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Stouc pr¸touc mou dask�louc;
touc goneÐc mou



Erqìmaste apì mia skotein  �busso; Katal goume se mia skotein  �bus-
so; To metaxÔ fwteinì di�sthma to lème Zw .

EutÔc wc gennhjoÔme, arqÐzei ki h epistrof , tautìqrona to xekÐnhma kai
o gurismìc; k�je stigm  pejaÐnoume. Gi' autì polloÐ dial�lhsan: Skopìc thc
zw c eÐnai o j�natoc.

Ma ki eutÔc wc gennhjoÔme, arqÐzei ki h prosp�jeia na dhmiourg soume,
na sunjèsoume, na k�moume thn Ôlh zw , k�je stigm  gennioÔmaste. Gi' autì
polloÐ dial�lhsan : Skopìc thc ef merhc zw c eÐnai h ajanasÐa.

Sta prìskaira zwntan� mac s¸mata ta dÔo toÔta reÔmata paleÔoun : a) o
an foroc, proc th sÔnjesh, proc th zw , proc thn ajanasÐa; b) o kat foroc,
proc thn aposÔnjesh, proc thn Ôlh, proc to j�nato.

Kai ta dÔo rèmata phg�zoun apì ta ègkata thc arqègonhc ousÐac. Sth
arq  h zw  xafni�zei, san par�nomh faÐnetai, san par� fÔsh, san ef merh
antÐdrash stic skoteinèc ai¸niec phgèc; ma bajÔtera ni¸joume : h Zw  eÐnai
ki aut  �narqh, akat�luth for� tou SÔmpantou.

Alli¸c, poÔje h peranjr¸pinh dÔnamh pou mac sfentonÐzei apì to agèn-
nhto sto gennhtì kai mac gkardi¸nei - fut�, z¸a, anjr¸pouc- ston ag¸na ;
Kai ta dÔo antÐdroma rèmata eÐnai �gia.

Qrèoc mac loipìn na sull�boume to ìrama pou qwr�ei ki enarmonÐzei tic
dÔo ter�stiec toÔtec �narqec, akat�lutec ormèc; kai me t' ìrama toÔto na
rujmÐzoume to stoqasmì mac kai thn pr�xh.

Apìspasma apì thn �Askhtik �

� Den elpÐzw tÐpote, den fob�mai tÐpote,
eÐmai leÔteroc.�

NÐkoc Kazantz�khc



Sq ma 1: Mh aktinikèc talant¸seic astèra me armonikì deÐkth l = 3 gia
azimoujiakoÔc deÐktec m = 0, 1, 2, 3. Oi perioqèc me to kuanì qr¸ma diastèl-
lontai en¸ oi perioqèc me to kìkkino sustèllontai. Oi grammèc metaxÔ aut¸n
twn perioq¸n eÐnai grammèc isorropÐac (nodal lines) tou astrikoÔ reustoÔ kai
den èqoun kÐnhsh. Gia thn tim  l = 3, èqoume treic grammèc isorropÐac sthn
orizìntia dieÔjunsh. H tim  tou azimoujiakoÔ deÐkth, m, parist�nei tic gram-
mèc isorropÐac sthn katakìrufh dieÔjunsh. Sthn perÐptwsh tou hlÐou, autèc
oi talant¸seic parathroÔntai �mesa mèsw thc met�jeshc Doppler twn gram-
m¸n aktinobolÐac pou proèrqontai apì ta diaforetik� shmeÐa thc epif�nei�c
tou.



EuqaristÐec

Ft�nontac sto shmeÐo thc suggraf c tou didaktorikoÔ mou, èrqontai sto mu-
alì mou di�forec skèyeic. Ja  jela pr¸ta apì ìla na euqarist sw me ìlh
mou thn kardi� ton epiblèponta kajhght  mou k. K¸sta Kìkkota, gia thn
eukairÐa pou mou èdwse na asqolhj¸ me autì to jèma all� kai gia thn suneq 
tou sumpar�stash kai polÔtimh bo jeia kajìlh th di�rkeia twn teleutaÐwn
et¸n. Pèra apì epiblèponta kajhght  tolm¸ na pw ìti ton aisj�nomai kai
san fÐlo mou. Den dÐstase se k�je dÔskolh stigm  na mou dÐnei bo jeia,
sumboulèc kai kour�gio ìqi mìno gia episthmonik� jèmata all� kai gia jèma-
ta pou aforoÔsan thn proswpik  mou eutuqÐa kai prìodo. Epiplèon pisteÔw
ìti h polÔqronh sunanastrof  mou mazÐ tou kai oi polÔwrec suzht seic mac
gia di�fora jèmata, mou èdwsan poll� erejÐsmata gia na belti¸sw ton qa-
rakt ra kai thn proswpikìthta mou. O meg�loc sebasmìc kai h aperiìristh
ektÐmhs  mou proc to prìswpì tou eÐnai apotèlesma ìlwn twn parap�nw. Sth
sunèqeia oi euqaristÐec mou strèfontai proc thn oikogènei� mou, sunolik�, h
opoÐa qwrÐc kanèna distagmì st�jhke apì thn arq  mèqri to tèloc sto pleurì
mou kurÐwc hjik� all� kai oikonomik� ìsec forèc qrei�sthke. QwrÐc autoÔc,
pisteÔw, den ja eÐmouna sthn jèsh pou brÐskomai t¸ra. Sthn sunèqeia, ja
 jela na euqarist sw jerm� ta �lla dÔo mèlh thc trimeloÔc mou epitrop c.
Ton kajhght  k. Nikìlao SpÔrou gia to suneqèc endiafèron tou gia thn prì-
odo mou, all� kai thn shmantik  sumpar�stas  tou, ulik  kai hjik , eidik�
stic arqèc tou didaktorikoÔ mou. Ton euqarist¸ idiaitèrwc kai gia thn prose-
ktik  an�gnwsh tou keimènou thc didaktorik c diatrib c, h telik  morf  tou
opoÐou me tic eÔstoqec parathr seic tou belti¸jhke shmantik�. Ton anaplh-
rwt  kajhght  k. Dhm trh Papadìpoulo ton euqarist¸ gia thn empistosÔnh
pou èdeixe sthn doulei� mou, kai thn polÔtimh sumbol  tou se praktik� jè-
mata kat� th di�rkeia ekpìnhshc thc diatrib c. Touc kajhghtèc k.k. Gi�nnh
Seirad�kh kai StaÔro AugoloÔph touc euqarist¸ giatÐ me pros lkusan me
ton idiaÐtero kai monadikì trìpo touc, sto q¸ro thc astronomÐac apì foitht .
Ja  tan par�leiyh na mhn euqarist sw ton Johannes Ruoff, me ton opoÐo h
dÐqronh sunergasÐa kat� thn di�rkeia thc diatrib c mou  tan polÔ euq�risth
kai epoikodomhtik . Ton up. did�ktora MÐlto BaboulÐdh euqarist¸ gia thn
prosektik  an�gnwsh kai thn bo jei� tou stic diorj¸seic tou arqikoÔ kei-
mènou. Qrèoc mou tèloc, eÐnai na euqarist sw 'Idruma Kratik¸n Upotrofi¸n
(I.K.U), mia kai h didaktorik  diatrib  ekpon jhke enìsw eÐmouna upìtrofoc
tou gia to prìgramma eswterikoÔ tou ètouc 1997 ( Ar. sÔmbashc 2541, 1997
).

Adam�ntioc StaurÐdhc
Noèmbrioc 2004
JessalonÐkh.
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Kef�laio 1

Eisagwg 

H melèth twn astèrwn eÐnai Ðswc mia apì tic pio endiafèrousec drasthriìthtec
tou anjr¸pinou gènouc me poikÐlec proekt�seic, pou den eÐnai tìso profaneÐc
sthn kajhmerin  zw  tou anjr¸pou. H pio shmantik  apì autèc kat� thn
�poyh tou suggrafèa eÐnai h suneidhtopoÐhsh thc �mikrìthtac� all� tautì-
qrona kai thc �megalosÔnhc� tou anjr¸pou mèsa sto sÔmpan, h opoÐa bohj�ei
sthn anaptÔxh enìc trìpou skèyhc pio metriopajoÔc, pio anjr¸pinou kai pio
�g inou�. M' autèc tic skèyeic xekÐnhsa to didaktorikì mou elpÐzontac pèra
apì ton orÐzonta twn gn¸sewn na dieurÔnei kai thn anjr¸pinh pleur� tou
qarakt ra mou.

Ta astèria eÐnai ta �mousik� ìrgana� tou sÔmpantoc. 'Eqoun touc di-
koÔc touc qarakthristikoÔc trìpouc tal�ntwshc (idiosuqnìthtec - modes)
oi opoÐoi par�goun thn �mousik �-kÔmata pou taxideÔoun mèsa sto sÔmpan
kai ft�noun mèqri ta �auti�� mac koubal¸ntac qr simec plhroforÐec apì tic
phgèc touc. �AkoÔgontac� kai analÔontac tic suqnìthtec aut¸n twn � qwn�
mporoÔme na bg�loume qr sima sumper�smata gia to eÐdoc kai th sÔstash
twn phg¸n-astèrwn.

H gènnhsh, h exèlixh kai o j�natoc twn astèrwn eÐnai diadikasÐec pou
gÐnontai se meg�lec qronikèc klÐmakec se sqèsh me ta anjr¸pina dedomèna.
'Olec autèc oi f�seic sth zw  twn astèrwn pern�ne en mèsw shmantik¸n meta-
bol¸n sth qhmik  sÔstash, to mègejoc, thn lamprìthta kai tic �llec fusikèc
posìthtec pou touc perigr�foun. Se kamÐa apì tic f�seic autèc o astèrac
den brÐsketai se kat�stash hremÐac. AntÐjeta se k�je f�sh thc exèlix c tou
brÐsketai se lept  isorropÐa. Oi jermopurhnikèc antidr�seic sto eswterikì
touc, h Ôparxh reum�twn Ôlhc, oi ekrhktikèc touc anadiat�xeic (uperkainofa-
neÐc supernova), èqoun wc apotèlesma na brÐskontai se mia diark  anataraq 
ligìtero   perissìtero èntonh, an�loga me to st�dio thc exèlix c touc. O-
poiad pote mikr  metabol  se k�poia apì tic paramètrouc tou, odhgeÐ se
mikrèc metabolèc kai �llwn, en¸ tautìqrona energopoioÔntai mhqanismoÐ gia
thn exom�lunsh touc an�loga me to eÐdoc aut¸n. To qronikì di�sthma mèqri
thn exom�lunsh aut¸n twn metabol¸n qarakthrÐzetai apì mikrotalant¸seic
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4 Kef�laio 1. Eisagwg 

kai ekpomp  aktinobolÐac se di�fora mèrh tou hlektromagnhtikoÔ f�smatoc.
Sta plaÐsia aut c thc ergasÐac melet same tic mh aktinikèc talant¸seic

twn bradèwc peristrefìmenwn astèrwn, ìpwc perigr�fontai apì thn Genik 
JewrÐa Sqetikìthtac. To drìmo gia thn melèth twn mh aktinik¸n talant¸se-
wn twn astèrwn �noixe o Thorne kai oi sunerg�tec tou sta tèlh thc dekaetÐac
tou 60 [20, 21, 22, 23, 24, 25, 27, 28], oi opoÐoi èbalan ta jemèlia gia thn
melèth twn talant¸sewn aut¸n se mh peristrefìmenouc astèrec. Me tic ta-
lant¸seic twn mh peristrefìmenwn astèrwn asqol jhkan ki �lloi ereunhtèc
[51, 52, 53, 54, 55] thn dekaetÐa tou 90 emploutÐzontac th gn¸sh kai thn
katanìhs  mac sto jèma.

Amèswc met�, h melèth epekt�jhke stouc bradèwc peristrefìmenouc astè-
rec arqik� gia tic axonik� summetrikèc talant¸seic apì touc Chandrasekhar
& Ferrari [29, 31], ìpou kai epibebaÐwsan to gnwstì apì th Neut¸neia jew-
rÐa [32, 33], ìti h peristrof  eis�gei th sÔzeuxh metaxÔ twn dÔo diaforetik¸n
eid¸n kanonik¸n talant¸sewn enìc mh peristrefìmenou astèra. ( bl. kef�-
laio 3 gia an�lush twn dÔo eid¸n talant¸sewn ). Sth sunèqeia, o Kojima
[35], èdwse to plaÐsio gia thn pl rh genik  perigraf  twn diataraq¸n tw-
n bradèwc peristrefìmenwn astèrwn kai par gage tic exis¸seic sthn pr¸th
t�xh prosèggishc wc proc thn peristrof .

H melèth aut , thn teleutaÐa eikosaetÐa, èqei proselkÔsei polloÔc epi-
st monec apì thn diejn  episthmonik  koinìthta giatÐ sundèetai me mia meg�lh
prìklhsh gia thn peiramatik  kai jewrhtik  Fusik  stic arqèc thc nèac qi-
lietÐac. Thn anÐqneush barutik¸n kum�twn. SÔmfwna me thn Genik  JewrÐa
Sqetikìthtac tou Einsten barutik� kÔmata par�gontai apì mh summetrikèc
qronikèc metabolèc tou barutikoÔ pedÐou. Ta barutik� aut� kÔmata eÐnai ou-
siastik� apeiroel�qistec metabolèc sth dom  tou Ðdiou tou qwrìqronou pou
zoÔme. Ja prèpei na shmei¸soume ed¸, ìti ta barutik� kÔmata, ìpwc kai ta a-
ntÐstoiqa hlektromagnhtik�, sked�zontai aporrof¸ntai kai dÐnoun fainìmena
sumbol c. Sto sÔnhjec ìmwc �perib�llon� tou sÔmpantoc pou taxideÔoun, ta
fainìmena aut� eÐnai amelhtèa me apotèlesma na metafèroun thn ìpoia plh-
roforÐa thc phg c touc analloÐwth se k�poion parathrht  mèsa sto sÔmpan.

Thn pr¸th èmmesh epibebaÐwsh thc Ôparxhc twn barutik¸n kum�twn èka-
nan oi Hulse & Taylor [38] to 1975 parathr¸ntac ìti h troqiak  perÐodoc
tou diploÔ sust matoc p�lsar PSR 1913+16 elatt¸netai me to qrìno lì-
gw thc ekpomp c barutik¸n kum�twn. 'Opwc  tan logikì, met� thn èmmesh
peiramatik  epibebaÐwsh thc Ôparxhc twn barutik¸n kum�twn oi prosp�jeiec
str�fhkan sthn �mesh anÐqneush aut¸n. Thn teleutaÐa dekaetÐa èqoun ka-
taskeuasteÐ mia plei�da aniqneut¸n se pollèc q¸rec (LIGO, VIRGO, TA-
MA, GEO600, ALLEGRO, NIOBE, NAUTILUS, EXPLORER, AURIGA,
GRAIL, OMNI, TIGA) kai gÐnetai mia ter�stia pagkìsmia prosp�jeia gia
na anoiqteÐ èna kainoÔrgio �par�juro� sto sÔmpan, to par�juro twn baru-
tik¸n kum�twn. AutoÐ oi epÐgeioi aniqneutèc eÐnai euaÐsjhtoi sthn perioq 
suqnot twn metaxÔ 1Hz kai merik¸n kHz. Tautìqrona èqei  dh egkrijeÐ
apì thn Eurwpaðk  uphresÐa diast matoc (ESA) kai thn Amerikanik  uph-
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resÐa diast matoc (NASA), h kataskeu  tou pr¸tou doruforikoÔ aniqneut 
barutik¸n kum�twn Laser Interferometer Space Antenna (LISA) o opoÐoc ja
eÐnai euaÐsjhtoc sthn perioq  twn qamhl¸n suqnot twn metaxÔ 10−4Hz kai
1Hz kai anamènetai na tejeÐ se troqi� perÐ to ètoc 2012.

Oi pijanèc phgèc barutik¸n kum�twn pou empÐptoun sthn perioq  suq-
not twn anÐqneushc twn epÐgeiwn aniqneut¸n kai epomènwc qrÐzoun �meshc
jewrhtik c melèthc eÐnai oi akìloujec [74]:

1. Ta kleist� dipl� sust mata astèrwn pou apoteloÔntai eÐte apì dÔo
melanèc opèc, eÐte apì mia melan  op  kai èna astèra netronÐwn, eÐte
apì dÔo astèrec netronÐwn kai brÐskontai sta teleutaÐa st�dia prin thn
sÔgkrous  touc,

2. H barutik  kat�rreush gÐganta h upergÐganta astèra se astèra netro-
nÐwn   se maÔrh trÔpa sto galaxÐa mac all� kai se �llouc galaxÐec,

3. Oi peristrefìmenoi astèrec netronÐwn (p�lsarc) tou galaxÐa mac.

Sto parak�tw sq ma faÐnontai oi kampÔlec euaisjhsÐac twn tri¸n mega-
lÔterwn aniqneut¸n barutik¸n kum�twn kai h jèsh twn di�forwn phg¸n wc
proc autèc. 'Opwc eÐnai fanerì, up�rqoun arket� dipl� sust mata astèrwn
all� kai memonwmènoi p�lsarc pou h barutik  aktinobolÐa pou ekpèmpoun eÐnai
aniqneÔsimh efìson aut  ekpèmpetai gia arketì qronikì di�sthma. Gia ton a-
nagn¸sth pou endiafèretai parapèmpoume sthn ergasÐa [43] gia mia prìsfath
anafor� gia to st�dio sto opoÐo brÐsketai aut  th stigm  h èreuna se sqèsh
me touc aniqneutèc kai tic pijanèc phgèc barutik¸n kum�twn. 'Opwc gÐnetai
�mesa fanerì apì to sq ma 1.1, akìma kai oi pio sÔgqronoi aniqneutèc se
pollèc peript¸seic èqoun epÐpedo jorÔbou megalÔtero apì to Ðdio to s ma se
pollèc peript¸seic. Autì shmaÐnei ìti gia na exaqjeÐ to s ma apì to jìrubo
tou aniqneut  ja prèpei na eÐnai gnwst� ek twn protèrwn k�poia prìtupa twn
pijan¸n kumatomorf¸n apì autèc tic phgèc (sample palletes). To gegonìc
autì kajist� th jewrhtik  melèth twn phg¸n aparaÐthto ergaleÐo gia thn
anÐqneush barutik¸n kum�twn apì autèc.

Sthn paroÔsa diatrib , epikentr¸same thn melèth mac stouc peristrefì-
menouc astèrec netronÐwn. Oi astèrec autoÐ, sta pr¸ta st�dia thc gènnhs c
touc eÐnai se f�sh èntonhc anadi�taxhc thc dom c touc kai wc ek toÔtou a-
pèqoun polÔ apì to na eÐnai sfairik�   axonik� summetrikoÐ, me apotèlesma
k�je kÐnhsh thc Ôlhc sto eswterikì touc na sunodeÔetai apì ekpomp  ba-
rutik c aktinobolÐac. Epiplèon, eÐnai taqèwc peristrefìmenoi kai jermoÐ me
jermokrasÐec thc t�xhc twn T = 1011 K. Sth sunèqeia ìmwc, yÔqontai me
ekpomp  netrÐnwn apokt¸ntac telik� jermokrasÐec thc t�xhc twn T = 109 K
kai tautìqrona mèsw thc ekpomp c barutik c aktinobolÐac, elatt¸netai h
perÐodoc peristrof c touc, ìpwc ja deÐxoume sth sunèqeia.

H melèth twn astèrwn aut¸n mporeÐ na gÐnei me dÔo mejìdouc. H pr¸th
eÐnai me th bo jeia thc grammik c jewrÐac diataraq¸n. JewroÔme arqik� ènan
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Sq ma 1.1: KampÔlec euaisjhsÐac sunart sei thc suqnìthtac twn tri¸n sh-
mantikìterwn aniqneut¸n barutik c aktinobolÐac. Ston orizìntio �xona sqe-
di�zetai o dekadikìc log�rijmoc thc suqnìthtac en¸ ston katakìrufo o de-
kadikìc log�rijmoc thc euaisjhsÐac tou aniqneut  gia parathr seic di�rkeiac
enìc ètouc. Oi teleÐec sto di�gramma parist�noun memonwmènouc astèrec ne-
tronÐwn en¸ ta x dipl� sust mata qamhl c m�zac pou ekpèmpoun kurÐwc se
aktÐnec Q (Low mass X-ray binaries LMXBs)

bradèwc peristrefìmeno astèra netronÐwn se kat�stash hremÐac. Sth sunè-
qeia upojètoume mikrèc diataraqèc twn jemeliwd¸n posot twn pou perigr�-
foun thn dunamik  kat�stash tou reustoÔ kai th gewmetrÐa tou qwrìqronou.
Oi diataraqèc twn astèrwn aut¸n, mporoÔn na analujoÔn se �jroisma mikr¸n
kanonik¸n talant¸sewn (normal mode analysis) me thn bo jeia twn sunar-
t sewn twn sfairik¸n armonik¸n. AkoloÔjwc, kai me thn upìjesh ìti oi
diataraqèc eÐnai mikrèc, grammikopoioÔme tic exis¸seic Einstein kai tic exis¸-
seic kÐnhshc tou diataragmènou reustoÔ wc proc tic diataragmènec posìthte-
c. Apì tic di�forec talant¸seic pou diegeÐrontai endiafèroun perissìtero oi
tetrapolikèc (quadrupole) giatÐ mèsw aut¸n èqoume shmantikìterh ekpomp 
barutik¸n kum�twn. To sÔsthma twn exis¸sewn pou prokÔptoun, mporoÔme
na to epilÔsoume arijmhtik� me tic akìloujec dÔo mejìdouc, prokeimènou na
broÔme tic idiotalant¸seic tou sust matoc astèra-qwrìqronou.

Wc prìblhma arqik¸n tim¸n. DÐnoume dhlad  k�poiec arqikèc sunj kec
stic diataragmènec posìthtec, kai parakoloujoÔme thn qronik  exèlixh
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tou sust matoc astèra-qwrìqronou epilÔontac arijmhtik� to sÔsthma
twn diaforik¸n exis¸sewn merik¸n parag¸gwn pou to perigr�fei. Sth
sunèqeia oi suqnìthtec twn idiotalant¸sewn pou diegeÐrontai upologÐ-
zontai me metasqhmatismì Fourier twn paragìmenwn qronik¸n shm�twn.
To meionèkthma aut c thc mejìdou eÐnai ìti gia èna sugkekrimèno set
arqik¸n sunjhk¸n mporoÔme na melet soume mìno èna tm ma tou f�-
smatoc twn idiotalant¸sewn. To pleonèkthma thc mejìdou eÐnai ìti
me tic paroÔsec dunatìthtec upologistik c isqÔoc, h arijmhtik  touc
epÐlush eÐnai gr gorh.

Wc prìblhma sunoriak¸n sunjhk¸n. S' aut n thn perÐptwsh upojètou-
me ìti oi diataragmènec posìthtec tou sust matoc èqoun qronik  ex�r-
thsh thc morf c ei(σ+i/τ)t ìpou σ eÐnai h pragmatik  tim  thc idiota-
l�ntwshc kai ekfr�zei th suqnìthta thc kai τ h migadik  kai ekfr�zei
to qrìno apìsbeshc. 'Etsi, me thn epibol  twn kat�llhlwn oriak¸n
sunjhk¸n sto kèntro, sthn epif�neia tou astèra kai sto �peiro, u-
pologÐzoume �mesa tic idiosuqnìthtec twn idiotalant¸sewn tou sust -
matoc astèra-qwrìqronou pou diegeÐrontai. To meionèkthma aut c thc
mejìdou eÐnai ìti se perioqèc pou tuqìn to f�sma twn idiosuqnot twn
eÐnai ekfulismèno, ( ìpwc ja doÔme sto kef�laio 3 pio analutik� ), h
mèjodoc den leitourgeÐ. To pleonèkthma aut c thc mejìdou eÐnai ìti
me aut n mporeÐ na melethjeÐ ìlo to f�sma twn idiotalant¸sewn tou
sust matoc.

H deÔterh mèjodoc eÐnai exelÐssontac qronik� tic pl reic mh grammikèc
exis¸seic Einstein, eis�gontac k�poia arqik� dedomèna. Ta basik� meione-
kt mata autoÔ tou trìpou eÐnai ìti afenìc apaiteÐ ter�stia upologistik 
isqÔ kai afetèrou up�rqoun proc to parìn poll� probl mata ast�jeiac twn
programm�twn. Parìla aut� ta teleutaÐa trÐa qrìnia èqoun gÐnei shmantik�
b mata proc aut n thn kateÔjunsh [75, 76, 77, 78, 79] kai up�rqei h aisiodo-
xÐa ìti se merik� qrìnia me thn taqÔtath aÔxhsh thc upologistik c dÔnamhc
twn sÔgqronwn epexergast¸n all� kai twn arijmhtik¸n mejìdwn epÐlushc mh
grammik¸n susthm�twn diaforik¸n exis¸sewn, ja epiteuqjeÐ h stajerìterh
kai taqÔterh arijmhtik  exèlixh twn exis¸sewn aut¸n.

An�lush f�smatoc idiosuqnot twn

Prin proqwr soume parapèra sthn an�lush twn diataraq¸n twn bradèwc
peristrefìmenwn astèrwn netronÐwn jewroÔme qr simo na k�noume mia mikr 
an�lush twn idiosuqnot twn - qarakthristik¸n trìpwn tal�ntwshc - (modes)
- pou eÐnai gnwstèc kai èqoun melethjeÐ èwc s mera. Oi idiosuqnìthtec autèc
mporoÔn na taxinomhjoÔn me b�sh thn fusik  aitÐa pou tic prokaleÐ, [19] stic
akìloujec kathgorÐec :
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• f(undamental) mode. EÐnai h basik  idiosuqnìthta k�je astèra lìgw
thc allhlepÐdras c tou me ton perib�llonta q¸ro, h tim  thc opoÐac
eÐnai an�logh me thn mèsh puknìthta tou astèra, ωf ∝

√
M/R3, kai

den exart�tai apì tic leptomèreiec thc dom c tou. Tupikèc timèc aut c
thc idiosuqnìthtac eÐnai f = 1.5 − 3 kHz me qrìno apìsbeshc τ =
0.1− 0.5 sec.

• p(ressure) modes. EÐnai idiosuqnìthtec h Ôparxh twn opoÐwn, ìpwc
faner¸nei to ìnom� touc, ofeÐletai sto ìti h dÔnamh epanafor�c pou
askeÐtai se èna stoiqei¸dh ìgko tou reustoÔ proèrqetai apì thn pÐesh
sto eswterikì tou astèra. Up�rqoun �peirec armonikèc apì autèc, eÐnai
sqedìn aktinikèc kai h suqnìthta touc exart�tai apì thn taqÔthta tou
 qou ston astèra. Tupikèc timèc gia thn pr¸th armonik  aut¸n twn
idiosuqnot twn eÐnai f = 4− 7 kHz me qrìno apìsbeshc τ > 1 sec.

• g(ravity) modes. EÐnai idiosuqnìthtec pou emfanÐzontai mìno se mh
barotropikoÔc astèrec mh mhdenik c jermokrasÐac. Up�rqoun �peirec
armonikèc kai to aÐtio thc emf�nis c touc eÐnai h prosp�jeia twn ba-
rutik¸n dun�mewn na exomalÔnoun anomoiogèneiec m�zac sto eswterikì
tou astèra. Tupikèc suqnìthtec aut¸n eÐnai f < 500Hz me qrìno a-
pìsbeshc τ > 5 sec.

• w(ave) modes. EÐnai idiosuqnìthtec tou qwrìqronou pou sundèontai
me to bajmì thc kampulìtht�c tou. Den up�rqoun an�logec sthn Neu-
t¸neia JewrÐa en¸ tupikèc suqnìthtec aut¸n eÐnai f > 6 kHz me polÔ
mikrì qrìno apìsbeshc thc t�xhc τ ∝ 0.1msec. [55, 56, 57]

• r(otational) modes. 'Opwc faner¸nei to ìnom� touc autèc oi idiosuqnì-
thtec emfanÐzontai mìno se peristrefìmenouc astèrec, en¸ se mh peri-
strefìmenouc to f�sma touc eÐnai ekfulismèno. H dÔnamh epanafor�c
pou askeÐtai ston stoiqei¸dh ìgko tou reustoÔ eÐnai h dÔnamh Coriolis.
EÐnai astajeÐc ìpwc èqei apodeiqteÐ [90, 69] kai sundèontai �mesa me
thn ekpomp  barutik¸n kum�twn apì ton astèra, gi' autì kai èqoun su-
gkentr¸sei to endiafèron twn astrofusik¸n thn teleutaÐa pentaetÐa.
Pijanìn apoteloÔn ex ghsh kai gia �lla astrofusik� fainìmena, gia
ta opoÐa ja anaferjoÔme me leptomèreia sth sunèqeia.

Ta parap�nw eÐdh talant¸sewn twn mh peristrefìmenwn astèrwn katat�s-
sontai me b�sh thn sumperifor� touc se metasqhmatismoÔc strof c (parity)
se polikèc kai axonikèc. Oi pr¸tec treic, f, p, g eÐnai polikèc (polar), oi r
axonik  (axial) kai oi w kai polikèc kai axonikèc. AxÐzei na shmeiwjeÐ ed¸,
ìti se èna mh peristrefìmeno astèra, oi dÔo kathgorÐec talant¸sewn, a-
xonikèc kai polikèc, eÐnai anex�rthtec-asÔzeuktec metaxÔ touc, en¸ se ènan
peristrefìmeno astèra eÐnai suzeugmènec me th sÔzeuxh aut  na eÐnai apotè-
lesma akrib¸c thc peristrof c tou astèra. Gia mia pio leptomer  an�lush
parapèmpoume ton anagn¸sth pou endiafèretai sta [58, 59].
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'Ena polÔ shmantikì fainìmeno pou emfanÐzetai sthn perÐptwsh twn peri-
strefìmenwn astèrwn kai parousi�zei meg�lo astrofusikì endiafèron eÐnai
mia ast�jeia pou gia pr¸th for� anakalÔfthke se Neut¸neiouc peristrefì-
menouc astèrec apì touc Chandrasekhar [61, 62] kai Friedman & Schutz [63]
kai èqei to ìnom� touc, dhlad  ast�jeia CFS (CFS instability). H basik 
arq  aut c thc ast�jeiac eÐnai apl  kai eÐnai h akìloujh. Ac fantastoÔme
mia idiosuqnìthta enìc peristrefìmenou astèra h opoÐa èqei mia gwniak  ta-
qÔthta f�shc σ/m. Analìgwc me th sqèsh tou mètrou all� kai thc for�c
thc taqÔthtac aut c sugkritik� me thn gwniak  taqÔthta peristrof c tou
astèra Ω, ènac parathrht c makri� apì ton astèra mporeÐ na blèpei aut n
thn idiosuqnìthta na diadÐdetai eÐte me thn for� peristrof c tou astèra eÐte
me thn antÐjeth. 'Etsi, idiosuqnìthtec, pou sto peristrefìmeno mazÐ me ton
astèra sÔsthma anafor�c èqoun gwniak  taqÔthta f�shc antÐjeth me thn
gwniak  taqÔthta tou asterioÔ, èqoun arnhtik  stroform , giatÐ teÐnoun na
elatt¸soun thn stroform  tou astèra. Sthn perÐptwsh pou h gwniak  taqÔ-
thta peristrof c tou astèra Ω, eÐnai megalÔterh se mètro apì thn gwniak 
taqÔthta f�shc miac tètoiac idiosuqnìthtac ω/m, tìte aut  �parasÔretai�
apì thn peristrof  tou astèra kai faÐnetai ston exwterikì parathrht  na
peristrèfetai me thn Ðdia for� peristrof c me to astèri. Me autìn ton trìpo
mia tètoia idiosuqnìthta èqei jetik  stroform  gia ènan makrinì parathrht .
'Etsi, h stroform  pou ap�goun ta barutik� kÔmata mei¸nei thn  dh arnhtik 
stroform  miac tètoiac idiosuqnìthtac me apotèlesma na aux�netai to pl�toc
thc. To fainìmeno autì faÐnetai parastatik� sto sq ma 1.2. H dr�sh thc

rotating frame inertial frame
J =0*

Sq ma 1.2: Sqhmatik  anapar�stash thc dr�shc thc ast�jeiac CFS. Mia
idiosuqnìthta (pou parist�netai me ton lobì) upìkeitai sthn ast�jeia, efì-
son èqei antÐjetec forèc peristrof c sto sun-peristrefìmeno me ton astèra
sÔsthma anafor�c (arister�) kai sto adraneiakì sÔsthma anafor�c (dexi�)
sto opoÐo o astèrac (pou parist�netai me th sfaÐra) faÐnetai na peristrèfe-
tai.
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ast�jeiac aut c exart�tai kai apì touc mhqanismoÔc apìsbeshc sto eswte-
rikì tou astèra netronÐwn. O qrìnoc apìsbeshc   diègershc miac tal�ntwshc
eÐnai o lìgoc tou rujmoÔ me ton opoÐo q�nei enèrgeia proc thn enèrgei� thc
dhlad ,

1
τ

= − 1
2E

dE

dt
. (1.1)

Oi kuriìteroi mhqanismoÐ apìsbeshc stouc astèrec netronÐwn eÐnai to gram-
mikì ix¸dec (shear viscosity) kai to genikì ix¸dec (bulk viscosity). H epÐ-
drash tou astrikoÔ reustoÔ sthn apìsbesh twn talant¸sewn melet�tai apì
ton upologismì thc enèrgeiac thc diataraq c sto peristrefìmeno me ton a-
stèra sÔsthma anafor�c. O upologismìc autìc se pr¸th prosèggish kai gia
lìgouc aplìthtac èqei gÐnei sthn Neut¸neia jewrÐa. 'Etsi, h enèrgeia thc
diataraq c dÐnetai apì th sqèsh,

E =
1
2

∫ [
εδuaδu∗a +

δpδε

ε
+ δΦδε∗

]
dV, (1.2)

ìpou δu, δΦ , δε kai δp eÐnai antÐstoiqa oi diataraqèc thc taqÔthtac tou
reustoÔ, tou barutikoÔ dunamikoÔ, thc puknìthtac enèrgeiac kai thc pÐeshc
tou astrikoÔ reustoÔ. O asterÐskoc dhl¸nei suzugèc migadikì.

O mhqanismìc apìsbeshc lìgw grammikoÔ ix¸douc dra kai eÐnai o kÔrioc
mhqanismìc apìsbeshc stic qamhlèc jermokrasÐec T ≤ 109K kai ofeÐletai
sth metafor� orm c lìgw thc skèdashc metaxÔ twn netronÐwn. O rujmìc
ap¸leiac enèrgeiac lìgw autoÔ tou mhqanismoÔ eÐnai,

(
dE

dt

)

SHEAR

= 2
∫

ηδσµνδσ∗µνdV , (1.3)

ìpou σµν eÐnai o tanust c t�shc (shear tensor) kai η eÐnai o suntelest c
grammikoÔ ix¸douc tou reustoÔ. Tupikèc timèc tou suntelest  autoÔ gia
astèrec netronÐwn eÐnai [66, 68],

η = 2× 1018

(
ε

1015gr/cm3

)9/4 (
T

109K

)−2

gr cm−1 s−1. (1.4)

O mhqanismìc apìsbeshc lìgw genikoÔ ix¸douc dra kai eÐnai o kÔrioc mh-
qanismìc apìsbeshc stic uyhlèc jermokrasÐec T ≥ 109K ìpou to astrikì
reustì gÐnetai diafanèc sta netrÐna. Kaj¸c to astrikì reustì talant¸netai
apaiteÐtai k�poioc qrìnoc prokeimènou h dr�sh thc asjenoÔc allhlepÐdrashc
na epanafèrei thn isorropÐa sto astrikì reustì. Autì èqei san sunèpeia
na dhmiourgeÐtai mia diafor� f�shc metaxÔ twn diataraq¸n thc pÐeshc kai
thc puknìthtac, pou eÐnai upeÔjunh gia th dhmiourgÐa autoÔ tou mhqanismoÔ
apìsbeshc. O rujmìc ap¸leiac enèrgeiac lìgw autoÔ tou mhqanismoÔ upo-
logÐzetai wc, (

dE

dt

)

BULK

=
∫

ζδσµνδσ∗µνdV , (1.5)
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ìpou ζ eÐnai o suntelest c genikoÔ ix¸douc tou astrikoÔ reustoÔ. Gia tupi-
koÔc astèrec netronÐwn o suntelest c autìc èqei tim ,

ζ = 6× 1025

(
σ + mΩ

1Hz

)−2 (
ε

1015gr/cm3

)2 (
T

109K

)6

gr cm−1 s−1. (1.6)

Tèloc h barutik  aktinobolÐa èqei rujmì apìsbeshc enèrgeiac apì thn
idiotal�ntwsh pou dÐnetai sth Neut¸neia prosèggish [92] apì thn èkfrash,

dE

dt
= −σ(σ + mΩ)

∞∑

l=2

Nlσ
2l

(|δDlm|2 + |δJlm|2
)
, (1.7)

ìpou,

Nl =
4πG

c2l+1

(l + 1)(l + 2)
l(l − 1)[(2l + 1)!!]2

, (1.8)

kai δDlm kai δJlm eÐnai oi ropèc thc puknìthtac m�zac-enèrgeiac (mass mul-
tipole) kai oi ropèc thc puknìthtac twn reum�twn (current multipole) pou
dÐnontai apì tic oloklhrwtikèc ekfr�seic,

δDlm =
∫

δεrlY ∗
lmdV , (1.9)

δJlm =
2
c

(
l

l + 1

)1/2 ∫
rl(εδ~u + ~uδε) · ~Y B∗

lm dV , (1.10)

ìpou Ylm eÐnai oi sfairikèc armonikèc kai ~Y B∗
lm eÐnai oi dianusmatikèc sfairikèc

armonikèc,
~Y B∗

lm =
1√

l(l + 1)
r̂ ×∇Ylm. (1.11)

Apì tic parap�nw ekfr�seic mporoÔme na ex�goume merik� qr sima sumper�-
smata ìson afor� th barutik  aktinobolÐa. K�je kÐnhsh tou astrikoÔ reu-
stoÔ pou prokaleÐ se metabolèc thc puknìthtac enèrgeiac tou astèra odhgeÐ
sthn ekpomp  barutik¸n kum�twn kurÐwc mèsw twn rop¸n thc puknìthtac
m�zac enèrgeiac (1.9). 'Opwc eÐnai fanerì kai apì tic parap�nw ekfr�sei-
c, oi ropèc thc puknìthtac twn reum�twn dÐnoun mikrìterh suneisfor� sthn
barutik  aktinobolÐa, afoÔ ìpwc prokÔptei apì tic (1.9) kai (1.10),

|δJ |2 =
|δD|2

c2
. (1.12)

AntÐjeta, sthn perÐptwsh twn idiosuqnot twn r pou den qarakthrÐzontai apì
metabolèc thc puknìthtac enèrgeiac all� kurÐwc apì tic metabolèc thc tetra-
taqÔthtac tou reustoÔ, h suneisfor� twn rop¸n thc puknìthtac reum�twn
(1.10) eÐnai pio shmantik .
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O sunolikìc rujmìc apìsbeshc gia èna astèra netronÐwn ja dÐnetai apì
to �jroisma rujm¸n apìsbeshc lìgw twn tri¸n prohgoumènwn mhqanism¸n,
me �lla lìgia,

1
τ

=
1

τGW
+

1
τshear

+
1

τbulk
. (1.13)

UpologÐzontac apì tic sqèseic (1.3), (1.5), (1.7) touc qrìnouc apìsbeshc
τshear, τbulk kai τGW antÐstoiqa mporoÔme na kajorÐsoume to prìshmo thc
sqèshc (1.13) to opoÐo eÐnai sun�rthsh thc jermokrasÐac kai thc gwniak c
taqÔthtac peristrof c tou astèra. Me autì ton trìpo kajorÐzoume se poio
eÔroc jermokrasi¸n kai suqnot twn peristrof c tou astèra dra h ast�jeia
CFS.

