ;
y [ 0 ] [ i +1]=u [ 2 ] [ i ] / ( i +1 . ) ;
y [ 1 ] [ i +1]=u [ 3 ] [ i ] / ( i +1 . ) ;

xd [ 0 ] [ i +1]=(m2∗u [ 1 1 ] [ i ]−u [ 1 5 ] [ i ] ) / ( i +1 . ) ;
xd [ 1 ] [ i +1]=(m1∗u [ 1 8 ] [ i ]−u [ 2 2 ] [ i ] ) / ( i +1 . ) ;
yd [ 0 ] [ i +1]=(m2∗u [ 1 6 ] [ i ]−u [ 1 7 ] [ i ] ) / ( i +1 . ) ;
yd [ 1 ] [ i +1]=(m1∗u [ 2 3 ] [ i ]−u [ 2 4 ] [ i ] ) / ( i +1 . ) ;

i f (hpow∗( f ab s ( x [ 0 ] [ i +1])+ fab s ( x [ 1 ] [ i +1])+\
f ab s ( y [ 0 ] [ i +1])+ fab s ( y [ 1 ] [ i +1])+\
f ab s (xd [ 0 ] [ i +1])+ fab s (xd [ 1 ] [ i +1])+\
f ab s (yd [ 0 ] [ i +1])+ fab s (yd [ 1 ] [ i +1]))\

<t o l ) { loopsdone=i +1; break ;}
loopsdone=i +1;

}

new h=h ;
i f ( loopsdone <10) new h=min (1 . 5∗h , max h ) ;
i f ( loopsdone >20) new h=0.5∗h ;
i f ( loopsdone==max n) return −h ;
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// update p o s i t i o n s & v e l o c i t i e s o f m1, m2
hpow=1.;
f o r ( i =1; i<loopsdone ; i++){
hpow∗=h ;
x [0 ] [0 ]+= x [ 0 ] [ i ]∗hpow ;
x [1 ] [0 ]+= x [ 1 ] [ i ]∗hpow ;
y [0 ] [0 ]+= y [ 0 ] [ i ]∗hpow ;
y [1 ] [0 ]+= y [ 1 ] [ i ]∗hpow ;
xd [0 ] [0 ]+= xd [ 0 ] [ i ]∗hpow ;
xd [1 ] [0 ]+= xd [ 1 ] [ i ]∗hpow ;
yd [0 ] [0 ]+= yd [ 0 ] [ i ]∗hpow ;
yd [1 ] [0 ]+= yd [ 1 ] [ i ]∗hpow ;

} ;
//update p o s i t i o n & v e l o c i t y o f the th i r d body
x [ 2 ] [ 0 ]= −(m1∗ x [ 0 ] [ 0 ]+m2∗ x [ 1 ] [ 0 ] ) /m3;
y [ 2 ] [ 0 ]= −(m1∗ y [ 0 ] [ 0 ]+m2∗ y [ 1 ] [ 0 ] ) /m3;
xd [ 2 ] [ 0 ]= −(m1∗xd [ 0 ] [ 0 ]+m2∗xd [ 1 ] [ 0 ] ) /m3;
yd [ 2 ] [ 0 ]= −(m1∗yd [ 0 ] [ 0 ]+m2∗yd [ 1 ] [ 0 ] ) /m3;

#i f n d e f p gp l o t g r aph i c s
p r i n t f (” E 0= %3.15 l f \tE ( t)= %15.14 l f \ t %15.14 l f \n” ,\

E 0 , Energy ( ) , f ab s ( Energy ()−E 0 ) ) ;
p r i n t f (” time : %5.20 l f \ t order %d . s tep : %5.20 l f \n” ,\

t , loopsdone , h ) ;
#end i f

r eturn new h ;
} ; // end o f do a s tep ( )

i n t main ( ){
double time , h , ah ;
// double x0 , y0 ;// f o r pgp lot pane l s

FILE ∗ f i l ;

m1=0.00078;
m2=0.00019;
m3=1.−m1−m2;

M31=m3+m1;
M32=m3+m2;
mu23=m2/m3;
mu13=m1/m3;

N13=1.+mu13 ;
N23=1.+mu23 ;

x [ 0 ] [ 0 ]= 1 .009996829 ;
y [ 0 ] [ 0 ]= 0 . 0 ;
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x [ 1 ] [ 0 ]= −2.069909714;
y [ 1 ] [ 0 ]= 0 . 0 ;

x [ 2 ] [ 0 ]= −(m1∗x [ 0 ] [ 0 ]+m2∗x [ 1 ] [ 0 ] ) /m3;
y [ 2 ] [ 0 ]= −(m1∗y [ 0 ] [ 0 ]+m2∗y [ 1 ] [ 0 ] ) /m3;

xd [ 0 ] [ 0 ]= 0 . 0 ;
yd [ 0 ] [ 0 ]= 1 .004685526 ;

xd [ 1 ] [ 0 ]= −0.651;// t h i s one goes o f f in t ˜25000
xd [ 1 ] [ 0 ]= 0 . 6 ;
yd [ 1 ] [ 0 ]= −0.707518398;

xd [ 2 ] [ 0 ]= −(m1∗xd [ 0 ] [ 0 ]+m2∗xd [ 1 ] [ 0 ] ) /m3;
yd [ 2 ] [ 0 ]= −(m1∗yd [ 0 ] [ 0 ]+m2∗yd [ 1 ] [ 0 ] ) /m3;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−
time = 100;
h=1e−2;
t =0. ;

E 0= Energy ( ) ;
p r i n t f (”E=%f \n” , E 0 ) ; getchar ( ) ;

#i f d e f p gp l o t g r aph i c s
x0 =50. ; y0 =100. ; junk=0;
srand (4105 ) ;
i f ( cpgbeg (0 , ”/xw” , 1 , 1) != 1)

e x i t (EXIT FAILURE ) ;
i n i t g r a p h i c s ( ( f l o a t ) ( x0 ) , ( f l o a t ) ( y0 ) ,

( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( x0 ) ,
( f l o a t ) ( x0 ) , ( f l o a t ) ( 4 ) ,
( f l o a t ) ( 1 0 ) , ( f l o a t ) ( 10 ) ,
( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( y0 ) ,
( f l o a t ) ( x0 ) , ( f l o a t ) ( 3 )