Oi Friedman kai Schutz [63] melèthsan aut n thn ast�jeia gia thn basik 
idiosuqnìthta f twn astèrwn netronÐwn kai apèdeixan ìti aut  h ast�jeia
energopoieÐtai gia k�je peristrefìmeno astèra sthn Genik  JewrÐa Sqetikì-
thtac. Oi en dun�mei sunèpeiec aut c thc apìdeixhc  tan polÔ endiafèrousec
kai dipl c kateÔjunshc. Ja mporoÔse gia par�deigma aut  h ast�jeia na
periorÐzei th mègisth perÐodo peristrof c twn astèrwn netronÐwn, mèsw thc
ekpomp c barutik¸n kum�twn ta opoÐa ja  tan tautìqrona kai aniqneÔsima?
AnalutikoÐ upologismoÐ [64, 65, 66, 67] gia thn sqèsh thc ast�jeiac thc idio-
suqnìthtac f me thn ekpomp  barutik c aktinobolÐac kai touc mhqanismoÔc
apìsbeshc èdeixan ìti h ast�jeia eÐnai energ  apì mia krÐsimh tim  thc gwnia-
k c taqÔthtac tou asterioÔ Ωc. 'Etsi, astèrec pou peristrèfontai me gwniak 
taqÔthta mikrìterh thc Ωc eÐnai eustajeÐc, en¸ astèrec pou peristrèfontai
me megalÔterh gwniak  taqÔthta ja eÐnai astajeÐc kai ja ekpèmpoun barutik 
aktinobolÐa. Epeid  oi mhqanismoÐ apìsbeshc, ìpwc proanafèrjhke, exart¸-
ntai apì th jermokrasÐa, h krÐsimh gwniak  taqÔthta peristrof c ja eÐnai
sun�rthsh thc jermokrasÐac. H kampÔlh thc ast�jeiac se sun�rthsh me th
jermokrasÐa dÐnetai sto sq ma 1.3. 'Opwc faÐnetai apì to sq ma autì, oi
mhqanismoÐ apìsbeshc gia thn idiosuqnìthta f eÐnai tìso isquroÐ pou den a-
f noun thn ast�jeia na dr�sei par� mìno gia jermokrasÐec sthn perioq  apì
107 K èwc 1010 K kai gia gwniakèc taqÔthtec peristrof c tou astèra thc
t�xhc Ω = 0.91ΩK . 'Etsi, ìpwc gÐnetai fanerì h ast�jeia thc idiosuqnìthtac
f den eÐnai astrofusik� endiafèrousa, giatÐ afenìc den mporeÐ na elatt¸sei
polÔ thn gwniak  taqÔthta peristrof c tou astèra kai afetèrou den par�gei
ikanopoihtik� pos� enèrgeiac se barutik  aktinobolÐa.

Sth sunèqeia to endiafèron str�fhke sth sqèsh metaxÔ thc idiosuqnìth-
tac r kai thc ast�jeiac CFS. O Andersson [90] kai oi Friedman & Morsink
[69] èdeixan anex�rthta ìti kai autèc oi idiosuqnìthtec eÐnai astajeÐc sthn
ekpomp  barutik¸n kum�twn. Sth sunèqeia oi Andersson, Kokkotas & Schutz
[91] kai oi Lindblom, Owen & Morsink [93] èdeixan ìti sthn perÐptwsh thc
idiosuqnìthtac r oi mhqanismoÐ apìsbeshc den mporoÔn na stamat soun thn
exèlixh thc ast�jeiac akìma kai se qamhlèc gwniakèc taqÔthtec peristrof c,
gegonìc pou anaptèrwse tic elpÐdec gia thn Ôparxh astèrwn netronÐwn pou
ekpèmpoun ikanopoihtik� gia anÐqneush pos� barutik c aktinobolÐac. Parì-
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Sq ma 1.3: KampÔlh ast�jeiac san sun�rthsh thc jermokrasÐac gia thn
idiosuqnìthta f kai gia ènan tupikì astèra netronÐwn R = 10 km, M =
1.4M¯ kai PK ' 0.8ms.

moioi upologismoÐ me thn perÐptwsh thc idiosuqnìthtac f dÐnoun thn kampÔlh
ast�jeiac gia thn idiosuqnìthta r san sun�rthsh thc jermokrasÐac, pou faÐ-
netai sto sq ma 1.4. 'Opwc gÐnetai fanerì apì to sq ma, gia jermokrasÐec
thc t�xhc twn T = 109K akìma kai mia polÔ mikr  gwniak  taqÔthta peri-
strof c tou astèra Ω ' 0.2ΩK , eÐnai ikan  na ton odhg sei se ast�jeia
CFS. Epiplèon, sto sq ma 1.5 dÐnetai to par�juro ast�jeiac gia megalÔte-
rec timèc tou armonikoÔ deÐkth l = 3, 4 kai ìpwc eÐnai fanerì to par�juro
surrikn¸netai gia megalÔterec timèc tou l. Tèloc, sto sq ma 1.6 dÐnontai
oi dÔo kampÔlec ast�jeiac kai gia tic dÔo idiosuqnìthtec r kai f mazÐ, gia
lìgouc sÔgkrishc. 'Opwc eÐnai fanerì apì to sq ma autì, h perioq  �dr�sh-
c� thc ast�jeiac lìgw thc idiosuqnìthtac r eÐnai polÔ megalÔterh apì thn
perÐptwsh thc idiosuqnìthtac f .

Me b�sh touc parap�nw upologismoÔc gia thn ast�jeia thc idiosuqnì-
thtac r prot�jhkan dÔo sen�ria me idiaÐtero astrofusikì endiafèron, pou
dÐnoun mia ikanopoihtik  ex ghsh se dÔo endiafèronta parathrhsiak� dedo-
mèna. To pr¸to sen�rio [91, 93], pou parist�netai sto sq ma 1.7 afor� ènan
taqèwc peristrefìmeno astèra netronÐwn pou dhmiourgeÐtai se jermokrasÐa
thc t�xhc twn T ≥ 1011K, apì thn barutik  kat�rreush enìc progenn tora
astèra netronÐwn. SÔmfwna me autì to sen�rio, o astèrac yÔqetai mèsa se
merik� deuterìlepta, dhlad  kineÐtai orizìntia proc ta arister� sto di�gram-
ma kai eisèrqetai sto par�juro dr�shc thc ast�jeiac thc idiosuqnìthtac r.
Apì ed¸ kai pèra, analamb�nei h ast�jeia na metatrèyei thn stroform  tou
astèra se enèrgeia pou ekpèmpetai apì to sÔsthma me barutik� kÔmata, en¸
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Sq ma 1.4: KampÔlh ast�jeiac san sun�rthsh thc jermokrasÐac gia thn l =
m = 2 idiosuqnìthta r kai gia èna tupikì astèra netronÐwn R = 10 km, M =
1.4M¯ kai PK ' 0.8ms. O orizìntioc �xonac eÐnai o dekadikìc log�rijmoc
thc jermokrasÐac tou astèra, en¸ o katakìrufoc �xonac eÐnai o lìgoc thc
periìdou peristrof c tou astèra proc th mègisth perÐodo peristrof c sto
ìrio Kepler.

tautìqrona o astèrac yÔqetai peraitèrw, kai kineÐtai diagwnÐwc proc ta k�tw
sto di�gramma, mèqri na exèljei apì to par�juro ast�jeiac. Sto tèloc au-
t c thc diadikasÐac o astèrac èqei q�sei perÐpou to 95% thc stroform c tou
kai to 99% thc peristrofik c kinhtik c tou enèrgeiac, ekpèmpontac barutik�
kÔmata. H diadikasÐa aut  exart�tai epiplèon kai apì to mègisto pl�toc pou
mporeÐ na ft�sei h idiosuqnìthta r. Sto sq ma dÐnontai dÔo diaforetikèc
kampÔlec exèlixhc gia dÔo diaforetik� mègista pl�th thc idiosuqnìthtac r.
EÐnai fanerì, ìti ìso megalÔtero eÐnai to mègisto pl�toc α, tìso pio uyhl 
eÐnai h jermokrasÐa ìtan o astèrac kai exèrqetai apì to par�juro ast�jeiac.

To sen�rio autì dÐnei mia ex ghsh sthn èlleiyh taqèwc peristrefìmenwn
astèrwn netronÐwn sta upoleÐmmata soupernìba. Epiplèon h barutik  akti-
nobolÐa pou ekpèmpetai s' aut n thn diadikasÐa eÐnai aniqneÔsimh mèqri thn
apìstash tou sm nouc thc Parjènou (Virgo cluster), dhlad  se apìstash
D ' 15Mpc, an�loga me to mègisto pl�toc thc idiosuqnìthtac r. H efar-
mog  tou senarÐou autoÔ ston pio gnwstì p�lsar, ton Crab p�lsar, dÐnei
entupwsiak� apotelèsmata. H perÐodoc tou aut  th stigm  eÐnai P = 33s. H
perÐodoc tou kat� thn gènnhs  tou prin apì 1000 qrìnia mporeÐ na upologisteÐ
apì ton lìgo thc periìdou peristrof c proc to rujmì metabol c thc P/Ṗ
oloklhr¸nontac proc ta pÐsw gia 1000 qrìnia kai prokÔptei na eÐnai P ' 19s,
pou eÐnai akrib¸c kai h perÐodoc pou problèpei to parap�nw sen�rio. Dhlad ,
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Sq ma 1.5: KampÔlh ast�jeiac san sun�rthsh thc jermokrasÐac thc idio-
suqnìthtac r gia diaforetikèc timèc tou armonikoÔ deÐkth l gia èna tupikì
astèra netronÐwn R = 10 km, M = 1.4M¯ kai PK ' 0.8ms. O orizìntio-
c �xonac eÐnai o dekadikìc log�rijmoc thc jermokrasÐac tou astèra, en¸ o
katakìrufoc �xonac o lìgoc thc periìdou peristrof c tou astèra proc th
mègisth perÐodo peristrof c sto ìrio Kepler.

arqik� met� thn dhmiourgÐa tou p�lsar apì thn kat�rreush tou progenn tora
astèra netronÐwn, h perÐodìc tou  tan thc t�xhc tou P = 1− 2ms. Sth su-
nèqeia eiserqìmenoc sto par�juro ast�jeiac thc idiosuqnìthtac r exèpemye
me th morf  barutik c aktinobolÐac to 95% thc stroform c tou se perÐpou
èna qrìno me apotèlesma h perÐodìc tou na ft�sei ta P ' 19s.

To epìmeno er¸thma pou afor� to sen�rio autì, eÐnai an ta kÔmata ba-
rÔthtac pou ekpèmpoun autoÐ oi astèrec eÐnai aniqneÔsima. Autì eÐnai èna
idiaÐtera endiafèron jèma me dedomèno ìti oi epÐgeioi aniqneutèc èqoun mpei se
pr¸th f�sh leitourgÐac. UpologismoÐ apì touc Owen et. al [44] dÐnoun gia
to adi�stato pl�toc twn barutik¸n kum�twn,

h(t) = 7.54× 10−23αJ̃

(
M

1.4M¯

)(
R

10km

)3 (
15Mpc

D

)
, (1.14)

ìpou α eÐnai mia stajer� kanonikopoÐhshc pou sqetÐzetai me to pl�toc thc
tal�ntwshc,

J̃ =
1

MR4

∫ R

0
εr6dr (1.15)

kai D eÐnai h apìstash apì ton astèra-phg . An upojèsoume ìti h apìstash
aut  eÐnai sto sm noc thc parjènou (Virgo cluster), dhlad  D ' 15Mpc,
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Sq ma 1.6: KampÔlec ast�jeiac san sun�rthsh thc jermokrasÐac. H sune-
qìmenh gramm  eÐnai gia thn l = m = 2 r idiosuqnìthta, en¸ h stikt  eÐnai
gia thn idiosuqnìthta f. 'Opwc faÐnetai kajar� apì to di�gramma h perioq 
dr�shc thc ast�jeiac thc idiosuqnìthtac r eÐnai polÔ megalÔterh apì thn
antÐstoiqh thc f.

tìte o rujmìc gènnhshc astèrwn netronÐwn perimènoume na eÐnai merikèc de-
k�dec to qrìno. 'Etsi gia to sen�rio tou sq matoc 1.7 to adi�stato pl�toc
twn ekpempìmenwn barutik¸n kum�twn dÐnetai sto sq ma 1.8. Sto sq ma
diakrÐnetai kajar� h Ôparxh twn dÔo f�sewn sthn exèlixh tou pl�touc thc
idiosuqnìthtac r. H pr¸th f�sh eÐnai h f�sh thc aÔxhshc tou pl�touc thc,
en¸ h deÔterh f�sh eÐnai h f�sh tou koresmoÔ (saturation) kai thc pt¸shc
tou pl�touc. H pio pijan  f�sh gia thn anÐqneush barutik¸n kum�twn eÐnai
h deÔterh.

'Opwc ìmwc gÐnetai emfanèc apì to sq ma to pl�toc tou barutikoÔ kÔ-
matoc pou ekpèmpetai den eÐnai ikanopoihtikì gia �mesh anÐqneush. Qrhsimo-
poi¸ntac ìmwc k�poiec teqnikèc beltÐwshc tou aniqneÔsimou barutikoÔ s -
matoc, ìpwc gia par�deigma thn mèjodo filtrarÐsmatoc parajÔrou (matched
filtering), to s ma pou prokÔptei eÐnai aniqneÔsimo apì thn beltiwmènh geni�
aniqneut¸n laser, LIGO-II. To pl�toc tou s matoc met� thn epexergasÐa se
sqèsh me thn euaisjhsÐa twn aniqneut¸n dÐnetai sto sq ma 1.9. Apì to sq ma
autì faÐnetai ìti to s ma ja eÐnai aniqneÔsimo apì to beltiwmèno aniqneut 
LIGO-II.

To deÔtero sen�rio [70, 71, 72], parist�netai sto sq ma 1.10, kai afor�
èna diplì sÔsthma astèrwn sto opoÐo o ènac sunodìc prosaux�nei th m�za
kai th stroform  tou �llou. Lìgw tou ix¸douc aux�netai h jermokrasÐa tou
astèra pou dèqetai th m�za kai kineÐtai orizìntia proc ta dexi� akolouj¸nta-
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Sq ma 1.7: Sen�rio exèlixhc prwtosqhmatizìmenou astèra netronÐwn lìgw
thc ast�jeiac thc idiosuqnìthtac r. Oi dÔo diaforetikèc kampÔlec exèlixhc
parist�noun dÔo diaforetik� sen�ria exèlixhc san sun�rthsh tou mègistou
pl�touc pou mporeÐ na ft�sei h idiosuqnìthta r. Oi �xonec eÐnai Ðdioi me ta
prohgoÔmena diagr�mmata.

c th diadrom  A-B. Se k�poia f�sh, epèrqetai isorropÐa metaxÔ tou rujmoÔ
jèrmanshc apì to ix¸dec kai tou rujmoÔ yÔxhc apì thn ekpomp  netrÐnwn,
kai o astèrac ekpèmpei barutik  aktinobolÐa q�nontac stroform  mèqri na
epèljei xan� isorropÐa exerqìmenoc kai p�li apì to par�juro ast�jeiac a-
kolouj¸ntac th diadrom  B-C. Aut  h diadikasÐa krat�ei merikoÔc m nec kai
sth sunèqeia o astèrac yÔqetai kai aux�netai h suqnìthta peristrof c tou
akolouj¸ntac th diadrom  C-D-A. 'Etsi ja ft�sei kai p�li sto par�juro
ast�jeiac kai ja akolouj sei ton Ðdio kÔklo kai p�li. Aut  h deÔterh f�sh
yÔxhc kai epit�qunshc thc suqnìthtac peristrof c eÐnai pou diarkeÐ peris-
sìtero, perÐpou 106 qrìnia, pr�gma pou shmaÐnei ìti o astèrac netronÐwn
brÐsketai el�qista mèsa sto par�juro pou dra h ast�jeia ìpou kai ekpèmpei
barutik� kÔmata.

To sen�rio autì, dÐnei ex ghsh gia th sqetik� sten  katanom  twn gw-
niak¸n taqut twn peristrof c twn parathr simwn astèrwn netronÐwn mikr c
m�zac se dipl� sust mata pou ekpèmpoun aktÐnec Q (low mass X-ray bina-
ries). 'Opwc faÐnetai kajar� apì to sq ma, oi dÔo akraÐec timèc suqnot twn
peristrof c antistoiqoÔn sta shmeÐa A kai D kai antistoiqoÔn se timèc pe-
riìdou P = 1.5ms kai P = 6.5ms. Autì eÐnai kai to f�sma periìdwn pou
parathroÔme sta dipl� aut� sust mata. Epiplèon, to sen�rio autì dÐnei
ex ghsh sto kat¸tato ìrio tim¸n twn suqnot twn peristrof c pou parath-
roÔme stouc p�lsarc deÔterhc geni�c (recycled pulsars). H akrÐbeia metaxÔ
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Sq ma 1.8: To adi�stato pl�toc thc idiosuqnìthtac r pou prokÔptei apì
to sen�rio tou sq matoc 1.7. EÐnai fanerèc apì to sq ma oi dÔo f�seic
thc exèlixhc tou pl�touc. H estigmènh gramm  eÐnai gia montèla astèrwn
netronÐwn me floiì (crust), ìpou faÐnetai ìti kai to s ma diarkeÐ ligìtero.
Ston orizìntio �xona sqedi�zetai o qrìnoc kai ston katakìrufo o dekadikìc
log�rijmoc tou adi�statou barutikoÔ s matoc pou ekpèmpetai.

thc parathroÔmenhc P = 1.56ms kai thc problepìmenhc me b�sh to parap�-
nw sen�rio tim c P = 1.5 ms eÐnai polÔ kal . Kai p�li h kampÔlh exèlixhc
exart�tai apì to mègisto pl�toc thc idiosuqnìthtac r. Sto sq ma 1.10 faÐ-
nontai epÐshc dÔo diaforetikèc kampÔlec exèlixhc gia dÔo diaforetikèc timèc
tou mègistou pl�touc a.

Met� apì aut  thn endiafèrousa eisagwgik  suz thsh eÐnai fanerì ìti h
melèth twn peristrefìmenwn astèrwn sta plaÐsia thc Genik c JewrÐac Sqe-
tikìthtac eÐnai polÔ endiafèrousa kai èqei poll� na prosfèrei tìso apì
jewrhtik  �poyh sthn katanìhsh k�poiwn anex ghtwn mèqri s mera para-
thrhsiak¸n dedomènwn, all� kai peiramatik� ìson afor� sthn anÐqneush twn
barutik¸n kum�twn, thn teleutaÐa prìbleyh thc JewrÐac pou den èqei akìma
epibebaiwjeÐ �mesa.

Sthn paroÔsa diatrib , dÐnoume èmfash sthn melèth twn mh aktinik¸n ta-
lant¸sewn bradèwc peristrefìmenwn astèrwn qrhsimopoi¸ntac thn jewrÐa
diataraq¸n. H basik  logik  pÐsw apì th jewrÐa diataraq¸n eÐnai h akì-
loujh apl  : 'Eqoume èna fusikì sÔsthma se isorropÐa, sthn sugkekrimènh
perÐptwsh eÐnai o astèrac me ton qwrìqrono, diatar�ssoume ta fusik� me-
gèjh pou to perigr�foun, qwrÐc na mac endiafèrei arqik� h fusik  aitÐa pou
mporeÐ na prokalèsei aut n thn diataraq , kai sth sunèqeia grammikopoioÔme
tic exis¸seic pou perigr�foun to sÔsthma upojètontac ìti h diataraq  eÐ-
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Sq ma 1.9: To adi�stato pl�toc thc idiosuqnìthtac r me èntonh gramm  (a-
ntÐstoiqh me aut  tou sq. 1.8) pou prokÔptei apì to sen�rio tou sq matoc 1.7
met� apì thn teqnik  epexergasÐac s matoc (matched filtering) se sqèsh me
tic euaisjhsÐec twn diafìrwn anisqneut¸n. Sto orizìntio �xona parist�netai
h suqnìthta kai ston katakìrufo o dekadikìc log�rijmoc tou adi�statou
pl�touc tou barutikoÔ kÔmatoc.

nai mikr . Apì thn epÐlush twn grammikopoihmènwn exis¸sewn meletoÔme thn
apìkrish tou sust matoc sth diataraq  eÐte analutik� eÐte arijmhtik� kai
prokÔptoun oi idiosuqnìthtec tal�ntwshc tou sust matoc.

H qrhsimìthta thc jewrÐac diataraq¸n sth melèth twn mh aktinik¸n astri-
k¸n talant¸sewn sta plaÐsia thc Genik c JewrÐac Sqetikìthtac, ègkeitai
sto gegonìc ìti parèqei èna xek�jaro fusikì plaÐsio melèthc aut¸n. 'Etsi,
ta apotelèsmata pou paÐrnoume mporoÔn na qrhsimopoihjoÔn peraitèrw wc
b�sh gia thn exagwg  sumperasm�twn apì thn mellontik� aniqneÔsimh akti-
nobolÐa barutik¸n kum�twn sqetik� me th dom  twn astèrwn (phg¸n) thn m�za
kai thn aktÐna touc ìpwc èqei protajeÐ sto pareljìn sthn perÐptwsh twn mh
peristrefìmenwn astèrwn [103, 104, 105]. Epiplèon, ìlec oi prosp�jeiec gia
arijmhtik  epÐlush twn pl rwn mh grammik¸n exis¸sewn Einstein, èqoun wc
anafor� gia sÔgkrish ta apotelèsmata thc grammik c jewrÐac diataraq¸n.
Autì sumbaÐnei giatÐ lìgw thc poluplokìthtac sth dom  kai sthn arijmhtik 
epÐlush twn mh grammik¸n exis¸sewn h fusik  ermhneÐa twn apotelesm�twn
eÐnai dÔskolh.

H sumbol  thc paroÔsac diatrib c sthn melèth twn bradèwc peristrefì-
menwn astèrwn sta plaÐsia thc Genik c JewrÐac Sqetikìthtac eÐnai polla-
pl . Arqik� eÐnai h arijmhtik  epÐlush twn exis¸sewn pou perigr�foun tic mh
aktinikèc talant¸seic aut¸n agno¸ntac tic diataraqèc twn qwrìqronou, pro-
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Sq ma 1.10: Sen�rio exèlixhc gia èna diplì sÔsthma astèrwn pou ekmpèmpei
se aktÐnec Q (LMXB). Ston orizìntio �xona sqedi�zetai o dekadikìc log�-
rijmoc thc jermokrasÐac, en¸ ston katakìrufo o lìgoc thc periìdou tou
astèra proc th mègisth perÐodo peristrof c sto ìrio Kepler. Oi dÔo diafo-
retikèc kampÔlec parousi�zoun dÔo diaforetik� sen�ria gia dÔo diaforetik�
pl�th thc idiosuqnìthtac r.

keimènou na brejoÔn kai na melethjoÔn oi idiosuqnot twn tou astèra. Sth
sunèqeia sumperil�bame kai tic qwroqronikèc diataraqèc gia thn epÐlush tou
pl rouc sust matoc twn exis¸sewn astèra-qwrìqronou. Diapist¸same ìti
h sunj kh bajmÐdac pou qrhsimopoieÐtai mèqri s mera sth bibliografÐa èqei
probl mata ìson afor� thn arijmhtik  epÐlus  tou sust matoc twn diafo-
rik¸n exis¸sewn pou dÐnei. Gia to lìgo autì epilèxame kai qrhsimopoi same
gia thn paragwg  twn exis¸sewn pou perigr�foun tic diataraqèc enìc tètoiou
astèra mia �llh sunj kh bajmÐdac h opoÐa par�gei èna sÔsthma exis¸sewn
pou se mia pr¸th mati� faÐnetai pio aplì kai arijmhtik� �epilÔsimo�. Tèloc
jèlontac na elègxoume ta ìria thc grammik c prosèggishc diataraq¸n sto
tm ma twn talant¸sewn tou astrikoÔ reustoÔ proqwr same èna b ma para-
p�nw. Eisag�game touc ìrouc deÔterhc t�xhc O(ε2) wc proc thn par�metro
peristrof c ε kai melet same thn epÐdrash aut¸n tìso sto statikì astrikì
montèlo ìso kai stic exis¸seic diataraq¸n.

'Etsi h org�nwsh thc didaktorik c diatrib c eÐnai h akìloujh: Sto kef�-
laio 2.1 dÐnoume tic exis¸seic pou perigr�foun to statikì montèlo tou qwrì-
qronou kai tou astèra pou sth sunèqeia ja diatar�xoume, kai exhgoÔme pwc
gÐnetai h arijmhtik  olokl rwsh touc prokeimènou na par�goume ta dedomèna
tou statikoÔ astrikoÔ montèlou pou ja qrhsimopoi soume stic arijmhtikèc
prosomei¸seic. Sth sunèqeia sto kef�laio 3 eis�goume tic diataraqèc, gram-
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mikopoioÔme tic exis¸seic Einstein kai perigr�foume thn arijmhtik  mèjodo
pou ja qrhsimopoi soume gia thn olokl rwsh touc. Sth sunèqeia, sto ke-
f�laio 4 oloklhr¸noume arijmhtik� tic exis¸sewn diataraq¸n agno¸ntac tic
qwroqronikèc diataraqèc prokeimènou na melet soume tic idiosuqnìthtac ta-
l�ntwshc tou astrikoÔ reustoÔ. Sto kef�laio 5 eis�goume mia kainoÔrgia
bajmÐda, thn BCL gauge kai parag�goume tic grammikopoihmènec exis¸seic
sthn bajmÐda aut  pou prokÔptoun katallhlìterec gia arijmhtik  exèlixh se
sqèsh me thn bajmÐda pou eÐqe qrhsimopoihjeÐ eurèwc mèqri s mera. Sth su-
nèqeia sto kef�laio 6 eis�goume mia nèa graf  twn exis¸sewn pr¸thc t�xhc
pou  dh up�rqoun sthn bibliografÐa h opoÐa belti¸nei tic arijmhtik  sumpe-
rifor� twn exis¸sewn pou oloklhr¸noume. Tèloc sto kef�laio 7 eis�goume
sto statikì montèlo kai stic exis¸seic diataraq¸n ìrouc deÔterhc t�xhc wc
proc thn peristrof  kai meletoÔme thn epÐdrash aut¸n stic idiosuqnìthtec
tou astrikoÔ reustoÔ.
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Mon�dec kai SumbolismoÐ

• To Ðqnoc (signature) thc metrik c eÐnai (−, +, +, +) , dhl. ta qronoeid 
tetradianÔsmata èqoun arnhtik  orÐzousa.

• QrhsimopoioÔme gewmetrikèc mon�dec dhlad  jètoume c = G = 1.

• Oi par�gwgoi wc proc to qrìno sumbolÐzontai me mia teleÐa p�nw apì
to gr�mma (overdot) p.q. Ȧ, en¸ oi par�gwgoi wc proc thn aktinik 
dieÔjunsh me èna tìno sta dexi� tou gr�mmatoc (prime), p.q. A′.

• Oi sunalloÐwtec par�gwgoi sumbolÐzontai me ellhnikì erwthmatikì (; ).
Oi merikèc par�gwgoi wc proc xµ sumbolÐzontai me ∂

∂xµ , kai merikèc
forèc suntomìtera, wc ∂µ   me kìmma ,µ.

• Oi ellhnikoÐ deÐktec paÐrnoun timèc apì 0−3 en¸ oi latinikoÐ apì 1−3.



Kef�laio 2

Statikì montèlo

2.1 Upojèseic

S' autì to kef�laio ja d¸soume mia sÔntomh perigraf  tou statikoÔ montè-
lou to opoÐo sthn sunèqeia ja diatar�xoume gia melet soume thn apìkris 
tou. Upojètoume ìti èqoume èna bradèwc peristrefìmeno astèra netronÐwn
pou apoteleÐtai apo tèleio reustì, mhdenik c jermokrasÐac kai peristrèfetai
omogen¸c gÔrw apì ton �xona tou, me stajer  gwniak  taqÔthta Ω. Parìlo
pou ènac pragmatikìc astèrac netronÐwn mporeÐ na èqei pio polÔplokh dom 
ìpwc p.q. stereì pur na, floiì, magnhtikì pedÐo,   akìma kai k�poio poso-
stì thc m�zac tou na eÐnai se upèreusth morf  (superfluid), h aplousteumènh
upìjesh pou k�name perigr�fei me arket  akrÐbeia tic genikèc idiìthtec ( bulk
properties) enìc astèra netronÐwn. Oi parathr seic twn glitches twn p�lsa-
rc mac deÐqnoun ìti h apìklish apì to montèlo tou tèleiou reustoÔ lìgw
twn parap�nw dom¸n eÐnai p�ra polÔ mikrèc [39]. Epiplèon, h upìjesh thc
mhdenik c jermokrasÐac dikaiologeÐtai apì to gegonìc ìti h jermik  enèrgeia
(< 1MeV ) eÐnai polÔ mikrìterh apì thn enèrgeia Fermi (> 60MeV ) sto
eswterikì touc. Tèloc, gia thn upìjesh thc omogenoÔc peristrof c tou, axÐ-
zei na anafèroume ta ex c : Parìlo pou kat� thn gènnhs  tou ènac astèrac
netronÐwn èqei diaforik  peristrof , kaj¸c yÔqetai, afenìc to grammikì ix¸-
dec (shear viscosity) lìgw thc diafug c twn netrÐnwn, afetèrou h dhmiourgÐa
turb¸dwn ro¸n sthn z¸nh metafor�c tou, all� pijanìn kai lìgw epanasÔn-
deshc magnhtik¸n dunamik¸n gramm¸n, h diaforik  peristrof  ekfulÐzetai se
omogen c. H qronik  klÐmaka mèsa sthn opoÐa gÐnetai aut  h met�bash eÐnai
dÔskolo na upologisteÐ epakrib¸c all� sÔmfwna me mia teleutaÐa melèth [40]
pisteÔetai ìti eÐnai thc t�xhc twn deuterolèptwn.

2.2 Exis¸seic statikoÔ montèlou

Me b�sh tic parap�nw upojèseic, h peristrof  tou astèra jewreÐtai wc dia-
taraq  tou mh peristrefìmenou montèlou t�xhc ε = Ω/

√
M/R3, ìpou Ω eÐnai

23
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h gwniak  taqÔthta peristrof c tou astèra, M h m�za tou kai R h aktÐna
tou. Sthn sunèqeia ja anaptÔxoume tic exis¸seic pou perigr�foun autìn
ton astèra sthn grammik  prosèggish peristrof c dhlad  diathr¸ntac ìrou-
c pr¸thc t�xhc mìno wc proc ε. O qwrìqronoc entìc kai perÐ ton astèra
perigr�fetai apì thn metrik ,

ds2 = −e2νdt2 + e2λdr2 + r2dθ2 + r2 sin2 θdφ2 − 2εωr2 sin2 θdtdφ (2.1)

ìpou ta ν, λ, ω eÐnai sunart seic thc aktinik c apìstashc r apì to kèntro
tou astèra. To reustì tou astèra perigr�fetai apì ton tanust  enèrgeiac
orm c tou tèleiou reustoÔ,

Tµν = (p + ε)uµuν + pgµν , (2.2)

ìpou p, ε eÐnai h pÐesh kai h puknìthta enèrgeiac, antÐstoiqa, tou tèleiou
reustoÔ kai uµ eÐnai h tetra-taqÔthta tou, h opoÐa arqik� èqei mìno dÔo
sunist¸sec se pr¸th t�xh wc proc ε,

uµ =
[−eν , 0, 0, ε(Ω− ω)r2e−ν

]
. (2.3)

Gia na sumplhrwjeÐ h perigraf  tou reustoÔ qreiazìmaste kai mia exÐswsh
kat�stashc. Sth genik  perÐptwsh ìpwc gnwrÐzoume apì thn jermodunamik ,
h pÐesh eÐnai sun�rthsh thc jermokrasÐac T kai thc puknìthtac enèrgeiac ε
tou reustoÔ p = p(T, ε). H upìjesh ìmwc thc mhdenik c jermokrasÐac tou
reustoÔ mac epitrèpei na uiojet soume mia monoparametrik  exÐswsh kat�sta-
shc sthn opoÐa h pÐesh den èqei ex�rthsh apì th jermokrasÐa. Sta plaÐsia
aut c thc diatrib c ja qrhsimopoi soume dÔo diaforetikèc katastatikèc exi-
s¸seic.

1. Thn apl  polutropik  exÐswsh kat�stashc [41],

p = KεΓ (2.4)

ìpou K, eÐnai h polutropik  stajer� kai Γ o polutropikìc deÐkthc pou
sundèetai me ton polutropikì ekjèth n, me th sqèsh,

Γ = 1 +
1
n

(2.5)

kai

2. thn adiabatik  sqetikistik  polutropik  katastatik  exÐswsh [42],

p = KρΓ
0 (2.6aþ)

ε = ρ0 +
p

Γ− 1
(2.6bþ)

ìpou ρ0 eÐnai h puknìthta thc m�zac hremÐac (rest mass density).
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H adiabatik  polutropik  exÐswsh kat�stashc prokÔptei me thn epiplèon
upìjesh ìti oi kin seic tou astrikoÔ reustoÔ eÐnai adiabatikèc. Apì thn u-
pìjesh aut  kai qrhsimopoi¸ntac to pr¸to jermodunamikì axÐwma, prokÔptei
kai h sqèsh metaxÔ thc puknìthtac m�zac hremÐac ρ0 kai thc puknìthtac m�zac
enèrgeiac ε.

AxÐzei na shmeiwjeÐ ed¸ ìti gia timèc tou polutropikoÔ ekjèth n < 1,
paÐrnoume �sklhrèc� (stiff) exis¸seic kat�stashc, en¸ gia n > 1, paÐrnoume
�malakèc� (soft) katastatikèc exis¸seic. Tèloc gia timèc tou polutropikoÔ
ekjèth 0.5 < n < 1, paÐrnoume montèla astèrwn netronÐwn me idiìthtec su-
gkrÐsimec me parathroÔmenouc p�lsarc.

Apì tic sunist¸sec twn exis¸sewn Einstein,

Gµν = 8πTµν (2.7)

paÐrnoume tic akìloujec exis¸seic pou perigr�foun pl rwc ton statikì mo-
ntèlo,

m′ = 4πr2ε (2.8aþ)

ν ′ = − 1
2r

+
e2λ

2r
+ 4πeλpr (2.8bþ)

λ′ =
1
2r
− e2λ

2r
+ 4πeλεr (2.8gþ)

ν ′′ = −ν
′2 + λ′ν ′ +

λ′ − ν ′

r
+ 8πe2λp (2.8dþ)

$′′ −
[
4πr(p + ε)e2λ − 4

r

]
$′ − 16πe2λ(p + ε)$ = 0 (2.8eþ)

ìpou èqoume eis�gei th metablht ,

$ = Ω− ω, (2.9)

kai

e2λ =
(

1− 2m

r

)−1

. (2.10)

Prosjètontac tic exis¸seic (2.8bþ) kai (2.8gþ) kat� mèlh prokÔptei mia qr -
simh sqèsh pou mporeÐ na qrhsimopoihjeÐ gia thn antikat�stash posot twn
tou statikoÔ montèlou stic diataragmènec exis¸seic

4πreλ(p + ε) = ν ′ + λ′. (2.11)

H exÐswsh (2.8eþ) èqei idiaÐterh shmasÐa mia kai eis�gei èna fainìmeno to opoÐo
sthn Neut¸neia jewrÐa den up rqe. Pio sugkekrimèna apoteleÐ th majhmatik 
èkfrash tou fainomènou pou onom�zetai par�sursh twn adraneiak¸n susth-
m�twn [17] (dragging of inertial frames), kai susqetÐzei �mesa to qwrìqrono
me to reustì. Me �lla lìgia mac lèei ìti ènac adraneiakìc parathrht c pou
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brÐsketai èxw apì èna peristrefìmeno astèra, den mporeÐ na meÐnei akÐnhtoc
all� parasÔretai ki autìc se peristrof , lìgw thc peristrof c tou astè-
ra. Autì to kajar� sqetikistikì fainìmeno poÔ den èqei antÐstoiqo sthn
Neut¸neia jewrÐa, ìpwc proanafèrjhke apoteleÐ to aÐtio emf�nishc poll¸n
shmantik¸n nèwn fainomènwn ìpwc ja doÔme se parak�tw kef�laia. Tèloc,
axÐzei na anaferjeÐ ìti autì eÐnai kai to mìno epiplèon dedomèno se sqèsh me
to montèlo mh peristrefìmenou astèra, pou èqoume sthn grammik  prosèggi-
sh, afoÔ h allag  sto sq ma tou astèra èrqetai apì touc ìrouc deÔterhc
t�xhc wc proc thn peristrof  ìpwc ja doÔme se epìmeno kef�laio. 'Exw apì
ton astèra isqÔei,

e2ν = e−2λ = 1− 2M

r
, $ = Ω− 2J

r3
(2.12)

ìpou M eÐnai h sunolik  m�za tou astèra kai J h stroform  tou. Tèloc apì
thn sqetikistik  arq  diat rhshc thc enèrgeiac,

T ; µ
µν = 0, (2.13)

paÐrnoume thn diaforik  exÐswsh pou perigr�fei thn pÐesh sto eswterikì tou
astèra,

p′ = −(p + ε)ν ′. (2.14)

Sundu�zontac thn parap�nw sqèsh gia thn pÐesh me thn (2.8bþ) eÔkola pro-
kÔptei ìti,

p′ = −(p + ε)
e2λ

r2

(
m + 4πr3p

)
, (2.15)

pou shmaÐnei ìti h par�gwgoc thc pÐeshc sthn epif�neia tou astèra mhdenÐ-
zetai lìgw tou mhdenismoÔ twn p kai ε. H par�gwgoc ìmwc thc puknìthtac
m�zac-enèrgeiac sumperifèretai arket� diaforetik�. Apì thn Ðdia sqèsh pro-
kÔptei gia to ε′,

ε′ = −ν ′(p + ε)
(

dp

dε

)−1

. (2.16)

Kont� sthn epif�neia, p << ε, sunep¸c,

(p + ε)
(

dp

dε

)−1

' ε

(
dp

dε

)−1

. (2.17)

Gia thn perÐptwsh thc apl c polutropik c katastatik c exÐswshc (2.4), èqou-
me,

dp

dε
= KΓεΓ−1, (2.18)

kai epomènwc,

ε′ = −ν ′
ε2−Γ

KΓ
. (2.19)
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Kont� sthn epif�neia tou astèra h puknìthta enèrgeiac ε → 0, kai to ν ′ teÐnei
se stajer  tim . 'Etsi eÔkola sumperaÐnei kaneÐc ìti h tim  thc parag¸gou
thc puknìthtac enèrgeiac ε′, kont� sthn epif�neia tou astèra, exart�tai apì
thn tim  tou polutropikoÔ deÐkth Γ. Gia Γ < 2, èqoume ε′ → 0, gia Γ = 2
èqoume to ε′ na teÐnei se mia stajer  tim , kai gia Γ > 2 prokÔptei ε′ → −∞.
To gegonìc autì ja prèpei na lhfjeÐ sobar� upìyh sthn arijmhtik  exèli-
xh twn exis¸sewn diataraq¸n prokeimènou na antimetwpistoÔn probl mata
arijmhtik¸n astajei¸n sthn epif�neia tou astèra lìgw thc apìklishc tou
ε′.

H pr¸thc t�xhc prosèggish eÔkola apodeiknÔetai ìti eÐnai polÔ ikano-
poihtik  akìma kai gia touc taqÔtera peristrefìmenouc astèrec netronÐwn.
Pr�gmati, qrhsimopoi¸ntac thn perÐodo tou plèon gr gora peristrefìmenou
parathr simou astèra netronÐwn pou eÐnai P ' 2ms 1, h opoÐa antistoiqeÐ se
gwniak  taqÔthta peristrof c Ω = 3100 s−1 kai b�zontac san tupik  m�za
enìc tètoiou astèra M = 1.4M¯ kai tupik  aktÐna R = 10 km, h par�metroc
ε gÔrw apì thn opoÐa anaptÔssoume tic exis¸seic mac prokÔptei na eÐnai,

ε ' 0.4 << 1 (2.20)

pou shmaÐnei ìti h prosèggish pou k�noume eÐnai parap�nw apì ikanopoihtik 
na perigr�youme akìma kai touc plèon taqÔtata peristrefìmenouc astèrec.
Sthn perÐptwsh twn neogènnhtwn astèrwn netronÐwn pou dhmiourgoÔntai apì
barutik  kat�rreush enìc astèra meg�lhc m�zac, eÐnai akìma megalÔterh
me apotèlesma h par�metroc peristrof c ε na eÐnai thc t�xhc tou 0.8 opìte
sthn perÐptwsh aut  exÐsou shmantikèc diorj¸seic dÐnoun kai oi ìroi deÔterhc
t�xhc, ìpwc ja melet soume analutik� sto kef�laio 7.

2.3 Arijmhtik  kataskeu  tou statikoÔ montèlou

H kataskeu  tou statikoÔ montèlou bradèwc peristrefìmenou astèra gÐnetai
me arijmhtik  olokl rwsh twn suzeugmènwn diaforik¸n exis¸sewn (2.8aþ),
(2.8bþ), (2.8eþ), (2.14) kai miac ek twn dÔo exis¸sewn kat�stashc (2.4)  
(2.6). Oi arqikèc sunj kec pou prèpei na d¸soume eÐnai h kentrik  puknì-
thta tou astèra εc, mia tuqaÐa tim  gia to dunamikì sto kèntro tou, νc, h
polutropik  stajer� K, o polutropikìc ekjèthc n kai o rujmìc peristro-
f c ε. Sth sunèqeia apì thn exÐswsh kat�stashc brÐskoume thn kentrik 
pÐesh pc kai oloklhr¸noume to sÔsthma twn exis¸sewn mèqri thn epif�neia
astèra dhlad  mèqri na mhdenisteÐ h pÐesh. H tim  tou dunamikoÔ λ se k�je
b ma thc arijmhtik c olokl rwshc brÐsketai apì thn exÐswsh (2.10). Sthn
epif�neia tou astèra kai qrhsimopoi¸ntac tic upologismènec timèc m�zac kai
aktÐnac brÐskoume thn pragmatik  tim  tou dunamikoÔ ν apì thn sqèsh (2.12)
kai me b�sh thn diafor� apì thn upologismènh me thn arijmhtik  olokl rwsh

1O PSR 1937+21 gia par�deigma èqei perÐodo peristrof c P = 1.6ms
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tim , diorj¸noume tic timèc tou dunamikoÔ sto eswterikì tou astèra, ekme-
talleuìmenoi th grammikìthta thc D.E. gia to dunamikì ν. H olokl rwsh
thc exÐswshc deÔterhc t�xhc (2.8eþ) gÐnetai me anagwg  thc se pr¸th t�xh,
jètontac $′ = z. Sth sunèqeia, dÐnoume aujaÐreth arqik  tim  sto $ kai
z = 0 kai oloklhr¸noume mèqri thn epif�neia tou astèra. AkoloÔjwc, me b�-
sh kai p�li thn (2.12) kaj¸c kai ton dojènta rujmì peristrof c tou astèra
ε, diorj¸noume tic arqik� upologismènec timèc, lìgw kai p�li thc grammikìth-
tac thc diaforik c exÐswshc. H arijmhtik  olokl rwsh ègine me thn mèjodo
Runge-Kutta tètarthc t�xhc kai me thn routÐna rk4.f apì to [14].



Kef�laio 3

Exis¸seic diataraq¸n

Sto kef�laio autì k�noume mia eisagwg  sth grammik  jewrÐa diataraq¸n,
efarmìzont�c thn sto prìblhma pou jèloume na melet soume. 'Etsi, eis�-
goume tic diataraqèc tou statikoÔ montèlou enìc bradèwc peristrefìmenou
astèra, pou perigr�yame sto prohgoÔmeno kef�laio. Diatar�ssoume tau-
tìqrona to qwrìqrono kai to astrikì reustì eis�gontac mikrèc diataraqèc
t�xhc δ, sta megèjh pou perigr�foun thn isorropÐa touc. Sth sunèqeia pa-
r�goume tic diataragmènec exis¸seic Einstein kai tic exis¸seic kÐnhshc tou
diataragmènou reustoÔ, kai tic grammikopoioÔme tautìqrona wc proc thn pa-
r�metro peristrof c ε kai thn par�metro twn diataraq¸n δ. Perigr�foume
analutik� to trìpo me ton opoÐo diatar�ssoume to qwrìqrono kai to astrikì
reustì kai sth sunèqeia k�noume mia ekten  anafor� stic arijmhtikèc mejì-
douc pou èqoun anaptuqjeÐ gia thn epÐlush tou peplegmènou sust matoc twn
diaforik¸n exis¸sewn merik¸n parag¸gwn pou prokÔptei.

3.1 Metablhtèc Euler-Lagrange

H melèth twn mikr¸n diataraq¸n sto eswterikì enìc bradèwc peristrefìme-
nou sqetikistikoÔ astèra, akolouj¸ntac tic mejìdouc thc mhqanik c suneq¸n
mèswn, mporeÐ na gÐnei me dÔo diaforetikoÔc trìpouc perigraf c pou eÐnai ou-
siastik� isodÔnamoi.

a) Me thn parakoloÔjhsh thc metabol c twn diafìrwn megej¸n kat� m -
koc thc troqi�c enìc stoiqei¸douc ìgkou (volume element) tou reu-
stoÔ,  

b) me thn melèth thc metabol c twn diafìrwn megej¸n tou suneqoÔc mèsou,
se èna stajerì shmeÐo wc proc to sÔsthma tou parathrht .

H pr¸th mèjodoc anafèretai wc mèjodoc tou Lagrange,   swmatidiak  pe-
rigraf , kai h deÔterh wc mèjodoc tou Euler   qwrik  perigraf . Sto qw-
rìqrono èxw apì ton astèra h swmatidiak  perigraf , profan¸c, paÔei na
isqÔei kai sunep¸c qrhsimopoieÐtai apokleistik� h qwrik .

29
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Prokeimènou na melethjeÐ kalÔtera h sqèsh all� kai h fusik  shmasÐa
twn dÔo aut¸n trìpwn perigraf c twn diataraq¸n, ac jewr soume thn u-
drodunamik  ro  tou diataragmènou astèra se sqèsh me thn udrodunamik 
ro  thc statik c katanom c kai ac sumbolÐsoume me Q(x, t), Q0(x, t) mia fu-
sik  posìthta, p.q. pÐesh, taqÔthta, sth diataragmènh kai sthn adiat�raqth
ro  antÐstoiqa. Epiplèon, ac sumbolÐsoume me ξ(x, t) thn metatìpish apì th
jèsh isorropÐac enìc stoiqei¸douc ìgkou tou reustoÔ, dhlad  to di�nusma
metatìpishc (displacement vector). H diafor�,

δQ = Q(x, t)−Q0(x, t) (3.1)

eÐnai h qwrik  perigraf  - Eulerian - twn diataraq¸n, h diafor� dhlad  metaxÔ
thc diataragmènhc kai thc arqik c posìthtac se mia sugkekrimènh qwrik 
jèsh. H diafor�,

∆Q = Q[x + ξ(x, t), t)]−Q0(x, t) (3.2)

eÐnai h swmatidiak  perigraf  - Lagrangian - twn diataraq¸n, h diafor�
dhlad  metaxÔ thc diataragmènhc kai thc arqik c posìthtac gia thn kÐnhsh
tou Ðdiou stoiqei¸douc ìgkou mèsa sto reustì. AnaptÔssontac thn teleutaÐa
sqèsh se seir� Taylor wc proc ξ, paÐrnoume th sqèsh metaxÔ twn dÔo trìpwn
perigraf c,

∆Q = δQ + ξi
∂Q

∂xi
+

1
2
ξiξj

∂2Q

∂ξi∂ξj
+ . . . (3.3)

Me thn upìjesh ìti oi diataraqèc eÐnai mikrèc, mporoÔme na stamat soume
to an�ptugma ston pr¸to ìro, sth grammik  dhlad  prosèggish. 'Etsi paÐr-
noume thn parak�tw sqèsh metaxÔ twn perigraf¸n Euler kai Lagrange thc
posìthtac Q,

∆Q = δQ + ξ · ∇Q. (3.4)

Apì ton orismì tou dianÔsmatoc metatìpishc ξ prokÔptei gia thn swmatidiak 
morf  thc diataraq c thc taqÔthtac,

∆v(x, t) = v(x + ξ, t)− v0(x, t) =
dξ

dt
(3.5)

H shmasÐa twn swmatidiak¸n diataraq¸n Langrange eÐnai meg�lh, giatÐ se
pr¸th t�xh wc proc tic diataraqèc oi telestèc ∆ kai d

dt antimetatÐjentai.
Sthn an�lush thc paroÔsac diatrib c, ja qrhsimopoi soume tic qwrikèc dia-
taraqèc Euler, mia pou endiaferìmaste gia to sÔsthma qwrìqronou-reustoÔ,
¸ste na èqoume koin  perigraf  twn diataraq¸n sto eswterikì tou astèra
all� kai sto qwrìqrono.

3.2 An�lush se sfairikèc armonikèc

Sth genik  perÐptwsh oi sunart seic pou perigr�foun tic diataraqèc tou qw-
rìqronou ja eÐnai sunart seic kai twn tess�rwn metablht¸n thc metrik c t,
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r, θ, φ. Lìgw ìmwc thc sfairik c summetrÐac tou montèlou mporoÔme na qw-
rÐsoume tic sunart seic twn diataraq¸n se aktinik� kai gwniak� mèrh me thn
bo jeia thc an�lushc se sfairikèc armonikèc. Sth sunèqeia qrhsimopoi¸ntac
ta oloklhr¸mata twn sfairik¸n armonik¸n oloklhr¸noume wc proc tic gw-
nÐec θ, φ apaleÐfontac th gwniak  ex�rthsh twn diataragmènwn exis¸sewn
¸ste na katal xoume se D.E.M.P twn metablht¸n r, t. 'Etsi, analutikìtera
mia bajmwt  sun�rthsh thc morf c Ψ(t, r, θ, φ) ja ekfrasteÐ me th bo jeia
twn sfairik¸n armonik¸n wc ex c,

Ψ(t, r, θ, φ) = X(r, t)
∞∑

l=0

l∑

m=−l

Ylm(θ, φ)

, ìpou,
Ylm = QlmPlm exp (imφ) (3.6)

eÐnai oi sfairikèc armonikèc, Plm(θ) ta prosarthmèna polu¸numa Legendre,
kai,

Qlm =

√
(l −m)(l + m)
(2l − 1)(2l + 1)

. (3.7)

H diataraq  sto reustì tou astèra ja gÐnei dÐnontac mia mikr  taqÔthta
proc k�je mÐa apì tic treic suntetagmènec kateujÔnseic r, θ, φ all� par�l-
lhla diatar�ssontac thn pÐesh kai thn puknìtht� tou. An upojèsoume ìti oi
diataraqèc eÐnai barotropikèc, dhlad  o adiabatikìc touc deÐkthc eÐnai Ðsoc
me autìn thc statik c katanom c, tìte oi diataraqèc sthn pÐesh kai sthn
puknìthta sundèontai me thn taqÔthta tou  qou wc ex c :

C2
s =

δp

δε
(3.8)

Epiplèon, to �jroisma wc proc ton armonikì deÐkth l, ja èqei pr¸to ìro to
l = 2, giatÐ h ekpomp  barutik¸n kum�twn proèrqetai apì autì ton deÐkth
kai p�nw. Gia tic timèc tou armonikoÔ deÐkth l = 0 kai l = 1 èqoume tic
aktinikèc kai dipolikèc astrikèc talant¸seic antÐstoiqa, oi opoÐec afenìc
den mporoÔn na par�goun barutik� kÔmata, kai afetèrou qrei�zontai eidikì
qeirismì [20] lìgw analutik¸n sqèsewn pou isqÔoun gia tic sugkekrimènec
sfairikèc armonikèc kai den ja mac apasqol soun efex c.

'Etsi, oi sunalloÐwtec sunist¸sec tou diataragmènou dianÔsmatoc thc
tetra-taqÔthta èqoun thn morf  :

δur = −eν
∞∑

l=2

l∑

m=−l

Rlm(r, t)Ylm (3.9aþ)

δuθ = −eν
∞∑

l=2

l∑

m=−l

[
Vlm(r, t)

∂

∂θ
− Ulm(r, t)

1
sin θ

∂

∂φ

]
Ylm (3.9bþ)
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δuφ = −eν
∞∑

l=2

l∑

m=−l

[
Vlm(r, t)

∂

∂φ
+ Ulm(r, t) sin θ

∂

∂θ

]
Ylm (3.9gþ)

H sunist¸sta gia thn diataraq  wc proc to suntetagmèno qrìno δut ja
prokÔyei apì thn diataraq  thc sunj khc kanonikopoÐhshc thc taqÔthtac,

(gµν + hµν) (uµ + δuµ) (uν + δuν) = −1 (3.10)

ìpou me hµν sumbolÐzoume tic diataraqèc tou metrikoÔ tanust , stic opoÐec
ja anaferjoÔme se amèswc epìmenh par�grafo. Oi diataraqèc sthn pÐesh kai
sthn puknìthta ìpwc anafèrjhke parap�nw sundèontai metaxÔ touc mèsw thc
taqÔthtac tou  qou kai ja analujoÔn kai autèc se sfairikèc armonikèc wc
akoloÔjwc,

δp =
∞∑

l=2

l∑

m=−l

δplmYlm δε =
∞∑

l=2

l∑

m=−l

δεlm.Ylm (3.11)

Mia qr simh metablht  pou ja qrhsimopoi soume kai ja aplopoi sei shma-
ntik� tic diataragmènec exis¸seic eÐnai h diataraq  thc enjalpÐac, thn opoÐa
ja sumbolÐsoume me H kai sundèetai me tic diataraqèc thc pÐeshc kai thc
puknìthtac wc ex c :

H =
δp

p + ε
= C2

s

δε

p + ε
. (3.12)

Sth sunèqeia ja eis�goume tic diataraqèc tou qwrìqronou. Ja sumbo-
lÐsoume thn diataragmènh metrik  me hµν , upojètontac ìti oi diataraqèc pou
eis�goume eÐnai polÔ mikrìterec se mètro apì thn arqik  metrik  (hµν << gµν)
kai ja prèpei na analÔsoume tic 10 sunist¸sec thc ¸ste na èqoun thn swst 
sumperifor� se metasqhmatismì strof c parity p�nw se mia 2-sfaÐra. Ed¸
prèpei na jumhjoÔme ìti up�rqoun genik� dÔo eid¸n metasqhmatismoÐ strof c
p�nw se mia sfaÐra. Oi polikèc (polar) ìpou oi sunart seic metasqhmatÐzo-
ntai wc ex c :

P (−x) = (−1)lP (x), (3.13)

kai oi axonikèc (axial) ìpou oi sunart seic metasqhmatÐzontai wc ex c :

A(−x) = (−1)l+1A(x). (3.14)

Epiplèon, an�loga me thn sumperifor� twn sunistws¸n thc diataragmènhc
metrik c sto metasqhmatismì strof c, ja qrhsimopoi soume thn kat�llhlh
oikogèneia sfairik¸n armonik¸n. 'Etsi oi sunist¸sec

• htt,

• htr,

• hrr
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metasqhmatÐzontai san bajmwt� megèjh, oi

• (htθ, htφ),

• (hrθ, hrφ)

san dianÔsmata kai oi hij me i, j = {θ, φ} san tanustèc. Gia tic posìthte-
c pou metasqhmatÐzontai san bajmwt� megèjh ja qreiastoÔme tic bajmwtèc
sfairikèc armonikèc Ylm, pou eÐnai polikèc. Gia tic posìthtec pou metasqhma-
tÐzontai san dianÔsmata ja qreiastoÔme tic dianusmatikèc sfairikèc armonikèc
pou eÐnai dÔo eid¸n

• polikèc (−1)l

Ψlm = (
∂Ylm

∂θ
,
∂Ylm

∂φ
) (3.15)

• axonikèc (−1)l+1

Φlm = (− 1
sin θ

∂Ylm

∂φ
, sin θ

∂Ylm

∂θ
) (3.16)

Gia tic posìthtec pou metasqhmatÐzontai san tanustèc ja qreiastoÔme tic
tanustikèc sfairikèc armonikèc pou eÐnai kai p�li dÔo eid¸n

• polikèc (−1)l

Ψlm =

[
∂2

∂θ2
1
2Xlm

∗
(

∂2

∂φ2 − cos θ sin θ ∂
∂θ

)
]

Ylm (3.17aþ)

Φlm =
[

1 0
0 sin2 θ

]
Ylm (3.17bþ)

• axonikèc (−1)l+1

χlm =

[ −1
2

Xlm
sin θ

1
2 sin θWlm

∗
(
sin θ ∂2

∂φ2 − cos θ
)

]
Ylm (3.18)

ìpou o asterÐskoc dhl¸nei summetrÐa kai,

Wlm =
(

∂2

∂θ2
− cos θ

sin θ

∂

∂θ
− 1

sin2 θ

∂2

∂φ2

)
(3.19)

Xlm = 2
(

∂2

∂θ∂φ
− cos θ

sin θ

∂

∂φ

)
(3.20)

'Etsi, oi sunist¸sec thc diataragmènhc metrik c mporoÔn na analujoÔn wc
ex c,

htt =
∞∑

l=2

l∑

m=−l

H0,lm(r, t)Ylm, (3.21aþ)
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htr =
∞∑

l=2

l∑

m=−l

H1,lm(r, t)Ylm, (3.21bþ)

hrr = e2λ
∞∑

l=2

l∑

m=−l

H2,lm(r, t)Ylm, (3.21gþ)

htθ =
∞∑

l=2

l∑

m=−l

(
−h0a,lm(r, t)

1
sin θ

∂

∂φ
+ h0p,lm(r, t)

∂

∂θ

)
Ylm, (3.21dþ)

htφ =
∞∑

l=2

l∑

m=−l

(
h0a,lm(r, t) sin θ

∂

∂θ
+ h0p,lm(r, t)

∂

∂φ

)
Ylm, (3.21eþ)

hrθ =
∞∑

l=2

l∑

m=−l

(
−h1a,lm(r, t)

1
sin θ

∂

∂φ
+ h1p,lm(r, t)

∂

∂θ

)
Ylm, (3.21�þ)

htφ =
∞∑

l=2

l∑

m=−l

(
h1a,lm(r, t) sin θ

∂

∂θ
+ h1p,lm(r, t)

∂

∂φ

)
Ylm, (3.21zþ)

kai tèloc to gwniakì mèroc thc diataragmènhc metrik c,

hij =
∞∑

l=2

l∑

m=−l

h2,lm(r, t)χlm

+ r2
∞∑

l=2

l∑

m=−l

{Glm(r, t)Ψlm + Klm(r, t)Φlm}, (3.22)

ìpou oi 10 sunart seic H0, H1, H2, h0,a, h0,p, h1,a, h1,p, G, h2, K, den
eÐnai anex�rthtec metaxÔ touc, all� èqoume thn eleujerÐa na mhdenÐsoume
4 apì autèc, mèsw thc epilog c miac sunj khc bajmÐdac (gauge), an�loghc
me aut n sthn hlektromagnhtik  jewrÐa. 'Opwc eÔkola katalabaÐnei kaneÐc,
eÐnai polÔ shmantik  h kalÔterh dunat  epilog  thc sunj kh bajmÐdac giatÐ
ja aplopoi sei kat� polÔ tic prokÔptousec exis¸seic diataraq¸n. H plèon
sun jhc sunj kh bajmÐdac sthn bibliografÐa eÐnai aut  twn Regge-Wheeler
[26] , sthn opoÐa èqoun mhdenisteÐ oi sunart seic

G(r, t) = 0 (3.23)
h0,p(r, t) = 0 (3.24)
h1,p(r, t) = 0 (3.25)
h2(r, t) = 0 (3.26)

kai gia lìgouc aplìthtac stic sunart seic pou perigr�foun tic axonikèc dia-
taraqèc, paraleÐpoume ton deÐkth a dhlad ,

h0,a = h0, h1,a = h1. (3.27)
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H diataragmènh metrik  s' aut  th bajmÐda mporeÐ na grafeÐ pio sumbolik�
me thn morf  pÐnaka wc ex c,

hµν = hpolar
µν + haxial

µν , (3.28)

ìpou,

hpolar
µν =




e2νH0 H1 0 0
∗ e2λH2 0 0
∗ ∗ r2K 0
∗ ∗ ∗ r2 sin2 θK


Ylm (3.29)

haxial
µν =




0 0 −h0
1

sin θ
∂
∂φ h0 sin θ ∂

∂θ

∗ 0 −h1
1

sin θ
∂
∂φ h1 sin θ ∂

∂θ

∗ ∗ 0 0
∗ ∗ ∗ 0


Ylm (3.30)

ìpou o asterÐskoc kai p�li dhl¸nei summetrÐa. Thn bajmÐda aut  uiojèth-
se kai o Kojima [35] sthn paragwg  twn diataragmènwn exis¸sewn Einstein
sthn perÐptwsh enìc bradèwc peristrefìmenou astèra, me tic opoÐec ja a-
sqolhjoÔme analutikìtera parak�tw.

3.3 GrammikopoÐhsh exis¸sewn Einstein

'Opwc eÐnai profanèc apì thn diataraq  tou qwrìqronou ephre�zontai kai ta
sÔmbola Christoffel all� kai o tanust c Riemann, oi diataragmènec sunist¸-
sec twn opoÐwn, sth grammik  prosèggish, upologÐzontai apì tic sqèseic,

δΓα
βγ =

1
2
gαν (hβ ν ; γ + hγ ν ; β − hβ γ ; ν) (3.31)

δRµν = −δΓβ
µ ν ; β + δΓβ

µ β ; ν . (3.32)

AkoloÔjwc, mporoÔme na gr�youme tic diataragmènec exis¸seic Einstein,

δGµν = 8πδTµν , (3.33)

ìpou h diataraq  tou tanust  Einstein, δGµν , se pr¸th t�xh wc proc ε,
dÐnetai apì thn sqèsh,

−2δGµν = h ;α
µν; α − (fµ;ν + fν;µ) + 2Rα β

µ ν hαβ + hα
α ; µ ; ν

− (Rα
νhµα + Rα

µhνα) + gµν(f ; α
α − hα ; β

α ; β )

+ Rhµν − gµνR
αβhαβ, (3.34)

me,
fµ = h ; ν

µν , (3.35)
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en¸ h diataraq  tou tanust  enèrgeiac orm c gr�fetai,

δTµν = (δp + δε) uµuν + (p + ε) (δuµuν + uµδuν) + δpgµν + phµν . (3.36)

To sÔsthma twn exis¸sewn sumplhr¸netai apì tic exis¸seic kÐnhshc tou
diataragmènou reustoÔ,

δ (Tµν
;µ) = 0, (3.37)

oi opoÐec dÐnontai analutik� apì th sqèsh,

δT ; µ
µν = gµκ

(
δTκν , µ − Γλ

κµδTλν − Γλ
µνδTκλ − δΓλ

κµTλν − δΓλ
µνTκλ

)

− hµκ
(
Tκν , µ − Γλ

κµTλν − Γλ
µνTκλ

)
. (3.38)

Me th bo jeia ìlwn twn parap�nw exis¸sewn kai qrhsimopoi¸ntac to
pakèto sumbolik¸n upologism¸n MapleV version 5 gia Linux me thn epiplèo-
n biblioj kh gia tanustikoÔc upologismoÔc GRTensorII version 1.71b [111],
epalhjeÔsame tic diataragmènec exis¸seic Einstein (3.33), gia èna bradèwc
kai omogen¸c peristrefìmeno astèra, pou eÐqe par�gei o Kojima [35]. Epi-
plèon parag�game kai parajètoume sto par�rthma A tic exis¸seic kÐnhshc
tou reustoÔ (3.38) pou den up�rqoun sthn parap�nw ergasÐa.

Prin proqwr soume sthn melèth tou sust matoc twn diaforik¸n exis¸-
sewn me merikèc parag¸gouc, ja  tan qr simo sto shmeÐo autì na k�noume
k�poiec dieukrinistikèc parathr seic sqetik� me tic exis¸seic. Oi 10 anex�r-
thtec diaforikèc exis¸seic merik¸n parag¸gwn (D.E.M.P.) pou prokÔptoun
apì tic (3.33) mporoÔn na qwristoÔn se dÔo kathgorÐec:

• stic exis¸seic periorismoÔ (constrain),

• kai stic exis¸seic qronik c exèlixhc (evolution).

Oi exis¸seic periorismoÔ eÐnai ìlec oi sunist¸sec twn exis¸sewn Einstein
pou perièqoun ton qronikì deÐkth, dhlad  oi tt, tr, tθ, tφ, kai prèpei na i-
kanopoioÔntai se k�je qronik  stigm . QrhsimopoioÔntai de ston arijmhtikì
k¸dika se k�je qronikì b ma gia èlegqo thc arijmhtik c olokl rwshc. Pio
sugkekrimèna, h tt sunist¸sa ekfr�zei thn arq  diat rhshc thc enèrgeiac,
en¸ oi upìloipec treic thn arq  diat rhshc thc orm c gia k�je kateÔjunsh
r, θ, φ. Oi exis¸seic qronik c exèlixhc eÐnai oi upìloipec èxi sunist¸sec twn
exis¸sewn diataraq¸n. Epiplèon, apì tic diataragmènec exis¸seic kÐnhshc
tou reustoÔ (3.38) paÐrnoume tèsseric epiplèon exis¸seic exèlixhc twn tri¸-
n taqut twn tou reustoÔ kai thc diataraq c thc enjalpÐac H. Epomènwc,
èqoume sunolik� dèka exis¸seic exèlixhc, apì thn arijmhtik  epÐlush twn o-
poÐwn me kat�llhlec arqikèc sunj kec, mporoÔme na melet soume th qronik 
sumperifor� tou sust matoc astèra-qwrìqronou.

Parìla aut�, den eÐnai tìso eÔkolo na gr�youme to sÔsthma twn exis¸-
sewn pou prokÔptoun se kat�llhlh morf  gia arijmhtik  exèlixh. Oi gn¸seic
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mac ìson afor� thn arijmhtik  epÐlush sust matoc peplegmènwn diaforik¸n
exis¸sewn me merikèc parag¸gouc eÐnai sqetik� periorismènec kai mìno gia
sugkekrimènec morfèc aut¸n mporoÔme na eÐmaste sÐgouroi ìti den ja antime-
twpÐsoume arijmhtikèc ast�jeiec kat� thn epÐlus  touc. Pio sugkekrimèna,
gia thc pr¸thc t�xhc D.E.M.P. gnwrÐzoume arket� pr�gmata ¸ste na eÐma-
ste sÐgourh gia thn arijmhtik  sumperifor� touc. 'Etsi, stìqoc mac eÐnai na
fèroume tic exis¸seic exèlixhc se morf  tètoia, ¸ste na eÐnai pr¸thc t�xhc
wc proc ton q¸ro kai ton qrìno. 'Ena epiplèon arket� shmantikì stoiqeÐo
gia thn epituqÐa thc prosp�jeiac pou tautìqrona apoteleÐ kai thn èkfrash
thc fusik c sto majhmatikì montèlo pou perigr�fei to prìblhma, eÐnai kai oi
oriakèc sunj kec. Oriakèc sunj kec prèpei na epiblhjoÔn kat�llhla sthn
epif�neia tou astèra, sto kèntro tou kaj¸c kai sto �peiro. EÐnai eÔkola
katanohtì ìti h swst  epibol  sunoriak¸n sunjhk¸n eÐnai aparaÐthth all�
kai epibeblhmènh prokeimènou ta arijmhtik� apotelèsmata na eÐnai sumbat�
me thn fusik  upìstash tou probl matoc. Parap�nw suz thsh sqetik� me
tic oriakèc sunj kec ja k�noume se epìmeno kef�laio. Sthn epìmenh par�-
grafo ja k�noume mia mikr  anafor� sta sust mata uperbolik¸n diaforik¸n
exis¸sewn me merikèc parag¸gouc kai stic mejìdouc diakritopoÐhs c touc
(discretezation methods).

3.4 Arijmhtikèc mèjodoi

Oi uperbolikèc diaforikèc exis¸seic me merikèc parag¸gouc perigr�foun poll�
kai shmantik� fainìmena sth Fusik , ìpwc aerodunamikèc kai udrodunamikèc
roèc, atmosfairikèc roèc kai genikìtera fainìmena pou èqoun na k�noun me
di�dosh diataraq¸n. Oi lÔseic aut¸n eÐnai genik� pio perÐplokec kai pio en-
diafèrousec apì autèc twn elleiptik¸n   twn parabolik¸n D.E.M.P, all�
tautìqrona h arijmhtik  epÐlush aut¸n eÐnai h duskolìterh. Sth genik  perÐ-
ptwsh èna uperbolikì grammikì sÔsthma D.E.M.P me stajeroÔc suntelestèc,
mporeÐ na grafeÐ sumbolik� wc ex c :

Ẋ + AX ′ = SX, (3.39)

ìpou X = [X1(r, t), X2(r, t), ...., Xk(r, t)]T eÐnai to di�nusma st lh twn �gnw-
stwn sunart sewn twn metablht¸n tou probl matoc (sthn perÐptwsh mac oi
metablhtèc eÐnai oi r kai t), A eÐnai o k × k pÐnakac twn ro¸n (flux matrix)
kai S eÐnai o k × k �pÐnakac sÔzeuxhc� (source/coupling matrix). 'Otan o
pÐnakac A eÐnai diagwniopoi simoc tìte to sÔsthma qarakthrÐzetai wc isqur�
uperbolikì (strongly hyperbolic). O A ja eÐnai diagwniopoi simoc eÐte ìtan
eÐnai summetrikìc, opìte to sÔsthma qarakthrÐzetai summetrikì uperbolikì
(symmetric hyperbolic), eÐte an èqei k diakritèc idiotimèc, opìte to sÔsthma
qarakthrÐzetai san austhr� uperbolikì (strictly hyperbolic), eÐte an èqei k
grammik¸c anex�rthta idiodianÔsmata. Opoiad pote apì tic treic parap�nw
upojèseic isqÔei eÐnai ikan  na mac exasfalÐsei thn arijmhtik  eust�jeia tou
sust matoc.
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'Ola ta parap�nw isqÔoun b�sh jewr matoc [13] kai sthn perÐptwsh pou o
pÐnakac sÔzeuxhc S eÐnai mhdenikìc. 'Etsi, gia lìgouc aplìthtac sth sunèqeia
ja anaferìmaste sto parap�nw sÔsthma qwrÐc ton pÐnaka sÔzeuxhc. Efìson
o pÐnakac A eÐnai diagwniopoi simoc ja up�rqei ènac pÐnakac L, me L−1 ton
pÐnaka twn idiodianusm�twn tou A, pou ja ton diagwniopoieÐ, dhlad ,

D = LAL−1, (3.40)

ìpou o pÐnakac D èqei sthn diag¸niì tou tic idiotimèc tou A. 'Etsi pollapla-
si�zontac apì arister� thn (3.39) ( jètontac S = 0 ) me L, paÐrnoume,

LẊ = LAX ′

= (3.40)
= DLX ′, (3.41)

kai orÐzontac Y = LX mporoÔme na anaqjoÔme se èna sÔsthma apì asÔzeu-
ktec (uncoupled) exis¸seic

Ẏ = DY ′, (3.42)

gia thn arijmhtik  epÐlush tou opoÐou èqoun anaptuqjeÐ arketèc arijmhtikèc
mèjodoi, k�je mia me ta dik� thc pleonekt mata, meionekt mata, all� kai
sunj kec sÔgklishc. Sth sunèqeia ja k�noume mia sÔntomh anafor� stic
mejìdouc diakritopoÐhshc kai arijmhtik c epÐlushc pou èqoun anaptuqjeÐ gia
autoÔ tou eÐdouc ta sust mata diaforik¸n exis¸sewn [13, 15].

3.4.1 Arijmhtik� sq mata

Prokeimènou na epilujeÐ arijmhtik� mia diaforik  exÐswsh   èna sÔsthma
diaforik¸n exis¸sewn, ja prèpei na diakritopoihjoÔn oi par�gwgoi pou pe-
rièqoun, dhlad  na qrhsimopoihjoÔn tÔpoi peperasmènwn diafor¸n gia autèc.
Prokeimènou na katano sei k�poioc thn basik  arq  sthn opoÐa sthrÐzetai h
diadikasÐa aut , akoloujeÐ, èna aplì par�deigma. Ac upojèsoume ìti èqou-
me mia sun�rthsh f(x) kai thn anaptÔssoume se seir� Taylor gÔrw apì èna
shmeÐo x0, me b ma h proc ta emprìc kai proc ta pÐsw,

f(x0 + h) = f(x0) +
h

1!
f ′(x0) +

h2

2!
f ′′(x0) +O(h3), (3.43)

f(x0 − h) = f(x0)− h

1!
f ′(x0) +

h2

2!
f ′′(x0) +O(h3). (3.44)

Me afaÐresh kat� mèlh twn parap�nw prokÔptei h akìloujh sqèsh gia ton
upologismì thc pr¸thc parag¸gou,

f ′(x0) =
f(x0 + h)− f(x0 − h)

2h
+O(h2). (3.45)
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pou qarakthrÐzetai deÔterhc t�xhc akrÐbeiac, mia pou oi ìroi pou paraleÐpo-
ntai eÐnai trÐthc t�xhc, wc proc h. An sumbolÐsoume me deÐkth i to shmeÐo x0,
me i + 1 to x0 + h kai me i− 1 to x0 − h, h parap�nw sqèsh gr�fetai,

f ′i =
fi+1 − fi−1

2h
+O(h2) (3.46)

O parap�nw tÔpoc epÐshc qarakthrÐzetai san tÔpoc kentrik¸n diafor¸n (ce-
ntral difference) mia pou gia na upologisteÐ h par�gwgoc s' èna shmeÐo qrh-
simopoi jhke plhroforÐa apì dÔo shmeÐa ekatèrwjen autoÔ. ParomoÐwc, me
prìsjesh kat� mèlh twn anaptugm�twn, prokÔptei antÐstoiqoc tÔpoc gia ton
upologismì thc deÔterhc parag¸gou,

f ′′i =
fi+1 − 2fi + fi−1

h2
+O(h2), (3.47)

pou eÐnai ki autìc deÔterhc t�xhc kentrik¸n diafor¸n. Me parìmoia ana-
ptÔgmata prokÔptoun ki �lloi tÔpoi megalÔterhc akrÐbeiac, all� kai plagÐwn
diafor¸n. Epiplèon apì ton orismì thc parag¸gou, paÐrnoume

f ′i =
fi+1 − fi

h
+O(h), (3.48)

f ′i =
fi − fi−1

h
+O(h). (3.49)

Kai oi dÔo parap�nw tÔpoi, eÐnai pr¸thc t�xhc akrÐbeiac, o de pr¸toc tÔpoc
anafèretai san emprìsjiac diafor�c (forward difference) en¸ o deÔteroc san
opÐsjiac diafor�c (backward difference), giatÐ sthn mÐa perÐptwsh paÐrnoume
to epìmeno shmeÐo, en¸ sthn �llh to prohgoÔmeno. 'Olh h parap�nw an�lush
ègine me thn upìjesh ìti h anex�rthth metablht  eÐnai h jèsh, all� eÐnai pro-
fanèc ìti mporeÐ na efarmosteÐ kai sthn perÐptwsh pou anex�rthth metablht 
eÐnai o qrìnoc.

'Etsi gia thn diakritopoÐhsh thc arqik c mac exÐswshc (3.39) mporoÔme na
sundu�soume opoiod pote apì ta parap�nw sq mata peperasmènwn diafor¸n,
tìso gia th qronik  metablht  t ìso kai gia th qwrik  r. Ac upojèsoume gia
lìgouc aplìthtac ìti èqoume thn akìloujh uperbolik  diaforik  exÐswsh me
merikèc parag¸gouc,

ẋ + ax′ = sx (3.50)

ìpou x = x(r, t), a = a(r) kai s = s(r). Qrhsimopoi¸ntac ta parap�nw
sq mata mporoÔme na gr�youme thn diakritopoihmènh morf  thc diaforik c
exÐswshc me diaforetikoÔc trìpouc. Epeid  h exÐswsh èqei dÔo metablhtèc
ja qreiastoÔme dÔo deÐktec ènan gia k�je metablht . 'Etsi, ja qrhsimopoi -
soume k�tw deÐkth gia thn qwrik  metablht  kai p�nw deÐkth gia thn qronik 
metablht . Gia na diapist¸soume thn eust�jeia (stability) all� kai thn sÔ-
gklish (convergence) sthn arqik  diaforik  exÐswsh, miac tètoiac exÐswshc
diafor¸n qrei�zetai epiplèon melèth h opoÐa xefeÔgei apì ta ìria aut c thc
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parousÐashc. Gia ton anagn¸sth pou endiafèretai parapèmpoume stic anafo-
rèc [13, 15]. EmeÐc apì ed¸ kai pèra ja anaferìmaste stic melètec eust�jeiac
kai sÔgklishc qwrÐc apìdeixh. 'Etsi, qrhsimopoi¸ntac, gia par�deigma, sq ma
emprìsjiac diafor�c gia to qrìno kai gia th jèsh paÐrnoume thn akìloujh
exÐswsh diafor¸n,

xn+1
k = xn

k −R(xn
k+1 − xn

k) + ∆tskx
n
k , (3.51)

ìpou R = a∆t/∆r, h opoÐa eÐnai pr¸thc t�xhc akrÐbeiac kai wc proc to qrìno
kai wc proc th jèsh O(∆t) + O(∆r). 'Etsi apì thn melèth stajerìthtac
(stability analysis) aut c thc exÐswshc diafor¸n prokÔptei ìti gia a < 0
eÐnai stajer  efìson R < 1, en¸ gia a > 0 eÐnai p�nta astaj c.

ParomoÐwc qrhsimopoi¸ntac sq ma kentrik¸n diafor¸n gia th jèsh kai
emprìsjiac diafor�c gia to qrìno prokÔptei h akìloujh exÐswsh diafor¸n,

xn+1
k = xn

k −
R

2
(xn

k+1 − 2xn
k + xn

k−1) + ∆tskx
n
k , (3.52)

h opoÐa eÐnai pr¸thc t�xhc wc proc to qrìno all� deÔterhc t�xhc wc proc
th jèsh O(∆t) +O(∆r2). H melèth eust�jeiac s' aut n thn perÐptwsh mac
apodeiknÔei ìti h exÐswsh diafor¸n eÐnai astaj c gia ìla ta R 6= 0.

Tèloc, an qrhsimopoi soume sq ma kentrik¸n diafor¸n tìso gia to qrìno
ìso kai gia th jèsh, h exÐswsh diafor¸n kai kat� sunèpeia to arijmhtikì
sq ma pou prokÔptei eÐnai gnwstì me to ìnoma Lax-Wendroff kai èqei thn
akìloujh morf ,

xn+1
k = xn

k −
R

2
(xn

k+1 − xn
k−1) +

R2

2
(xn

k+1 − 2xn
k + xn

k−1) + ∆tsk, x
n
k (3.53)

to opoÐo eÐnai deÔterhc t�xhc kai wc proc to qrìno kai wc proc th jèsh
O(∆t2)+O(∆r2). H melèth eust�jeiac apodeiknÔei ìti to arijmhtikì sq ma
Lax-Wendroff eÐnai eustajèc anexart twc thc tim c tou suntelest  a, arkeÐ
na isqÔei,

R =
|a|∆t

∆r
≤ 1. (3.54)

Autì eÐnai kai to sq ma pou ja qrhsimopoi soume gia thn arijmhtik  exèlixh
twn diataragmènwn exis¸sewn Einstein kai twn exis¸sewn kÐnhshc tou diata-
ragmènou reustoÔ. Gia na belti¸soume thn akrÐbei� tou kai na apofÔgoume
anepijÔmhta fainìmena sth lÔsh touc ja k�noume mia mikr  prosarmog . AntÐ
na upologÐzoume se èna b ma tic peperasmènec diaforèc ja tic qrhsimopoi-
 soume kai èna endi�meso bohjhtikì b ma kai ja tic upologÐzoume se dÔo
b mata. To pleonèkthma pou èqei autìc o enallaktikìc trìpoc upologismoÔ
twn peperasmènwn diafor¸n eÐnai ìti apofeÔgei th dhmiourgÐa arijmhtikoÔ
ix¸douc (numerical viscosity), pou �molÔnei� touc upologismoÔc, all� kai thn
metatìpish tou arijmhtikoÔ plègmatoc. H ulopoÐhsh tou gÐnetai wc ex c :
OrÐzoume endi�mesec timèc thc sun�rthshc x

n+1/2
k+1/2 sto misì qronikì tn+1/2
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kai qwrikì b ma rk+1/2 tic opoÐec upologÐzoume kai sth sunèqeia qrhsimo-
poi¸ntac autèc upologÐzoume tic timèc sto olìklhro b ma. Autì ousiastik�
eÐnai jèma sumbolismoÔ, afoÔ mporoÔme na jewr soume ìti to plègma mac
èqei dipl�sio arijmì shmeÐwn kai mac deÐqnei ìti mia mikr  èxupnh allag  se
èna arijmhtikì sq ma mporeÐ na epifèrei drastik� apotelèsmata sthn epÐlush
tou probl matoc. H ulopoÐhsh tou arijmhtikoÔ autoÔ sq matoc faÐnetai sto
sq ma 3.1.

n+1

n
j−1 j j+1

n+1/2
j+1/2j−1/2Lax−Wendroff

Sq ma 3.1: Sqhmatik  anapar�stash tou arijmhtikoÔ sq matoc Lax-
Wendroff dÔo bhm�twn.

Ed¸ prèpei na tonÐsoume èna akìma shmeÐo pou eis�gei poluplokìthta sto
prìblhma pou jèloume na epilÔsoume arijmhtik�. Oi suntelestèc autoÔ tou
sust matoc twn diaforik¸n exis¸sewn, den eÐnai stajeroÐ, all� sunart seic
thc aktinik c apìstashc apì to kèntro tou astèra.