) ;
#e l s e

f i l=fopen (” t t t . dat ” ,”wt ” ) ;
#end i f

wh i le ( t<time ){
i f ( ( ah=do a s tep (h))>0) { t+=h ; h=ah ; }
e l s e { h=−ah ; } ;

#i f d e f p gp l o t g r aph i c s
junk=draw ( ( f l o a t ) ( x0 ) , ( f l o a t ) ( y0 ) ,

( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( x0 ) ,
( f l o a t ) ( x0 ) , ( f l o a t ) ( 4 ) ,
( f l o a t ) ( 1 0 ) , ( f l o a t ) ( 10 ) ,
( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( y0 ) ,
( f l o a t ) ( y0 ) , ( f l o a t ) ( 3 ) , h , junk ) ;
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#e l s e

f p r i n t f ( f i l ,”% f %f %f %f %f \n” , t , x [ 0 ] [ 0 ] , y [ 0 ] [ 0 ] , x [ 1 ] [ 0 ] , y [ 1 ] [ 0 ] )
#end i f
} ;

#i f d e f p gp l o t g r aph i c s
getchar ( ) ;
cpgend ( ) ;

#e l s e
f c l o s e ( f i l ) ;

#end i f
r eturn 0 ;

} ;
//============================================================
//============================================================
#i f d e f p gp l o t g r aph i c s

void i n i t g r a p h i c s ( f l o a t ulx , f l o a t uly ,
f l o a t umx, f l o a t umy,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t lmx , f l o a t lmy ,
f l o a t l rx , f l o a t l r y ){

cpg s c i ( 1 ) ;
cpgpap ( 1 2 , 0 . 8 6 1 8 ) ;
cpgsch ( 1 . 8 ) ; / / determines f o n t s i z e
cpgsubp ( 3 , 2 ) ;
cpgenv(−ulx /2 . , u lx /2. ,− uly /2 . , u ly /2 . , 0 , 1 ) ;
cpglab (”( x\\ d i \\u )” , ”( y\\ d i \\u )” ,
”3 body planar , 2D con f i gu r a t i on space ” ) ;

cpgenv (0 ,umx,−umy/2 . ,umy/2 . , 0 , 1 ) ;
cpglab (”( t )” , ”( x\\ d i \\u )” ,
”x\\ d i \\u t ime s e r i e s ” ) ;

cpgenv(−urx /2 . , urx /2. ,− ury /2 . , ury /2 . , 0 , 1 ) ;
cpglab (”( x\\ d i \\u )” , ”( x\\ d i \\ u dot )” ,
”x\\ d i \\u−x\\ d i \\ u dot phase space ” ) ;

cp g s c i ( 0 ) ;
cpgenv(− l l x /2 . , l l x /2. ,− l l y /2 . , l l y /2 . , 0 , 1 ) ;
cp g s c i ( 1 ) ;
cpglab (”” , ”” ,
” d e t a i l s panel ” ) ;

cpgenv (0 , lmx,−lmy /2 . , lmy /2 . , 0 , 1 ) ;
cpglab (”( t )” , ”( y\\ d i \\u )” ,
”y\\ d i \\u t ime s e r i e s ” ) ;

cpgenv(− l r x /2 . , l r x /2. ,− l r y /2 . , l r y /2 . , 0 , 1 ) ;
cpglab (”( y\\ d i \\u )” , ”( y\\ d i \\ u dot )” ,
”y\\ d i \\u−y\\ d i \\ u dot phase space ” ) ;
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cpg s c i ( 1 ) ; cpgask ( 0 ) ;

} ; // end o f i n i t g r a p h i c s ( . . . )

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
i n t draw( f l o a t ulx , f l o a t uly ,

f l o a t umx, f l o a t umy,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t lmx , f l o a t lmy ,
f l o a t l rx , f l o a t l ry ,
f l o a t h , i n t durat ion ){

cpgpanl ( 1 , 1 ) ;
cpgswin(−ulx /2 . , u lx /2. ,− uly /2 . , u ly / 2 . ) ;
i f ( durat ion==10000) {
durat ion=−1;
x1y1=( in t ) ( 1 0 .∗ rand ( )/RANDMAX) ; i f ( x1y1==0||x1y1==1) x1y1+=2;
x2y2=( in t ) ( 1 0 .∗ rand ( )/RANDMAX) ; i f ( x2y2==0||x2y2==1) x2y2+=2;
x3y3=( in t ) ( 1 0 .∗ rand ( )/RANDMAX) ;
// e r a s e t r a j e c t o r y
cpgpanl ( 1 , 1 ) ;
cp g s c i ( 0 ) ;
cpgr ec t (−0.99∗ ulx /2 . , 0 . 99∗ ulx /2. ,−0.99∗ uly /2 . , 0 . 99∗ uly / 2 . ) ;
cp g s c i ( 1 ) ;
cpgbox (”ABCNST” ,0 ,0 ,”ABCNST” , 0 , 0 ) ;

} ;
c p g s c i ( x1y1 ) ; cpgpt1 ( ( f l o a t )x [ 0 ] [ 0 ] , ( f l o a t )y [ 0 ] [ 0 ] , 1 ) ; / / x1 − y1
cpg s c i ( x2y2 ) ; cpgpt1 ( ( f l o a t )x [ 1 ] [ 0 ] , ( f l o a t )y [ 1 ] [ 0 ] , 1 ) ; / / x2 − y2
cpg s c i ( x3y3 ) ; cpgpt1 ( ( f l o a t )x [ 2 ] [ 0 ] , ( f l o a t )y [ 2 ] [ 0 ] , 9 ) ; / / x3 − y3

cpgpanl ( 2 , 1 ) ;
cpgswin (0 ,umx,−umy/2 . ,umy/ 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )x [ 0 ] [ 0 ] , 1 ) ; // t − x1
cpg s c i ( 3 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )x [ 1 ] [ 0 ] , 1 ) ; // t − x2
cpg s c i ( 7 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )x [ 2 ] [ 0 ] , 1 ) ; // t − x3

cpgpanl ( 3 , 1 ) ;
cpgswin(−urx /2 . , urx /2. ,− ury /2 . , ury / 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t )x [ 0 ] [ 0 ] , ( f l o a t ) xd [ 0 ] [ 0 ] , 1 ) ; // x1 − x1 dot
cpg s c i ( 3 ) ; cpgpt1 ( ( f l o a t )x [ 1 ] [ 0 ] , ( f l o a t ) xd [ 1 ] [ 0 ] , 1 ) ; // x2 − x2 dot
cpg s c i ( 7 ) ; cpgpt1 ( ( f l o a t )x [ 2 ] [ 0 ] , ( f l o a t ) xd [ 2 ] [ 0 ] , 9 ) ; // x3 − x3 dot