3.4.2 SÔgklish kai akrÐbeia arijmhtik c mejìdou

To epìmeno b ma eÐnai o èlegqoc kai h diapÐstwsh ìti o arijmhtikìc k¸dikac
pou gr�yame eÐnai pr�gmati deÔterhc t�xhc akrÐbeiac kai wc proc to qrìno
kai wc proc to q¸ro. Autì gÐnetai an l�boume upìyh mac thn akìloujh apl 
kai profan  sqèsh metaxÔ thc analutik c kai arijmhtik c lÔshc, efìson to
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arijmhtikì sq ma eÐnai deÔterhc t�xhc,

Xnum(r) = Xanal(r) + g(r)∆r2 (3.55)

ìpou g(r) eÐnai mia aujaÐreth sun�rthsh tou q¸rou. Thn qrhsimìthta thc
sqèshc aut c sthn perÐptwsh pou den gnwrÐzoume thn analutik  lÔsh twn
exis¸sewn mac ( an thn gnwrÐzame ex�llou den ja qreiazìtan na katafÔgoume
sthn arijmhtik  lÔsh ) mporeÐ eÔkola na antilhfjeÐ kaneÐc wc ex c : LÔnoume
to sÔsthma twn exis¸sewn treic forèc gia 3 diaforetikoÔc arijmoÔc shmeÐwn
tou arijmhtikoÔ plègmatoc, epilègontac na eÐnai pollapl�sia tou 2, dhlad 
gia N , 2N kai 4N . An to sÔsthma kai o arijmhtikìc k¸dikac eÐnai deÔterhc
t�xhc akrÐbeiac, tìte h analutik  lÔsh aplopoieÐtai, kai epomènwc den mac
eÐnai aparaÐthth gia na elègxoume thn akrÐbeia thc mejìdou. 'Etsi, me th
bo jeia thc prohgoÔmenhc apl c èkfrashc metaxÔ analutik c kai arijmhtik c
lÔshc mporoÔme na gr�youme,

XN
num(r) = Xanal(r) + g(r)∆r2

X2N
num(r) = Xanal(r) +

1
4
g(r)∆r2

X4N
num(r) = Xanal(r) +

1
16

g(r)∆r2

apì tic opoÐec me afaÐresh kat� mèlh, eÔkola prokÔptei to akìloujo krit rio
: ∣∣∣∣

XN
num −X2N

num

X2N
num −X4N

num

∣∣∣∣ = 4 (3.56)

'Etsi mporoÔme na elègxoume thn sumperifor� tou arijmhtikoÔ k¸dika se sqè-
sh m' autì to krit rio, prokeimènou na epalhjeÔsoume thn t�xh thc akrÐbei�c
tou. Ed¸ prèpei na tonÐsoume ìti autì to krit rio exasfalÐzei ìti aux�nonta-
c ton arijmì twn shmeÐwn tou arijmhtikoÔ plègmatoc to arijmhtikì sf�lma
elatt¸netai kat� to antÐstrofo tetr�gwno autoÔ. Den mac dÐnei ìmwc ka-
nèna sumpèrasma gia to an kai kat� pìso h arijmhtik  lÔsh sugklÐnei sthn
analutik . Autì eÐnai to antikeÐmeno miac �llhc an�lushc, h opoÐa eÐnai perÐ-
plokh kai exeidikeumènh gia k�je xeqwristì prìblhma. Sth genik  perÐptwsh
bèbaia, h arijmhtik  lÔsh sugklÐnei sthn analutik  all� me diaforetik  a-
krÐbeia, an�loga me thn perÐptwsh. Sto sugkekrimèno prìblhma h an�lush
aut  eÐnai sqedìn adÔnath lìgw thc poluplokìtht�c tou, kai epomènwc pe-
riorizìmaste sthn genik  upìjesh, ìti h arijmhtik  mac lÔsh sugklÐnei sthn
analutik . 'Etsi to mìno pou apomènei, eÐnai na elègxoume ston arijmhtikì
k¸dika eÐnai h swst  metafor� kai ulopoÐhsh twn exis¸sewn.
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Arijmhtik  exèlixh
sthn prosèggish Cowling

'Eqontac jèsei to jewrhtikì all� kai arijmhtikì upìbajro sto prohgoÔmeno
kef�laio, ja proqwr soume sthn arijmhtik  olokl rwsh twn diataragmènwn
exis¸sewn Einstein. Pio sugkekrimèna, epeid  stìqoc mac eÐnai na melet sou-
me tic idiosuqnìthtec tal�ntwshc tou astrikoÔ reustoÔ mporoÔme, san èna
pr¸to b ma, na agno soume tic diataraqèc tou qwrìqronou. Aut  h prosèg-
gish ègine gia pr¸th for� gia thn melèth twn talant¸sewn twn Neut¸neiwn
astèrwn apì ton Cowling [19] gi' autì apì tìte p re kai to ìnom� tou. Qrh-
simopoi jhke sth sunèqeia gia thn melèth twn talant¸sewn twn Neut¸neiwn
astèrwn kai apì �llouc ereunhtèc [36]. Gia sqetikistikoÔc astèrec, qrh-
simopoi jhke apì touc Yoshida & Kojima [37], oi opoÐoi kai èdeixan ìti h
prosèggish aut  eÐnai ikanopoihtik  gia thn perigraf  twn idiotalant¸sewn
tou astrikoÔ reustoÔ kai gia sqetikistikoÔc astèrec. Pio analutik�, diapÐ-
stwsan ìti gia ton basikì kanonikì trìpo tal�ntwshc, f mode, h akrÐbeia
thc prosèggishc eÐnai kalÔterh ìso megalÔteroc eÐnai o armonikìc deÐkthc l
tou kanonikoÔ trìpou tal�ntwshc pou meletoÔme, all� kai ìso pio sqetiki-
stikì gÐnetai to astèri, dhlad  ìso pio polÔ aux�netai o lìgoc thc m�zac
proc thn aktÐna tou, M/R, pou onom�zetai sumpagìthta (compactness). Gia
tic idiosuqnìthtec thc pÐeshc p, diapÐstwsan ìti h akrÐbeia thc prosèggish-
c belti¸netai omoÐwc me thn aÔxhsh tou aktinikoÔ arijmoÔ l all� antÐjeta
mei¸netai me thn aÔxhsh thc sumpagìthtac tou asterioÔ. 'Ena shmantikì ìrio
pou den prèpei na xeqn�me sth melèth mac, eÐnai to ìrio eust�jeiac twn a-
ktinik¸n talant¸sewn. To ìrio autì ekfr�zei thn mègisth sumpagìthta pou
mporeÐ na èqei ènac astèrac ¸ste to pl�toc twn aktinik¸n talant¸sewn na
mhn odhg sei sthn di�lus  tou kai exart�tai apì th dom  tou astèra. To
ìrio eust�jeiac enìc polutropikoÔ astèra, san autoÔc pou ja qrhsimopoi-
 soume parak�tw sth melèth mac, stic aktinikèc talant¸seic eÐnai gia tim 
sumpagìthtac M/R = 0.215.
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4.1 Exis¸seic kÐnhshc

Oi exis¸seic sthn prosèggish Cowling prokÔptoun eÔkola apì tic exis¸seic
kÐnhshc tou parart matoc Aþ mhdenÐzontac ìlec tic sunart seic pou perigr�-
foun qwroqronikèc diataraqèc. Epiplèon, paraleÐpoume kai touc deÐktec l, m,
s' ìlec tic metablhtèc gia lìgouc aplìthtac kai kajarìthtac twn exis¸sewn.
'Etsi, to telikì sÔsthma twn exis¸sewn pou èqoume na exelÐxoume arijmhtik�
sto qrìno gr�fetai,

Ḣ + imΩH = C2
s e2ν−2λR′ + e2ν−2λ

[
C2

s

(
2ν ′ − λ′ +

2
r

)
− ν ′

]
R

− e2ν Λ
r2

V + imC2
s $H + (2Ω− ω)U̇ (4.1aþ)

Ṙ + imΩR = H ′ −
[
ω′ + 2$

(
ν ′ − 1

r

)] (
imV + L±1

1 U
)

(4.1bþ)

V̇ + imΩV = H +
2$

Λ
(
imV + L±1

3 U
)− imr2

Λ
A (4.1gþ)

U̇ + imΩU =
2$

Λ
(
imU − L±1

3 V
)

+
r2

Λ
L±1

2 A (4.1dþ)

ìpou oi metablhtèc H, R, V , U , èqoun oristeÐ stic exis¸seic (3.9)- (3.12),

A = $C2
s e−2λ

[
R′ +

(
2ν ′ − λ′ +

2
r

)
− e2λ Λ

r2
V

]

+
[
ω′ + $

(
ν ′ − 2

r

)]
e−2λR (4.2)

kai oi telestèc sÔzeuxhc pou perièqontai stic exis¸seic orÐzontai wc ex c :

L±1
1 A := (l − 1)QlmAl−1,m − (l + 2)Ql+1mAl+1,m (4.3)

L±1
2 A := −(l + 1)QlmAl−1,m + lQl+1mAl+1,m (4.4)

L±1
3 A := (l − 1)(l + 1)QlmAl−1,m + l(l + 2)Ql+1mAl+1,m (4.5)

ìpou ta Qlm èqei oristeÐ sthn (3.7) kai ìpwc faÐnetai apì ton orismì touc
prokaloÔn th sÔzeuxh twn ìrwn twn exis¸sewn me diaforetikoÔc armonikoÔc
deÐktec l.

Epiplèon qr simo eÐnai se autì to shmeÐo na anaferjoÔme sthn t�xh twn
parap�nw exis¸sewn me b�sh thn par�metro ε kat� thn opoÐa anaptÔssoume
tic exis¸seic. 'Etsi ìloi oi ìroi pou den perièqoun Ω ∼ ω ∼ $ = O(ε), ja
onom�zontai mhdenik c t�xhc. 'Oloi oi ìroi pou perièqoun Ω ∼ ω ∼ $ = O(ε)
ja onom�zontai pr¸thc t�xhc, kai gia thn aplopoÐhsh aut¸n mporoÔme na
qrhsimopoi soume touc ìrouc mhdenik c t�xhc, mia pou stamat�me to an�-
ptugm� mac se ìrouc pr¸thc t�xhc. Gia par�deigma, o ìroc pou perièqei U̇
sthn exÐswsh thc enjalpÐac (4.1bþ) mporeÐ na mhdenisteÐ afoÔ sth prosèggish
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Cowling kai sthn mhdenik  t�xh isqÔei U̇ = 0. Epiplèon, qrhsimopoi¸ntac
kai p�li to mhdenikì ìrio thc pr¸thc exÐswshc gia thn exèlixh thc metabol c
thc enjalpÐac (4.1bþ), o suntelest c A mporeÐ na aplopoihjeÐ kai na grafeÐ
wc ex c,

A = $e−2νḢ + e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
R. (4.6)

Aut  h morf  tou suntelest  A mac odhgeÐ ston orismì twn dÔo nèwn meta-
blht¸n pou ja aplopoi soun tic parap�nw exis¸seic. Oi metablhtèc autèc
ja oristoÔn wc ex c,

Ṽ = V + im
$r2

Λ
e−2νH, (4.7)

Ũ = U − $r2

Λ
e−2νL±1

2 H, (4.8)

kai antikajist¸ntac stic parap�nw exis¸seic kai krat¸ntac ìrouc pr¸thc
t�xhc, to parap�nw sÔsthma twn exis¸sewn metasqhmatÐzetai wc ex c, ( met�
ton metasqhmatismì paraleÐpoume tic perispwmènec ˜ )

Ḣ + imΩH = e2ν−2λC2
s R′ + e2ν−2λ

[
C2

s

(
2ν ′ − λ′ +

2
r

)
− ν ′

]
R

− e2ν Λ
r2

V + 2im$C2
s H (4.9aþ)

Ṙ + imΩR = H ′ −B
(
imV + L±1

1 U
)

(4.9bþ)

V̇ + imΩV = H +
2$

Λ
(
imV + L±1

3 U
)− im

Λ
r2e−2λBR (4.9gþ)

U̇ + imΩU =
2$

Λ
(
imU − L±1

3 V
)

+
r2

Λ
e−2λBR (4.9dþ)

ìpou,

B = ω′ + 2$

(
ν ′ − 1

r

)
. (4.10)

To basikì pleonèkthma pou èqei to aplopoihmèno sÔsthma eÐnai ìti stic
dÔo teleutaÐec exis¸seic den up�rqoun plèon qwrikèc par�gwgoi, ousiastik�
dhlad  eÐnai sun jeic diaforikèc exis¸seic wc proc th qronik  metablht ,
gegonìc pou aplopoieÐ se meg�lo bajmì thn arijmhtik  olokl rwsh.

To parap�nw sÔsthma eÐnai èna sÔsthma �peirwn suzeugmènwn diaforik¸n
exis¸sewn wc proc to armonikì deÐkth l, gia l = 0 . . .∞ kai m = −l . . . l, to
opoÐo sumbolik� mporeÐ na grafeÐ wc ex c :

Al,m + imεf1Al,m + εg1Pl−1,m + εh1Pl+1,m = 0 (4.11)
Pl,m + imεf2Pl,m + εg2Al−1,m + εh2Al+1,m = 0 (4.12)

ìpou me P , sumbolÐzoume tic polikèc (polar-even) metablhtèc (H,R, V ) kai
me A, thn axonik  (axial-odd) metablht  U kai me fi, gi kai hi eÐnai sunar-
t seic twn megej¸n isorropÐac tou astèra. 'Opwc kajar� faÐnetai apì thn
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parap�nw graf  h peristrof  tou astèra eÐnai aut  pou eis�gei tic suzeÔxeic
metaxÔ twn sunart sewn diataraq¸n diaforetik¸n armonik¸n deikt¸n l kai
antijètwn parity, ìpwc akrib¸c kai stouc Neut¸neiouc astèrec [33]. 'Etsi, oi
axonikèc (odd parity) sunart seic diataraq¸n t�xhc l, dèqontai thn epÐdrash
twn polik¸n (even parity) t�xhc l ± 1, kai omoÐwc oi polikèc sunart seic
diataraq¸n t�xhc l, dèqontai thn epÐdrash twn axonik¸n t�xhc l ± 1. Sto
ìrio mh peristrefìmenou astèra, dhlad  gia ε = 0, èqoume dÔo anex�rthta
sust mata exis¸sewn Plm = 0 kai Alm = 0.

Lìgw akrib¸c aut c thc mÐxhc twn sunart sewn diataraq¸n den eÐnai plè-
on dunatìc o diaqwrismìc touc se polikèc kai axonikèc me b�sh ton kanìna
(3.13) kai (3.14). O diaqwrismìc twn exis¸sewn s' aut  thn perÐptwsh ja
gÐnei me b�sh thn sunolik  touc sumperifor� wc proc touc metasqhmatismoÔc
strof c. 'Etsi, mia polik  exÐswsh me �rtio l = |m| metasqhmatÐzetai san
polik  se metasqhmatismoÔc strof c. EÐnai ìmwc tautìqrona suzeugmènh me
thn axonik  exÐswsh me l +1, h opoÐa metasqhmatÐzetai ki aut  san polik  se
metasqhmatismoÔc strof c. Dhlad  gia �rtio m, to sÔsthma twn suzeug-
mènwn diaforik¸n exis¸sewn èqei sunolik� �rtia parity. AntÐstoiqa, sthn
perÐptwsh pou h pr¸th exÐswsh tou sust matoc eÐnai axonik  tìte to ìlo
sÔsthma èqei peritt  parity. 'Otan to m eÐnai perittì, profan¸c, isqÔoun
ta antÐjeta. Oi Lockitch & Friedman [88] eis gagan touc ìrouc axonik¸c
�gon (axial led), kai polik¸c �gon (polar led), an�loga me to an h �gousa
sun�rthsh diataraq c gia l = |m| eÐnai axonik    polik . Gia �rtio m, oi
polar led exis¸seic èqoun �rtio parity kai oi axial perittì, en¸ gia perittì
m, isqÔoun akrib¸c ta antÐjeta. H perÐptwsh m = 0, (axonik� summetrik ,
axisymmetric), eÐnai idi�zousa, mia kai den up�rqoun axonikèc exis¸seic gia
l = 0, par� mìno polikèc.

Ta parap�nw gÐnontai pio katanoht� an gr�youme to sÔsthma twn exi-
s¸sewn wc ex c, ìpou me ε sumbolÐzoume posìthtec pr¸thc t�xhc, wc proc
peristrof ,

P0 + εimP0 + εA1 = 0 (4.13)
A1 + εimA1 + εP0 + εP2 = 0 (4.14)
P1 + εimP1 + εA2 = 0 (4.15)
A2 + εimA2 + εP1 + εP3 = 0 (4.16)
P2 + εimP2 + εA1 + εA3 = 0 (4.17)
A3 + εimA3 + εP2 + εP4 = 0 (4.18)
P3 + εimP3 + εA2 + εA4 = 0 (4.19)
A4 + εimA4 + εP3 + εP5 = 0 (4.20)
P4 + εimP4 + εA3 + εA5 = 0 (4.21)
...

'Opwc eÔkola faÐnetai, to sÔsthma twn suzeugmènwn diaforik¸n exis¸sewn
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qwrÐzetai se dÔo uposust mata, pou eÐnai anex�rthta to èna apì to �llo,
dhlad  den allhlepidroÔn kai den antall�ssoun plhroforÐec kai enèrgeia.
To èna parist�netai me ta kìkkina kai kanonik� gr�mmata en¸ to �llo me ta
mple kai pl�gia (italics). Epiplèon, faÐnetai kajar�, ìti analìgwc se poi�
tim  tou sfairikoÔ armonikoÔ deÐkth l ja apokìyoume to sÔsthma, q�netai
h epÐdrash miac exÐswshc enìc twn dÔo uposusthm�twn pou èqoume. 'Etsi,
p.q. an apokìyoume to sÔsthma sthn polik  exÐswsh me l = 4, ìpwc k�name
parap�nw, q�netai h epÐdrash sto sÔsthma twn exis¸sewn apì thc axonik c
exÐswshc me l = 5 dhlad  thc A5. An eÐqame apokìyei to sÔsthma sthn a-
xonik  exÐswsh me l = 4, ja eÐqe qajeÐ h epÐdrash thc polik c exÐswshc me
l = 5 dhlad  thc P5 k.o.k. 'Oson afor� thn epÐdrash sthn akrÐbeia twn apo-
telesm�twn apì thn apokop  ìrwn tou sust matoc, prèpei na shmei¸soume
ìti ìso megal¸nei o armonikìc deÐkthc l mei¸netai h enèrgeia pou perièqoun oi
antÐstoiqoi armonikoÐ trìpoi tal�ntwshc kai �ra mikraÐnei h suneisfor� touc.

H melèth autoÔ tou sust matoc twn diaforik¸n exis¸sewn ja gÐnei eis�-
gontac arqik� dedomèna stic diataragmènec sunart seic me armonikì deÐkth
l = 2, pou eÐnai oi pio endiafèrousec lìgw ekpomp c barutik¸n kum�twn kai
lÔnont�c to arijmhtik� apì armonikì deÐkth l = 0, mèqri k�poio mègisto ar-
monikì deÐkth lmax. Ed¸ prèpei na tonisteÐ ìti an jèloume na diegeÐroume kai
ta dÔo eÐdh talant¸sewn, axonikèc kai polikèc, ja prèpei na d¸soume arqikèc
diataraqèc kai sta dÔo eÐdh tetrapolik¸n sunart sewn diataraq¸n dhlad 
axonik¸n kai mia ek twn polik¸n.

4.2 Arijmhtik� apotelèsmata

H qr sh tou sq matoc Lax-Wendroff dÔo bhm�twn pou perigr�yame sto pro-
hgoÔmeno kef�laio, se èna arijmhtikì plègma thc t�xhc twn 200 shmeÐwn
sto eswterikì tou asterioÔ eÐnai ikan� na exasfalÐsoun thn stajerìthta kai
sÔgklish tou arijmhtikoÔ k¸dika me b�sh to krit rio thc paragr�fou 3.4.2
tou prohgoÔmenou kefalaÐou. Sto eswterikì tou astèra topojet same 10
parathrhtèc se Ðsec apost�seic apì to kèntro kai thn epif�neia, gia na para-
koloujoÔme tic metabolèc twn sunart sewn diataraq¸n kat� m koc ìlhc thc
aktÐnac tou astèra. H qrhsimìthta twn poll¸n parathrht¸n ègkeitai sthn
emf�nish tou legìmenou suneqoÔc f�smatoc (continuous spectrum), s' aut n
thn t�xh prosèggishc. H fusik  èkfrash autoÔ tou fainomènou eÐnai ìti k�je
parathrht c sto eswterikì tou asterioÔ �aisj�netai� diaforetik  suqnìthta.
Gia pr¸th for� o Kojima [102] èjese to prìblhma thc emf�nishc suneqoÔc
f�smatoc sthn perÐptwsh twn axonik¸n talant¸sewn twn bradèwc peristre-
fìmenwn astèrwn sth qamhlìterh t�xh prosèggishc, paÐrnontac dhlad  mìno
tic axonikèc peristrofikèc diorj¸seic sthn exÐswsh (4.11). S' aut  thn t�-
xh prosèggishc, melèthse to prìblhma san prìblhma oriak¸n sunjhk¸n kai
sugkrÐnontac thn exÐswsh idiotim¸n pou perigr�fei autèc tic talant¸seic me
thn exÐswsh Rayleigh gia thn asumpÐesth ro , sumpèrane ìti to prìblhma
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eÐnai ekfulismèno, lìgw tou mhdenismoÔ tou suntelest  thc parag¸gou me-
galÔterhc t�xhc gia èna eÔroc tim¸n thc aktÐnac sto eswterikì tou astèra.
Argìtera oi Beyer & Kokkotas [97] apèdeixan kai majhmatik� thn Ôparxh tou
suneqoÔc f�smatoc s' aut n thn t�xh prosèggishc. MporeÐ me �lla lìgia
h emf�nish tou suneqoÔc f�smatoc na eÐnai apotèlesma thc sugkekrimènhc
prosèggishc kai na exafanÐzetai an aux soume thn t�xh thc prosèggishc, an
l�boume dhlad  up' ìyin ìlouc touc ìrouc thc exÐswshc (4.11). Ed¸ prèpei
na shmei¸soume ìti h Ôparxh tou suneqoÔc f�smatoc den eÐnai èna nèo fainì-
meno. EÐnai gnwstì sthn bibliografÐa twn tèleiwn reust¸n. Gia par�deigma
oi Schutz & Verdaguer [98, 99] melet¸ntac touc kanonikoÔc trìpouc tal�-
ntwshc diaforik� peristrefìmenwn polutropik¸n dÐskwn, qwrÐc ix¸dec, ektìc
apì tic diakritèc oikogèneiec idiosuqnot twn p kai r, parat rhsan thn Ôparxh
miac ekfulismènhc perioq c tou f�smatoc twn idiosuqnot twn. Parìmoia ek-
fulismèna probl mata idiotim¸n emfanÐzontai kai sthn diaforik  peristrof 
twn reust¸n [100, 101] akìma kai sto pl�sma. To an¸malo shmeÐo, to shmeÐo
sto opoÐo emfanÐzetai o ekfulismìc, onom�zetai sun-kinoÔmeno shmeÐo sthn
perÐptwsh twn peristrefìmenwn dÐskwn kai krÐsimo shmeÐo sthn mhqanik  twn
reust¸n.

Se ìlec tic proanaferj sec ergasÐec gia to f�sma talant¸sewn twn
bradèwc peristrefìmenwn astèrwn, h melèth ègine wc prìblhma sunoriak¸n
sunjhk¸n. H dik  mac melèth tou parap�nw sust matoc twn exis¸sewn ègine
wc prìblhma arqik¸n tim¸n, ìpwc anafèrjhke sthn eisagwg  dÐnontac dhlad 
arqikèc sunj kec stic diataragmènec posìthtec kai parakolouj¸ntac thn
exèlixh tou sust matoc sth perioq  tou qrìnou. To pleonèkthma pou èqei
autìc o trìpoc se sqèsh me thn melèth wc prìblhma sunoriak¸n sunjhk¸n
pou èkane o Kojima eÐnai ìti den emfanÐzetai o ekfulismìc tou f�smatoc. To
qronikì s ma pou katagr�fei o k�je parathrht c sto eswterikì tou asterioÔ
me èna metasqhmatismì Fourier dÐnei tic suqnìthtec talant¸seic tou reustoÔ.
'Etsi, mporoÔme na sugkrÐnoume poiec apì autèc eÐnai koinèc gia ìlouc touc
parathrhtèc kai poiec eÐnai diaforetikèc kai ofeÐlontai sto suneqèc f�sma.

H melèth mac ègine me b�sh dÔo paramètrouc, to mègisto armonikì deÐkth
ston opoÐo apokìptoume tic exis¸seic, lmax kai thn sumpagìthta tou aste-
rioÔ. Epiplèon, xeqwrÐsame thn axonik� summetrik  perÐptwsh m = 0, ìpou oi
exis¸seic aplopoioÔntai shmantik�, all� kai gia thn genik  mh axonik� sum-
metrik  perÐptwsh ìpou m 6= 0, pou eÐnai astrofusik� pio endiafèrousa lìgw
thc idiosuqnìthtac r. Qrhsimopoi same èna sqetikistikì polutropikì astèri
Ðdio me autì twn Font et. al. [87] me kentrik  puknìthta εc = 7.914 × 1014

g/cm3, polutropik  stajer� K = 217.86 km2 kai polutropikì ekjèth Γ = 2.
Me ta dedomèna aut� to astèri pou prokÔptei èqei m�za M = 1.4M¯, aktÐna
R = 14.15km kai èqei taqÔthta Kepler ΩK = 8141 s−1. H gwniak  taqÔthta
peristrof c pou d¸same ston astèra eÐnai Ω = 4230 s−1 pou antistoiqeÐ se
tim  thc paramètrou ε = Ω/ΩK = 0.5223.
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PÐnakac 4.1: Oi suqnìthtec twn f0 kai p0 modes san sun�rthsh tou mègi-
stou arijmoÔ suzeÔxewn lmax gia to sqetikistikì polutropikì astèri me m�za
1.4M¯ kai aktÐna R = 14.15 km. H par�metroc peristrof c eÐnai ε = 0.5223.
Oi suqnìthtec dÐnontai se Hz. H idiosuqnìthta f kai oi pr¸tec p èqoun tic
megalÔterec se t�xh diorj¸seic se lìgw thc peristrof c. Gia mègisto arijmì
suzeÔxewn lmax = 3, oi suqnìthtec èqoun sugklÐnei.

lmax f0 p0
1 p0

2 p0
3 p0

4

0 2687 4551 6344 8111 9867
1 2787 4610 6386 8144 9894
2 2795 4613 6387 8145 9895
3 2796 4613 6387 8145 9895

4.2.1 Axonik� summetrikèc m = 0

Ac proqwr soume pr¸ta sthn an�lush twn apotelesm�twn sthn axonik� sum-
metrik  perÐptwsh, ìpou dhlad  m = 0. Arqik� melet same thn epÐdrash thc
peristrof c stic suqnìthtec twn (hmi)aktinik¸n kanonik¸n trìpwn tal�ntw-
shc dhlad  tou f0 kai twn pr¸twn p0. Ston pÐnaka 4.1 faÐnontai oi suqnì-
thtec aut¸n twn idiosuqnot twn san sun�rthsh tou mègistou arijmoÔ twn
suzeÔxewn pou jewr same lmax. Gia lmax = 0, den èqoume diorj¸seic lìgw
peristrof c tou astèra oi suqnìthtec dhlad  eÐnai oi autèc tou mh peristre-
fìmenou astèra. Gia lmax = 1, oi polikèc exis¸seic allhlepidroÔn me tic
axonikèc kai gi' autì parathreÐtai mia metatìpish twn suqnot twn proc mega-
lÔterec timèc. H metatìpish eÐnai thc t�xhc tou 3.7% gia thn idiosuqnìthta
f , 1.3% gia ton pr¸th idiosuqnìthta p kai oloèna kai mikraÐnei ìso aux�netai
h t�xh kai h suqnìthta tou kanonikoÔ trìpou tal�ntwshc. 'Oso aux�netai
o arijmìc twn mègistwn suzeÔxewn lmax, tìso oi diorj¸seic mikraÐnoun se
apìluth tim  kai oi suqnìthtec sugklÐnoun proc mia tim .

To suneqèc f�sma, ìpwc proanafèrjhke, èqei melethjeÐ kurÐwc wc prì-
blhma sunoriak¸n tim¸n, ìpou emfanÐzetai san ekfulismìc miac perioq c suq-
not twn. H emf�nis  tou sto prìblhma twn arqik¸n tim¸n pou exet�zoume
ed¸ gÐnetai me diaforetikì trìpo. Pio sugkekrimèna topojet¸ntac sto eswte-
rikì tou astèra ènan arijmì parathrht¸n, kai paÐrnontac ton metasqhmatismì
Fourier tou qronikoÔ s matoc tou k�je parathrht , blèpoume mia seir� apì
suqnìthtec. K�poiec apì autèc eÐnai oi idiosuqnìthtec tou astrikoÔ reustoÔ
opìte eÐnai koinèc gia ìlouc tou parathrhtèc, en¸ k�poiec �llec eÐnai diafo-
retikèc gia k�je parathrht , kai eÐnai h tautìthta tou suneqoÔc f�smatoc
sthn perioq  tou qrìnou. Sta sq mata 4.1 kai 4.2 faÐnetai o metasqhmati-
smìc Fourier gia treic parathrhtèc se diaforetikèc jèseic mèsa sto astèri.
EÐnai faner  h Ôparxh twn koin¸n koruf¸n pou antistoiqoÔn sthn f kai stic
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pr¸tec treic idiosuqnìthtec p antÐstoiqa, all� sthn perioq  k�tw tou 1.5
kHz sto sq ma 4.2 blèpoume thn Ôparxh tri¸n diaforetik¸n koruf¸n gia
kajènan apì touc parathrhtèc sto eswterikì tou asterioÔ. M' autìn ton
trìpo mporoÔme na prosdiorÐsoume kai ta ìria tou suneqoÔc f�smatoc, b�-
zontac ènan parathrht  polÔ kont� sto kèntro tou asterioÔ kai ènan polÔ
kont� sthn epif�neia.

Sth sunèqeia, melet same tic adraneiakèc(inertial)   ubridikèc(hybrid) i-
diosuqnìthtec, pou eÐnai qamhlosuqnotikèc me suqnìthtec k�tw tou 1.5 kHz.
Prin proqwr soume sthn an�lush twn apotelesm�twn ja jèlame na anafer-
joÔme se k�poiec teqnikèc leptomèreiec ìson afor� thn melèth twn fasm�twn
Fourier aut¸n twn idiosuqnot twn. Pio sugkekrimèna, apì to metasqhmatismì
Fourier twn qronoshm�twn twn parathrht¸n sto eswterikì tou astèra, sthn
perioq  k�tw twn 1.5 kHz emfanÐzontai mia seir� apì korufèc pou den shmaÐ-
nei anagkastik� ìti ìlec an koun se k�poia fusik  uparkt  idiosuqnìthta.
Autèc pou antistoiqoÔn se mia pragmatik  fusik  idiosuqnìthta mporoÔme na
tic xeqwrÐsoume eÔkola, giatÐ emfanÐzontai ìso ki an aux soume to mègisto
arijmì suzeÔxewn lmax. AntÐjeta oi �plasmatikèc� korufèc, autèc dhlad  pou
den antistoiqoÔn se mia pragmatik  fusik  idiosuqnìthta all� eÐnai arijmh-
tik� l�jh, mia emfanÐzontai kai mia q�nontai kaj¸c metab�lletai o mègistoc
arijmìc suzeÔxewn. Autì faÐnetai kajar� sto sq ma 4.3 ìpou sqedi�zoume
tic ubridikèc-adraneiakèc idiosuqnìthtec all� kai ìlec tic idiosuqnìthtec pou
emfanÐzontai gia k�je l apì lmax = 2 èwc lmax = 5 . Sto di�gramma autì
oi skiasmènec perioqèc antistoiqoÔn stic perioqèc touc suneqoÔc f�smatoc,
pou emfanÐzetai kai s' aut n thn t�xh prosèggishc. Arister� kai dexi� tou
suneqoÔc f�smatoc emfanÐzontai di�forec �plasmatikèc� idiosuqnìthtec, oi
opoÐec m�lista eÐnai puknìterec kont� sta ìria tou suneqoÔc f�smatoc, all�
oi pragmatikèc idiosuqnìthtec pou antistoiqoÔn stic adraneiakèc idiosuqnì-
thtec eÐnai autoÐ pou shmei¸nontai me iln, ìpou l eÐnai o arijmìc tou mègistou
armonikoÔ deÐkth lmax ìpou emfanÐzontai gia pr¸th for� kai n eÐnai o aÔxwn
arijmìc tou. 'Etsi, gia par�deigma ìpwc blèpoume sto sq ma gia lmax = 3
emfanÐzetai mìno o i31, en¸ gia lmax = 5 emfanÐzontai o i51 kai o i52.

Me b�sh autì to krit rio sta epìmena diagr�mmata èqoume sqedi�sei mìno
tic pragmatikèc adraneiakèc idiosuqnìthtec, san sun�rthsh thc sumpagìth-
tac tou astèra. 'Opwc faÐnetai loipìn apì to pr¸to di�gramma tou sq matoc
4.4, gia lmax = 3 èqoume thn emf�nish miac z¸nhc suneqoÔc f�smatoc all�
kai miac adraneiak c idiosuqnìthtac thc i31. H z¸nh tou suneqoÔc f�smatoc
aux�nei se pl�toc me thn aÔxhsh thc sumpagìthtac tou astèra kai apì thn
tim  M/R ' 0.17 h idiosuqnìthta den emfanÐzetai plèon, giatÐ ft�nei sta
ìria thc z¸nhc tou suneqoÔc f�smatoc kai q�netai mèsa se aut n.

Sth sunèqeia blèpoume ìti gia lmax = 4 èqoume thn emf�nish kai miac deÔ-
terhc adraneiak c idiosuqnìthtac thc i41 all� tautìqrona kai miac deÔterhc
z¸nhc suneqoÔc f�smatoc. H kainoÔrgia aut  idiosuqnìthta den eÐnai tìso
�anjektik � kai blèpoume ìti gia M/R ' 0.11 exafanÐzetai ki aut  mèsa sth
z¸nh tou suneqoÔc f�smatoc. EpÐshc eÐnai emfanèc ìti kammi� apì tic dÔo
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Sq ma 4.1: Metasqhmatismìc Fourier twn qronoshm�twn thc polik c sun�r-
thshc diataraq c H gia treic diaforetikoÔc parathrhtèc sto eswterikì tou
astèra. FaÐnontai oi koinèc korufèc pou antistoiqoÔn stic fusikèc idiosuq-
nìthtec f kai twn tri¸n pr¸twn idiosuqnot twn p. Ston orizìntio �xona eÐnai
sqediasmènh h suqnìthta se Hz en¸ ston katakìrufo �xona oi mon�dec eÐnai
tuqaÐec.

z¸nec suneqoÔc f�smatoc den brÐskontai sthn Ðdia jèsh me thn antÐstoiqh
gia lmax = 3, me �lla lìgia kai oi dÔo èqoun metatopisteÐ.

Aneb�zontac to deÐkth twn mègistwn suzeÔxewn kat� èna akìma dhlad 
lmax = 5, èqoume thn emf�nish dÔo kainoÔrgiwn adraneiak¸n idiosuqnot -
twn twn i51 kai i52 all� kammÐac kainoÔrgiac z¸nhc suneqoÔc f�smatoc. Oi
dÔo up�rqousec z¸nec apl¸c metatopÐzontai. Apì tic dÔo kainoÔrgiec idio-
suqnìthtec t¸ra, h i52 exafanÐzetai mèsa sth z¸nh suneqoÔc f�smatoc gia
M/R ' 0.07, en¸ h i52 paramènei gia arket� uyhlèc timèc sumpagìthtac. 'Ena
�llo shmeÐo �xio anafor�c sto di�gramma autì eÐnai ìti h mia apì tic dÔo
z¸nec tou suneqoÔc f�smatoc kalÔptei se ìlo sqedìn to eÔroc thc sumpa-
gìthtac thn i31 idiosuqnìthta, h opoÐa parìla aut� suneqÐzei na up�rqei.

Tèloc, gia mègisto arijmì suzeÔxewn lmax = 6, èqoume thn emf�nish
dÔo kainoÔrgiwn adraneiak¸n idiosuqnot twn twn i61 kai i62 kai miac akìma
z¸nhc suneqoÔc f�smatoc, me tautìqronh metatìpish ìlwn se sqèsh me thn
prohgoÔmenh perÐptwsh. Apì tic dÔo kainoÔrgiec idiosuqnìthtec h i61 epizeÐ
mèqri M/R ' 0.11, en¸ h i62 ligìtero gia M/R ' 0.06.

'Opwc eÔkola parathreÐ kaneÐc apì ta diagr�mmata to pl�toc tou sune-
qoÔc f�smatoc aux�nei ìso pio sumpagèc eÐnai to astèri kai empodÐzei thn
emf�nish kainoÔrgiwn adraneiak¸n idiosuqnot twn. Epiplèon, eÐnai fanerì
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Sq ma 4.2: Metasqhmatismìc Fourier twn qronoshm�twn thc axonik c sun�r-
thshc diataraq c U gia treic diaforetikoÔc parathrhtèc mèsa ston astèra
kai gia suqnìthtec qamhlìterec tou 1 kHz. FaÐnontai kajar� oi diakritèc
korufèc gia touc treic parathrhtèc pou antistoiqoÔn sth diaforetik  suqnì-
thta pou parathreÐ o kajènac. Autìc eÐnai o trìpoc emf�nishc tou suneqoÔc
f�smatoc sth melèth tou probl matoc wc prìblhma arqik¸n sunjhk¸n.

ìti k�poiec �llec adraneiakèc idiosuqnìthtec exafanÐzontai apì èna ìrio su-
mpagìthtac kai p�nw kai mìno dÔo apì autèc oi i31 kai i51 paramènoun gia ìlh
thn klÐmaka thc sumpagìthtac. M�lista h pr¸th apì autèc paramènei akìma
ki ìtan ta ìria tou suneqoÔc f�smatoc peril�boun thn suqnìtht� thc, en¸ h
deÔterh eÐnai p�nta ektìc twn orÐwn tou suneqoÔc f�smatoc.

To er¸thma pou genniètai met� apì thn melèth aut¸n twn diagramm�twn
eÐnai giatÐ k�poiec idiosuqnìthtec den mporoÔn na emfanistoÔn kai na �z soun�
mèsa sto suneqèc f�sma en¸ �llec emfanÐzontai. Up�rqoun k�poiec proti-
mhtèec idiosuqnìthtec   m pwc h ap�nthsh brÐsketai alloÔ; H ex ghsh pou
dÐnoume eÐnai fainomenologik  kai eÐnai h akìloujh. Mia idiosuqnìthta pou
prìkeitai na emfanisteÐ pr¸th for� gia èna sugkekrimèno arijmì mègistwn
suzeÔxewn, p.q lmax = 3, mporeÐ na emfanisteÐ mìno e�n h suqnìtht� thc
den pèftei mèsa sth suqnotik  perioq  tou suneqoÔc f�smatoc gia th su-
gkekrimènh tim  lmax. Apì ekeÐ kai pèra, an aux soume ton arijmì mègistwn
suzeÔxewn lmax den eÐnai h idiosuqnìthta pou metatopÐzetai, ìpwc anafèrame
kai prohgoumènwc, all� to suneqèc f�sma. 'Etsi an to suneqèc f�sma pè-
sei se perioq  pou eÐnai na emfanisteÐ mia kainoÔrgia idiosuqnìthta aut  den
mporeÐ na emfanisteÐ, an ìmwc pèsei se perioq  pou  dh up�rqei k�poia pou
proèrqetai apì qamhlìterh tim  tou lmax, tìte aut  mporeÐ na suneqÐsei na



4.2. Arijmhtik� apotelèsmata 53

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

σ/Ω
K

2

3

4

5

l
max i

1

i
1

i
2

i
1
5 5

4

3

Sq ma 4.3: Idiosuqnìthtec pou emfanÐzontai gia diaforetikèc timèc thc tim c
mègistwn suzeÔxewn lmax gia astrikì montèlo me M/R = 0.01. GÔrw apì
k�je z¸nh suneqoÔc f�smatoc, pou eÐnai oi perioqèc me gkri skÐash up�r-
qoun pollèc idiosuqnìthtec pou emfanÐzontai kai exafanÐzontai ìso aux�nei
to lmax. Oi pragmatikèc idiosuqnìthtec pou antistoiqoÔn se fusikèc tala-
nt¸seic sumbolÐzontai me iln, kai paramènoun sth jèsh touc ìso aux�netai o
arijmìc twn mègistwn suzeÔxewn lmax.

up�rqei kai mèsa s` autì.
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Sq ma 4.4: To suneqèc f�sma kai oi adraneiakèc idiosuqnìthtec (inertial
modes) san sun�rthsh thc sumpagìthtac M/R gia thn axonik� summetrik 
perÐptwsh m = 0 gia diaforetikèc timèc tou megÐstou arijmoÔ suxeÔxew-
n lmax. Mìno oi i31 kai i51 idiosuqnìthtec paramènoun gia ìlo to di�sthma
sumpagìthtac en¸ ìlec oi �llec exafanÐzontai mèsa sto suneqèc f�sma.
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4.2.2 Mh axonik� summetrikèc m 6= 0

H perÐptwsh twn mh axonik� summetrik¸n diataraq¸n eÐnai pio endiafèrousa
lìgw thc l = m = 2 idiosuqnìthtac r tou astrikoÔ reustoÔ. 'Opwc eÐnai
gnwstì sth Neut¸neia jewrÐa h idiosuqnìthta aut  èqei mia diakekrimènh
tim , pou dÐnetai sto adraneiakì sÔsthma anafor�c kai sthn qamhlìterh t�xh
prosèggishc analutik� apì th sqèsh,

σ = −mΩ
(

1− 2
l(l + 1)

)
(4.22)

Sthn sqetikistik  perÐptwsh ta pr�gmata ìmwc eÐnai arket� diaforetik�. Pa-
rìmoioc upologismìc gia thn tim  thc idiosuqnìthtac r dÐnei thn analutik 
sqèsh,

σ = −mΩ
[
1− 2

l(l + 1)

(
1− $(r)

Ω

)]
(4.23)

opìte ìpwc eÐnai fanerì antÐ gia mia suqnìthta èqoun plèon èna olìklhro
f�sma suqnot twn me ìria pou kajorÐzontai apì tic timèc tou $ sto kèntro
kai sthn epif�neia tou astèra. O parap�nw upologismìc ègine me thn upìje-
sh ìti oi suzeÔxeic me tic polikèc exis¸seic diataraq¸n eÐnai an¸terhc t�xhc
opìte mporoÔme na tic agno soume. Autì sthn perÐptwsh twn barotropik¸n
diataraq¸n pou exet�zoume den isqÔei ìpwc apodeÐqthke apì touc Lockitch
et. al. [89] giatÐ sto mh peristrefìmeno ìrio prèpei na mhn mhdenÐzetai h
suneisfor� twn polik¸n (polar) exis¸sewn. Me �lla lìgia sthn barotro-
pik  perÐptwsh h idiosuqnìthta r, den eÐnai kajar� axonik  all� perièqei kai
polikèc sunist¸sec, gi` autì kai oi Lockitch et. al. qrhsimopoioÔn ton ìro
axonik� �gon ubridik , (axial-led hybrid) gia ton idiosuqnìthta r sthn baro-
tropik  perÐptwsh. Tèloc prèpei na shmeiwjeÐ ìti sth mh axonik� summetrik 
perÐptwsh èqoume to fainìmeno thc di�spashc (splitting) twn idiosuqnot twn,
dhlad  gia k�je tim  tou armonikoÔ deÐkth l èqoume 2l diaforetikèc idiosuq-
nìthtec tic misèc jetikèc kai tic �llec misèc arnhtikèc, fainìmeno an�logo me
to Zeeman splitting sthn kbantomhqanik .

Ta apotelèsmata twn arijmhtik¸n prosomoi¸sewn gia thn mh axonik�
summetrik  perÐptwsh faÐnontai sta sq mata 4.5. Gia lmax = 2 èqoume thn
emf�nish mìno miac z¸nhc suneqoÔc f�smatoc h opoÐa aux�nei se pl�toc ìso
pio sumpag c eÐnai o astèrac, akrib¸c ìpwc kai thn mh axonik� summetrik 
perÐptwsh kai kammÐac idiosuqnìthtac. An eis�goume ìmwc kai tic suzeÔxeic
me tic polikèc sunart seic diataraq¸n gia lmax = 3 ta pr�gmata all�zou-
n drastik� ìpwc faÐnetai sto epìmeno di�gramma. Blèpoume thn emf�nish
kai deÔterhc z¸nhc suneqoÔc f�smatoc, all� tautìqrona emfanÐzetai kai mia
ubridik  idiosuqnìthta, pou eÐnai to sqetikistikì an�logo thc m = 2 idiosuq-
nìthtac r. SÔmfwna me thn onomasÐa pou dÐnoume stic idiosuqnìthtec aut  h
idiosuqnìthta r eÐnai gia mac h i31 idiosuqnìthta. An sthn sunèqeia aux sou-
me kai p�li ton arijmì mègistwn suzeÔxewn se lmax = 4   lmax = 5 to mìno
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Sq ma 4.5: To suneqèc f�sma kai oi adraneiakèc idiosuqnìthtec r san su-
n�rthsh thc sumpagìthtac M/R gia thn mh axonik� summetrik  perÐptwsh
m = 2, gia diaforetikèc timèc tou megÐstou arijmoÔ suzeÔxewn lmax. Epiplè-
on èqoume sqedi�sei kai thn Neut¸nia tim  thc idiosuqnìthtac r apì th sqèsh
(4.22) me estigmènh gramm . O sqetikistikìc isodÔnamoc thc idiosuqnìthtac
r emfanÐzetai mìno gia lmax = 3 èxw apì th z¸nh tou suneqoÔc f�smatoc,
kaj¸c h z¸nh aut  metatopÐzetai apì th jèsh thc gia lmax = 2. Mìno h idio-
suqnìthta r kai oi i42 kai i52 paramènoun gia ìlo to di�sthma sumpagìthtac.
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pou all�zei eÐnai ìti emfanÐzetai k�je for� mia kainoÔrgia z¸nh suneqoÔ-
c f�smatoc me tautìqronh metatìpish twn zwn¸n apì ta prohgoÔmena lmax

all� kai k�poiec epiplèon idiosuqnìthtec. H idiosuqnìthta r ìmwc paramènei
se ìlh thn perioq  sumpagìthtac akìma kai mèsa sthn perioq  tou suneqoÔc
f�smatoc, kaj¸c epÐshc kai oi i42 kai i52 idiosuqnìthtec.

Epiplèon faÐnetai sta diagr�mmata ìti kai sth mh axonik� summetrik 
perÐptwsh ìso aux�netai h sumpagìthta tou astèra tìso aux�netai kai to
pl�toc thc z¸nhc tou suneqoÔc f�smatoc me apotèlesma merikèc idiosuqnì-
thtec na �katastrèfontai� prin emfanistoÔn. Sto ìrio ìpou lmax −→ ∞ to
suneqèc f�sma ja èqei jewrhtik� kalÔyei ìlo to f�sma suqnot twn, qwrÐc
autì na shmaÐnei thn exaf�nish ìlwn twn idiosuqnot twn, ìpwc exhg same
sthn axonik� summetrik  perÐptwsh.

Gia na elègxoume thn akrÐbeia twn apotelesm�twn mac, sugkrÐname tic
suqnìthtec twn r idiosuqnot twn thc dik c mac grammik c prossèggishc me
tic timèc pou dÐnoun oi Font et. al [87] sth mh grammik  prosèggish gia dÔo dia-
foretikèc timèc gwniak c taqÔthtac tou astèra. 'Etsi gia ton astèra me m�za
M = 1.4M¯ kai aktÐna R = 14.15 km kai gia gwniak  taqÔthta Ω = 2180
s−1 h tim  thc idiosuqnìthtac r sth mh grammik  prosèggish eÐnai 500 Hz
en¸ sthn grammik  prosèggish eÐnai 512 Hz, mia diafor� thc t�xhc tou 2.5%.
Gia ton Ðdio astèra kai gia gwniak  taqÔthta Ω = 4986 s−1 h tim  thc idio-
suqnìthtac r sth mh grammik  prosèggish eÐnai 1030 Hz en¸ sthn grammik 
prosèggish eÐnai 1172 Hz, mia diafor� thc t�xhc tou 14%. H apìklish twn
suqnot twn twn dÔo proseggÐsewn sthn deÔterh perÐptwsh eÐnai megalÔterh,
gegonìc anamenìmeno lìgw thc megalÔterhc gwniak c taqÔthtac peristrof c
tou astèra. Gia na belti¸soume thn akrÐbeia thc grammik c prosèggishc se
sqèsh me ta mh grammik� apotelèsmata gia megalÔterec gwniakèc taqÔthtec
peristrof c tou astèra, ja prèpei na proqwr soume se an�ptugma deÔterhc
t�xhc wc proc thn par�metro peristrof c ε, tìso sto statikì montèlo ìso
kai stic exis¸seic diataraq¸n.

4.3 Sumper�smata

S' autì to kef�laio pragmatopoi same thn arijmhtik  olokl rwsh tou su-
st matoc twn exis¸sewn pou perigr�foun thn sumperifor� enìc diataragmè-
nou bradèwc peristrefìmenou astèra netronÐwn, agno¸ntac thn epÐdrash twn
diataraq¸n tou qwrìqronou. Ta sumper�smata pou bg�lame eÐnai pollapl�
kai idiaÐtera qr sima gia thn katanìhsh twn idiotalant¸sewn twn bradèwc
peristrefìmenwn astèrwn netronÐwn. Epikentr¸same th melèth mac stic idio-
talant¸seic autèc sta plaÐsia thc prosèggishc Cowling kai melet same gia
pr¸th for� thn epÐdrash thc peristrof c tou astèra stic suqnìthtèc touc.
Melet same xeqwrist� tic dÔo kÔriec peript¸seic

• Thn axonik� summetrik  perÐptwsh m = 0, kai
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• thn mh axonik� summetrik  m 6= 0.

To sÔsthma twn exis¸sewn arqik� melet jhke gia diaforetikoÔc arijmoÔ-
c mègistwn suzeÔxewn lmax. Diapist¸same ìti oi timèc twn idiosuqnot twn
sugklÐnoun se mia tim  me thn aÔxhsh tou mègistou autoÔ arijmoÔ. Sth
sunèqeia parajèsame ta apotelèsmata me th morf  diagramm�twn gia touc
diaforetikoÔc arijmoÔc mègistwn suzeÔxewn lmax, ìpou sqedi�same tic timè-
c twn idiosuqnot twn san sun�rthsh thc sumpagìthtac tou astèra. Apì
aut� ta diagr�mmata bg�lame ta akìlouja trÐa basik� sumper�smata gia
thn sumperifor� tou suneqoÔc f�smatoc pou isqÔoun kai stic dÔo parap�nw
peript¸seic.

1. To pl�toc thc z¸nhc tou suneqoÔc f�smatoc aux�nei ìso pio sumpag c
eÐnai o astèrac netronÐwn.

2. H jèsh thc z¸nhc tou suneqoÔc f�smatoc sto eswterikì tou astèra
all�zei me thn allag  tou mègistou arijmoÔ suzeÔxewn lmax.

3. Oi jèseic twn di�forwn zwn¸n tou suneqoÔc f�smatoc sto eswterikì
tou astèra mporoÔn na allhlepikalÔptontai.

Epiplèon èna shmantikì kai exairetik� qr simo sumpèrasma autoÔ tou kefa-
laÐou ìson afor� to suneqèc f�sma eÐnai ìti me thn prosèggish sthn perioq 
tou qrìnou mporoÔme na melet soume aut  thn perioq  kai na doÔme k�poiec
qarakthristikèc idiosuqnìthtec pou �zoÔne� ekeÐ mèsa. Autì èrqetai se a-
ntÐjesh me tic melètec pou eÐqan gÐnei sto pareljìn sth perioq  suqnot twn
sthn opoÐa to suneqèc f�sma emfanÐzetai san ekfulismìc me apotèlesma na
eÐnai adÔnath h melèth tou.

'Oson afor� thn l = m = 2 idiosuqnìthta r deÐxame gia pr¸th for� h ei-
sagwg  twn polik¸n ìrwn sÔzeuxhc l = 3 kai l = 1, eujÔnetai gia thn suneq 
Ôparxh tou se ìlo to f�sma twn sumpagot twn. Oi Ruoff & Kokkotas [95, 96]
melet¸ntac mìno to axonikì komm�ti twn exis¸sewn eÐqan parathr sei ìti h
idiosuqnìthta r gia thn polutropik  exÐswsh kat�stashc den emfanÐzetai gia
ìlouc touc polutropikoÔc deÐktec Γ kai m�lista oÔte gia thn polutropik 
exÐswsh pou qrhsimopoi same se aut n th melèth. ApodeÐxame me autìn ton
trìpo ìti to fainìmeno autì  tan apotèlesma thc periorismènhc prosèggi-
shc pou eÐqan jewr sei. AntÐstoiqa apotelèsmata me ta dik� mac, èbgalan
argìtera kai �lloi ereunhtèc sthn ergasÐa [94].

Ta apotelèsmata thc doulei�c aut c, dÐnoun ap�nthsh kai se èna �llo
basikì er¸thma thc Genik c JewrÐac Sqetikìthtac se sqèsh me th Neut¸neia
jewrÐa. Sto er¸thma an up�rqoun   ìqi sta plaÐsia thc Genik c JewrÐac
thc Sqetikìthtac ektìc apì to suneqèc f�sma kai diakritèc peristrofikèc
idiosuqnìthtec r. To er¸thma autì eÐnai polÔ shmantikì se sqèsh me ta
proteinìmena sen�ria exèlixhc peristrefìmenwn astèrwn netronÐwn me b�sh
thn ast�jeia CFS thc idiosuqnìthtac r, pou anafèrjhkan sthn eisagwg .
'Etsi, an gia par�deigma den up rqan diakritèc peristrofikèc idiosuqnìthtec
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�mesh sunèpeia ja  tan na mhn mporeÐ na efarmosteÐ kanèna apì ta dÔo
sen�ria, mia kai den ja gnwrÐzame se aut  thn perÐptwsh p¸c sumperifèrontai
oi mhqanismoÐ apìsbeshc.

Ta apotelèsmata autoÔ tou kefalaÐou èqoun dhmosieuteÐ stic ergasÐec A2
kai B2 ìpwc anafèretai sto biografikì shmeÐwma sto tèloc tou parart matoc.
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Kef�laio 5

Nèa sunj kh bajmÐdac

S' autì to kef�laio ja gr�youme tic exis¸seic diataraq¸n qrhsimopoi¸ntac
mia �llh sunj kh bajmÐdac me ap¸tero skopì na gÐnoun oi exis¸seic pou ja
prokÔyoun aploÔsterec gia arijmhtik  exèlixh. H sunj kh bajmÐdac pou ja
epilèxoume, qrhsimopoi jhke gia pr¸th for� se mh peristrefìmeno astèra
apì touc L. Battiston, P. Cazzola, L. Lucaroni [45, 46, 47, 48, 49, 50] kai ja
anaferìmaste apì ed¸ kai pèra s' aut n wc bajmÐda BCL (BCL gauge) apì ta
arqik� twn onom�twn twn tri¸n suggrafèwn. H diafor� aut c thc bajmÐdac
se sqèsh me th Regge-Wheeler eÐnai ìti antÐ na mhdenÐzei tic sunart seic
diataraq¸n G, h2, h0,p, h1,p, (blèpe kef�laio 3 gia thn an�lush se sfairikèc
armonikèc) mhdenÐzei kai tic dÔo gwniakèc sunart seic diataraq¸n K, G, kai
epÐshc tic h2, H0.

Sth perÐptwsh mh peristrefìmenou astèra epeid  oi exis¸seic twn diata-
raq¸n eÐnai aploÔsterec, den up�rqei k�poio sugkritikì pleonèkthma metaxÔ
twn dÔo aut¸n bajmÐdwn. 'Etsi, to mìno erwthmatikì pou up rqe  tan giatÐ
den mporoÔse na anaqjeÐ to sÔsthma exis¸sewn pou perigr�fei tic polikèc
diataraqèc enìc mh peristrefìmenou astèra pou par gagan oi Chandrasekh-
ar & Ferrari [30] sth diag¸nia sunj kh bajmÐdac se tètarthc t�xhc sÔsthma,
ìpwc sto antÐstoiqo sÔsthma twn exis¸sewn sth bajmÐda Regge-Wheeler.
Oi Ipser & Price to 1991 èdeixan [34] ìti h diag¸nia sunj kh bajmÐdac den
 tan pl rwc kajorismènh giatÐ eÐqe èna bajmì eleujerÐac parap�nw o opoÐ-
oc èdine mia epiprìsjeth lÔsh, pou ìmwc  tan grammik¸c exarthmènh apì tic
upìloipec.

Sthn perÐptwsh ìmwc bradèwc peristrefìmenou astèra, ìpwc ja diapi-
st¸soume sto kef�laio autì, up�rqoun sugkritik� pleonekt mata thc sun-
j khc bajmÐdac BCL se sqèsh me th Regge-Wheeler. To pr¸to eÐnai ìti oi
exis¸seic diataraq¸n pou prokÔptoun eÐnai pr¸thc t�xhc wc proc to qrìno,
ektìc apì mia, h opoÐa ìmwc me èna aplì metasqhmatismì mporeÐ na gÐnei ki
aut  pr¸thc t�xhc. 'Etsi eÐnai pio eÔkolo na grafoÔn se morf  kat�llhlh
gia arijmhtik  exèlixh. To deÔtero eÐnai ìti oi exis¸seic pou prokÔptoun eÐnai
summetrikèc wc proc tic axonikèc kai polikèc diataraqèc, me apotèlesma na
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eÐnai pio eÔkoloc o èlegqoc kai h katanìhsh aut¸n.
Ja proqwr soume sthn paragwg  twn exis¸sewn sthn nèa aut  sunj kh

bajmÐdac sthn genikìterh perÐptwsh, upojètontac mh barotropikèc diatara-
qèc. S' aut n thn perÐptwsh oi diataraqèc thc pÐeshc δp kai thc puknìthtac
enèrgeiac δε sundèontai mèsw thc sqèshc,

δp =
Γ1p

p + ε
δε + p′ξr

(
Γ1

Γ
− 1

)
=

Γ1p

p + ε
δε + (p + ε)ν ′ξr

(
Γ1

Γ
− 1

)
(5.1)

ìpou,

Γ =
p + ε

p

dp

dε

eÐnai o adiabatikìc deÐkthc tou statikoÔ montèlou, Γ1 eÐnai o adiabatikìc
deÐkthc twn diataragmènwn posot twn kai ξr eÐnai h aktinik  sunist¸sa tou
dianÔsmatoc diataraq c (displacement vector). S' aut n thn perÐptwsh h
taqÔthta tou  qou dÐnetai apì th sqèsh,

C2
s =

Γ1

Γ
δp

δε
=

Γ1

Γ
p′

ε′
. (5.2)

Sto ìrio twn adiabatik¸n diataraq¸n ìpou Γ = Γ1, h diataraq  thc puknìth-
tac sundèetai me aut n thc pÐeshc mèsw thc taqÔthtac tou  qou (blèpe 3.8). H
diataraq  sthn puknìthta prokÔptei apì th sqèsh (5.1) kai qrhsimopoi¸ntac
thn metablht  thc enjalpÐac (3.12) ekfr�zetai wc ex c,

δε = (p + ε)C−2
s

∞∑

l=2

l∑

m=−l

[Hlm − ξlm] , (5.3)

ìpou èqoume jèsei,

ξlm = ν ′ξr

(
1− Γ1

Γ

)
, (5.4)

kai epomènwc to di�nusma diataraq c èqei analujeÐ se sfairikèc armonikèc
wc ex c,

ξr =
[
ν ′

(
1− Γ1

Γ

)]−1 ∞∑

l=2

l∑

m=−l

ξlmYlm (5.5)

ìpou kai p�li to �jroisma wc proc ton armonikì deÐkth l, arqÐzei apì to l = 2
( bl. Kef�laio 3 ).

'Opwc eÐnai fanerì sth mh barotropik  perÐptwsh, qreiazìmaste kai mia
epiplèon exÐswsh gia to di�nusma diataraq c ξ(r, t) , h opoÐa ja prokÔyei
apì th sqèsh metaxÔ autoÔ kai thc diataraq c sthn taqÔthta,

δuµ = uνhµν + gµνu
λ ∂ξν

∂xλ
− 1

2
uµuκuλhκλ, (5.6)
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h sunist¸sa r thc opoÐac dÐnei,

δur = uthrt + uφhrφ + grr

(
ut ∂ξr

∂xt
+ uφ ∂ξr

∂xφ

)

⇒ (∂t + Ω∂φ) ξr = e−2λ (eνδur − hrt − Ωhrφ) (5.7)

5.1 An�lush se sfairikèc armonikèc

Oi diataraqèc pou dÐnoume sthn sunalloÐwth tetra-taqÔthta tou astrikoÔ
reustoÔ èqoun th morf ,

δur = eν
∞∑

l=2

l∑

m=−l

RlmYlm (5.8aþ)

δuθ = eν
∞∑

l=2

l∑

m=−l

(
Vlm

∂

∂θ
− Ulm

1
sin θ

∂

∂φ

)
Ylm (5.8bþ)

δuφ = eν
∞∑

l=2

l∑

m=−l

(
Vlm

∂

∂φ
− Ulm sin θ

∂

∂θ

)
Ylm (5.8gþ)

H diataraq  thc sunist¸sac thc taqÔthtac wc proc to suntetagmèno qrìno
t, ja prokÔyei kai p�li apì thn diataraq  thc sunj khc kanonikopoÐhshc thc
taqÔthtac (3.10) kai eÐnai,

δut =
1
2
e−νhtt + Ωe−νhtφ − Ωδuφ. (5.9)

Oi diataraqèc twn sunistws¸n tou metrikoÔ tanust , met� thn an�lush se
sfairikèc armonikèc kai thn efarmog  thc nèac sunj khc bajmÐdac ja èqoun
th morf  :

htt = −2ω

∞∑

l=2

l∑

m=−l

(
h0a,lm(r, t) sin θ

∂

∂θ
+ h0p,lm(r, t)

∂

∂φ

)
Ylm (5.10aþ)

htr =
∞∑

l=2

l∑

m=−l

H1,lm(r, t)Ylm (5.10bþ)

htθ =
∞∑

l=2

l∑

m=−l

(
−h0a,lm(r, t)

1
sin θ

∂

∂φ
+ h0p,lm(r, t)

∂

∂θ

)
Ylm (5.10gþ)

htφ =
∞∑

l=2

l∑

m=−l

(
h0a,lm(r, t) sin θ

∂

∂φ
+ h0p,lm(r, t)

∂

∂θ

)
Ylm (5.10dþ)
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hrr = e2λ
∞∑

l=2

l∑

m=−l

H2,lm(r, t)Ylm (5.10eþ)

hrθ =
∞∑

l=2

l∑

m=−l

(
−h1a,lm(r, t)

1
sin θ

∂

∂φ
+ h1p,lm(r, t)

∂

∂θ

)
Ylm (5.10�þ)

hrφ =
∞∑

l=2

l∑

m=−l

(
h1a,lm(r, t) sin θ

∂

∂φ
+ h1p,lm(r, t)

∂

∂θ

)
Ylm (5.10zþ)

en¸ oi gwniakèc sunist¸sec eÐnai ìlec hij = 0 me i, j = {θ, φ}. 'Etsi, met�
thn epilog  thc nèac sunj khc bajmÐdac oi sunist¸sec thc diataragmènhc
metrik c gr�fontai me th morf  pÐnaka,

hµν = hpolar
µν + haxial

µν (5.11)

me,

hpolar
µν =




−2ωh0,p
∂
∂φ H1 h0,p

∂
∂θ h0,p

∂
∂φ

∗ e2λH2 h1,p
∂
∂θ h1,p

∂
∂φ

∗ ∗ 0 0
∗ ∗ ∗ 0


Ylm (5.12)

haxial
µν =




−2ωh0,a sin θ ∂
∂θ 0 −h0,a

1
sin θ

∂
∂φ h0,a sin θ ∂

∂θ

∗ 0 −h1,a
1

sin θ
∂
∂φ h1,a sin θ ∂

∂θ

∗ ∗ 0 0
∗ ∗ ∗ 0


Ylm (5.13)

Prin proqwr soume parak�tw ja poÔme dÔo lìgia gia to pwc prokÔptei h suni-
st¸sa tou diataragmènou metrikoÔ tanust  htt s' aut  thn sunj kh bajmÐdac.
Gia na gÐnei autì ja qreiastoÔme thn bo jeia tou enallaktikoÔ formalismoÔ
twn exis¸sewn Einstein pou onom�zetai 3 + 1 formalismìc   (ADM formali-
sm) [73]. H basik  idèa autoÔ tou formalismoÔ eÐnai h akrib¸c antÐjeth apì
thn basik  idèa gia thn dhmiourgÐa thc JewrÐac thc Sqetikìthtac, dhlad  h
ènwsh tou q¸rou kai tou qrìnou ston tetradi�stato qwrìqrono. 'Etsi kÔ-
rioc skopìc tou formalismoÔ autoÔ eÐnai o diaqwrismìc tou tetradi�statou
qwrìqronou topik�, se trisdi�statec mh temnìmenec qwrikèc uperepif�neiec
oi opoÐec exelÐssontai qronik�. Autì epitugq�netai me thn eisagwg  enìc
nèou tanustikoÔ megèjouc, pou den up�rqei sthn sunhjismènh morf  twn e-
xis¸sewn Einstein, thc exwterik c kampulìthtac (extrinsic curvature) Kij .
Thn qronik  exèlixh twn trisdi�statwn aut¸n uperepifanei¸n, kajorÐzoun
dÔo �lla megèjh, h bajmwt  sun�rthsh (lapse function) A kai to di�nusma
metatìpishc (shift vector) Bi ta opoÐa ekfr�zoun kai thn eleujerÐa bajmÐdac
thc Genik  JewrÐa Sqetikìthtac se autì to formalismì. H swst  epilog 
twn dÔo aut¸n megej¸n eÐnai katalutik  giatÐ mporeÐ na aplopoi sei   na
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periplèxei tic prokÔptousec exis¸seic. 'Opwc eÐnai fanerì kai apì ton ori-
smì tou o formalismìc autìc eÐnai qr simoc sthn perÐptwsh pou endiafèrei
h qronik  exèlixh twn exis¸sewn pedÐou tou Einstein.

Qrhsimopoi¸ntac thn didaktorik  diatrib  tou Ruoff [109] kai thn ergasÐa
[60], h sqèsh metaxÔ thc sunist¸sac tou metrikoÔ tanust  htt, tou dianÔsma-
toc metatìpishc (shift vector) kai thc sun�rthshc lapse, eÐnai h akìloujh
:

htt = 2Aα + 2Biβi = 2eνα− 2ωhtφ (5.14)

ìpou α, A eÐnai h statik  kai diataragmènh sun�rthsh lapse antÐstoiqa, kai
βi, Bi, eÐnai h to statikì kai diataragmèno di�nusma metatìpishc antÐstoiqa.
Se mh peristrefìmeno astèra ìmwc isqÔei, βi = 0, α = 0 kai ω = 0 kai
odhgeÐ mèsw thc (5.14) ìti kai h sunist¸sa tt thc diataraq c tou qwrìqronou
prèpei na mhdenÐzetai htt = 0. Pr�gmati aut  th sunj kh èjesan kai oi
Battiston et al. [45] apì th arq  mazÐ me tic hθθ = 0, hθφ = 0 kai hφφ =
0. Sthn perÐptwsh peristrefìmenou astèra ìmwc, ìpwc faÐnetai apì thn
parap�nw sqèsh, parìlo pou α = 0, h sunist¸sa tt thc diataraq c tou
metrikoÔ tanust  eÐnai mh mhdenik  htt = −2ωhtφ 6= 0. An jèlame na èqoume
htt = 0, ja èprepe na eÐqame epilèxei mia mhdenik  sun�rthsh α 6= 0, gegonìc
ìmwc pou ja prokaloÔse thn emf�nish anepijÔmhtwn ìrwn me deÔterhc t�xhc
qwrikèc parag¸gouc stic telikèc exis¸seic diataraq¸n.

5.2 Exis¸seic diataraq¸n

'Etsi apì to an�ptugma se sfairikèc armonikèc twn tt, tr, rr kai θθ + φφ
sunistws¸n twn diataragmènwn exis¸sewn Einstein (3.33) paÐrnoume,

∑

lm

[(
A

(I)
lm + Ã

(I)
lm

)
Ylm + B

(I)
lm sin θ

∂Ylm

∂θ
+ C

(I)
lm

∂Ylm

∂φ

]
= 0 (5.15)

ìpou o ekjèthc I ekfr�zei thn k�je sunist¸sa antÐstoiqa. ParomoÐwc apì
tic t θ,r θ kai t φ,r φ sunist¸sec èqoume antÐstoiqa,

∑

lm

[(
a

(I)
lm + ã

(I)
lm cos θ

) ∂Ylm

∂θ
−

(
b
(I)
lm + b̃

(I)
lm cos θ

) 1
sin θ

∂Ylm

∂φ
+ η

(I)
lm sin θYlm

]
= 0

(5.16)
∑

lm

[(
b
(I)
lm + b̃

(I)
lm cos θ

) ∂Ylm

∂θ
+

(
a

(I)
lm + ã

(I)
lm cos θ

) 1
sin θ

∂Ylm

∂φ
+ ζ

(I)
lm sin θYlm

]
= 0

(5.17)
Tèloc apì tic θφ kai θθ − φφ sunist¸sec èqoume antÐstoiqa,

∑

lm

[
flm

∂Ylm

∂θ
+ glm

1
sin θ

∂Ylm

∂φ
+ slm

Xlm

sin2 θ
+ tlm

Wlm

sin θ

]
= 0 (5.18)
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∑

lm

[
glm

∂Ylm

∂θ
− flm

1
sin θ

∂Ylm

∂φ
− tlm

Xlm

sin2 θ
+ slm

Wlm

sin θ

]
= 0 (5.19)

Gia na sumplhrwjeÐ to sÔsthma twn exis¸sewn pou perigr�fei to sÔsthma
astèra qwrìqronou, ja qreiastoÔme kai tic exis¸seic kÐnhshc tou diatarag-
mènou reustoÔ (3.38) apì tic t kai r sunist¸sec twn opoÐwn paÐrnoume,

P
(I)
lm Ylm + J

(I)
lm sin θ

∂Ylm

∂θ
+ S

(I)
lm

∂Ylm

∂φ
= 0 (5.20)

Apì tic θ kai φ sunist¸sec twn diataragmènwn exis¸sewn kÐnhshc paÐrnoume,
[
Llm + L̃lm cos θ

] ∂Ylm

∂θ
−

[
Mlm + M̃lm cos θ

] ∂Ylm

∂φ
+ Qlm sin θYlm = 0

(5.21)[
Mlm + M̃lm cos θ

] ∂Ylm

∂θ
+

[
Llm + L̃lm cos θ

] ∂Ylm

∂φ
+ Rlm sin θYlm = 0

(5.22)
ìpou oi sunetelestèc A, B, C, a, ã, b, b̃, η, ζ, s, t, f , g, P , J , S, L,
L̃, M , M̃ , Q, R, eÐnai sunduasmoÐ twn sunart sewn pou perigr�foun tic
diataraqèc tou qwrìqronou, tou reustoÔ kai twn posot twn tou statikoÔ
astrikoÔ montèlou, kai epomènwc sunart seic mìno twn r, t. Oi analutikèc
ekfr�seic touc dÐnontai sto Par�rthma B. 1

Sth sunèqeia ja qrhsimopoi soume tic idiìthtec twn sunart sewn twn
sfairik¸n armonik¸n gia na apaleÐyoume thn gwniak  ex�rthsh apì tic para-
p�nw exis¸seic. H basik  sqèsh orjogwniìthtac twn sfairik¸n armonik¸n
eÐnai, ∫ 2π

0

∫ π

0
YlmY ∗

l′m′ sin θdθdφ = δll′δmm′ (5.23)

ìpou o asterÐskoc dhl¸nei suzugèc migadikì. DÔo akìma polÔ qr simec sqè-
seic pou ja qrhsimopoi soume eÐnai oi akìloujec,

cos θYlm = Ql+1,mYl+1,m + QlmYl−1,m (5.24)

sin θ
∂Ylm

∂θ
= lQl+1,mYl+1,m − (l + 1)QlmYl−1,m (5.25)

Prin proqwr soume sthn ap�leiyh thc gwniak c ex�rthshc apì tic exis¸-
seic diataraq¸n ja orÐsoume k�poia qr sima oloklhr¸mata twn sfairik¸n
armonik¸n pou ja qrhsimopoi soume parak�tw. 'Etsi k�noume touc akìlou-
jouc orismoÔc,

L±1
1 A :=

∑

l′m′
Al′m′

∫
Y ∗

lm sin θ ∂θYl′m′dΩ

= (l − 1)QlmAl−1,m − (l + 2)Ql+1mAl+1,m (5.26)
1Oi sunist¸sec sthn arqik  èkdosh tou �rjrou sto periodikì eÐqan k�poia tupografik�

l�jh ta opoÐa sto par�rthma autì èqoun diorjwjeÐ.
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(5.27)

L±1
2 A :=

∑

l′m′
Al′m′

∫
∂θY

∗
lm sin θYl′m′dΩ

= −(l + 1)QlmAl−1,m + lQl+1mAl+1,m (5.28)

L±1
3 A :=

∑

l′m′
Al′m′

(
l′(l′ + 1)

∫
Y ∗

lm cos θYl′m′dΩ +
∫

Y ∗
lm sin θdθYl′m′dΩ

)

= (l − 1)(l + 1)QlmAl−1,m + l(l + 2)Ql+1mAl+1,m (5.29)

L±1
4 A :=

∑

l′m′
Al′m′

∫
Yl′m′ cos θY ∗

lmdΩ = QlmAl−1,m + Ql+1,mAl+1,m(5.30)

MetaxÔ aut¸n isqÔoun oi akìloujec sqèseic,

L±1
3 = −1

2
(L±1

1 (Λ− 2) + L±1
2 Λ

) L±1
4 = −1

2
(L±1

1 + L±1
2

)
(5.31)

ìpou Λ = l(l+1). Ja proqwr soume t¸ra sthn ap�leiyh twn gwniak¸n exar-
t sewn apì tic exis¸seic diataraq¸n. H pr¸th exÐswsh pou ja qreiastoÔme
eÐnai h exÐswsh exèlixhc gia to di�nusma diataraq c h opoÐa prokÔptei polÔ
eÔkola apì thn (5.7) na eÐnai,

(∂t + imΩ∂φ) ξlm = ν ′
(

1− Γ1

Γ

)(
e2ν−2λRlm − e−2λH1,lm

− imΩe−2νh1p,lm − Ωe−νL±1
1 h1a,lm

)
(5.32)

Sth sunèqeia pollaplasi�zontac thn (5.15) me Y ∗
l′m′ kai qrhsimopoi¸ntac tic

(5.23), (5.25) èqoume amèswc,

A
(I)
lm + imC

(I)
lm + L±1

1 B
(I)
lm + L±1

4 Ã
(I)
lm = 0 (5.33)

Gia na apaleÐyoume thn gwniak  ex�rthsh apì tic (5.16), (5.17) tic polla-
plasi�zoume enall�x me Y ∗

θ kai Y ∗
φ / sin θ antÐstoiqa kai tic prosjètoume kai

afairoÔme antÐstoiqa. 'Etsi paÐrnoume,

Λa
(I)
lm − im

[
b̃
(I)
lm + ζ

(I)
lm

[
+ L±1

3 ã
(I)
lm + L±1

2 η
(I)
lm = 0 (5.34)

Λb
(I)
lm + im

[
ã

(I)
lm + η

(I)
lm

]
+ L±1

3 b̃
(I)
lm + L±1

2 ζ
(I)
lm = 0 (5.35)

OmoÐwc apì tic (5.18), (5.19) paÐrnoume,

Λslm − imflm + L±1
2 glm = 0 (5.36)

Λtlm + imglm + L±1
2 flm = 0 (5.37)

Epiplèon, apì tic exis¸seic kÐnhshc tou reustoÔ (5.20) pollaplasi�zontac me
Y ∗

l′m′ kai oloklhr¸nontac wc proc th stere� gwnÐa dΩ = sin θdθdφ paÐrnoume,

P
(I)
lm + imS

(I)
lm + L±1

1 J
(I)
lm = 0 (5.38)
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Tèloc gia na apaleÐyoume th gwniak  ex�rthsh apì tic exis¸seic kÐnhshc
(5.21), (5.22) qrhsimopoioÔme thn Ðdia teqnik  pou qrhsimopoi same gia tic
sunist¸sec twn exis¸sewn Einstein (5.16), (5.17) kai paÐrnoume telik�,

ΛLlm − im
(
Rlm + M̃lm

)
+ L±1

3 L̃lm + L±1
2 Qlm = 0 (5.39)

ΛMlm + im
(
Qlm + L̃lm

)
+ L±1

3 M̃lm + L±1
2 Rlm = 0 (5.40)

Oi analutikèc ekfr�seic twn exis¸sewn aut¸n dÐnontai sto par�rthma Bþ.

5.3 Sumper�smata

H epilog  thc kat�llhlhc sunj khc bajmÐdac eÐnai polÔ shmantik  sth Genik 
JewrÐa Sqetikìthtac. H shmasÐa thc ègkeitai sto gegonìc ìti mporeÐ na
aplopoi sei   na periplèxei to upì melèth prìblhma.

S' autì to kef�laio parousi�same thn paragwg  twn exis¸sewn diata-
raq¸n Einstein pou perigr�foun èna bradèwc peristrefìmeno astèra kai ton
qwrìqrono èxw apì autìn se mia kainoÔrgia bajmÐda. H bajmÐda aut  eÐqe
qrhsimopoihjeÐ kai melethjeÐ analutik� mèqri t¸ra mìno gia mh peristrefì-
menouc astèrec. H bajmÐda pou eÐqe qrhsimopoihjeÐ eurèwc mèqri s mera sth
bibliografÐa gia bradèwc peristrefìmenouc astèrec,  tan h legìmenh Regge-
Wheeler apì to ìnoma twn suggrafèwn pou thn eisag�gane gia pr¸th for�.
Parìla aut� kaneÐc mèqri s mera den eÐqe apopeirajeÐ na epilÔsei arijmhtik�
to sÔsthma twn exis¸sewn pou prokÔptoun prokeimènou na brejoÔn oi qara-
kthristikèc idiosuqnìthtec tou sust matoc, lìgw thc abèbaihc arijmhtik c
sumperifor�c tou.

EmeÐc qrhsimopoi same pr¸th for� gia bradèwc peristrefìmenouc astè-
rec thn bajmÐda aut  pou eÐqe pèsei se aqrhstÐa. Diapist¸same apì thn
telik  morf  twn exis¸sewn sthn nèa aut  bajmÐda, ìti prokÔptoun arket�
pio aplèc se sqèsh me tic antÐstoiqec sth bajmÐda Regge-Wheeler. H kÔria
diafor� aut c thc bajmÐdac se sqèsh me thn antÐstoiqh Regge-Wheeler, eÐ-
nai ìti mhdenÐzei ìlec tic gwniakèc sunist¸sec thc diataraq c tou metrikoÔ
tanust  dhlad  tic hθθ, hθφ, hφφ. Autèc eÐnai kai oi sunist¸sec pou eÐnai
upeÔjunec sth bajmÐda Regge-Wheeler, gia thn emf�nish twn ìrwn deÔterhc
t�xhc wc proc qrìno kai q¸ro pou eÐnai anepijÔmhtoi gia thn arijmhtik  exè-
lixh. Epiplèon oi telikèc exis¸seic s' aut  th bajmÐda, pou perigr�foun tic
diataraqèc enìc bradèwc peristrefìmenou astèra netronÐwn, parousi�zoun
summetrÐa wc proc tic sunart seic pou perigr�foun tic polikèc kai axonikèc
diataraqèc, gegonìc pou dieukolÔnei ton èlegqo kai thn katanìhsh touc.

Ta apotelèsmata autoÔ tou kefalaÐou èqoun dhmosieuteÐ stic ergasÐec A1
kai B1 ìpwc anafèretai sto biografikì shmeÐwma sto tèloc tou parart matoc.
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Oi prosp�jeiec gia thn arijmhtik  epÐlush tou sust matoc twn diaforik¸n
exis¸sewn merik¸n parag¸gwn pou perigr�fei tic diataraqèc enìc bradèwc
peristrefìmenou astèra netronÐwn sta plaÐsia thc G.J.S eÐnai periorismènec.
Parìlo pou èna pr¸to sÔsthma exis¸sewn pou perigr�fei tic diataraqèc
autèc eÐnai diajèsimo apì thn dekaetÐa tou 90 [35], an kai ìqi sthn kalÔterh
morf , prosp�jeiec gia thn arijmhtik  tou epÐlush den èqoun gÐnei.