cpgpanl ( 1 , 2 ) ;
cpgswin(− l l x /2 . , l l x /2. ,− l l y /2 . , l l y / 2 . ) ;
cp g s c i ( 0 ) ;
// cpgr ec t (−0.9∗ l l x /2 . , 0 . 9∗ l l x /2. , −0.9∗ l l y /2 . , 0 . 9∗ l l y / 2 . ) ;
cpgr ec t (−0.99∗ l l x /2 . , 0 . 99∗ l l x /2. , −0.99∗ l l y /2 . , 0 . 99∗ l l y / 2 . ) ;
cp g s c i ( 1 ) ;
s p r i n t f ( s , ” Time : %3.7 l f ” , t ) ;
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cpgmtxt (”RV” , −18 .0 ,0 . 9 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ” Step : %3.7 l f ” ,h ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 8 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ”E(0) :%3.20 l f ” , E 0 ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 7 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ”E( t ) : %3.20 l f ” , Energy ( ) ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 6 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ” |E( t)−E 0 | : ” ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 5 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s ,”%3.20 l f ” , f ab s ( Energy ()−E 0 ) ) ;
cpgmtxt (”RV” , −14 .0 ,0 . 4 , 0 . 0 , s ) ; nc=20;

cpgpanl ( 2 , 2 ) ;
cpgswin (0 ,umx,−lmy /2 . , lmy / 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )y [ 0 ] [ 0 ] , 1 ) ; // t − y1
cpg s c i ( 3 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )y [ 1 ] [ 0 ] , 1 ) ; // t − y2
cpg s c i ( 7 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )y [ 2 ] [ 0 ] , 1 ) ; // t − y3

cpgpanl ( 3 , 2 ) ;
cpgswin(− l r x /2 . , l r x /2. ,− l r y /2 . , l r y / 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t )y [ 0 ] [ 0 ] , ( f l o a t ) yd [ 0 ] [ 0 ] , 1 ) ; // y1 − y1 dot
cpg s c i ( 3 ) ; cpgpt1 ( ( f l o a t )y [ 1 ] [ 0 ] , ( f l o a t ) yd [ 1 ] [ 0 ] , 1 ) ; // y2 − y2 dot
cpg s c i ( 7 ) ; cpgpt1 ( ( f l o a t )y [ 2 ] [ 0 ] , ( f l o a t ) yd [ 2 ] [ 0 ] , 9 ) ; // y3 − y3 dot

return ++durat ion ;
} ; // end o f draw ( . . . )

#end i f
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// Taylor S e r i e s s o l u t i o n o f the ∗ f u l l ∗ 3 body problem
// them − [ ekots@uom . gr ]
//
//
// uncomment t h i s to compile with pgp lot support
//
//
// bu i ld as :
// gcc −c < t h i s f i l e >. c
// f77 < t h i s f i l e >.o l i b c p gp l o t . a l i b p gp l o t . a −o <e x e c f i l e >
// −I / usr /X11R6/ inc lude −L /usr /X11R6/ l i b −lX11 −lm
//
//#de f i n e pgp l o t g r aph i c s

#i f d e f p gp l o t g r aph i c s
#inc lude ” cpgp lot . h”

#end i f

#inc lude <s td i o . h>
#inc lude <s t d l i b . h>
#inc lude <math . h>

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
// g l ob a l s & #de f i n e s
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
//
// to l e r an c e in x
#undef t o l
#de f i n e t o l 1e−25

#de f i n e max(a , b) ( ( ( a ) > (b ) ) ? ( a ) : (b ) )
#de f i n e min (a , b) ( ( ( a ) < (b ) ) ? ( a ) : (b ) )

#undef max n
#de f i n e max n ( ( i n t ) ( 6 0 ) )

#undef max h
#de f i n e max h 0 .2

#undef min h
#de f i n e min h 1e−26

double u [ 1 0 0 ] [ max n ] , x [ 3 ] [ max n ] , y [ 3 ] [ max n ] , z [ 3 ] [ max n ] , \
xd [ 3 ] [ max n ] , yd [ 3 ] [ max n ] , zd [ 3 ] [ max n ] ;

double t ;
double m1,m2,m3;
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double M13, M23 , mu23 , mu13 , N13 , N23 ;
#de f i n e M31 (M13)
#de f i n e M32 (M23)
//
// notat ion & s c a l i n g :
// −−−−−−−−−−−−−−−−−−−−
//
// m1 + m2 + m3 = 1 .
//
// M ij = m i + m+j
// mu ij = m i/m j ∗NEQ∗ mu ji = m j/m i
// N i j = 1 . + mu ij ∗NEQ∗ N j i = 1 . + mu j i
//
//

double E 0 ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
#i f d e f p gp l o t g r aph i c s

// f o r number to tex t conver s i on by pgp lot
i n t nc=10;
char s [ 1 0 0 ] ;

f l o a t XX, YY;
char ch=100; // !
i n t junk ;
i n t x1y1=2, x2y2=3, x3y3=7;

void i n i t g r a p h i c s ( f l o a t ulx , f l o a t uly ,
f l o a t umx, f l o a t umy,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t lmx , f l o a t lmy ,
f l o a t l rx , f l o a t l r y ) ;

i n t draw( f l o a t ulx , f l o a t uly ,
f l o a t umx, f l o a t umy,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t lmx , f l o a t lmy ,
f l o a t l rx , f l o a t l ry ,
f l o a t h , i n t durat ion ) ;

#end i f
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double Energy ( )
{

return
0 .5∗ (\

m1∗( xd [ 0 ] [ 0 ] ∗ xd [ 0 ] [ 0 ] + yd [ 0 ] [ 0 ] ∗ yd [ 0 ] [ 0 ] + zd [ 0 ] [ 0 ] ∗ zd [ 0 ] [ 0 ] )+ \
m2∗( xd [ 1 ] [ 0 ] ∗ xd [ 1 ] [ 0 ] + yd [ 1 ] [ 0 ] ∗ yd [ 1 ] [ 0 ] + zd [ 1 ] [ 0 ] ∗ zd [ 1 ] [ 0 ] )+ \
m3∗( xd [ 2 ] [ 0 ] ∗ xd [ 2 ] [ 0 ] + yd [ 2 ] [ 0 ] ∗ yd [ 2 ] [ 0 ] + zd [ 2 ] [ 0 ] ∗ zd [ 2 ] [ 0 ] ) \
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) \