Sto kef�laio autì ja parousi�soume mia enallaktik  graf  tou sust -
matoc twn exis¸sewn pou perigr�foun tic diataraqèc enìc bradèwc peristre-
fìmenou astèra netronÐwn sth bajmÐda Regge-Wheeler [26]. Pio sugkekrimè-
na, ja an�goume to sÔsthma twn exis¸sewn pou par gage o Kojima [35] se
pr¸thc t�xhc wc proc qrìno kai q¸ro thc morf c,

Ẏ + AY ′ + BY = 0, (6.1)

ìpou o pÐnakac st lh Y perièqei tic sunart seic diataraq¸n kai oi pÐnakec A
kai B eÐnai sunart seic twn posot twn tou statikoÔ astrikoÔ montèlou. Gia
na to petÔqoume autì ja qrhsimopoi soume dÔo enallaktikèc metablhtèc pou
qrhsimopoi jhkan sthn ergasÐa [51], prokeimènou na anaqjeÐ to antÐstoiqo
sÔsthma exis¸sewn gia mh peristrefìmeno astèra se treic suzeugmènec ku-
matikèc exis¸seic, dÔo gia to qwrìqrono kai mia gia to astrikì reustì. Oi
metablhtèc autèc eÐnai oi F kai S oi opoÐec sqetÐzontai me tic sunart seic
diataraq¸n mèsw twn akìloujwn sqèsewn,

F (t, r) =
hθθ

r
=

K(t, r)
r

, (6.2)

S(t, r) =
1
r

(
htt − eν

r2
hθθ

)
=

eν

r
[H0(t, r)−K(t, r)]. (6.3)

Ed¸ prèpei na shmei¸soume ìti gia lìgouc sunèqishc thc up�rqousac pa-
r�doshc sth bibliografÐa sqetik� me autì to jèma, sto kef�laio autì ja
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krat soume ton akìloujo orismì gia to metrikì tanust  pou perigr�fei to
statikì bradèwc peristrefìmeno astèra,

ds2 = −eνdt2 + eλdr2 + r2dθ2 + r2 sin2 θdφ2 − 2εωr2 sin2 θdtdφ. (6.4)

6.1 Anagwg  se sÔsthma pr¸thc t�xhc

H anagwg  tou pl rouc sust matoc twn exis¸sewn pou perigr�foun th qro-
nik  exèlixh tou sust matoc astèra-qwrìqronou se pr¸th t�xh wc proc thn
par�metro peristrof c ε, se exis¸seic pr¸thc t�xhc eÐnai epÐponh kai arket�
makroskel c. Prokeimènou na apofÔgoume thn koÔrash tou anagn¸sth ja
anafèroume ton trìpo me ton opoÐo ègine aut  h anagwg  kai ja d¸soume tic
analutikèc ekfr�seic twn exis¸sewn pou prokÔptoun sto par�rthma. 'Opwc
proanafèrjhke ja qrhsimopoihjoÔn oi exis¸seic pou par gage o Kojima [35]
kai dÔo enallaktikèc metablhtèc S kai F , gia to uposÔsthma twn polik¸n
sunart sewn diataraq¸n. 'Etsi akolouj¸ntac thn mejodologÐa twn Allen
et. al. [51] paÐrnoume arqik� apì tic exis¸seic Einstein èna arqikì sÔsthma
exis¸sewn thc akìloujhc morf c,

F̈ − eν−λF ′′ = a0(F, S,H, F ′) + ima1

(
R, V,H1, V

′, H ′
1, Ḟ , Ṡ

)

+ L±i a2

(
h0, h1, U, h′0, h

′
1, U

′, ḣ1

)
, (6.5)

S̈ − eν−λS′′ = b0(S, F, S′) + imb1

(
R, V, H1, R

′, V ′, Ḣ, Ḟ , Ṡ, V̈
)

+ L±i b2

(
h0, h1, U, h′0, h

′
1, U

′, ḣ0, ḣ1, ḣ
′
0, ḣ

′
1

)
, (6.6)

Ḣ1 = c0(S, F, S′) + imc1

(
R, V, H1, Ḟ , Ḟ ′

)

+ L±i c2

(
h0, U, h′0, ḣ0, ḣ1

)
, (6.7)

ḧ1 − eν−λh′′1 = d0(h1, h
′
1) + imd1

(
h0, h1, U, h′0, h

′
1, U

′, ḣ1

)

+ L±i d2

(
R, V,H1, V

′, Ḟ
)

, (6.8)

ḣ0 = e0(h1, h
′
1) + ime1

(
h0, U, h′0, ḣ1

)

+ L±i d2

(
V, Ḟ

)
. (6.9)

ìpou oi suntelestèc pou emfanÐzontai eÐnai sunart seic twn posot twn tou
statikoÔ astrikoÔ montèlou kai akoloujoÔn ton ex c kanìna. AutoÐ me deÐ-
kth 0 eÐnai mhdenik c t�xhc wc proc thn par�metro peristrof c ε, me �lla
lìgia den perièqoun kajìlou ìrouc $, ω kai Ω. AutoÐ me deÐkth 1 eÐnai oi
suntelestèc pr¸thc t�xhc O(ε) pou perièqontai sth sÔzeuxh twn sunart -
sewn diataraq¸n me thn Ðdia parity. Tèloc autoÐ me deÐkth 2 eÐnai kai autoÐ
pr¸thc t�xhc O(ε) kai perièqontai sth sÔzeuxh twn sunart sewn diataraq¸n
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antÐjethc parity mèsw twn oloklhrwm�twn twn sfairik¸n armonik¸n L±i , ta
opoÐa èqoun oristeÐ sto prohgoÔmeno kef�laio.

ProqwroÔme orÐzontac tic metablhtèc,

F1 = Ḟ , S1 = Ṡ, T1 = ḣ1 (6.10)
F2 = F ′, S2 = S′, T2 = h′1 (6.11)

oi opoÐec an�goun to parap�nw sÔsthma se pr¸thc t�xhc wc proc to q¸ro
kai to qrìno. 'Etsi to telikì sÔsthma exis¸sewn ja èqei th morf ,

Ḟ1 = eν−λF ′
2 + a01F + a02S + a03H + a04F2

+ a10R + a11V + a12H1 + a13V
′ + a14H

′
1 + a15F1 + a16S1

+ a20h0 + a21h1 + a22U + a23h
′
0 + a24h

′
1 + a25U

′ + a26T1, (6.12)

Ṡ1 = eν−λS′2 + b01S + b02F + b03S2

+ b10R + b11V + b12H1 + b13R
′ + b14V

′ + b15H
′
1 + b16F1 + b17S1

+ b20h0 + b21h1 + b22U + b23h
′
0 + b24h

′
1 + b25U

′ + b26T2

+ b27T
′
1 + b28T

′
2, (6.13)

Ḣ1 = c00F + c01S + c02S2

+ c10H1 + c11V + c12R + c13F1 + c14F
′
1

+ c20h0 + c21U + c22h
′
0 + c23T1 + c24h1, (6.14)

Ṫ1 = eν−λT ′2 + d01h1 + d02T2

+ d10h0 + d11h1 + d12U + d13h
′
0 + d14T2 + d15U

′ + d16T1

+ d20H1 + d21V + d22R + d23V
′ + d24F1 (6.15)

ḣ0 = e00h1 + e01h
′
1 + e10h0 + e11U + e12h

′
0 + e13T1

+ e20V + e21F1. (6.16)

Gia na sumplhrwjeÐ to sÔsthma twn exis¸sewn ja qreiastoÔme kai tic exi-
s¸seic kÐnhshc tou reustoÔ (3.36) oi opoÐec sto sÔsthma metablht¸n pou
qrhsimopoioÔme paÐrnoun th morf ,

Ḣ = k01R + k02V + k03F1 + k04S1 + k05H
′
1 + k06R

′ + k07H1

+ k10H + k11S + k12F

+ k21h1 + k22T2, (6.17)

Ṙ = f00F
′ + f01S

′ + f02H
′ + f03F + f04S

+ f10H1 + f11V + f12R + f13F1 + f14F
′
1 + f15V

′
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+ f20h
′
0 + f21h0 + f22U + f23U

′ + f24h1 + f25h
′
1 + f26T1, (6.18)

V̇ = q00H + q01F

+ q10H1 + q11H
′
1 + q12V + q13R + q14F1 + q15S1 + q16R

′

+ q20U + q21h0, (6.19)

U̇ = s00h1 + s01h
′
1

+ s10U + s11h0 + s12h
′
0 + s13T1

+ s20V + s21R + s22H1 + s23H
′
1 + s24R

′ + s25F1 + s26S1. (6.20)

Oi suntelestèc aij , bij , cij , dij , eij , kij , fij , qij , sij , eÐnai sunart seic twn
posot twn tou statikoÔ astrikoÔ montèlou kai oi analutikèc ekfr�seic touc
dÐnontai sto par�rthma Dþ.

6.2 Arijmhtik� apotelèsmata

San mia pr¸th dokim  thc arijmhtik c eust�jeiac tou parap�nw sust matoc
twn exis¸sewn ja oloklhr¸soume arijmhtik� to qwroqronikì komm�ti autoÔ
agno¸ntac tic diataraqèc tou astrikoÔ reustoÔ. Aut  h prosèggish onom�ze-
tai antÐstrofh prosèggish Cowling, (Inverse Cowling approximation (ICA))
kai qrhsimopoi jhke gia pr¸th for� apì touc Andersson et. al [57] gia
na melethjoÔn oi idiosuqnìthtec tou qwrìqronou w. 'Etsi to aplopoihmèno
sÔsthma exis¸sewn pou ja oloklhr¸soume eÐnai to akìloujo,

Ḟ = F1 (6.21)
Ḟ2 = F ′

1 (6.22)
Ṡ = S1 (6.23)

Ṡ2 = S′1 (6.24)

Ḟ1 = eν−λF ′
2 +

eν

r3
(3β + α + 4M − Λr)F

+
2
r

(
α + β − re−λ

)
S +

eν

r2
(α− β)F2

+
imω

r

[
(α− β)H1 + r2e−λH ′

1 − r3e−νS1

]

+
4im
rΛ

[
(α + β − rΛ− re−λ)ω − r2e−λω′

]
F1 (6.25)

Ṡ1 = eν−λS′2 +
eν

r3
(3α + β − rΛ) S

+
4e2ν

r6

(
eλα2 − 2Mr + rβ

)
F +

eν

r2
(α− β)S2

− 2im
r

eν−λω′H1 − 2im
rΛ

ω
[
2(α + β) + Λr − 2re−λ

]
S1
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+
4imeν

r3Λ

[
2r2e−λω′ + 2$(α + β) + ω(α− β − 2M)

]
F1 (6.26)

Ḣ1 =
2α

r3
eν+λF + S + rS2

− imωH1 +
im
rΛ

[
(2αeλ + r)ω − r2ω′

]
F1 +

im
rΛ

r2ωF ′
1 (6.27)

ìpou,
α ≡ M + kr3p β ≡ − (

M − kr3ε
)
. (6.28)

Tèloc, prokeimènou na jèsoume swst� ta arqik� dedomèna gia thn arijmhtik 
olokl rwsh, all� kai gia na elègqoume thn akrÐbei� thc ja qrhsimopoi soume
thn akìloujh exÐswsh periorismoÔ (constrain),

F ′
2 − β

r2
eλF2 +

eλ

r3
(3β + 2M − rΛ) F

+
1
2r

eλ−ν
[
4(α + β)− 4re−λ − rΛ

]
S − re−νS2

+
im
rΛ

eλ−ν
[
4ω(α + β − re−λ)− 3rΛω − 2r2e−λω′

]
F1

− imωr2eλ−2νS1 +
im
2r

e−ν
[
2ω(α− β)eλ − r2ω′

]
H1

− 2im
Λ

e−νrωF ′
1 + imωre−νH ′

1 = 0. (6.29)

H arijmhtik  olokl rwsh ègine qrhsimopoi¸ntac thn apl  polutropik 
exÐswsh kat�stashc (2.4), all� kai astrik� montèla stajer c puknìthtac.
Pio sugkekrimèna to polutropikì astrikì montèlo (2.4) pou qrhsimopoi jh-
ke sthn olokl rwsh èqei polutropik  stajer� K = 100 km2, polutropikì
ekjèth Γ = 2, m�za M = 1.267M¯ kai aktÐna R = 8.87 km en¸ ta montè-
la stajer c puknìthtac èqoun koin  m�za M = 1.27 M¯ kai sumpagìthtec
M/R = 0.25 kai M/R = 0.20 antÐstoiqa. Ta arqik� dedomèna gia thn arij-
mhtik  olokl rwsh par�gontai wc ex c : DÐnoume mia arqik  diataraq  sth
metablht  S kai sth sunèqeia lÔnoume th diaforik  exÐswsh (6.29) wc proc
th metablht  F jètontac epiplèon kai H1 = 0.

Sth genik  perÐptwsh oi idiosuqnìthtec tou peristrefìmenou astèra upa-
koÔoun mia sqèsh thc morf c,

σ = σ0 − kmΩ, (6.30)

ìpou σ0, eÐnai h tim  thc suqnìthtac gia ton mh peristrefìmeno astèra, m
o azimoujiakìc deÐkthc, Ω h gwniak  taqÔthta peristrof c tou astèra kai
k eÐnai mia sun�rthsh twn posot twn tou statikoÔ astrikoÔ montèlou. H
arijmhtik  epÐlush tou sust matoc mèsw twn metasqhmatism¸n Fourier tw-
n qronoseir¸n pou prokÔptoun mac dÐnei tic timèc twn idiosuqnot twn tou
qwrìqronou gia diaforetikèc timèc thc paramètrou peristrof c ε. Ed¸ na
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Sq ma 6.1: Timèc thc suqnìthtec gia thn pr¸th idiosuqnìthta tou qwrìqro-
nou, w1 gia polutropik� astrik� montèla, san sun�rthsh thc paramètrou
peristrof c ε kai gia dÔo diaforetikèc timèc tou azimoujiakoÔ armonikoÔ deÐ-
kth m = ± 1 kai m = ± 2. EÐnai faner  h di�spash tou ekfulismoÔ twn
idiosuqnot twn (splitting) lìgw thc peristrof c tou astèra. Oi suqnìthtec
ekfr�zontai se kHz.

shmei¸soume ìti gia to metasqhmatismì Fourier qrhsimopoi same thn sun�r-
thsh diataraq c H0. O lìgoc gi' aut n thn epilog  eÐnai ìti sto Neut¸neio
ìrio aut  isodunameÐ me th diataraq  sto barutikì dunamikì kai �ra perièqei
ìlh thn plhroforÐa sqetik� me to barutikì pedÐo pou endiafèrei sthn perÐ-
ptwsh twn idiosuqnot twn tou qwrìqronou. Sto sq ma 6.1, parousi�zoume
thn diìrjwsh sthn pr¸th idiosuqnìthta tou qwrìqronou w1 lìgw thc peri-
strof c gia di�forec paramètrouc peristrof c ε, gia to polutropikì astrikì
montèlo pou anafèrjhke parap�nw. EÐnai faner  h di�spash tou ekfulismoÔ
thc idiosuqnìthtac, lìgw thc peristrof c gia tic diaforetikèc timèc tou a-
zimoujiakoÔ arijmoÔ m = ± 1 kai m = ± 2. Sto sq ma 6.2 parousi�zoume
kai p�li tic diorj¸seic sth pr¸th idiosuqnìthta tou qwrìqronou, lìgw peri-
strof c gia ta dÔo montèla stajer c puknìthtac pou anafèrjhkan parap�nw
sto keÐmeno. EÐnai fanerì ìti ìso pio sumpagèc eÐnai to montèlo tìso pio me-
g�lh eÐnai h tim  thc suqnìthtac sto mh peristrefìmeno astèra, ìpwc èqei
apodeiqteÐ sto [55]. 'Ena �llo endiafèron sumpèrasma, eÐnai ìti h polik  i-
diosuqnìthta tou qwrìqronou w1 gia l = 2 kai m = ±1,±2, den empÐptei
sthn ast�jeia CFS gia fusik� apodektèc timèc thc paramètrou peristrof c
ε < 1 gegonìc pou ofeÐletai sth arqik� meg�lh tim  thc suqnìthtac tou sto
mh peristrefìmeno ìrio.



6.2. Arijmhtik� apotelèsmata 77

0.0 0.2 0.4 0.6 0.8 1.0 1.2
4

6

8

10

12

14

 

 

σ (k
Hz)

ε

 M/R=0.25 (m=-2)
 M/R=0.25 (m=2)
 M/R=0.20 (m=-2)
 M/R=0.20 (m=2)

Sq ma 6.2: Suqnìthtec thc pr¸thc idiosuqnìthtac tou qwrìqronou, w1 gia
stajer c puknìthtac astrik� montèla san sun�rthsh thc paramètrou peri-
strof c ε kai me diaforetikèc sumpagìthtec. EÐnai faner  ki ed¸ h di�spash
tou ekfulismoÔ twn idiosuqnot twn (splitting) lìgw thc peristrof c tou a-
stèra. Oi suqnìthtec ekfr�zontai se kHz.

ε Ω σm=−2 σm=−1 σm=1 σm=2

0.0 0 10.8040 10.8040 10.8040 10.8040
0.2 0.4995 11.5294 11.1413 10.5070 10.2247
0.4 0.9902 12.5044 11.5294 10.2245 9.7312
0.6 1.4853 13.4466 11.9802 9.9763 9.3629
0.8 1.9804 14.2875 12.4622 9.7311 8.9827
1.0 2.4755 14.9495 12.9565 9.5126 8.7620
1.2 2.9706 15.5042 13.4471 9.3263 8.5791

PÐnakac 6.1: Oi suqnìthtec thc l = 2 polik c idiosuqnìthtac tou qwrìqronou
w1 gia diaforetikèc paramètrouc peristrof c ε, gia ton polutropikì astèra
me aktÐna R=8.86 km kai m�za M = 1.267M¯. 'Olec oi suqnìthtec dÐnontai
kHz.
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6.3 Sumper�smata

Sto kef�laio autì parousi�same thn anagwg  twn exis¸sewn pou peri-
gr�foun tic diataraqèc enìc bradèwc peristrefìmenou astèra sth bajmÐda
Regge-Wheeler se sÔsthma pr¸thc t�xhc wc proc to qrìno. 'Opwc èqei
proanaferjeÐ, oi exis¸seic se aut  th bajmÐda eÐnai arket� polÔplokec me
apotèlesma na mhn eÐqe apopeirajeÐ mèqri s mera h arijmhtik  touc epÐlush
gia thn melèth tou f�smatoc idiosuqnot twn tou sust matoc qwrìqronou-
reustoÔ. H diadikasÐa gia thn anagwg  touc se sÔsthma pr¸thc t�xhc eÐnai
makroskel c kai epÐponh. Epiplèon, h arijmhtik  eust�jeia tou pl rouc su-
st matoc twn exis¸sewn eÐnai amfÐbolh. San èna pr¸to b ma gia ton èlegqo
thc arijmhtik c eust�jeiac tou sust matoc epilÔsame arijmhtik� to komm�ti
tou sust matoc pou perigr�fei tic qwroqronikèc diataraqèc, qrhsimopoi¸-
ntac th legìmenh, Inverse Cowling approximation (I.C.A) . Gia pr¸th for�
upologÐsame thn pr¸th polik  idiosuqnìthta tou qwrìqronou w1 enìc bra-
dèwc peristrefìmenou astèra kai parathr same to fainìmeno thc di�spashc
tou ekfulismoÔ touc (splitting), fainìmeno pou eÐnai an�logo me to Zeeman
splitting sthn kbantomhqanik  kai ofeÐletai sth peristrof  tou astèra. Dia-
pist¸same tèloc, ìti gia m = ±1,±2 h idiosuqnìthta tou qwrìqronou w1

den empÐptei sthn ast�jeia CFS gia fusik� apodektèc timèc thc paramètrou ε
kai gia ta polutropik� astèria pou melet same, lìgw tou ìti h tim  thc sto
mh peristrefìmeno ìrio eÐnai uyhl .

Ta apotelèsmata autoÔ tou kefalaÐou èginan apodekt� gia dhmosÐeush
sthn ergasÐa A4 pou anafèretai sto biografikì shmeÐwma sto tèloc tou pa-
rart matoc.



Kef�laio 7

Exis¸seic deÔterhc t�xhc

Se prìsfatec melètec [80, 81, 87] sta plaÐsia thc prosèggishc Cowling u-
pologÐsthkan axonik� summetrikèc kai mh idiosuqnìthtec gia taqèwc peri-
strefìmenouc sqetikistikoÔc astèrec, sthn pl rh mh grammik  prosèggish.
Stic melètec autèc diapist¸jhke ìti mporeÐ na up�rxoun fainomenikèc dia-
staur¸seic idiosuqnot twn twn axonik� summetrik¸n idiosuqnot twn kont�
sth taqÔthta Kepler. Autèc oi fainomenikèc diastaur¸seic ofeÐlontai sto
fainìmeno twn apofeugmènwn diastaur¸sewn (avoided crossings) to opoÐo eÐ-
nai gnwstì apì th Neut¸nia JewrÐa twn peristrefìmenwn astèrwn. 'Eqontac
kat� nou ta apotelèsmata twn parap�nw melet¸n, sto kef�laio autì ja pro-
qwr soume èna b ma parap�nw kai ja eis�goume sthn metrik  all� kai stic
diataragmènec exis¸seic kÐnhshc tou reustoÔ, ìrouc deÔterhc t�xhc wc proc
thn par�metro peristrof c O(ε2). Skopìc mac eÐnai kai p�li na melet soume
th sumperifor� kai tic idiosuqnìthtec tou reustoÔ �ra ja qrhsimopoi soume
ki ed¸ thn prosèggish Cowling dhlad  ja agno soume ìlec tic diataraqèc
tou qwrìqronou. Oi lìgoi pou proqwroÔme se aut  th melèth eÐnai basik�
treic. Pr¸ton, eÐnai h melèth thc beltÐwshc thc akrÐbeiac sth kataskeu 
tou statikoÔ astrikoÔ montèlou apì thn eisagwg  twn ìrwn deÔterhc t�-
xhc. Me thn eisagwg  twn ìrwn aut¸n h sfairik  summetrÐa tou statikoÔ
astrikoÔ montèlou parabi�zetai kai isqÔei plèon mìno h aktinik . Epiplèon
èqoume diorj¸seic pou belti¸noun thn akrÐbeia me thn opoÐa upologÐzoume
thn aktÐna kai th m�za tou astèra. DeÔteron, mac endiafèrei na melet soume
thn epÐdrash thc eisagwg c twn ìrwn deÔterhc t�xhc stic suqnìthtec twn
idiotalant¸sewn tou reustoÔ. H eisagwg  twn ìrwn aut¸n eis�gei epiplèon
suzeÔxeic stic exis¸seic diataraq¸n, ìpwc ja faneÐ analutik� mèsa sto ke-
f�laio. Me autìn ton trìpo jèloume na diapist¸soume ta ìria thc grammik c
prosèggishc tou bradèwc peristrefìmenou astèra se sqèsh me ta antÐstoiqa
apotelèsmata mh grammik¸n arijmhtik¸n upologism¸n [87]. TrÐton, idiaÐte-
ro endiafèron parousi�zei kai h sumperifor� tou suneqoÔc f�smatoc me thn
eisagwg  twn ìrwn deÔterhc t�xhc.

79
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7.1 Statikì montèlo

H metrik  tou q¸rou s' aut n thn perÐptwsh ja perièqei kai ìrouc pou exar-
t¸ntai apì th gwniak  metablht  θ kai eÐnai h akìloujh [82, 83, 84, 85, 94],

ds2 = − [
e2ν(1 + ε22h) + ε2ω2r2 sin2 θ

]
dt2 + e2λ

(
1 + ε2 2e2λ

r
m

)
dr2

+ r2(1 + 2ε2k)
(
dθ2 − 2εωdtdφ + sin2 θdφ2

)
. (7.1)

Oi sunist¸sec tou metrikoÔ tanust  prèpei na anaptuqjoÔn se an�ptugma
�rtiac t�xhc wc proc ε, ektìc apì thn sunist¸sa gtφ, pou to an�ptugm� thc
lìgw peristrofik c summetrÐac prèpei na eÐnai peritt c t�xhc. 'Etsi sunolik�
ja èqoume,

ω ∼ O(ε),

(h,m, k) ∼ O(ε2).

Epiplèon oi sunart seic h, m, k, eÐnai sthn genik  perÐptwsh sunart sei-
c twn metablht¸n r kai θ kai mporoÔn na anaptuqjoÔn me th bo jeia twn
poluwnÔmwn Legendre, wc akoloÔjwc,

h(r, θ) = h0(r) + h2(r)P2(cos θ) (7.2)
m(r, θ) = m0(r) + m2(r)P2(cos θ) (7.3)
k(r, θ) = k0(r) + k2(r)P2(cos θ) (7.4)

ìpou,
P2(cos θ) =

3
2

cos2 θ − 1
2

= 1− 3
2

sin2 θ, (7.5)

eÐnai to polu¸numo Legendre deÔterhc t�xhc. Stic parap�nw exis¸seic faÐ-
netai kajar� o diaqwrismìc twn sunart sewn se monopolikì (l = 0) kai te-
trapolikì mèroc (l = 2). Lìgw thc summetrÐac twn sunistws¸n tou metrikoÔ
tanust  sto metasqhmatismì r → f(r) prèpei na isqÔei

k2 = 0. (7.6)

H arqik  tetra-taqÔthta tou montèlou ja perièqei kai ìrouc deÔterhc t�xhc

uφ = Ωut ut =
[−(gtt + 2εΩgtφ + ε2Ω2gφφ)

]1/2 (7.7)

H pÐesh kai h puknìthta tou statikoÔ montèlou ja diorjwjoÔn ki autèc me
ìrouc deÔterhc t�xhc lìgw fugìkentrwn dun�mewn wc ex c,

P (r, θ) = p(r) + ε2(p + ε){p0(r) + p2(r)P2(cos θ)} (7.8)

E(r, θ) = ε(r) + ε2(p + ε){ε0(r) + ε2(r)P2(cos θ)} (7.9)

ìpou p(r), ε(r) eÐnai h pÐesh kai h puknìthta tou mh peristrefìmenou astèra
kai oi epiplèon posìthtec oi diorj¸seic deÔterhc t�xhc. S' aut n thn t�xh
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prosèggishc ja qreiastoÔme epiplèon exis¸seic ektìc apì tic (2.8) gia thn
pl rh perigraf  tou statikoÔ montèlou. Pio sugkekrimèna, ja qreiastoÔme
exis¸seic gia thn perigraf  tou monopolikoÔ mèrouc twn sunart sewn m0,
p0, ε0 kai h0 all� kai tou tetrapolikoÔ m2, p2, ε2, k2 kai h2. Tèloc, s' aut n
thn t�xh prosèggishc ja ephreasteÐ kai to sq ma tou astèra apoklÐnontac
apì th sfairik  summetrÐa. 'Etsi, h epif�neia tou astèra ja dÐnetai apì th
sqèsh,

r = R + ξ0(R) + ξ2(R)P2(cos θ), (7.10)

ìpou R eÐnai h aktÐna tou mh peristrefìmenou astèra. Oi aparaÐthtec epiplèon
exis¸seic gia thn perigraf  tou statikoÔ mac montèlou, ja prokÔyoun kai
p�li apì thn lÔsh twn exis¸sewn pedÐou Einstein (2.7) sumperilamb�nontac
sto an�ptugma kai touc epiplèon ìrouc deÔterhc t�xhc O(ε2).

IdiaÐterh prosoq  prèpei na dojeÐ sto sÔsthma suntetagmènwn sto opoÐo
ja gÐnei to parap�nw an�ptugma. Pio sugkekrimèna to an�ptugma thc diata-
raq c thc pÐeshc   thc puknìthtac tou astèra gia par�deigma se kanonikèc
polikèc suntetagmènec r, θ den isqÔei pantoÔ sto eswterikì tou astèra. Tè-
toio an�ptugma èqei nìhma mìno sthn perÐptwsh pou oi diataraqèc autèc eÐnai
polÔ mikrìterec apì tic posìthtec tou statikoÔ montèlou. Autì ìmwc den
isqÔei kont� sthn epif�neia tou astèra mia kai ekeÐ h pÐesh kai h puknìthta
tou statikoÔ montèlou mhdenÐzontai en¸ oi diataraqèc aut¸n mporeÐ na eÐnai
peperasmènec. Gia na apofÔgoume thn dhmiourgÐa problhm�twn to an�ptugma
den ja gÐnei stic kanonikèc polikèc suntetagmènec r, θ all� se èna kainoÔrgio
sÔsthma suntetagmènwn R, Θ, pou orÐzontai wc ex c : JewroÔme èna shmeÐo
sto eswterikì tou bradèwc peristrefìmenou astèra, pou brÐsketai p�nw se
mia sugkekrimènh epif�neia stajer c puknìthtac. H antÐstoiqh aktÐna tou mh
peristrefìmenou montèlou pou èqei thn Ðdia puknìthta ja eÐnai h kainoÔrgia
aktinik  suntetagmènh R en¸ h suntetagmènh Θ ekfr�zei thn sunhjismènh
polik  gwnÐa θ. 'Etsi, h sqèsh nèwn kai palai¸n metablht¸n dÐnetai apì tic
sqèseic,

Θ = θ ε[r(R, Θ),Θ] = ε(R). (7.11)

H sqèsh metaxÔ tou nèou kai palaioÔ sÔsthmatoc suntetagmènwn dÐnetai sto
sq ma 7.1. Gia mikrèc gwniakèc taqÔthtec tou astèra dhlad  gia mikr  tim 
thc paramètrou peristrof c ε, o lìgoc,

ξ(R, Θ)
R

<< 1, (7.12)

eÐnai polÔ mikrìteroc thc mon�dac mèsa sto eswterikì tou astèra. An epi-
plèon epilegeÐ h kentrik  puknìthta tou peristrefìmenou astèra na eÐnai Ðdia
me aut  tou mh peristrefìmenou, tìte ja isqÔei ξ(R = 0,Θ) = 0. S' aut n
thn perÐptwsh ousiastik� oi palièc kai oi nèec suntetagmènec sumpÐptoun,
opìte gia lìgouc aplìthtac ja qrhsimopoi soume aut  thn idiìthta gia na
aplousteÔsoume touc upologismoÔc mac.
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r

a

ξ

Ω

θ=Θ

Sq ma 7.1: Sqhmatik  anapar�stash twn dÔo susthm�twn suntetagmènwn
ston peristrefìmeno astèra. Me kìkkino parist�netai h epif�neia stajer c
puknìthtac tou mh peristrefìmenou astèra, en¸ me mple eÐnai aut  tou peri-
strefìmenou. a eÐnai h aktÐna tou mh peristrefìmenou astèra en¸ r aut  tou
peristrefìmenou kai ξ eÐnai h diafor� touc.

7.1.1 Monopolikèc exis¸seic

Prokeimènou na upologÐsoume th suneisfor� twn monopolik¸n diorj¸sewn
sto statikì astrikì montèlo ja prèpei na qrhsimopoi soume tic exis¸seic
Einstein (2.7). 'Etsi, gia tic monopolikèc exis¸seic paÐrnoume qrhsimopoi¸-
ntac mìno touc ìrouc deÔterhc t�xhc O(ε2) me l = 0 stic Gtt = 8πTtt kai
Grr = 8πTrr sunist¸sec twn exis¸sewn pedÐou Einstein, pou eÐnai oi akìlou-
jec,

dm0

dr
= 4πr2 (p + ε)

C2
s

p0 +
r4

12
e−2ν−2λ($′)2 − r3

3
$2

(
e−2ν−2λ

)′
(7.13aþ)

dp0

dr
= −4πr(p + ε)e2λp0 −m0e

4λ

(
8πp +

1
r2

)

+
r3

12
e2ν($′)2 +

1
3

d

dr
($r2e−2ν). (7.13bþ)

Epiplèon, h diìrjwsh deÔterhc t�xhc h0 thc qronik c sunist¸sac tou metri-
koÔ tanust  mporeÐ na upologisteÐ apì thn akìloujh algebrik  sqèsh,

h0 = −p0 +
1
3
r2$2e−2ν + C, (7.14)
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H tim  thc stajer�c ja prosdioristeÐ apì th sunj kh sunèqeiac sthn epif�-
neia tou astèra kai prokÔptei na eÐnai,

C = p0(R)− 1
3
R2e2λ(R)($(R))2 − e2λ(R) m0(R)

R
, (7.15)

Oloklhr¸nontac arijmhtik� tic exis¸seic (7.13bþ), (7.13bþ) apì to kèntro
proc thn epif�neia tou astèra, me arqikèc sunj kec,

p0(0) = 0, m0(0) = 0, (7.16)

paÐrnoume tic monopolikèc diorj¸seic sto sfairikì montèlo. H monopolik 
diìrjwsh sth m�za kai sthn aktÐna tou astèra, eÐnai antÐstoiqa,

δM = m0(R) +
J2

R3
, (7.17)

ξ0(R) = p0
R

M
(R− 2M), (7.18)

ìpou J , M eÐnai h stroform  kai h m�za tou astèra antÐstoiqa.

7.1.2 Tetrapolikèc exis¸seic

Thn paramìrfwsh thc epif�neiac tou asterioÔ lìgw peristrof c ja thn p�-
roume apì tic deÔterhc t�xhc O(ε2) tetrapolikèc exis¸seic me l = 2. Epiplè-
on, ja broÔme kai tic diaforikèc exis¸seic pou perigr�foun tic tetrapolikèc
sunart seic tou statikoÔ montèlou, h2, k2, m2. Gia to skopì autì ja qrh-
simopoi soume tic Rθθ − Rφφ = 8π(Tθθ − Tφφ), Grr = 8πTrr kai Grθ = 0,
exis¸seic pedÐou Einstein gia l = 2. 'Etsi paÐrnoume antÐstoiqa,

dv2

dr
= −2ν ′h2

+
r4

6

(
1
r

+ ν ′
)

e−2ν
[
16π(p + ε)$2 + e−2λ($′)2

]
(7.19aþ)

dh2

dr
=

[
−2ν ′ +

e2λ

ν ′

(
4π(p + ε)− 2m

r3

)]
h2 − 2

r2ν ′
e2λv2

+
r3

6
e−2ν−2λ($′)2

(
rν ′ − e2λ

2rν ′

)

+
8π

3
r3e−2ν$2(p + ε)

(
rν ′ − e2λ

2rν ′

)
(7.19bþ)

h2 = −e2λ m2

r
+

8π

3
r4e−2ν$2(p + ε)− r4

6
e−2ν−2λ($′)2, (7.19gþ)

ìpou èqoume eis�gei th metablht  v2 = h2 + k2 gia lìgouc aplìthtac sthn
arijmhtik  olokl rwsh. Oi dÔo pr¸tec exis¸seic eÐnai sun jeic suzeugmène-
c diaforikèc exis¸seic, tic opoÐec prèpei na lÔsoume me kat�llhlec oriakèc
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sunj kec sthn epif�neia tou astèra. Prokeimènou na apofÔgoume thn e-
pibol  oriak¸n sunjhk¸n sthn epif�neia kat� thn arijmhtik  olokl rwsh
twn parap�nw exis¸sewn, h opoÐa mporeÐ na prokalèsei arijmhtikèc anakrÐ-
beiec, protim same mia �llh mèjodo epÐlushc touc. Pio sugkekrimèna ja tic
metatrèyoume se mia diaforik  exÐswsh deÔterhc t�xhc wc proc v2 kai sth
sunèqeia ja lÔsoume aut n arijmhtik�. ParagwgÐzontac thn (7.19aþ) akìma
mia for� kai qrhsimopoi¸ntac thn (7.19bþ) gia na antikatast soume thn h′2
sthn exÐswsh pou prokÔptei paÐrnoume thn akìloujh deÔterhc t�xhc exÐswsh
gia thn metablht  v2,

v′′2 −
(

A1 +
ν ′′

ν ′

)
v′2 + ν ′A2v2 = −

(
A1 +

ν ′′

ν ′

)
S1 − ν ′S2 + S′1 (7.20)

ìpou,

A1 =
e2λ

ν ′

(
4π(p + ε)− 2m

r3

)
− 2ν ′,

A2 =
2e2λ

r2ν ′
,

S1 =
r4

6
e−2ν

(
1
r

+ ν ′
)[

16π(p + ε)$2 + e−2λ($′)2
]
,

S2 =
r3

6
e−2ν−2λ($′)2

(
rν ′ − e2λ

2rν ′

)
+

8π

3
r3e−2ν$2(p + ε)

(
rν ′ +

e2λ

2rν ′

)
.

Ja perigr�youme thn enallaktik  mèjodo pou ja qrhsimopoi soume gia na
oloklhr¸soume arijmhtik� thn parap�nw diaforik  exÐswsh deÔterhc t�xhc.
'Estw gia par�deigma h akìloujh sun jhc D.E. deÔterhc t�xhc,

y′′ + f(x)y′ + g(x)y = h(x) (7.21)

orismènh sto kleistì di�sthma [x1, x2]. An qrhsimopoi soume exis¸seic dia-
for¸n deÔterhc t�xhc akrÐbeiac gia thn diakritopoÐhsh thc ja èqoume,
[

1
∆x

+
f(xi)
2∆x

]
yi+1 +

[
g(xi)− 2

∆x

]
yi +

[
1

∆x
− f(xi)

2∆x

]
yi−1 = h(xi) (7.22)

H parap�nw exÐswsh diafor¸n mporeÐ na jewrhjeÐ san èna grammikì sÔsthma
exis¸sewn me agn¸stouc ta yi tou opoÐou o pÐnakac twn suntelest¸n eÐnai o
akìloujoc tridiag¸nioc,




. . .

. . . g(xi)− 2
∆x

1
∆x − f(xi)

2∆x 0

. . . 1
∆x + f(xi)

2∆x

. . . 0

. . . 0 h
. . .







...
yi−1

yi

yi+1
...




=




...
h(xi−1)
h(xi)

h(xi+1)
...




(7.23)
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'Etsi me mia apl  antistrof  tou pÐnaka me arijmhtik  mèjodo paÐrnoume �mesa
thn lÔsh, qwrÐc na qreiasteÐ na epib�lloume oriakèc sunj kec.

'Efarmìzontac thn mèjodo aut  sthn (7.20) paÐrnoume to profÐl twn te-
trapolik¸n diorj¸sewn gia thn tetrapolik  sun�rthsh tou statikoÔ montè-
lou v2 kai sth sunèqeia thc h2 en¸ apì thn exÐswsh (7.19gþ) paÐrnoume to
profÐl twn diorj¸sewn gia m�za m2. Tèloc h tetrapolik  diìrjwsh sthn pÐe-
sh p2 dÐnetai apì to antÐstoiqo tetrapolikì mèroc thc exÐswshc udrostatik c
isorropÐac gia l = 2 kai eÐnai,

p2 = −h2 − r2

3
e−2ν$2. (7.24)

7.2 Exis¸seic diataraq¸n

Prin proqwr soume sthn paragwg  twn diataragmènwn exis¸sewn kÐnhshc
tou reustoÔ (3.38), sthn deÔterh t�xh prosèggishc wc proc thn peristrof ,
axÐzei na anaferjeÐ to ex c. Gia na apofÔgoume thn emf�nish arnhtik¸n pro-
s mwn stouc ìrouc me tic qwrikèc parag¸gouc stic telikèc exis¸seic, ìpwc
sthn perÐptwsh tou prohgoÔmenou kefalaÐou, ja prosjèsoume èna meÐon stou-
c orismoÔc gia tic diataraqèc twn taqut twn se sqèsh me touc orismoÔc pou
qrhsimopoi same sta prohgoÔmena kef�laia. 'Etsi, telik� ja qrhsimopoi -
soume touc parak�tw orismoÔc gia tic diataragmènec taqÔthtec :

δur = −eν
∞∑

l=2

l∑

m=−l

RlmYlm, (7.25aþ)

δuθ = −eν
∞∑

l=2

l∑

m=−l

(
Vlm

∂

∂θ
− Ulm

1
sin θ

∂

∂φ

)
Ylm, (7.25bþ)

δuφ = −eν
∞∑

l=2

l∑

m=−l

(
Vlm

∂

∂φ
− Ulm sin θ

∂

∂θ

)
Ylm. (7.25gþ)

Epiplèon dÐnoume diataraqèc sthn pÐesh kai sthn puknìthta enèrgeiac tou
astrikoÔ reustoÔ wc akoloÔjwc,

δP =
∞∑

l=2

l∑

m=−l

δP Ylm, (7.26)

δE =
∞∑

l=2

l∑

m=−l

δE Ylm, (7.27)

oi opoÐec lìgw plèon thc paramìrfwshc tou astèra lìgw peristrof c (7.8),
(7.9) ja eÐnai sunart seic twn r kai θ. Autì èqei san �mesh sunèpeia, h
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taqÔthta tou  qou, pou dÐnetai apì thn sqèsh,

C2
s,ROT =

dP

dE
, (7.28)

na eÐnai ki aut  sun�rthsh dÔo metablht¸n kai ìqi miac ìpwc sthn pr¸thc
t�xhc prosèggish. 'Etsi mporeÐ na ekfrasteÐ san sun�rthsh thc taqÔthtac
tou  qou C2

s wc ex c,

dP

dE
= C2

s − ε2 (C2
s )′

ν ′
[p0 + p2P2(cos θ)], (7.29)

ìpou C2
s eÐnai h taqÔthta tou  qou sthn prosèggish pr¸thc t�xhc, dhlad ,

C2
s =

dp

dε
. (7.30)

Krat¸ntac mèqri kai deÔterhc t�xhc, O(ε2), ìrouc wc proc thn peristrof ,
all� kai mhdenÐzontac ìlec tic qwroqronikèc diataraqèc, apì tic t, r suni-
st¸sec twn diataragmènwn exis¸sewn tou reustoÔ (3.38) èqoume,

A
(t)
lmYlm +

(
B

(t)
lm + B̄

(t)
lm cos θ

)
sin θ

∂Ylm

∂θ

+
(
C

(t)
lm + C̄

(t)
lm cos θ

) ∂Ylm

∂φ
+ D̄

(t)
lm sin2 θYlm = 0, (7.31)

A
(r)
lmYlm + B

(r)
lm sin θ

∂Ylm

∂θ
+ C

(r)
lm

∂Ylm

∂φ
+ D̄

(r)
lm sin2 θYlm = 0, (7.32)

en¸ apì tic θ, φ sunist¸sec paÐrnoume antÐstoiqa,
(
alm + ãlm cos θ + ā

(θ)
lm sin2 θ

) ∂Ylm

∂θ

−
(
blm + b̃lm cos θ + b̄

(θ)
lm sin2 θ

) 1
sin θ

∂Ylm

∂φ

+ c̄lm sin θ cos θYlm = 0, (7.33)
(
blm + b̃lm cos θ + b̄

(φ)
lm sin2 θ

) ∂Ylm

∂θ

+
(
alm + ãlm cos θ + ā

(φ)
lm sin2 θ

) 1
sin θ

∂Ylm

∂φ

+ dlm sin θYlm = 0, (7.34)

ìpou oi suntelestèc A, Ã, Ā, B, B̃, B̄, C, C̄, D̄, a, ã, ā, b, b̃, b̄, d, c̄
eÐnai sunduasmoÐ twn sunart sewn pou perigr�foun tic diataraqèc kai twn
posot twn tou statikoÔ montèlou kai epomènwc sunart seic twn metablht¸n
r, t. Oi epigegrammènoi suntelestèc eÐnai autoÐ pou emfanÐzontai epiplèon
se sqèsh me tic exis¸seic pr¸thc t�xhc kai perièqoun mìno deÔterhc t�xhc
ìrouc wc proc thn peristrof . Oi analutikèc ekfr�seic aut¸n dÐnontai sto
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Par�rthma Gþ. Gia na apaleÐyoume thn gwniak  ex�rthsh apì tic parap�nw
exis¸seic ja qrhsimopoi soume epiplèon apì aut� pou qrhsimopoi jhkan sto
kef�laio 5, ta akìlouja oloklhr¸mata sfairik¸n armonik¸n,

L±2
1 A :=

∑

l′m′
Al′m′

∫
Y ∗

lm sin2 θYl′m′dΩ

= −Ql+1,mQl+2,mAl+2,m

− Ql,mQl−1,mAl−2,m

+ (1−Q2
l+1,m −Q2

l,m)Al,m (7.35)

L±2
2 A :=

∑

l′m′
Al′m′

∫
∂Y ∗

lm

∂θ
sin θ cos θYl′m′dΩ

= lQl+1,mQl+2,mAl+2,m

− (l + 1)Ql,mQl−1,mAl−2,m

+
{
lQ2

l+1,m − (l + 1)Q2
l,m + 1

}
Al,m (7.36)

L±2
3 A :=

∑

l′m′
Al′m′

∫
Y ∗

lm sin θ cos θ
∂Yl′m′

∂θ
dΩ

= −(l + 3)Ql+1,mQl+2,mAl+2,m

+ (l − 2)Ql,mQl−1,mAl−2,m

+
{
lQ2

l+1,m − (l + 1)Q2
l,m

}
Al,m (7.37)

L±2
4 A :=

∑

l′m′
Al′m′

∫
∂Y ∗

lm

∂θ
sin2 θ

∂Yl′m′

∂θ
dΩ

= −l(l + 3)Ql+2,mQl+1Al+2,m

− (l − 2)(l + 1)Ql,mQl−1,mAl−2,m

+
{
l2Q2

l+1,m + (l + 1)2Q2
l,m

}
Al,m (7.38)

ìpou metaxÔ aut¸n isqÔoun oi akìloujec sqèseic :

L±2
2 =

m2

Λ
+ L±1

3

1
Λ
L±1

2 , (7.39)

L±2
1 =

m2

Λ
+ L±1

1

1
Λ
L±1

2 . (7.40)

Telik�, met� apì thn apaloif  twn gwniak¸n sunart sewn, paÐrnoume,

A
(t)
lm + im

(
C

(t)
lm + L±1

4 C̄
(t)
lm

)
+ L±1

1 B
(t)
lm + L±2

4 B̄
(t)
lm + L±2

1 D̄
(t)
lm = 0, (7.41)

A
(r)
lm + imC

(r)
lm + L±1

1 B
(r)
lm + L±2

1 D̄
(r)
lm = 0, (7.42)

Λalm − im
{

b̃lm + dlm + L±1
1 b̄

(φ)
lm + L±1

2 b̄
(θ)
lm

}

+ L±1
3 ãlm + m2ā

(φ)
lm + L±2

2 c̄lm + L±2
4 ā

(θ)
lm = 0, (7.43)
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Λblm + im
{

ãlm + L±1
4 c̄lm + L±1

2 ā
(θ)
lm + L±1

1 ā
(φ)
lm

}

+ L±1
3 b̃lm + L±1

2 dlm + L±2
4 b̄

(φ)
lm + m2b̄

(θ)
lm = 0. (7.44)

Apì tic teleutaÐec autèc exis¸seic eÔkola diapist¸noume ìti me thn eisagwg 
twn ìrwn deÔterhc t�xhc emfanÐzontai epiplèon suzeÔxeic (couplings) metaxÔ
twn sunart sewn pou perigr�foun tic diataraqèc me armonikoÔc deÐktec l kai
l ± 2. 'Etsi, mporoÔme na gr�youme sumbolik� to sÔsthma twn exis¸sewn,
ìpwc sthn perÐptwsh thc pr¸thc t�xhc wc ex c :

Al,m + imεf1Al,m + ε g1 L±1
i Pl,m + ε2 h1 L±2

i Al,m = 0 (7.45)
Pl,m + imεf2Pl,m + ε g2 L±1

i Al,m + ε2 h2 L±2
i Pl+1,m = 0, (7.46)

ìpou me A kai P sumbolÐzoume antÐstoiqa tic axonikèc kai polikèc sunart seic
diataraq¸n en¸ oi sunart seic fi, gi, hi exart¸ntai mìno apì tic posìthtec
tou statikoÔ montèlou. 'Opwc faÐnetai kajar� apì thn parap�nw sumbolik 
morf  graf c tou sust matoc twn exis¸sewn h eisagwg  twn ìrwn deÔte-
rhc t�xhc wc proc thn par�metro peristrof c ε, ektìc apì tic sunhjismènec
suzeÔxeic twn sunart sewn diataraq¸n pou anafèrjhkan sto kef�laio 4, ei-
s�gei epiplèon suzeÔxeic metaxÔ twn sunart sewn diataraq¸n thc Ðdiac parity
me armonikì deÐkth l kai l±2. Par� thn emf�nish ìmwc twn nèwn aut¸n suzeÔ-
xewn ta dÔo anex�rthta uposust mata exis¸sewn, axonik¸c �gon kai polik¸c
�gon, den anamignÔontai ìpwc eÐnai �llwste anamenìmeno mia pou akìma kai
o bradèwc peristrefìmenoc astèrac eÐnai analloÐwtoc se metasqhmatismoÔc
strof c parity.

To arqikì sÔsthma exis¸sewn, paraleÐpontac touc armonikoÔc deÐktec
stic sunart seic diataraq¸n gia lìgouc aplìthtac, pou prokÔptei eÐnai to
akìloujo :

Ḣ + imΩH = e2ν−2λC2
s

(
1− 2m̂e2λ

r
− C

)
R′

− Λ
r2

e2νC2
s (1− 2k2 − C) V

+ e2ν−2λ

{
C2

s

[(
2ν ′ − λ′ +

2
r

)
(1− C) + ĥ′ + 2k′2

]

−ν ′ − ĥ′ +
e2λ

r2

(
2rν ′m̂− C2

s

(
rm̂′ + (4rν ′ + 3)m̂

))}
u1

+ im$C2
s H − imC2

s $2
(L±1

1 U + imV
)

− 3C2
s

[
$2 +

e2ν

r2

(
e2λ

r
m2 + 2h2 + p2 + ε2

)] (L±2
3 V − imL±1

4 U
)

+ L±2
1 D(t), (7.47)

Ṙ + imΩR =
(
1 + 2ĥ

)
H ′ + ĥ′H

−
[
ω′ + 2$

(
ν ′ − 1

r

)] (
imV + L±1

1 U
)
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+
3
2
L±2

1 { (p2 − h2) H ′ − h′2H}, (7.48)

V̇ + imΩV = (1 + 2ĥ)H +
2$

Λ
(L±1

3 U + imV
)

+
im
Λ

{
−$r2e−2λC2

s R′ + $ΛC2
s V

− r2e−2λ

[
ω′ + $

(
C2

s

(
2ν − λ′ +

2
r

)
+ ν ′ − 2

r

)]
R

}

− 3h2
1
Λ
L±2

2 H +
3
2

(p2 − h2)
1
Λ
L±2

4 H

− 3m2

2Λ
[
h2 − p2 + 2C2

s (p2 + h2)
]
H, (7.49)

U̇ + imΩU =
2$

Λ
(
imU − L±1

3 V
)

+
1
Λ
L±1

2

{
r2e−2λ$C2

s R′ −$ΛC2
s V

+ r2e−2λ

[
ω′ + $

(
C2

s

(
2ν ′ − λ′ +

2
r

)
+ ν ′ − 2

r

)]
R

+ im
3
2

[
(p2 − h2)− 2C2

s (p2 + h2)
]
H

}

− im
1
Λ
L±1

4 3h2H +
3
2

(p2 − h2) im
1
Λ
L±1

1 H

=
2$

Λ
(
imU − L±1

3 V
)

+
1
Λ
L±1

2

{
r2e−2λ$C2

s R′ −$ΛC2
s V

+ r2e−2λ

[
ω′ + $

(
C2

s

(
2ν ′ − λ′ +

2
r

)
+ ν ′ − 2

r

)]
R

}

− 3h2
1
Λ

imL±1
4 H − 3C2

s (p2 + h2)
1
Λ

imL±1
2 H

− 3(p2 − h2)
1
Λ

imL±1
4 H. (7.50)

Oi exis¸seic gia tic metablhtèc V kai U mporoÔn na grafoÔn aploÔstera
me thn qr sh thc diataragmènhc exÐswshc pr¸thc t�xhc gia thn enjalpÐa H
(4.1bþ) kai aplousteÔontac ta oloklhr¸mata sthn exÐswsh gia thn metablht 
U , wc ex c,

V̇ + imΩV = (1 + ĥ− p̂− ε̂)H +
2$

Λ
(L±1

3 U + imV
)

+
im
Λ

{
−$r2e−2νḢ − r2e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
R

+ imr2e−2ν
(
C2

s $2 − Ω$
)
H

}

− 3h2
1
Λ
L±2

2 H +
3
2

(p2 − h2)
1
Λ
L±2

4 H
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− 3m2

2Λ
[
h2 − p2 + 2C2

s (p2 + h2)
]
H, (7.51)

U̇ + imΩU =
2$

Λ
(
imU − L±1

3 V
)

+
1
Λ
L±1

2

{
$r2e−2νḢ + r2e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
R

− imr2e−2ν
(
C2

s $2 − Ω$
)
H

}

− 3p2
1
Λ

imL±1
4 H − 3C2

s (p2 + h2)
1
Λ

imL±1
2 H. (7.52)

Epiplèon, orÐzontac ìpwc sto kef�laio 4, tic dÔo nèec metablhtèc Ṽ (4.7) kai
Ũ (4.8), oi diataragmènec exis¸seic paÐrnoun thn akìloujh morf , ( ìpou oi
nèec perisp¸menec metablhtèc èqoun antikatastajeÐ met� ton metasqhmatismì
kai p�li me mh perisp¸menec gia lìgouc taqÔthtac kai aplìthtac )

Ḣ + imΩH = e2ν−2λC2
s

(
1− 2m̂e2λ

r
− C

)
R′

− Λ
r2

e2νC2
s (1− 2k2 − C) V

+ e2ν−2λ

{
C2

s

[(
2ν ′ − λ′ +

2
r

)
(1− C) + ĥ′ + 2k′2

]

− ν ′ − ĥ′ +
e2λ

r2

(
2rν ′m̂− C2

s

(
rm̂′ + (4rν ′ + 3)m̂

))}
R

+ 2im$C2
s H − imC2

s $2
(L±1

1 U + imV
)

− 3C2
s

[
$2 +

e2ν

r2

(
e2λ

r
m2 + 2h2 + p2 + ε2

)] (L±2
3 V − imL±1

4 U
)

+ L±2
1 D(t) (7.53)

Ṙ + imΩR =
(
1 + 2ĥ

)
H ′ + ĥ′H

−
[
ω′ + 2$

(
ν ′ − 1

r

)] (
imV + L±1

1 U
)

+ L±2
1

3
2

{
(p2 − h2) H ′ − h′2H

}

− $r2e−2ν

[
ω′ + 2$

(
ν ′ − 1

r

)](
m2

Λ
+ L±1

1

1
Λ
L±1

2

)
H (7.54)

V̇ + imΩV = (1 + 2ĥ)H +
2$

Λ
(L±1

3 U + imV
)

+
2
Λ

r2e−2ν$2

(
m2

Λ
+ L±1

3

1
Λ
L±1

2

)
H

+
im
Λ

{
−r2e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
R + imr2$2C2

s H

}

− 3h2
1
Λ
L±2

2 H +
3
2

(p2 − h2)
1
Λ
L±2

4 H
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− 3m2

2Λ
[
h2 − p2 + 2C2

s (p2 + h2)
]
H (7.55)

U̇ + imΩU =
2$

Λ
(
imU − L±1

3 V
)

+
im
Λ

2$2r2e−2ν

(
L±1

3

1
Λ

+
1
Λ
L±1

2

)
H

+
1
Λ
L±1

2

{
r2e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
R− imr2$2C2

s e−2νH

}

− 3p2im
1
Λ
L±1

4 H − 3C2
s (p2 + h2) im

1
Λ
L±1

2 H. (7.56)

Qrhsimopoi¸ntac tic oloklhrwtikèc sqèseic (7.39), (7.40) oi parap�nw exi-
s¸seic mporoÔn na grafoÔn isodÔnama,

Ḣ + imΩH = e2ν−2λC2
s

(
1− 2m̂e2λ

r
− C

)
R′

− Λ
r2

e2νC2
s (1− 2k2 − C) V

+ e2ν−2λ

{
C2

s

[(
2ν ′ − λ′ +

2
r

)
(1− C) + ĥ′ + 2k′2

]

− ν ′ − ĥ′ +
e2λ

r2

(
2rν ′m̂− C2

s

(
rm̂′ + (4rν ′ + 3)m̂

))}
R

+ 2im$C2
s H − imC2

s $2
(L±1

1 U + imV
)

− 3C2
s

[
$2 +

e2ν

r2

(
e2λ

r
m2 + 2h2 + p2 + ε2

)] (L±2
3 V − imL±1

4 U
)

+ L±2
1 D(t) (7.57)

Ṙ + imΩR =
(
1 + 2ĥ

)
H ′ + ĥ′H

−
[
ω′ + 2$

(
ν ′ − 1

r

)] (
imV + L±1

1 U
)

+
3
2

(p2 − h2)L±2
1 H ′

−
{

3
2
h′2 + $r2e−2ν

[
ω′ + 2$

(
ν ′ − 1

r

)]}
L±2

1 H (7.58)

V̇ + imΩV = (1 + 2ĥ)H +
2$

Λ
(L±1

3 U + imV
)

+
1
Λ

(
2r2e−2ν$2 − 3h2

)L±2
2 H

+
im
Λ

{
−r2e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
R

}

+
3
2

(p2 − h2)
1
Λ
L±2

4 H +
m2

Λ
3
2

(p2 − h2) H (7.59)

U̇ + imΩU =
2$

Λ
(
imU − L±1

3 V
)

+ r2e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
1
Λ
L±1

2 R
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+
im
Λ

(
2$2r2e−2ν − 3p2

)L±1
4 H. (7.60)

Tèloc, qrhsimopoi¸ntac thn exÐswsh (7.24) tou statikoÔ montèlou oi teleu-
taÐec dÔo exis¸seic mporoÔn na aplopoihjoÔn peraitèrw, wc ex c :

V̇ + imΩV = (1 + 2ĥ)H +
2$

Λ
(L±1

3 U + imV
)− 3

Λ
(2p2 + 3h2)L±2

2 H

+
im
Λ

{
−r2e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
R

}

+
3
2

(p2 − h2)
1
Λ
L±2

4 H +
m2

Λ
3
2

(p2 − h2) H, (7.61)

U̇ + imΩU =
2$

Λ
(
imU − L±1

3 V
)

+ r2e−2λ

[
ω′ + 2$

(
ν ′ − 1

r

)]
1
Λ
L±1

2 R

− 3im
Λ

(3p2 + 2h2)L±1
4 H, (7.62)

ìpou,

m̂ = m0 + m2 (7.63)
p̂ = p0 + p2 (7.64)
ε̂ = ε0 + ε2 (7.65)
ĥ = h0 + h2 (7.66)

C =
(C2

s )′

ν ′C2
s

p̂ (7.67)

D = e−2νr2$2C2
s (2C2

s − 1) + 3
(C2

s )′

ν ′
p2 (7.68)

eÐnai deÔterhc t�xhc aktinikèc sunart seic tou statikoÔ astrikoÔ montèlou.

7.3 Oriakèc sunj kec

H epibol  oriak¸n sunjhk¸n eÐnai èna shmantikì mèroc tou probl matoc epÐ-
lushc twn exis¸sewn diataraq¸n pou qrÐzei idiaÐterhc prosoq c. Ta shmeÐa
tou astèra pou epib�llontai oriak¸n sunjhk¸n eÐnai to kèntro kai h epif�nei�
tou. Pio sugkekrimèna sto kèntro tou astèra to prìblhma pou emfanÐzetai
wc sun jwc eÐnai apoklÐnontec suntelestèc tou statikoÔ montèlou thc mor-
f c 1/r   1/r2 k.o.k. Gia na apofÔgoume thn emf�nish ìrwn aut c thc morf c
stic exis¸seic, prospajoÔme na orÐsoume kainoÔrgiec metablhtèc ètsi ¸ste h
emf�nish aut¸n twn ìrwn na mporeÐ na apofeuqjeÐ. Autì fusik� den eÐnai
p�nta dunatì kai se tètoiec peript¸seic autì pou k�noume gia na apofÔgou-
me arijmhtikèc ast�jeiec, eÐnai na mhn lamb�noume sthn arijmhtik  exèlixh ta
pr¸ta 2-3 shmeÐa tou arijmhtikoÔ plègmatoc kont� sto kèntro tou astèra.
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Sthn epif�neia tou astèra to prìblhma emfanÐzetai kurÐwc se suntele-
stèc pou o paranomast c touc perièqei thn taqÔthta tou  qou ston astèra
C2

s pou sthn epif�nei� tou mhdenÐzetai. Ac epikentrwjoÔme sthn epif�neia
tou astèra kai ac proqwr soume se leptomer  an�lush gia thn epibol  thc
oriak c sunj khc. H epif�neia tou astèra tou statikoÔ mh peristrefìmenou
astrikoÔ montèlou orÐzetai wc to shmeÐo sto opoÐo h pÐesh tou mhdenÐzetai.
Epeid  h peristrof  tou astèra, ìpwc èqei anaferjeÐ kai sto kef�laio 2.1,
jewreÐtai wc diataraq  tou mh peristrefìmenou montèlou, h epif�neia tou lì-
gw akrib¸c aut c thc diataraq c metatopÐzetai kat� èna di�nusma ξi. 'Etsi,
mporoÔme na anaptÔxoume se seir� Taylor thn pÐesh gÔrw apì thn aktÐna tou
mh peristrefìmenou astèra wc ex c,

0 = P (t, R + ξi) = P (t, R) + ξi ∂

∂xi
P (R)

= p(R) + δp(t, R) + ξi ∂

∂xi
(p(R) + δp(t, R))

= p(R) + δp(t, R) + ξi ∂

∂xi
p(R) + ξi ∂

∂xi
δp(t, R)(7.69)

ìpou me R sumbolÐzetai h aktÐna tou mh peristrefìmenou astèra. O teleu-
taÐoc ìroc thc exÐswshc mporeÐ na jewrhjeÐ amelhtèoc kai epiplèon qrhsimo-
poi¸ntac to gegonìc ìti sthn aktÐna tou mh peristrefìmenou astèra h pÐesh
mhdenÐzetai p(R) = 0, katal goume telik� sthn akìloujh sqèsh gia thn o-
riak  sunj kh,

δp = −ξi ∂p

∂xi
(7.70)

Sthn prosèggish pr¸thc t�xhc O(ε), ìpou h pÐesh eÐnai sun�rthsh mìno thc
aktinik c metablht c r,

δp = −ξrp′. (7.71)

Me aplèc pr�xeic kai qrhsimopoi¸ntac tic sqèseic tou statikoÔ montèlou
(2.15) aut  h exÐswsh katal gei na eÐnai isodÔnamh me thn exÐswsh tou Ke-
falaÐou 4 gia thn diataraq  thc enjalpÐac (4.1bþ) an se aut n jèsoume thn
taqÔthta tou  qou C2

s = 0. Me �lla lìgia, sthn prosèggish pr¸thc t�xh-
c, h epibol  thc oriak c sunj khc sthn epif�neia tou astèra stic exis¸seic
diataraq¸n gÐnetai autìmata, afoÔ apì thn arijmhtik  kataskeu  tou stati-
koÔ astrikoÔ montèlou h taqÔthta tou  qou mhdenÐzetai sthn epif�neia tou
astèra.

Sth sunèqeia, proqwr¸ntac èna b ma parap�nw, ja eis�goume kai touc
ìrouc deÔterhc t�xhc wc proc thn par�metro peristrof c ε, ston upologismì
mac. S' aut n thn perÐptwsh, h pÐesh tou statikoÔ montèlou den eÐnai sun�rth-
sh mìno thc aktinik c metablht c r all� kai thc polik c gwnÐac θ, sÔmfwna
me thn (7.8). 'Etsi to an�ptugma Taylor ja gÐnei wc proc dÔo metablhtèc
plèon wc ex c,

δp + ξr ∂p(r, θ)
∂r

+ ξθ ∂p(r, θ)
∂θ

= 0. (7.72)
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ParagwgÐzontac wc proc ton suntetagmèno qrìno, t, thn parap�nw paÐrnoume,

δṗ + ξ̇r ∂p(r, θ)
∂r

+ ξ̇θ ∂p(r, θ)
∂θ

= 0. (7.73)

Qrhsimopoi¸ntac ton diorjwmèno se deÔterh t�xh O(ε2) orismì thc sun�rth-
shc thc diataraq c thc enjalpÐac,

H =
δp

P + E

=
δp

(p + ε) [1 + p0 + ε0 + (p2 + ε2) P2]
, (7.74)

th sqèsh,

δuµ =
d

ds
ξµ =

dξµ

dxν

dxν

ds
= uν dξµ

dxν
, (7.75)

ìpou to di�nusma thc tetra-taqÔthtac perièqei kai ìrouc deÔterhc t�xhc
O(ε2) kai dÐnetai apì thn èkfrash,

uµ = e−ν

[
1 + ε2

(
r2

2
$2e−2ν sin2 θ − h0 − h2P2

)
, 0, 0, εΩ

]
, (7.76)

sundu�zontac kat�llhla tic sqèseic (7.73), (7.75) kai (7.76), kai oloklhr¸-
nontac wc proc tic gwnÐec θ kai φ, mèsw twn sfairik¸n armonik¸n, katal -
goume sthn akìloujh exÐswsh pou perigr�fei thn exèlixh thc diataraq c thc
enjalpÐac thn epif�neia tou astèra,

Ḣ + imΩH = e2ν−2λ

[(
1− ĥ− 2e2λ

r
m̂

)
ν ′ − p̂′

]
R

− 3e2ν−2λ

[(
e2λ

r
m2 − (1 + C2

s )ε2 + h2 +
p2

2

)
ν ′ +

p2

2

]
L±2

4 R

− 3e2ν

r2
p2

(L±2
3 V − imL±1

4 U
)
. (7.77)

H qr sh thc parap�nw exÐswshc gia thn exèlixh sthn epif�neia tou astèra
mac exasfalÐzei thn swst  epibol  sunoriak¸n sunjhk¸n.

7.4 Arijmhtik� apotelèsmata

Ja proqwr soume sthn par�jesh twn arijmhtik¸n apotelesm�twn apì thn
melèth twn exis¸sewn sth deÔterh t�xh prosèggishc. Arqik� kataskeu�same
mia akoloujÐa montèlwn sqetikistik¸n polutropik¸n peristrefìmenwn aste-
ri¸n me diaforetikèc gwniakèc taqÔthtec peristrof c Ω, kai sugkrÐname th
beltÐwsh pou dÐnei ston prosdiorismì thc m�zac kai thc aktÐnac h eisagwg 
twn ìrwn deÔterhc t�xhc. H sÔgkrish ègine me b�sh apotelèsmata gia didi�-
stata statik� montèla pou parajètoun oi Font et. al. [87]. Sth sunèqeia
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oloklhr¸same arijmhtik� tic exis¸seic diataraq¸n qrhsimopoi¸ntac ton a-
rijmhtikì sq ma Lax-Wendroff deÔterhc t�xhc. Melet same kai parajètoume
qwrist� ta apotelèsmata gia thn axonik� summetrik  perÐptwsh, m = 0, all�
kai gia thn genik  perÐptwsh twn mh axonik� summetrik¸n diataraq¸n, ìpou
m 6= 0.

7.4.1 Exis¸seic statikoÔ montèlou

Qrhsimopoi¸ntac tic deÔterhc t�xhc exis¸seic gia to statikì montèlo mpo-
roÔme na belti¸soume to montèlo tou KefalaÐou 2, eis�gontac kai tic mo-
nopolikèc all� kai tic tetrapolikèc diorj¸seic mèsw twn exis¸sewn (7.13)
kai (7.19) kai sugkrÐnontac me antÐstoiqa didi�stata taqèwc peristrefìmena
montèla pou èqoun kataskeuasteÐ apì touc [87] ja elègxoume ta ìria thc pro-
sèggishc mac. Me �lla lìgia ja diapist¸soume mèqri poio rujmì peristrof c
h perigraf  tou statikoÔ montèlou me prosèggish bradeÐac peristrof c eÐnai
ikanopoihtik , kai se poio posostì.

Ta apotelèsmata thc sÔgkrishc aut c dÐnontai ston pÐnaka (7.1) gia th-
n sqetikistik  polutropik  exÐswsh kat�stashc (2.6), me polutropik  sta-
jer�, K = 217.86 km2 kai polutropikì ekjèth Γ = 2 gia ènan astèra me
kentrik  puknìthta m�zac hremÐac ρ0 = 5.867× 10−4 se gewmetrikèc mon�dec
( ρ0 = 7.914 × 1014gr/cm3 ), gia 11 diaforetikoÔc rujmoÔc peristrof c ε.
To astèri pou prokÔptei èqei m�za M = 1.4M¯ kai aktÐna R = 14.15 km.
Me b�sh autèc tic timèc m�zac kai aktÐnac h gwniak  taqÔthta Kepler sthn
prosèggis  mac prokÔptei ΩK =

√
M/R3 = 0.8122 × 104 s−1, en¸ sthn di-

di�stath prosèggish taqeÐac peristrof c eÐnai ΩK = 0.5363×104 s−1. Autì
shmaÐnei ìti sthn prosèggish bradeÐac peristrof c ta astèria peristrèfo-
ntai me mikrìtero posostì thc taqÔthtac Kepler se sqèsh me thn didi�stath
prosèggish enìc taqèwc peristrefìmenou astèra. 'Opwc faÐnetai apì ton
pÐnaka autì th m�za tou astèra mporoÔme na thn proseggÐsoume me akrÐbeia
thc t�xhc tou 94%, akìma kai gia to plèon taqÔtera peristrefìmeno astrikì
montèlo. Gia thn aktÐna, blèpoume ìti h prosèggish thc bradeÐac peristrof c
eÐnai ligìtero akrib c. Apì to 60% tou orÐou Kepler èqoume apìklish apì
thn aktÐna pou upologÐzetai apì to montèlo taqeÐac peristrof c se posostì
p�nw apì 10%. H mègisth apìklish ston upologismì thc aktÐnac, gia to
taqÔtera peristrefìmeno montèlo eÐnai thc t�xhc tou 12%.

H apìklish thc prosèggishc thc bradeÐac peristrof c apì ta didi�sta-
ta taqèwc peristrefìmena montèla sthn aktÐna, ofeÐletai sthn dhmiourgÐa
ishmerin¸n exogkom�twn (bulges) kaj¸c plhsi�zoume sto ìrio thc taqÔthtac
Kèpler, sta didi�stata montèla taqèwc peristrefìmenwn astèrwn, ta opoÐa
dÐnoun epiplèon suneisfor� sthn ishmerin  aktÐna tou astèra, fainìmeno to
opoÐo den mporeÐ na perigrafeÐ ikanopoihtik� apì thn an�lush se polu¸numa
Legendre, pou k�noume sthn prosèggish bradeÐac peristrof c. Sto sq ma
7.2 dÐnoume sugkritik� thn aktÐna tou astèra pou upologÐzoume sthn pr¸th
t�xh kai sth sunèqeia thn allag  thc, me thn eisagwg  twn deÔterhc t�xhc
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monopolik¸n kai tetrapolik¸n diorj¸sewn, gia dÔo diaforetikèc timèc thc
gwniak c taqÔthtac peristrof c. 'Opwc faÐnetai apì to sq ma, ìso mega-
lÔterh eÐnai h gwniak  taqÔthta peristrof c Ω   enallaktik� h par�metroc
peristrof c ε tou astèra, tìso megalÔterh eÐnai h apìklish apì th sfairik 
summetrÐa.

 15
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Sq ma 7.2: Diorj¸seic deÔterhc t�xhc sthn aktÐna enìc bradèwc peri-
strefìmenou astèra gia dÔo diaforetikèc timèc thc paramètrou peristrof c
ε = 0.423 kai ε = 0.522. Me kìkkino eÐnai sqediasmènh h epif�neia tou mh
peristrefìmenou astèra, me pr�sino kai mwb eÐnai oi monopolikèc diorj¸seic
ξ0 kai me mple kai gal�zio eÐnai oi tetrapolikèc diorj¸seic ξ2 gia thn aktÐna
gia tic dÔo paramètrouc peristrof c ε antÐstoiqa.

7.4.2 Exis¸seic diataraq¸n

Gia thn arijmhtik  olokl rwsh twn exis¸sewn diataraq¸n dìjhkan san ar-
qikèc diataraqèc Gkaousianèc apoklÐseic twn tetrapolik¸n (l = 2) sunart -
sewn diataraq¸n pÐeshc kai puknìthtac, kai kat� sunèpeia perimènoume thn
diègersh ìlwn twn idiosuqnot twn gia l = 2, all� kai k�poiwn gia uyhlìtero
all� kai qamhlìtero armonikì deÐkth, lìgw thc sÔzeuxhc twn exis¸sewn.

H qronik  arijmhtik  exèlixh twn exis¸sewn diataraq¸n sthn deÔterh t�-
xh prosèggishc, ìpwc anafèrame kai parap�nw, parousÐase epiplèon dusko-
lÐec se sqèsh me thn perÐptwsh thc pr¸thc t�xhc. Parousi�sthkan probl -
mata arijmhtik¸n astajei¸n pou proèrqontan apì thn epif�neia tou astèra
kai eÐqan san apotèlesma thn ekjetik  aÔxhsh tou pl�touc twn talant¸sewn
met� apì èna qronikì di�sthma thc t�xhc twn 4 ms. Gia thn katanìhsh twn
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PÐnakac 7.1: Diaforèc metaxÔ statik¸n montèlwn se prosèggish bradeÐac
peristrof c deÔterhc t�xhc kai taqeÐac peristrof c, me polutropik  exÐswsh
kat�stashc p = Kε1+1/n, me n = 1, K = 217.86 km2 kai me kentrik  puk-
nìthta m�zac hremÐac se gewmetrikèc mon�dec, ρ0 = 5.867× 10−4. Oi st lec
ston pÐnaka eÐnai apì arister� proc ta dexi� : H gwniak  taqÔthta tou astè-
ra Ω, h barutik  m�za kai h ishmerin  aktÐna taqèwc peristrefìmenou astèra
MFR, RFR, h aktÐna me thn monopolik  kai thn tetrapolik  diìrjwsh R0,
R2 antÐstoiqa, kai h m�za me thn monopolik  diìrjwsh M0, sthn prosèggish
bradèwc peristrefìmenou astèra. H tetrapolik  diìrjwsh thc m�zac M2,
eÐnai amelhtèa gi' autì kai paraleÐpetai. H tim  thc taqÔthtac Kepler gia to
sugkekrimèno montèlo eÐnai ΩK =

√
M/R3 = 0.8122× 104 s−1

Ω MFR M0 RFR R0 R2

(104s−1) (M¯) (M¯) (km) (km) (km)
0.0 1.400 - 14.15 - -

0.218 1.432 1.429 14.51 14.26 14.45
0.306 1.466 1.458 14.92 14.38 14.77
0.371 1.503 1.485 15.38 14.50 15.06
0.399 1.523 1.499 15.63 14.56 15.21
0.423 1.543 1.511 15.91 14.61 15.37
0.445 1.564 1.523 16.21 14.66 15.48
0.465 1.585 1.534 16.52 14.71 15.60
0.482 1.607 1.544 16.87 14.76 15.70
0.498 1.627 1.554 17.25 14.80 15.81
0.511 1.647 1.562 17.68 14.83 15.90
0.522 1.666 1.569 18.15 14.86 15.98
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astajei¸n melet same analutik� tic exis¸seic kai gia axonik� summetrikèc,
m = 0, kai mh axonik� summetrikèc, m 6= 0, diataraqèc.

Axonik� summetrikèc (m = 0)

Ac exet�soume se aut  thn perÐptwsh tic idiotimèc twn exis¸sewn diataraq¸n
ìpou san mègisto armonikì deÐkth lamb�noume ton lmax = 2. Oi exis¸seic
se aut n thn perÐptwsh gr�fontai analutik� wc ex c (ìpou o ekjèthc stic
sunart seic diataraq¸n dhl¸nei ton armonikì deÐkth):

Ḣ0 = e2ν−2λ

[
C2

s

(
1− 2e2λ

r
m̂− C

)
+

1
3

(
D + 6C2

s

e2λ

r
m2

)]
(R0)′

− 1√
45

e2ν−2λ

(
D + 6C2

s

e2λ

r
m2

)
(R2)′ (7.78)

Ṙ0 = [1 + 2ĥ + (p2 − h2)](H0)′ − 3√
45

(p2 − h2)(H2)′ (7.79)

Ḣ2 = e2ν−2λ

[
C2

s

(
1− 2e2λ

r
m̂− C

)
+

5
21

(
D + 6C2

s

e2λ

r
m2

)]
(R2)′

− 1√
45

e2ν−2λ

(
D + 6C2

s

e2λ

r
m2

)
(R0)′ (7.80)

Ṙ2 = [1 + 2ĥ +
15
21

(p2 − h2)](H2)′ − 3√
45

(p2 − h2)(H0)′ (7.81)

Jètontac gia lìgouc aplìthtac,

M1 = e2ν−2λC2
s

(
1− 2e2λ

r
m̂− C

)
, (7.82)

M2 = e2ν−2λ

(
D + 6C2

s

e2λ

r
m2

)
, (7.83)

M3 = 1 + 2ĥ, (7.84)
M4 = p2 − h2. (7.85)

èqoume to qarakthristikì pÐnaka tou parap�nw sust matoc,



0 M1 + 1
3M2 0 −

√
5

15 M2

M3 + M4 0 −
√

5
5 M4 0

0 −
√

5
15 M2 0 M1 + 5

21M2

−
√

5
5 M4 0 M3 + 5

7M4 0


 (7.86)

Oi idiotimèc tou parap�nw pÐnaka eÐnai oi akìloujec,

e1,2 = ± 1
35

√
a + b, (7.87)

e3,4 = ± 1
35

√
a− b, (7.88)
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ìpou,

a = 350M2M3 + 390M2M4 + 1225M1M3 + 1050M1M4, (7.89)
b =

√
30(35M2M3 + 60M2M4 + 105M1M4). (7.90)

Oi kurÐarqoi ìroi stouc suntelestèc eÐnai,

M1 = C2
s −

(C2
s )′

ν ′
p̂, (7.91)

M2 = 3
(C2

s )′

ν ′
p2, (7.92)

M3 = 1, (7.93)
M4 = 0, (7.94)

ki ètsi oi suntelestèc a kai b prokÔptoun wc ex c :

a = 10M2 + 35M1, (7.95)
b =

√
30M2, (7.96)

apì touc opoÐouc prokÔptei h upìrizh diafor� prokÔptei na eÐnai,

a− b = 35C2
s − 21.43

(C2
s )′

ν ′
p2 − 35

(C2
s )′

ν ′
p0. (7.97)

Epiplèon, gia thn sqetikistik  polutropik  katastatik  exÐswsh pou qrhsi-
mopoi same prokÔptei ìti,

(C2
s )′

ν ′
= 1− Γ + C2

s , (7.98)

to opoÐo gia polutropikì deÐkth Γ = 2, sthn epif�neia tou astèra dÐnei telik�,

(C2
s )′

ν ′
= −1, (7.99)

opìte telik� h upìrizh posìthta prokÔptei na eÐnai,

a− b = 21.43p2 + 35p0. (7.100)

Apì to statikì astrikì montèlo gnwrÐzoume ìti h monopolik  diìrjwsh thc
pÐeshc p0 eÐnai p�nta jetik  en¸ antÐjeta h antÐstoiqh tetrapolik  p2 p�nta
arnhtik . Autì shmaÐnei ìti gia k�poio sunduasmì tim¸n twn dÔo aut¸n dior-
j¸sewn eÐnai dunatìn na prokÔyei arnhtikì upìrizo me apotèlesma migadik 
idiotim  kai epomènwc arijmhtik  ast�jeia. Kai pr�gmati gia timèc,

|p2| > 1.63|p0| (7.101)

to upìrizo prokÔptei arnhtikì. Sta sqetikistik� polutropik� astrik� mo-
ntèla pou qrhsimopoi same pr�gmati isqÔei p2 ' 3p0, epomènwc h arijmhtik 
exèlix  touc eÐnai praktik� adÔnath. Pr�gmati, gr�fontac ton arijmhtikì
k¸dika gia thn exèlixh aut¸n twn exis¸sewn parathroÔme met� apì mikrì
qrìnikì di�sthma tic sunart seic twn diataraq¸n na apoklÐnoun kont� sthn
epif�neia tou astèra kai odhgoÔntai se ekjetik  aÔxhsh tou pl�touc.
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Mh axonik� summetrikèc (m 6= 0)

Sthn perÐptwsh twn mh axonik� summetrik¸n diataraq¸n, parìmoia an�lush
tou sust matoc twn exis¸sewn gia ton prosdiorismì twn idiotim¸n tou, èqei
diaforetikì apotèlesma lìgw kai thc eisagwg c twn ìrwn me m 6= 0. S'
aut n thn perÐptwsh m�lista h an�lush eÐnai aploÔsterh mia kai den up�r-
qoun ìroi me l < m, ìpwc up rqan sthn axonik� summetrik  perÐptwsh thc
prohgoÔmenhc paragr�fou. 'Etsi, gia na k�noume parìmoia an�lush perio-
rizìmaste sth qr sh twn exis¸sewn me l = m = 2. H antÐstoiqh an�lush
odhgeÐ sto sumpèrasma ìti se aut n thn perÐptwsh oi exis¸seic diataraq¸n
den parousi�zoun to arijmhtikì prìblhma thc prohgoÔmenhc paragr�fou, me
�lla lìgia oi idiotimèc tou sust matoc eÐnai pragmatikèc anexart twc twn
tim¸n tou statikoÔ astrikoÔ montèlou kai ètsi h arijmhtik  touc exèlixh sto
qrìno eÐnai efikt .

Sth mh axonik� summetrik  perÐptwsh idiaÐtero endiafèron parousi�zei kai
p�li h akrÐbeia me thn opoÐa ja upologisteÐ h suqnìthta thc idiosuqnìthta-
c r sth deÔterh t�xh prosèggishc. Gia na diapist¸soume thn akrÐbeia twn
apotelesm�twn mac, qrhsimopoi same dÔo montèla me diaforetik  gwniak 
taqÔthta peristrof c kai sugkrÐname me apotelèsmata sthn pr¸th t�xh peri-
strof c all� kai sthn aut� thc taqeÐac peristrof c. Ta apotelèsmata thc
sÔgkrishc dÐnontai ston pÐnaka 7.2. 'Opwc faÐnetai apì ton pÐnaka kajar�,
gia mikrèc gwniakèc taqÔthtec peristrof c tou asterioÔ h diìrjwsh pou ei-
s�goun oi ìroi deÔterhc den eÐnai shmantik . Gia megalÔterh ìmwc gwniak 
taqÔthta peristrof c blèpoume ìti h diìrjwsh eÐnai shmantik  kai h tim  pou
paÐrnoume gia th suqnìthta thc idiosuqnìthtac r eÐnai polÔ kont� s' aut n
pou dÐnei kai h prosèggish taqeÐac peristrof c. To gegonìc ìti h diìrjw-
sh sthn suqnìthta eÐnai megalÔterh gia uyhlìterec gwniakèc taqÔthtec tou
asterioÔ eÐnai eÔkola katanohtì, an skefteÐ kaneÐc ìti h tim  thc suqnìth-
tac thc idiosuqnìthtac r eÐnai an�logh thc gwniak c taqÔthtac tou asterioÔ
σr ∼ Ω (4.23).

PÐnakac 7.2: Timèc thc suqnìthtac thc l = m = 2 idiosuqnìthtac r se treic
diaforetikèc proseggÐseic : grammik c pr¸thc kai deÔterhc t�xhc se arg 
peristrof  kai taqèwc peristrefìmenh (T.P) gia to adiabatikì polutropikì
astrikì montèlo me m�za M = 1.4M¯ gia dÔo diaforetikèc timèc thc para-
mètrou peristrof c ε. Oi suqnìthtec dÐnontai se Hertz.

ε = Ω/ΩK O(ε) O(ε2) T.P

0.268 512 511 500

0.614 1172 1025 1030
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7.5 Sumper�smata

Sto kef�laio autì proqwr same èna b ma parap�nw kai eisag�game stic exi-
s¸seic kÐnhshc tou diataragmènou reustoÔ ìrouc deÔterhc t�xhc wc proc thn
peristrof  O(ε2). San pr¸to b ma melet same thn epÐdrash twn ìrwn deÔ-
terhc t�xhc sthn beltÐwsh thc akrÐbeiac upologismoÔ tou statikoÔ astrikoÔ
montèlou. 'Etsi, kataskeu�same mia akoloujÐa statik¸n astrik¸n montèlwn
me auxanìmenh par�metro peristrof c ε. Diapist¸same ìti h beltÐwsh eÐnai
emfan c kai shmantik  sthn aktÐna tou, en¸ h m�za tou eÐnai ligìtero euaÐ-
sjhth sth diìrjwsh. H diìrjwsh kai stic dÔo parap�nw paramètrouc tou
astèra, eÐnai megalÔterh ìso megalÔterh eÐnai h gwniak  taqÔthta peristro-
f c tou Ω.