−m1∗m2∗ ( 1 . / ( s q r t (\
( x [ 0 ] [ 0 ] − x [ 1 ] [ 0 ] ) ∗ ( x [ 0 ] [ 0 ] − x [ 1 ] [ 0 ] )+ \
( y [ 0 ] [ 0 ] − y [ 1 ] [ 0 ] ) ∗ ( y [ 0 ] [ 0 ] − y [ 1 ] [ 0 ] )+ \
( z [ 0 ] [ 0 ] − z [ 1 ] [ 0 ] ) ∗ ( z [ 0 ] [ 0 ] − z [ 1 ] [ 0 ] ) \

) ) )\
−m1∗m3∗ ( 1 . / ( s q r t (\

( x [ 0 ] [ 0 ] − x [ 2 ] [ 0 ] ) ∗ ( x [ 0 ] [ 0 ] − x [ 2 ] [ 0 ] )+ \
( y [ 0 ] [ 0 ] − y [ 2 ] [ 0 ] ) ∗ ( y [ 0 ] [ 0 ] − y [ 2 ] [ 0 ] )+ \
( z [ 0 ] [ 0 ] − z [ 2 ] [ 0 ] ) ∗ ( z [ 0 ] [ 0 ] − z [ 2 ] [ 0 ] ) \

) ) )\
−m2∗m3∗ ( 1 . / ( s q r t (\

( x [ 1 ] [ 0 ] − x [ 2 ] [ 0 ] ) ∗ ( x [ 1 ] [ 0 ] − x [ 2 ] [ 0 ] )+ \
( y [ 1 ] [ 0 ] − y [ 2 ] [ 0 ] ) ∗ ( y [ 1 ] [ 0 ] − y [ 2 ] [ 0 ] )+ \
( z [ 1 ] [ 0 ] − z [ 2 ] [ 0 ] ) ∗ ( z [ 1 ] [ 0 ] − z [ 2 ] [ 0 ] ) \

) ) ) ;
}
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
double do a s tep ( double hstep ){
double h=hstep ;
double new h ; // new t imestep
in t i , j , loopsdone=max n ;
double sum=0.;
double hpow=1.;

i f (h<min h ) {
p r i n t f (” Step e r r o r at time %l f . Ex i t ing . . . \ n” , t ) ;
e x i t ( 1 ) ;

} ;

// f i l l up u [ ] [ i ] , x [ 1 , 2 , 3 ] [ i +1] , y [ 1 , 2 , 3 ] [ i +1] , z [ 1 , 2 , 3 ] [ i +1] ,
// xd [ 1 , 2 , 3 ] [ i +1] , yd [ 1 , 2 , 3 ] [ i +1] , zd [ 1 , 2 , 3 ] [ i +1]
// matr ices up to order max n

f o r ( i =0; i<max n−1; i++){
hpow∗=h ;

u [ 0 ] [ i ]=xd [ 0 ] [ i ] ; //xd1
u [ 1 ] [ i ]=xd [ 1 ] [ i ] ; //xd2
u [ 2 ] [ i ]=yd [ 0 ] [ i ] ; //yd1
u [ 3 ] [ i ]=yd [ 1 ] [ i ] ; //yd2
u [ 4 ] [ i ]=zd [ 0 ] [ i ] ; // zd1
u [ 5 ] [ i ]=zd [ 1 ] [ i ] ; // zd2

u [ 6 ] [ i ]= x [ 0 ] [ i ] ; //x1
u [ 7 ] [ i ]= x [ 1 ] [ i ] ; //x2
u [ 8 ] [ i ]= y [ 0 ] [ i ] ; //y1
u [ 9 ] [ i ]= y [ 1 ] [ i ] ; //y2
u [ 1 0 ] [ i ]= z [ 0 ] [ i ] ; // z1
u [ 1 1 ] [ i ]= z [ 1 ] [ i ] ; // z2

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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// con s t ruct R 12 ˆ(3/2) , R 13 ˆ (3/2 ) . R 23 ˆ(3/2)
// form 1a , 2a , 1b , 2b , e t c .

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =0; j<=i ; j++)

sum+=(u [ 7 ] [ i−j ]−u [ 6 ] [ i−j ] ) ∗ ( u [ 7 ] [ j ]−u [ 6 ] [ j ] ) ; / / ( x2−x1 )ˆ2
u [ 1 2 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(u [ 9 ] [ i−j ]−u [ 8 ] [ i−j ] ) ∗ ( u [ 9 ] [ j ]−u [ 8 ] [ j ] ) ; / / ( y2−y1 )ˆ2

u [ 1 3 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(u [ 1 1 ] [ i−j ]−u [ 1 0 ] [ i−j ] ) ∗ ( u [ 1 1 ] [ j ]−u [ 1 0 ] [ j ] ) ; / / ( z2−z1 )ˆ2

u [ 1 4 ] [ i ]= sum ;
//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

i f ( i ==0){
u [ 1 5 ] [ 0 ]= pow(u [ 1 2 ] [ 0 ] + u [ 1 3 ] [ 0 ] + u [ 1 4 ] [ 0 ] , 1 . 5 ) ; //R 12 ˆ(3/2)

} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 1 2 ] [ i−j ] + u [ 1 3 ] [ i−j ] + u [ 1 4 ] [ i−j ] )∗ u [ 1 5 ] [ j

sum/=( i ∗(u [ 1 2 ] [ 0 ] + u [ 1 3 ] [ 0 ] + u [ 1 4 ] [ 0 ] ) ) ;
u [ 1 5 ] [ i ]=sum ;
} ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 6 ] [ i−j ]+mu23∗u [ 7 ] [ i−j ] ) ∗ ( N13∗u [ 6 ] [ j ]+mu23∗u [ 7 ] [ j ] ) ;

//(N13∗x1+mu23∗x2 )ˆ2
u [ 1 6 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 8 ] [ i−j ]+mu23∗u [ 9 ] [ i−j ] ) ∗ ( N13∗u [ 8 ] [ j ]+mu23∗u [ 9 ] [ j ] ) ;

//(N13∗y1+mu23∗y2 )ˆ2
u [ 1 7 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(N13∗u [ 1 0 ] [ i−j ]+mu23∗u [ 1 1 ] [ i−j ] ) ∗ ( N13∗u [ 1 0 ] [ j ]+mu23∗u [ 1 1 ] [ j ] ) ;

//(N13∗ z1+mu23∗ z2 )ˆ2
u [ 1 8 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
i f ( i ==0){

u [ 1 9 ] [ 0 ]= pow(u [ 1 6 ] [ 0 ] + u [ 1 7 ] [ 0 ] + u [ 1 8 ] [ 0 ] , 1 . 5 ) ; //R 13 ˆ(3/2)
} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 1 6 ] [ i−j ] + u [ 1 7 ] [ i−j ] + u [ 1 8 ] [ i−j ] )∗ u [ 1 9 ] [ j

sum/=( i ∗(u [ 1 6 ] [ 0 ] + u [ 1 7 ] [ 0 ] + u [ 1 8 ] [ 0 ] ) ) ;
u [ 1 9 ] [ i ]=sum ;
} ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(mu13∗u [ 6 ] [ i−j ]+N23∗u [ 7 ] [ i−j ] ) ∗ ( mu13∗u [ 6 ] [ j ]+N23∗u [ 7 ] [ j ] ) ;

//(mu13∗x1+N23∗x2 )ˆ2
u [ 2 0 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(mu13∗u [ 8 ] [ i−j ]+N23∗u [ 9 ] [ i−j ] ) ∗ ( mu13∗u [ 8 ] [ j ]+N23∗u [ 9 ] [ j ] ) ;

//(mu13∗y1+N23∗y2 )ˆ2
u [ 2 1 ] [ i ]= sum ;

sum=0.; f o r ( j =0; j<=i ; j++)
sum+=(mu13∗u [ 1 0 ] [ i−j ]+N23∗u [ 1 1 ] [ i−j ] ) ∗ ( mu13∗u [ 1 0 ] [ j ]+N23∗u [ 1 1 ] [ j ] ) ;

//(mu13∗z1+N23∗ z2 )ˆ2
u [ 2 2 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
i f ( i ==0){

u [ 2 3 ] [ 0 ]= pow(u [ 2 0 ] [ 0 ] + u [ 2 1 ] [ 0 ] + u [ 2 2 ] [ 0 ] , 1 . 5 ) ; //R 23 ˆ(3/2)
} e l s e {
sum=0.;
f o r ( j =0; j<=i −1; j++)
sum+= ( ( 1 . 5 )∗ i−j ∗ ( 2 . 5 ) )∗ ( u [ 2 0 ] [ i−j ] + u [ 2 1 ] [ i−j ] + u [ 2 2 ] [ i−j ] )∗ u [ 2 3 ] [ j

sum/=( i ∗(u [ 2 0 ] [ 0 ] + u [ 2 1 ] [ 0 ] + u [ 2 2 ] [ 0 ] ) ) ;
u [ 2 3 ] [ i ]=sum ;
} ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 4 ] [ i−j ] ; / / quot i en t
sum+=u [ 7 ] [ i ]−u [ 6 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 1a
u [ 2 4 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 5 ] [ i−j ] ; / / quot i en t
sum+=u [ 9 ] [ i ]−u [ 8 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 2a
u [ 2 5 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 6 ] [ i−j ] ; / / quot i en t
sum+=u [ 1 1 ] [ i ]−u [ 1 0 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 3a
u [ 2 6 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 7 ] [ i−j ] ; / / quot i en t
sum+=u [ 6 ] [ i ]−u [ 7 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 4a
u [ 2 7 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 8 ] [ i−j ] ; / / quot i en t
sum+=u [ 8 ] [ i ]−u [ 9 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 5a
u [ 2 8 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 5 ] [ j ]∗u [ 2 9 ] [ i−j ] ; / / quot i en t
sum+=u [ 1 0 ] [ i ]−u [ 1 1 ] [ i ] ; sum/=u [ 1 5 ] [ 0 ] ; // 6a
u [ 2 9 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 9 ] [ j ]∗u [ 3 0 ] [ i−j ] ; / / quot i en t
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sum+=M13∗u [ 6 ] [ i ]+m2∗u [ 7 ] [ i ] ; sum/=u [ 1 9 ] [ 0 ] ; // 1b
u [ 3 0 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 9 ] [ j ]∗u [ 3 1 ] [ i−j ] ; / / quot i en t
sum+=M13∗u [ 8 ] [ i ]+m2∗u [ 9 ] [ i ] ; sum/=u [ 1 9 ] [ 0 ] ; // 2b
u [ 3 1 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 1 9 ] [ j ]∗u [ 3 2 ] [ i−j ] ; / / quot i en t
sum+=M13∗u [ 1 0 ] [ i ]+m2∗u [ 1 1 ] [ i ] ; sum/=u [ 1 9 ] [ 0 ] ; // 3b
u [ 3 2 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 3 ] [ j ]∗u [ 3 3 ] [ i−j ] ; / / quot i en t
sum+=m1∗u [ 6 ] [ i ]+M23∗u [ 7 ] [ i ] ; sum/=u [ 2 3 ] [ 0 ] ; // 4b
u [ 3 3 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 3 ] [ j ]∗u [ 3 4 ] [ i−j ] ; / / quot i en t
sum+=m1∗u [ 8 ] [ i ]+M23∗u [ 9 ] [ i ] ; sum/=u [ 2 3 ] [ 0 ] ; // 5b
u [ 3 4 ] [ i ]= sum ;

sum=0.; f o r ( j =1; j<=i ; j++) sum−=u [ 2 3 ] [ j ]∗u [ 3 5 ] [ i−j ] ; / / quot i en t
sum+=m1∗u [ 1 0 ] [ i ]+M23∗u [ 1 1 ] [ i ] ; sum/=u [ 2 3 ] [ 0 ] ; // 6b
u [ 3 5 ] [ i ]= sum ;

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
x [ 0 ] [ i +1]=u [ 0 ] [ i ] / ( i +1 . ) ;
x [ 1 ] [ i +1]=u [ 1 ] [ i ] / ( i +1 . ) ;
y [ 0 ] [ i +1]=u [ 2 ] [ i ] / ( i +1 . ) ;
y [ 1 ] [ i +1]=u [ 3 ] [ i ] / ( i +1 . ) ;
z [ 0 ] [ i +1]=u [ 4 ] [ i ] / ( i +1 . ) ;
z [ 1 ] [ i +1]=u [ 5 ] [ i ] / ( i +1 . ) ;

xd [ 0 ] [ i +1]=(m2∗u [ 2 4 ] [ i ]−u [ 3 0 ] [ i ] ) / ( i +1 . ) ;
yd [ 0 ] [ i +1]=(m2∗u [ 2 5 ] [ i ]−u [ 3 1 ] [ i ] ) / ( i +1 . ) ;
zd [ 0 ] [ i +1]=(m2∗u [ 2 6 ] [ i ]−u [ 3 2 ] [ i ] ) / ( i +1 . ) ;

xd [ 1 ] [ i +1]=(m1∗u [ 2 7 ] [ i ]−u [ 3 3 ] [ i ] ) / ( i +1 . ) ;
yd [ 1 ] [ i +1]=(m1∗u [ 2 8 ] [ i ]−u [ 3 4 ] [ i ] ) / ( i +1 . ) ;
zd [ 1 ] [ i +1]=(m1∗u [ 2 9 ] [ i ]−u [ 3 5 ] [ i ] ) / ( i +1 . ) ;

// ! con s id e r the th i r d body a l s o
i f (hpow∗( f ab s ( x [ 0 ] [ i +1])+ fab s ( x [ 1 ] [ i +1])+\

f ab s ( y [ 0 ] [ i +1])+ fab s ( y [ 1 ] [ i +1])+\
f ab s ( z [ 0 ] [ i +1])+ fab s ( z [ 1 ] [ i +1])+\
f ab s (xd [ 0 ] [ i +1])+ fab s (xd [ 1 ] [ i +1])+\
f ab s (yd [ 0 ] [ i +1])+ fab s (yd [ 1 ] [ i +1])+\
f ab s ( zd [ 0 ] [ i +1])+ fab s ( zd [ 1 ] [ i +1])+\
f ab s ( (m1∗x [ 0 ] [ i +1]+m2∗x [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗y [ 0 ] [ i +1]+m2∗y [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗z [ 0 ] [ i +1]+m2∗z [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗xd [ 0 ] [ i +1]+m2∗xd [ 1 ] [ i +1])/m3)+\
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f ab s ( (m1∗yd [ 0 ] [ i +1]+m2∗yd [ 1 ] [ i +1])/m3)+\
f ab s ( (m1∗zd [ 0 ] [ i +1]+m2∗zd [ 1 ] [ i +1])/m3))\

<t o l ) { loopsdone=i +1; break ;}
loopsdone=i +1;

}

new h=h ;
i f ( loopsdone <10) new h=min (1 . 5∗h , max h ) ;
i f ( loopsdone >20) new h=0.5∗h ;
i f ( loopsdone==max n) return −h ;

// update p o s i t i o n s & v e l o c i t i e s o f m1, m2
hpow=1.;
f o r ( i =1; i<loopsdone ; i++){
hpow∗=h ;
x [0 ] [0 ]+= x [ 0 ] [ i ]∗hpow ;
x [1 ] [0 ]+= x [ 1 ] [ i ]∗hpow ;
y [0 ] [0 ]+= y [ 0 ] [ i ]∗hpow ;
y [1 ] [0 ]+= y [ 1 ] [ i ]∗hpow ;
z [0 ] [0 ]+= z [ 0 ] [ i ]∗hpow ;
z [1 ] [0 ]+= z [ 1 ] [ i ]∗hpow ;

xd [0 ] [0 ]+= xd [ 0 ] [ i ]∗hpow ;
xd [1 ] [0 ]+= xd [ 1 ] [ i ]∗hpow ;
yd [0 ] [0 ]+= yd [ 0 ] [ i ]∗hpow ;
yd [1 ] [0 ]+= yd [ 1 ] [ i ]∗hpow ;
zd [0 ] [0 ]+= zd [ 0 ] [ i ]∗hpow ;
zd [1 ] [0 ]+= zd [ 1 ] [ i ]∗hpow ;

} ;
//update p o s i t i o n & v e l o c i t y o f the th i r d body
x [ 2 ] [ 0 ]= −(m1∗ x [ 0 ] [ 0 ]+m2∗ x [ 1 ] [ 0 ] ) /m3;
y [ 2 ] [ 0 ]= −(m1∗ y [ 0 ] [ 0 ]+m2∗ y [ 1 ] [ 0 ] ) /m3;
z [ 2 ] [ 0 ]= −(m1∗ z [ 0 ] [ 0 ]+m2∗ z [ 1 ] [ 0 ] ) /m3;
xd [ 2 ] [ 0 ]= −(m1∗xd [ 0 ] [ 0 ]+m2∗xd [ 1 ] [ 0 ] ) /m3;
yd [ 2 ] [ 0 ]= −(m1∗yd [ 0 ] [ 0 ]+m2∗yd [ 1 ] [ 0 ] ) /m3;
zd [ 2 ] [ 0 ]= −(m1∗zd [ 0 ] [ 0 ]+m2∗zd [ 1 ] [ 0 ] ) /m3;

#i f n d e f p gp l o t g r aph i c s
p r i n t f (” E 0= %3.15 l f \tE ( t)= %15.14 l f \ t %15.14 l f \n” ,\

E 0 , Energy ( ) , f ab s ( Energy ()−E 0 ) ) ;
p r i n t f (” time : %5.20 l f \ t order %d . s tep : %5.20 l f \n” ,\

t , loopsdone , h ) ;
#end i f

r eturn new h ;
} ; // end o f do a s tep ( )

i n t main ( ){
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double time , h , ah ;
double x0 , y0 ;// f o r pgp lot pane l s

FILE ∗ f i l ;

m1=0.00078;
m2=0.00019;

// t h i s f o r fancy p l o t s . . .
m1=1./3 . ;
m2=1./3 . ;
//m1=1e−1;
//m2=3e−1;
m3=1.−m1−m2;

M13=m1+m3;
M23=m2+m3;
mu23=m2/m3;
mu13=m1/m3;

N13=1.+mu13 ;
N23=1.+mu23 ;

x [ 0 ] [ 0 ]= 1 . 0 ;
y [ 0 ] [ 0 ]= 1 . 0 ;
z [ 0 ] [ 0 ]= 1 . 0 ;

x [ 1 ] [ 0 ]= −2.;
y [ 1 ] [ 0 ]= 0 . ;
z [ 1 ] [ 0 ]= −1.;

x [ 2 ] [ 0 ]= −(m1∗x [ 0 ] [ 0 ]+m2∗x [ 1 ] [ 0 ] ) /m3;
y [ 2 ] [ 0 ]= −(m1∗y [ 0 ] [ 0 ]+m2∗y [ 1 ] [ 0 ] ) /m3;
z [ 2 ] [ 0 ]= −(m1∗z [ 0 ] [ 0 ]+m2∗z [ 1 ] [ 0 ] ) /m3;

xd [ 0 ] [ 0 ]= 0 . 2 ;
yd [ 0 ] [ 0 ]= −0.1;
zd [ 0 ] [ 0 ]= 0 . 0 ;

xd [ 1 ] [ 0 ]= 0 . 0 1 ;
yd [ 1 ] [ 0 ]= 0 . 0 ;
zd [ 1 ] [ 0 ]= −0.01;

xd [ 2 ] [ 0 ]= −(m1∗xd [ 0 ] [ 0 ]+m2∗xd [ 1 ] [ 0 ] ) /m3;
yd [ 2 ] [ 0 ]= −(m1∗yd [ 0 ] [ 0 ]+m2∗yd [ 1 ] [ 0 ] ) /m3;
zd [ 2 ] [ 0 ]= −(m1∗zd [ 0 ] [ 0 ]+m2∗zd [ 1 ] [ 0 ] ) /m3;
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//−−−−−−−−−−−−−−−−−−−−−−−−−−−−

time = 200;
h=1e−2;
t =0. ;

E 0= Energy ( ) ;
p r i n t f (”E=%f \n” , E 0 ) ; getchar ( ) ;

#i f d e f p gp l o t g r aph i c s
x0 =50. ; y0 =100. ; junk=0;
srand (4105 ) ;
i f ( cpgbeg (0 , ”/xw” , 1 , 1) != 1)

e x i t (EXIT FAILURE ) ;
i n i t g r a p h i c s ( ( f l o a t ) ( x0 ) , ( f l o a t ) ( y0 ) ,

( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( x0 ) ,
( f l o a t ) ( x0 ) , ( f l o a t ) ( 4 ) ,
( f l o a t ) ( 1 0 ) , ( f l o a t ) ( 10 ) ,
( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( y0 ) ,
( f l o a t ) ( x0 ) , ( f l o a t ) ( 3 )

) ;
#e l s e

f i l=fopen (” t t t . dat ” ,”wt ” ) ;
#end i f

wh i le ( t<time ){
i f ( ( ah=do a s tep (h))>0) { t+=h ; h=ah ; }
e l s e { h=−ah ; } ;

#i f d e f p gp l o t g r aph i c s
junk=draw ( ( f l o a t ) ( x0 ) , ( f l o a t ) ( y0 ) ,

( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( x0 ) ,
( f l o a t ) ( x0 ) , ( f l o a t ) ( 4 ) ,
( f l o a t ) ( 1 0 ) , ( f l o a t ) ( 10 ) ,
( f l o a t ) ( 1 . 1∗ time ) , ( f l o a t ) ( y0 ) ,
( f l o a t ) ( y0 ) , ( f l o a t ) ( 3 ) , h , junk ) ;

#e l s e
f p r i n t f ( f i l ,”% f %f %f %f %f %f %f %f %f %f %f %f \n” ,\

t , x [ 0 ] [ 0 ] , y [ 0 ] [ 0 ] , z [ 0 ] [ 0 ] , \
x [ 1 ] [ 0 ] , y [ 1 ] [ 0 ] , z [ 1 ] [ 0 ] , \
x [ 2 ] [ 0 ] , y [ 2 ] [ 0 ] , z [ 2 ] [ 0 ] , \

xd [ 0 ] [ 0 ] , yd [ 0 ] [ 0 ] , zd [ 0 ] [ 0 ] , \
xd [ 1 ] [ 0 ] , yd [ 1 ] [ 0 ] , zd [ 1 ] [ 0 ] , \
xd [ 2 ] [ 0 ] , yd [ 2 ] [ 0 ] , zd [ 2 ] [ 0 ] ) ;

#end i f
} ;

#i f d e f p gp l o t g r aph i c s
getchar ( ) ;
cpgend ( ) ;

#e l s e
f c l o s e ( f i l ) ;

#end i f
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return 0 ;

} ;
//============================================================
//============================================================
#i f d e f p gp l o t g r aph i c s

void i n i t g r a p h i c s ( f l o a t ulx , f l o a t uly ,
f l o a t umx, f l o a t umy,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t lmx , f l o a t lmy ,
f l o a t l rx , f l o a t l r y ){

cpg s c i ( 1 ) ;
cpgpap ( 1 2 , 0 . 8 6 1 8 ) ;
cpgsch ( 1 . 8 ) ; / / determines f o n t s i z e
cpgsubp ( 3 , 2 ) ;
cpgenv(−ulx /2 . , u lx /2. ,− uly /2 . , u ly /2 . , 0 , 1 ) ;
cpglab (”( x\\ d i \\u )” , ”( y\\ d i \\u )” ,
”3 body con f i gu r a t i on space ” ) ;

cpgenv (0 ,umx,−umy/2 . ,umy/2 . , 0 , 1 ) ;
cpglab (”( t )” , ”( x\\ d i \\u )” ,
”x\\ d i \\u t ime s e r i e s ” ) ;

cpgenv(−urx /2 . , urx /2. ,− ury /2 . , ury /2 . , 0 , 1 ) ;
cpglab (”( x\\ d i \\u )” , ”( x\\ d i \\ u dot )” ,
”x\\ d i \\u−x\\ d i \\ u dot phase space ” ) ;

cp g s c i ( 0 ) ;
cpgenv(− l l x /2 . , l l x /2. ,− l l y /2 . , l l y /2 . , 0 , 1 ) ;
cp g s c i ( 1 ) ;
cpglab (”” , ”” ,
” d e t a i l s panel ” ) ;

cpgenv (0 , lmx,−lmy /2 . , lmy /2 . , 0 , 1 ) ;
cpglab (”( t )” , ”( y\\ d i \\u )” ,
”y\\ d i \\u t ime s e r i e s ” ) ;

cpgenv(− l r x /2 . , l r x /2. ,− l r y /2 . , l r y /2 . , 0 , 1 ) ;
cpglab (”( y\\ d i \\u )” , ”( y\\ d i \\ u dot )” ,
”y\\ d i \\u−y\\ d i \\ u dot phase space ” ) ;

cp g s c i ( 1 ) ; cpgask ( 0 ) ;
} ; // end o f i n i t g r a p h i c s ( . . . )

//−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
i n t draw( f l o a t ulx , f l o a t uly ,

f l o a t umx, f l o a t umy,
f l o a t urx , f l o a t ury ,
f l o a t l l x , f l o a t l l y ,
f l o a t lmx , f l o a t lmy ,
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f l o a t l rx , f l o a t l ry ,
f l o a t h , i n t durat ion ){

cpgpanl ( 1 , 1 ) ;
cpgswin(−ulx /2 . , u lx /2. ,− uly /2 . , u ly / 2 . ) ;
i f ( durat ion==10000) {
durat ion=−1;
x1y1=( in t ) ( 1 0 .∗ rand ( )/RANDMAX) ; i f ( x1y1==0||x1y1==1) x1y1+=2;
x2y2=( in t ) ( 1 0 .∗ rand ( )/RANDMAX) ; i f ( x2y2==0||x2y2==1) x2y2+=2;
x3y3=( in t ) ( 1 0 .∗ rand ( )/RANDMAX) ;
// e r a s e t r a j e c t o r y
cpgpanl ( 1 , 1 ) ;
cp g s c i ( 0 ) ;
cpgr ec t (−0.99∗ ulx /2 . , 0 . 99∗ ulx /2. ,−0.99∗ uly /2 . , 0 . 99∗ uly / 2 . ) ;
cp g s c i ( 1 ) ;
cpgbox (”ABCNST” ,0 ,0 ,”ABCNST” , 0 , 0 ) ;

} ;
c p g s c i ( x1y1 ) ; cpgpt1 ( ( f l o a t )x [ 0 ] [ 0 ] , ( f l o a t )y [ 0 ] [ 0 ] , 1 ) ; / / x1 − y1
cpg s c i ( x2y2 ) ; cpgpt1 ( ( f l o a t )x [ 1 ] [ 0 ] , ( f l o a t )y [ 1 ] [ 0 ] , 1 ) ; / / x2 − y2
cpg s c i ( x3y3 ) ; cpgpt1 ( ( f l o a t )x [ 2 ] [ 0 ] , ( f l o a t )y [ 2 ] [ 0 ] , 9 ) ; / / x3 − y3

cpgpanl ( 2 , 1 ) ;
cpgswin (0 ,umx,−umy/2 . ,umy/ 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )x [ 0 ] [ 0 ] , 1 ) ; // t − x1
cpg s c i ( 3 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )x [ 1 ] [ 0 ] , 1 ) ; // t − x2
cpg s c i ( 7 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )x [ 2 ] [ 0 ] , 1 ) ; // t − x3

cpgpanl ( 3 , 1 ) ;
cpgswin(−urx /2 . , urx /2. ,− ury /2 . , ury / 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t )x [ 0 ] [ 0 ] , ( f l o a t ) xd [ 0 ] [ 0 ] , 1 ) ; // x1 − x1 dot
cpg s c i ( 3 ) ; cpgpt1 ( ( f l o a t )x [ 1 ] [ 0 ] , ( f l o a t ) xd [ 1 ] [ 0 ] , 1 ) ; // x2 − x2 dot
cpg s c i ( 7 ) ; cpgpt1 ( ( f l o a t )x [ 2 ] [ 0 ] , ( f l o a t ) xd [ 2 ] [ 0 ] , 9 ) ; // x3 − x3 dot

cpgpanl ( 1 , 2 ) ;
cpgswin(− l l x /2 . , l l x /2. ,− l l y /2 . , l l y / 2 . ) ;
cp g s c i ( 0 ) ;
// cpgr ec t (−0.9∗ l l x /2 . , 0 . 9∗ l l x /2. , −0.9∗ l l y /2 . , 0 . 9∗ l l y / 2 . ) ;
cpgr ec t (−0.99∗ l l x /2 . , 0 . 99∗ l l x /2. , −0.99∗ l l y /2 . , 0 . 99∗ l l y / 2 . ) ;
cp g s c i ( 1 ) ;
s p r i n t f ( s , ” Time : %3.7 l f ” , t ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 9 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ” Step : %3.7 l f ” ,h ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 8 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ”E(0) :%3.20 l f ” , E 0 ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 7 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ”E( t ) : %3.20 l f ” , Energy ( ) ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 6 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s , ” |E( t)−E 0 | : ” ) ;
cpgmtxt (”RV” , −18 .0 ,0 . 5 , 0 . 0 , s ) ; nc=20;
s p r i n t f ( s ,”%3.20 l f ” , f ab s ( Energy ()−E 0 ) ) ;
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cpgmtxt (”RV” , −14 .0 ,0 . 4 , 0 . 0 , s ) ; nc=20;

cpgpanl ( 2 , 2 ) ;
cpgswin (0 ,umx,−lmy /2 . , lmy / 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )y [ 0 ] [ 0 ] , 1 ) ; // t − y1
cpg s c i ( 3 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )y [ 1 ] [ 0 ] , 1 ) ; // t − y2
cpg s c i ( 7 ) ; cpgpt1 ( ( f l o a t ) t , ( f l o a t )y [ 2 ] [ 0 ] , 1 ) ; // t − y3

cpgpanl ( 3 , 2 ) ;
cpgswin(− l r x /2 . , l r x /2. ,− l r y /2 . , l r y / 2 . ) ;
cp g s c i ( 2 ) ; cpgpt1 ( ( f l o a t )y [ 0 ] [ 0 ] , ( f l o a t ) yd [ 0 ] [ 0 ] , 1 ) ; // y1 − y1 dot
cpg s c i ( 3 ) ; cpgpt1 ( ( f l o a t )y [ 1 ] [ 0 ] , ( f l o a t ) yd [ 1 ] [ 0 ] , 1 ) ; // y2 − y2 dot
cpg s c i ( 7 ) ; cpgpt1 ( ( f l o a t )y [ 2 ] [ 0 ] , ( f l o a t ) yd [ 2 ] [ 0 ] , 9 ) ; // y3 − y3 dot

return ++durat ion ;
} ; // end o f draw ( . . . )

#end i f
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