'Oson afor� tic exis¸seic kÐnhshc tou diataragmènou reustoÔ, diapist¸-
same ìti h eisagwg  twn ìrwn deÔterhc t�xhc eis�gei epiplèon suzeÔxeic s'
autèc qwrÐc ìmwc na all�zei th basik  dom  tou sust matoc. Pio sugke-
krimèna, mia sun�rthsh pou perigr�fei polik  diataraq  me armonikì deÐkth
l, ektìc apì thn allhlepÐdrash me tic sunart seic pou perigr�foun axonikèc
diataraqèc me armonikì deÐkth l ± 1 (fainìmeno pr¸thc t�xhc), allhlepidr�
mèsw twn ìrwn deÔterhc t�xhc, me sunart seic pou perigr�foun polikèc dia-
taraqèc me ton Ðdio armonikì deÐkth kaj¸c kai me tic polikèc me armonikì
deÐkth l ± 2. To Ðdio isqÔei antÐstoiqa (summetrik�) kai gia tic sunart seic
pou perigr�foun axonikèc diataraqèc.

Tèloc, melet same thn diìrjwsh sthn tim  thc suqnìthtac thc peristro-
fik c idiosuqnìthtac r lìgw twn ìrwn deÔterhc t�xhc kai sugkrÐname tic timèc
thc prosèggishc thc grammik c jewrÐac diataraq¸n me antÐstoiqec timèc pou
èqoun upologisteÐ sth mh grammik  prosèggish. Diapist¸same ìti h diìrjw-
sh apì thn eisagwg  twn ìrwn deÔterhc t�xhc, eÐnai arket� ikanopoihtik  kai
posotik� shmantik  se meg�lec gwniakèc taqÔthtec peristrof c twn astè-
rwn. Kat� sunèpeia, mporoÔme na melet soume me ikanopoihtik  akrÐbeia sta
plaÐsia thc grammik c jewrÐac tic diataraqèc twn bradèwc peristrefìmenwn
astèrwn netronÐwn.

Ta apotelèsmata autoÔ tou kefalaÐou eÐnai sto st�dio thc suggraf c kai
ja upoblhjoÔn gia dhmosÐeush sthn ergasÐa A5 pou anafèretai sto biogra-
fikì shmeÐwma sto tèloc tou parart matoc.
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Kef�laio 8

SÔnoyh

S' autì to kef�laio sunoyÐzoume ta apotelèsmata kai thn prwtìtuph sum-
bol  thc paroÔsac diatrib c. Epiplèon, katagr�foume anoiqt� probl mata
sto ereunhtikì autì pedÐo kai tèloc sqoli�zoume tic prooptikèc tou pedÐou
autoÔ sto �meso mèllon . Ton teleutaÐo qrìno, to ìneiro kai h prosp�jeia
qrìnwn thc episthmonik c koinìthtac pou asqoleÐtai me thn anÐqneush baruti-
k¸n kum�twn èqoun ft�sei sto sunarpastikìterì touc shmeÐo. Mia plhj¸ra
aniqneut¸n an� ton kìsmo èqoun  dh arqÐsei na leitourgoÔn, �lloi kanonik�
sullègontac dedomèna kai �lloi sth f�sh thc bajmonìmhshc. 'Etsi h pagkì-
smia prosp�jeia qrìnwn gia thn �mesh anÐqneush twn problepìmenwn apì thn
Genik  JewrÐa Sqetikìthtac, barutik¸n kum�twn plhsi�zei sto kajoristikì-
terì thc shmeÐo. Kaj¸c h beltÐwsh twn teqnik¸n exagwg c tou krummènou
mèsa sto jìrubo tou aniqneut  s matoc belti¸nontai kai tautìqrona kata-
skeuastikèc kai teqnologikèc leptomèreiec teleiopoioÔntai, h sumbol  thc
jewrhtik c melèthc twn en dun�mei phg¸n barutik¸n kum�twn gÐnetai oloèna
pio shmantik  kai epitaktik . Stìqoc thc jewrhtik c èreunac eÐnai h kat�
to dunatìn akribèsterh prìbleyh thc morf c thc ekpempìmenhc kumatomor-
f c. 'Oso plhsièstera proc thn akrib  eÐnai h problepìmenh jewrhtik  tìso
perissìtero aux�netai h pijanìthta anÐqneus c thc.

H sumbol  thc paroÔsac diatrib c eÐnai proc aut  thn kateÔjunsh, me
èmfash sth melèth miac ek twn pijan¸n phg¸n barutik¸n kum�twn pou e-
mpÐptoun sth suqnotik  perioq  anÐqneushc twn epÐgeiwn aniqneut¸n, touc
peristrefìmenouc astèrec netronÐwn. Pio sugkekrimèna, sta plaÐsia thc dia-
trib c melet same tic diataraqèc aut¸n twn astèrwn, sta plaÐsia thc Gram-
mik c JewrÐac Diataraq¸n, prokeimènou na bg�loume sumper�smata sqetik�
me thn barutik  aktinobolÐa pou autoÐ ekpèmpoun. Epeid  oi exis¸seic pou
perigr�foun thn dom  kai exèlix  touc sto qwrìqrono eÐnai polÔplokec mh
grammikèc D.E.M.P. pou den lÔnontai analutik�, par� mìno arijmhtik�, ana-
lÔsame to prìblhma se mikrìtera upoprobl mata me skopì na ft�soume sthn
telik  epÐlush me megalÔterh bebaiìthta all� kai me perissìterh katanìhsh
twn epimèrouc tmhm�twn pou to sunjètoun. Ja mporoÔsame na diaqwrÐsoume
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to prìblhma thc melèthc twn bradèwc peristrefìmenwn astèrwn netronÐwn
se dÔo kÔria epimèrouc tm mata. To pr¸to eÐnai to tm ma pou perigr�fei to
astrikì reustì kai dÐnetai apì exis¸seic kÐnhshc tou diataragmènou reustoÔ
(3.38) kai to deÔtero eÐnai to tm ma pou perigr�fei tic diataraqèc tou qw-
rìqronou mèsa kai èxw apì autì kai dÐnetai apì tic diataragmènec exis¸seic
Einstein (3.33). Sth Neut¸neia JewrÐa to komm�ti pou perigr�fei tic diatara-
qec tou barutikoÔ dunamikoÔ Φ, èqei elleiptik  morf  kai �ra den problèpei
thn di�dosh twn diataraq¸n aut¸n. AntÐjeta, sth G.J.S. to komm�ti pou
perigr�fei tic diataraqèc tou metrikoÔ tanust  gµν , èqei uperbolik  morf 
kai �ra problèpetai di�dosh twn diataraq¸n aut¸n, me th morf  barutik¸n
kum�twn.

Akolouj¸ntac th parap�nw logik  d¸same sta dÔo pr¸ta kef�laia to
basikì jewrhtikì kai arijmhtikì upìbajro. Sto kef�laio 4 asqolhj kame
me th melèth tou uposust matoc twn exis¸sewn pou perigr�fei tic diataraqèc
tou astrikoÔ reustoÔ. Apì th melèth aut , ex qjhsan qr sima sumper�sma-
ta gia to eÐdoc kai th sumperifor� twn idiosuqnot twn tou astrikoÔ reustoÔ
enìc bradèwc peristrefìmenou astèra. UpologÐsame gia pr¸th for� tic timèc
twn suqnot twn twn idiotalant¸sewn aut¸n twn astèrwn kai epibebai¸sa-
me thn emf�nish enìc fainomènou ekfulismoÔ sto f�sma idiosuqnot twn touc,
pou  tan  dh gnwstì apì th jewrÐa twn tèleiwn reust¸n. Sthn sugkekrimènh
perÐptws  eis�gei antÐstoiqa mia ekfulismènh perioq  sto f�sma idiosuqno-
t twn twn bradèwc peristrefìmenwn astèrwn kai periplèkei ta pr�gmata.

Sth sunèqeia to kÐnhtro gia th melèth pou ègine sto kefalaÐo 5  tan h
diapÐstwsh ìti sth bibliografÐa den eÐqe epiqeirhjeÐ mèqri s mera h arijmh-
tik  epÐlush tou sunolikoÔ sust matoc twn exis¸sewn astèra-qwrìqronou,
lìgw thc poluplokìthtac twn exis¸sewn all� kai thc �gnwsthc arijmhtik c
�sumperifor�c� touc. 'Etsi, eisag�game mia nèa sunj kh bajmÐdac pou aplo-
poieÐ shmantik� tic diataragmènec exis¸seic pou prokÔptoun. Melet same kai
diapist¸same tic sugkekrimènec diaforèc pou up�rqoun metaxÔ twn dÔo su-
sthm�twn diaforik¸n exis¸sewn me merikèc parag¸gouc, pou ekfr�zoun to
Ðdio fusikì prìblhma. Met� apì aut  th melèth, katal xame sto sumpèra-
sma ìti sthn nèa aut  sunj kh bajmÐdac h arijmhtik  epÐlush twn D.E.M.P
emfanÐzetai na eÐnai shmantik� aploÔsterh.

Sto kef�laio 6 qrhsimopoi same tic up�rqousec apì th bibliografÐa exi-
s¸seic sth bajmÐda Regge-Wheeler kai me makroskeleÐc pr�xeic kai orismoÔc
nèwn metablht¸n tic anag�game se èna sÔsthma pr¸thc t�xhc wc proc to qrì-
no kai to q¸ro. Sth sunèqeia, prokeimènou na dokim�soume thn arijmhtik 
eust�jeia tou sust matoc autoÔ, epilÔsame arijmhtik� to komm�ti pou ana-
fèretai stic diataraqèc tou qwrìqronou mhdenÐzontac ìlec tic diataraqèc tou
astrikoÔ reustoÔ qrhsimopoi¸ntac thn prosèggish ICA. 'Etsi, diapist¸same
ìti to komm�ti autì tou probl matoc eÐnai arijmhtik� eustajèc kai upolo-
gÐsame gia pr¸th for� tic suqnìthtec twn idiosuqnot twn tal�ntwshc tou
qwrìqronou w enìc bradèwc peristrefìmenou astèra netronÐwn. EpÐshc, pa-
rathr same kai to fainìmeno thc di�spashc tou ekfulismoÔ touc (splitting)
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lìgw thc peristrof c tou astèra.
Tèloc, sto kef�laio 7 èqontac upìyh ta prìsfata apotelèsmata �llwn

ereun¸n sqetik� me th shmasÐa thc peristrofik c idiosuqnìthtac r sthn pi-
jan  anÐqneush barutik¸n kum�twn, epistrèyame kai p�li sthn melèth twn
idiosuqnot twn tou astrikoÔ reustoÔ belti¸nontac ìmwc kat� mia t�xh thn
prosèggis  mac. Eisag�game ìrouc deÔterhc t�xhc wc proc thn peristrof 
O(ε2), tìso stic exis¸seic tou statikoÔ montèlou ìso kai stic exis¸seic
kÐnhshc tou diataragmènou astèra. Jel same me autìn ton trìpo na mele-
t soume ta ìria thc grammik c prosèggishc. Ta sumper�smata aut c thc
melèthc kin jhkan proc dÔo kateujÔnseic. H pr¸th afor� th beltÐwsh tou
statikoÔ astrikoÔ montèlou me thn eisagwg  twn ìrwn deÔterhc t�xhc kai
h deÔterh afor� th beltÐwsh thc akrÐbeiac stic timèc twn suqnot twn twn
idiotalant¸sewn pou ekpèmpoun barutik� kÔmata pou dÐnei h eisagwg  twn
epiplèon ìrwn.

Ja jèlame na tonÐsoume se autì to shmeÐo, ìti h prosp�jeia gia thn kata-
nìhsh twn mh aktinik¸n talant¸sewn twn bradèwc peristrefìmenwn astèrwn
suneqÐzetai. 'Ena epìmeno b ma, pou eÐnai mèsa stic projèseic mac, eÐnai h
arijmhtik  epÐlush tou pl rouc suzeugmènou sust matoc talant¸sewn qw-
rìqronou kai reustoÔ. H epÐlush enìc tètoiou sust matoc eÐnai epÐponh kai
apaithtik  diadikasÐa, all�  dh èqoume jèsei ta jemèlia gia th melèth aut 
kai ta pijan� apotelèsmata eÐnai polÔ shmantik�. Apì thn epÐlush tou pl -
rouc sust matoc, mporoÔme na bg�loume polÔ qr sima sumper�smata gia tic
idiosuqnìthtec tou reustoÔ kai tou qwrìqronou kaj¸c kai gia thn allhle-
pÐdrash all� kai thn antallag  enèrgeiac metaxÔ touc. Epiplèon, me thn
anÐqneush touc apì touc g inouc aniqneutèc ja mporèsoun na mac bohj soun
na ex�goume qr sima sumper�smata gia thn dom  kai thn katastatik  exÐswsh
twn astèrwn-phg¸n touc.

Oi gn¸seic kai h katanìhsh pou èqoume s mera gia touc astèrec netronÐ-
wn proèrqetai apokleistik� apì to hlektromagnhtikì f�sma aktinobolÐac kai
kurÐwc apì tic aktÐnec Q kai ta radiokÔmata. H pio eÔkola kai me megalÔterh
akrÐbeia parathroÔmenh par�metroc enìc astèra netronÐwn eÐnai h suqnìth-
ta peristrof c tou. Mia �llh basik  parathroÔmenh par�metroc me arket 
akrÐbeia, se merikèc peript¸seic, eÐnai h m�za tou. Melètec apì touc Finn
kai van Kerkwijk et. al. [106, 107] èqoun deÐxei ìti ta ìria twn maz¸n gia
astèrec netronÐwn kumaÐnontai apì 1.04M¯ < M < 1.44M¯. Tèloc, ìson
afor� thn aktÐna enìc astèra netronÐwn parathr seic se dipl� sust mata
pou ekpèmpoun se aktÐnec Q, dÐnoun thn ektÐmhsh ìti R < 6M , pou den eÐnai
arket� ikanopoihtik . Me b�sh aut� ta parathrhsiak� dedomèna den eÐnai du-
natìn na ex�goume sugkekrimènec plhroforÐec gia thn katastatik  exÐswsh
tou astèra netronÐwn. Ki autì giatÐ oi proteinìmenec katastatikèc exis¸seic
eÐnai pollèc kai dÐnoun èna meg�lo eÔroc sthn pijan  aktÐna twn astèrw-
n netronÐwn. 'Etsi, mia akribèsterh mèjodoc prosdiorismoÔ thc aktÐnac twn
astèrwn netronÐwn ja apodeiknuìtan idiaÐtera qr simh.

H astronomÐa barutik¸n kum�twn, pou ja arqÐsei na anaptÔssetai me thn
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pr¸th anÐqneush barutik¸n kum�twn apì astèrec netronÐwn parousi�zei au-
t n th dunatìthta. 'Etsi, gia par�deigma me sunduasmènec parathr seic thc
basik c idiosuqnìthtac tal�ntwshc f kai miac ek twn idiosuqnot twn tou qw-
rìqronou w, kaj¸c kai twn qrìnou apìsbes c touc τ , mporoÔme na ex�goume
me arket  akrÐbeia èna ìrio maz¸n kai aktÐnwn gia to dedomèno astèra me b�-
sh ta jewrhtik� dedomèna pou ja èqoume apì tic arijmhtikèc prosomoi¸seic
gia di�forec katastatikèc exis¸seic, ìpwc èqei exhghjeÐ analutik� gia thn
perÐptwsh twn mh peristrefìmenwn astèrwn apì touc Andersson & Kokko-
tas [103, 108]. Epiplèon, ja èqoume th dunatìthta na kajorÐsoume kai thn
katastatik  exÐswsh pou isqÔei gia ton sugkekrimèno astèra.

Mia epiplèon mellontik  epèktash thc sumbol c thc didaktorik c diatri-
b c proc thn parap�nw kateÔjunsh ja  tan h epÐlush tou pl rouc sust ma-
toc pr¸thc t�xhc gia to diataragmèno astèra kai to qwrìqrono gÔrw tou,
gia diaforetikèc katastatikèc exis¸seic. Skopìc autoÔ tou egqeir matoc
ja  tan na dhmiourghjeÐ mia b�sh dedomènwn me tic �anamenìmenec� timèc tw-
n suqnot twn twn idiotalant¸sewn twn bradèwc peristrefìmenwn astèrwn.
Ta ofèlh aut c thc prosp�jeiac eÐnai dipl�. Apì th mia thn �anagn¸rish� tw-
n parathroÔmenwn apì touc aniqneutèc barutik c aktinobolÐac suqnot twn,
kai apì thn �llh o upologismìc me ìso to dunatìn megalÔterh akrÐbeia thc
m�zac kai thc aktÐnac tou astèra-phg  apì ton opoÐo proèrqontai me b�sh
thn epèktash twn mejìdwn pou èqoun  dh anaptuqjeÐ, gia peristrefìmenouc
astèrec.



Par�rthma Aþ

Exis¸seic kÐnhshc

Sto par�rthma autì, dÐnontai oi sunist¸sec tou diataragmènou tanust  e-
nèrgeiac orm c (3.36) pou prokÔptoun me b�sh touc orismoÔc (3.9) gia tic
diataragmènec taqÔthtec. EpÐshc, parajètoume kai tic sunist¸sec twn dia-
taragmènwn exis¸sewn kÐnhshc tou reustoÔ δ(T ; ν

µν ) = 0.
Gia tic sunist¸sec tou diataragmènou tanust  enèrgeiac orm c èqoume,

δTtt = e2ν
∑

lm

{
2Ω(p + ε)

(
Ulm − e−2νh0,lm

)
sin θ

∂Ylm

∂θ

+
[
(p + ε)C−2

s Hlm − εH0,lm

]
Ylm + 2Ω(p + ε)V

∂Ylm

∂φ

}
(Aþ.1)

δTtr =
∑

lm

[
pH1,lm − e2ν(p + ε)Rlm

]
Ylm (Aþ.2)

δTtθ = e2ν(p + ε)
∑

lm

{
−Vlm

∂Ylm

∂θ

+
[
Ulm − pe−2ν

(p + ε)
h0,lm

]
1

sin θ

∂Ylm

∂φ

}
(Aþ.3)

δTtφ = −(p + ε)
∑

lm

{
e2νVlm

∂Ylm

∂φ
+

(
p

p + ε
h0,lm − e2νUlm

)
sin θ

∂Ylm

∂θ

−
[
$

H0,lm

2
+

(
$C−2

s + Ω
)
Hlm

]
r2 sin2 θYlm

}
(Aþ.4)

δTrθ = −
∑

lm

ph1,lm
1

sin θ

∂Ylm

∂φ
(Aþ.5)

δTrφ =
∑

lm

{
ph1,lm sin θ

∂Ylm

∂θ
+ $r2(p + ε)Rlm sin2 θYlm

}
(Aþ.6)

δTrr = e2λ
∑

lm

[pH2,lm + (p + ε)Hlm] Ylm (Aþ.7)

107



108 Par�rthma Aþ. Exis¸seic kÐnhshc

δTθθ = r2
∑

lm

[pKlm + (p + ε)Hlm] Ylm (Aþ.8)

δTθφ =
∑

lm

[
Ulm

1
sin θ

∂Ylm

∂φ
− Vlm

∂Ylm

∂θ

]
(Aþ.9)

δTφφ = (p + ε)
∑

lm

{
$

(
Vlm

∂Ylm

∂φ
+ Ulm sin θ

∂Ylm

∂θ

)

+
1
2

(
Hlm +

p

p + ε
Klm

)
Ylm

}
(Aþ.10)

Apì tic t, r, θ, φ sunist¸sec twn diataragmènwn exis¸sewn kÐnhshc met�
thn apaloif  twn gwniak¸n exart sewn paÐrnoume antÐstoiqa,

P
(t)
lm + imS

(t)
lm + L±1

1 J
(t)
lm = 0 (Aþ.11)

P
(r)
lm + imS

(r)
lm + L±1

1 J
(r)
lm = 0 (Aþ.12)

Λblm − im
(
Alm + b̃lm

)
+ L±1

3 ãlm + L±1
2 Blm = 0 (Aþ.13)

Λalm + im (Blm + ãlm) + L±1
3 b̃lm + L±1

2 Alm = 0 (Aþ.14)

ìpou oi suntelestèc Plm, Slm, Jlm, alm, ãlm, blm, b̃lm, Alm, Blm dÐnontai apì
tic akìloujec ekfr�seic :

P
(t)
lm = −Ḣlm + C2

s e2ν−2λR′
lm + e2ν−2λ

[
C2

s

(
2ν ′ − λ′ +

2
r

)
+ ν ′

]
Rlm

− C2
s e2ν Λ

r2
Vlm − C2

s

2
Ḣ2,lm − C2

s K̇lm (Aþ.15)

J
(t)
lm = C2

s (ω − 2Ω)
(
−U̇lm + e−2ν ḣ0,lm

)
(Aþ.16)

S
(t)
lm = ($C2

s − Ω)Hlm − ΩC2
s

(
H2,lm

2
+ K −H0,lm

)
(Aþ.17)

P
(r)
lm = −Ṙlm + e−2νḢ1,lm + H ′

lm − H ′
0

2
(Aþ.18)

J
(r)
lm = −

[
ω′ + 2$

(
ν ′ − 1

r

)]
Ulm

+ Ωe−2ν
(
ḣ1,lm − h′0,lm + 2ν ′h0,lm

)
(Aþ.19)

S
(r)
lm = Ω

(−Rlm + e−2νH1,lm

)−
[
ω′ + 2$

(
ν ′ − 1

r

)]
Vlm (Aþ.20)

alm = −V̇lm − imΩVlm + Hlm − 1
2
H0,lm (Aþ.21)

ãlm = 2$Ulm (Aþ.22)
blm = −U̇lm − imΩUlm + e−2ν ḣ0,lm (Aþ.23)
b̃lm = −2$Vlm (Aþ.24)
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Alm = r2$e−2λR′
lm − Λ$Vlm +

(
Ω−$C2

s

)
r2e−2νK̇lm − 1

2
r2e−2ν$Ḣ2,lm

+ e−2λr2

[
ω′ + $

(
ν ′ − 2

r

)]
Rlm

+ e−2λr2$C2
s

(
2ν ′ − λ′ +

2
r

)
Rlm − ωr2e−2ν Ḣ0,lm

2
(Aþ.25)

Blm = ΛΩe−2νh0,lm (Aþ.26)
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Par�rthma Bþ

Sunist¸sec diataragmènwn
exis¸sewn Einstein
sthn nèa bajmÐda

Sto par�rthma autì, dÐnontai oi sunist¸sec tou diataragmènou tanust  e-
nèrgeiac orm c sthn nèa bajmÐda, kaj¸c kai analutikèc ekfr�seic twn sunte-
lest¸n pou emfanÐzontai stic exis¸seic diataraq¸n sthn nèa bajmÐda. Gia
lìgouc aplìthtac èqoume orÐsei tic akìloujec dÔo kainoÔrgiec metablhtèc
pou emfanÐzontai suqn� stic exis¸seic

Zlm = h′0,lm − ḣ1,lm (Bþ.1)

Ze,lm = h′0p,lm − ḣ1e,lm (Bþ.2)

Oi sunist¸sec tou diataragmènou tanust  enèrgeiac orm c eÐnai,

δTtt =
∑

lm

{
(p + ε)e2νC−2

s HlmYlm

+ 2
[
Ω(p + ε)

(
e2νUlm − h0,lm

)
+ ωεh0,lm

]
sin θ

∂Ylm

∂θ

+ 2
[
Ω(p + ε)

(
e2νVlm − h0p,lm

)
+ ωεh0p,lm

] ∂Ylm

∂φ

}
(Bþ.3)

δTtr =
∑

lm

[
pH1,lm − (p + ε)e2νRlm

]
Ylm (Bþ.4)

δTtθ =
∑

lm

{[
ph0p,lm + e2ν(p + ε)Vlm

] ∂Ylm

∂θ

+
[
(p + ε)e2νUlm − ph0,lm

] 1
sin θ

∂Ylm

∂φ

}
(Bþ.5)

δTtφ =
∑

lm

{[
(p + ε)e2νUlm − ph0,lm

]
sin θ

∂Ylm

∂θ
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+
[
(p + ε)e2νVlm − ph0p,lm

] ∂Ylm

∂φ

+
[
(p + ε)

(
$C−2

s + Ω
)]

Hlmr2 sin2 θYlm

}
(Bþ.6)

δTrr = e2λ
∑

lm

[pH2,lm + (p + ε)Hlm] Ylm (Bþ.7)

δTrθ =
∑

lm

[
ph1p,lm

∂Ylm

∂θ
− ph1,lm

1
sin θ

∂Ylm

∂φ

]
(Bþ.8)

δTrφ =
∑

lm

{
ph1p,lm

∂Ylm

∂φ
+ ph1,lm sin θ

∂Ylm

∂θ

+ (p + ε)$r2Rlm sin2 θYlm

}
(Bþ.9)

δTθθ = (p + ε)r2
∑

lm

HlmYlm (Bþ.10)

δTθφ = r2(p + ε)$
∑

lm

[
Ulm

1
sin θ

∂Ylm

∂φ
− Vlm

∂Ylm

∂θ

]
(Bþ.11)

δTφφ = (p + ε)
∑

lm

{
$

(
Vlm

∂Ylm

∂φ
+ Ulm sin θ

∂Ylm

∂θ

)
+

Hlm

2
Ylm

}
(Bþ.12)

Oi suntelestèc pou emfanÐzontai stic exis¸seic Einstein eÐnai,

A
(tt)
lm =

2e2ν

r2

[
rH ′

2,lm − Λh′1p,lm − 8πr2C−2
s e2λ(p + ε)Hlm

+ Λ
(

λ′ − 1
r

)
h1p,lm +

(
1− 2rλ′ +

Λe2λ

2

)
H2,lm

]
(Bþ.13)

Ã
(tt)
lm = 0 (Bþ.14)

B
(tt)
lm = 2ωZ ′ +

[
ω′ − 2ω(λ′ + ν ′ − 2

r
)
]

Z − 4ω

r
h′0,lm

− 32πΩ(p + ε)e2ν+2λUlm

+
2
r

[
−ω′ + ω

(
2ν ′ + 2λ′ − 2

r
− e2λ Λ− 2

r

)]
h0,lm (Bþ.15)

C
(tt)
lm = 2ω

(
Z ′e,lm −H ′

1,lm + e2λḢ2

)
+

[
ω′ − 2ω(λ′ + ν ′)

]
h′0p,lm

+
[
−ω′ + 2ω(ν ′ + λ′ − 2

r
)
]

ḣ1e,lm +
[
ω′ + 2ω(λ′ − ν ′)

]
H1,lm

− 32πΩe2ν+2λ(p + ε)Vlm

+
2
r

[
−ω′ + 2ω

(
ν ′ + λ′ − e2λ − 1

r

)]
h0p,lm (Bþ.16)

A
(tr)
lm =

2
r
Ḣ2,lm +

Λ
r2

(
Ze,lm − 2h′0p,lm + 2ν ′h0p,lm

)

+ 16πe2ν(p + ε)Rlm −
[
4e−2λ

r
(ν ′ + λ′)− Λ

r2

]
H1,lm (Bþ.17)
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Ã(tr) =
2Λω

r2
h1,lm (Bþ.18)

B
(tr)
lm =

[
Λω

r2
− 16πΩ(p + ε)

]
h1,lm (Bþ.19)

C
(tr)
lm =

(
2ω

r
+

ω′

2

)
H2,lm − 16πΩ(p + ε)h1p,lm (Bþ.20)

A
(rr)
lm = Ḣ1,lm − Λe2λ

2r
ḣ0e,lm +

Λe2ν

2r

(
ν ′ +

1
r

)
h1p,lm

− 4πre2ν+2λ(p + ε)Hlm − e2ν

2

(
2ν ′ +

1
r

)
H2,lm (Bþ.21)

Ã
(rr)
lm = 0 (Bþ.22)

B
(rr)
lm = ωh′0,lm +

ω′

2
h0,lm −

(
ω +

rω′

4

)
Zlm (Bþ.23)

C
(rr)
lm = ωh′0p,lm −

(
ω +

rω′

4

)
Ze,lm

+
1
2

(
ω′ − Λωe2λ

r

)
h0p,lm +

(
ω +

rω′

4

)
H1,lm (Bþ.24)

A
(θθ+φφ)
lm = −Ḧ2,lm + 2e−2λḢ ′

1,lm + 2e−2λ

(
1
r
− λ′

)
Ḣ1,lm (Bþ.25)

− e2ν−2λ

(
ν ′ +

1
r

)
H ′

2,lm − Λ
r2

(
ḣ0e,lm − e2ν−2λh′1p,lm

)

− 16πe2ν(p + ε)Hlm − e2ν

(
Λ

2r2
+ 16πp

)
H2,lm

+
Λ
r2

e2ν−2λ
(
ν ′ − λ′

)
h1p,lm (Bþ.26)

Ã
(θθ+φφ)
lm = 0 (Bþ.27)

B
(θθ+φφ)
lm = 2ωe−2λ

(
h′′0,lm − Z ′lm

)− 2ωe−2λ

(
1
r
− λ′

)
Zlm − 4

r
ω′e−2λh0,lm

+ 2e−2λ

(
ω′ + ω(

1
r
− λ′)

)
h′0,lm − 16πe2ν$(p + ε)Ulm (Bþ.28)

C
(θθ+φφ)
lm = −4k$e2ν(p + ε)Vlm

+ 2ωe−2λ
(
h′′0p,lm − Z ′e,lm + H ′

1,lm − e2λḢ2,lm

)

+ 2ωe−2λ

(
1
r
− λ′

)
ḣ1e,lm + e−2λ

(
ω′ + 2ω(

1
r
− λ′)

)
H1,lm

+ 2ω′e−2λh′0p,lm − e−2λ

(
4
r
ω′ + e2λ ωΛ

2r2

)
h0p,lm (Bþ.29)

η
(tθ)
lm = −Λωe−2λ

[
h′1,lm + (ν ′ − λ′)h1,lm

]
(Bþ.30)
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η
(rθ)
lm = Λ

[
ω(h′0,lm − Zlm) + ω′h0,lm

]
(Bþ.31)

a
(tθ)
lm = −Ḣ2,lm + e−2λ(

2
r
− λ′ − ν ′)Ze,lm

+ e−2λ

(
H ′

1,lm − Z ′e,lm +
2
r
h′0p,lm

)

+ e−2λ(ν ′ − λ′)H1,lm + 16πe2ν(p + ε)Vlm

+
2
r2

[
e−2λ

(
1− r(λ′ − ν ′)

)− 1
]
h0p,lm

+ ime−2λ
[
2ωh′1p,lm − ωe2λH2,lm

+
(

ω′ + 2ω

(
1
r
− λ′

))
h1p,lm

]
(Bþ.32)

ã
(tθ)
lm = 2ω′e−2λh1,lm (Bþ.33)

b
(tθ)
lm = −e−2λZ ′lm + e−2λ

(
ν ′ + λ′ − 2

r

)
Zlm

+
2
r
e−2λh′0,lm + 16πe2ν(p + ε)Ulm

−
[
2
r
e−2λ

(
ν ′ + λ′ − 1

r

)
− Λ− 2

r2

]
h0,lm

− ime−2λ

[
2ωh′1,lm +

(
ω′ + 2ω

(
1
r
− λ′

))
h1,lm

]
(Bþ.34)

b̃
(tθ)
lm = −2e−2λω′h1p,lm (Bþ.35)

ζ
(tφ)
lm = −1

2
r2ω′H ′

2,lm + Λ
[
ω′ + 2ω(ν ′ − λ′)

]
h1p,lm

+ 16πr2e2λ$(p + ε)(1 + C−2
s )Hlm

+
[
4$r

(
ν ′ + λ′

)− Λωe2λ
]
H2,lm (Bþ.36)

ζ
(rφ)
lm = −1

2
ω′r2Ḣ2,lm + Λω′h0p,lm − 4kr2e2ν$(p + ε)Rlm

− 4r$e−2λ(ν ′ + λ′)H1,lm (Bþ.37)

a
(rθ)
lm = −Że,lm +

2
r
ḣ0e,lm − Ḣ1,lm − 2e2ν

r2
h1p,lm + e2ν(ν ′ +

1
r
)H2,lm

− ime−2ν

[
ω (Ze,lm + H1,lm) +

(
ω′ − 2ω

r

)
h0p,lm

]
(Bþ.38)

ã
(rθ)
lm = 2ω′e−2νh0,lm (Bþ.39)

b
(rθ)
lm = e−2ν

(
Żlm − 2

r
ḣ0,lm

)
− Λ− 2

r2
h1,lm

+ ime−2ν

[
−ωZlm + (ω′ − 2ω

r
)h0,lm

]
(Bþ.40)

b̃
(rθ)
lm = 2ω′e−2νh0p,lm (Bþ.41)
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flm = ω′r2e−2λ

(
Ze,lm − 2

r
h0p,lm

)
− 4kr2$e2ν(p + ε)Vlm (Bþ.42)

glm = r2ω′e−2λ

(
−Zlm +

2
r
h0,lm

)
+ 4kr2$e2ν(p + ε)Ulm (Bþ.43)

slm = −ḣ0e,lm + e2ν−2λh′1p,lm + e2ν−2λ(ν ′ − λ′)h1p,lm

− e2ν

2
H2,lm − imωh0p,lm (Bþ.44)

tlm = −ḣ0,lm + e2ν−2λh′1,lm + e2ν−2λ(ν ′ − λ′)h1,lm − imωh0,lm(Bþ.45)

P
(t)
lm = −Ḣlm − C2

s e2ν−2λR′
lm + e2ν−2λ

[
C2

s

(
λ′ − 2ν ′ − 2

r

)
+ ν ′

]
Rlm

− C2
s

2
Ḣ2,lm + C2

s e−2λH ′
1,lm + C2

s e2ν Λ
r2

Vlm − C2
s

Λ
r2

h0p,lm

− e−2λ

[
C2

s

(
λ′ − 2

r

)
+ ν ′

]
H1,lm (Bþ.46)

J
(t)
lm = C2

s (ω − 2Ω)U̇lm + ΩC2
s e−2λh′1,lm

− Ωe−2λ

[
C2

s

(
λ′ − 2

r

)
+ ν ′

]
h1,lm (Bþ.47)

S
(t)
lm = ΩC2

s e−2λh′1p,lm − ($C2
s − Ω)Hlm − Ω

C2
s

2
H2,lm

− Ωe−2λ

[
C2

s

(
λ′ − 2

r

)
+ ν ′

]
h1p,lm (Bþ.48)

P
(r)
lm = Ṙlm + H ′

lm (Bþ.49)

J
(r)
lm =

[
ω′ + 2$

(
ν ′ − 1

r

)]
Ulm + e−2ν 2$

r
h0,lm −$e−2νh′0,lm (Bþ.50)

S
(r)
lm =

[
ω′ + 2$

(
ν ′ − 1

r

)]
Vlm

+ e−2ν 2$

r
h0p,lm + ΩRlm −$e−2νh′0p,lm (Bþ.51)

Qlm = Λ$e−2νh0,lm (Bþ.52)

Rlm = $C2
s r2

[
−1

2
e−2νḢ2,lm + e−2ν−2λH ′

1,lm

− e−2λR′
lm +

Λ
r2

Vlm − e−2ν Λ
r2

h0p,lm

]

+ r2e−2ν−2λ

[
$

(
C2

s (
2
r
− λ′) + ν ′ − 2

r

)
+ ω′

]
H1,lm

− r2e−2λ

[
$

(
C2

s (
2
r
− λ′ + 2ν ′) + ν ′ − 2

r

)
+ ω′

]
Rlm (Bþ.53)

Llm = V̇lm + imΩVlm + Hlm − im$e−2νh0p,lm (Bþ.54)
L̃lm = 2$e−2νh0,lm − 2$Ulm (Bþ.55)
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sthn nèa bajmÐda

Mlm = U̇lm + imΩUlm − im$e−2νh0,lm (Bþ.56)
M̃lm = 2$Vlm − 2e−2ν$h0p,lm (Bþ.57)



Par�rthma Gþ

Sunist¸sec exis¸sewn
kÐnhshc t�xhc O (ε2)

Sto par�rthma autì, dÐnoume tic analutikèc ekfr�seic tou diataragmènou ta-
nust  enèrgeiac orm c pou prokÔptoun me b�sh touc orismoÔc tou KefalaÐou
4, kaj¸c epÐshc kai twn suntelest¸n pou perièqontai stic diataragmènec exi-
s¸seic tou reustoÔ sthn deÔterh t�xh prosèggishc wc proc thn peristrof .

'Etsi, oi sunist¸sec tou diataragmènou tanust  enèrgeiac orm c eÐnai oi
akìloujec :

δTtt

p + ε
= −2εΩe2ν (V ∂φ − sin θ∂θ) Ylm

+ C−2
s

[
1 + ε2 (f0 + 2h0 + (f2 + 2h2)P2(cos θ)

+
C2

s
′

C2
s ν ′

(p0 + p2P2(cos θ))

)

+
{
(Ω2 − ω2) + Ω2C2

s

}
e−2νr2 sin2 θ

]
e2νHYlm (Gþ.1)

δTtr

(p + ε)
=

[
e2ν + ε2

(
r2

2
(Ω2 − ω2) sin2 θ + e2ν (f0 + f2P2(cos θ))

) ]
RYlm(Gþ.2)

δTtθ

(p + ε)
=

[
e2ν + ε2

(
f0 + f2P2(cos θ) +

r2

2
(Ω2 − ω2) sin2 θ

)]
V ∂θYlm

−
[
e2ν + ε2

(
f0 + f2P2(cos θ) +

r2

2
(Ω2 − ω2) sin2 θ

)]
U

∂φYlm

sin θ
(Gþ.3)

δTtφ

(p + ε)
= −($C2

s + Ω)εr2 sin2 θYlm

+
[
e2ν

(
1 + ε2(f0 + f2P2(cos θ))

)
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+ ε2r2

(
3
2
Ω2 − 1

2
ω2 − Ωω

)
sin2 θ

]
V ∂φYlm

+
[
e2ν

(
1 + ε2(f0 + f2P2(cos θ))

)

+ ε2r2

(
3
2
Ω2 − 1

2
ω2 − Ωω

)
sin2 θ

]
U sin θ∂θYlm (Gþ.4)

δTrr

(p + ε)
=

[
1 + ε2

(
e2λ

r
[m0 + m2P2(cos θ)] + f0 + f2P2(cos θ)

) ]
e2λHYlm(Gþ.5)

δTrθ = 0 (Gþ.6)
δTrφ = −(p + ε)ε$r2R sin2 θYlm (Gþ.7)

δTθθ = (p + ε)r2

[
1 + ε2 (f0 + f2P2(cos θ))

]
HYlm (Gþ.8)

δTθφ = r2(p + ε)ε$
(

U
1

sin θ
∂φYlm − V ∂θYlm

)
(Gþ.9)

δTφφ

p + ε
= −r2$ε (U sin θ∂θYlm + V ∂φYlm)

+
[
1 + ε2

{
$2(1 + C−2

s )r2e−2ν sin2 θ

+ f0 + (f2 + 2k2)P2(cos θ)}
]
Hr2Ylm (Gþ.10)

ìpou

f0(r) = p0(r) + ε0(r) + h0(r) (Gþ.11)
f2(r) = p2(r) + ε2(r) + h2(r) (Gþ.12)

Oi suntelestèc pou emfanÐzontai stic exis¸seic kÐnhshc sth deÔterh t�xh
O(ε2), wc proc thn peristrof  eÐnai :

A
(t)
lm = −Ḣ + e2ν−2λC2

s

[
1− 2m̂e2λ

r
− C

]
R′

− Λ
r2

e2νC2
s (1− 2k2 − C) V

− e2ν−2λ

{
C2

s (
(

2ν ′ − λ′ +
2
r

)
(1− C) + ĥ′ + 2k′2)

− ν ′ − ĥ′ +
e2λ

r2
(2rν ′m̂− C2

s

(
rm̂′ + (4rν ′ + 3)m̂

)
)
}

R (Gþ.13)

B
(t)
lm = −imC2

s $2U (Gþ.14)

B̄
(t)
lm = −3C2

s

[
$2 +

e2ν

r2

(
e2λm2

r
+ 2h2 + p2 + ε2

)]
V (Gþ.15)

C
(t)
lm = −imC2

s $2V +
(
$C2

s − Ω
)
H (Gþ.16)
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C̄
(t)
lm = 3C2

s

[
$2 +

e2ν

r2

(
e2λm2

r
+ 2h2 + p2 + ε2

)]
U (Gþ.17)

D̄
(t)
lm =

1
2
C2

s e2ν−2λ

[
D +

6m2e
2λ

r

]
R′

+
Λ
2

C2
s

[
−2C2

s $2 +
3e2ν

r2
(ε2 − 2k2)

]
V

+
1
2
e2ν−2λ

{(
λ′ − 2ν ′ − 2

r

)
D

+ $r2e−2ν

(
$

(
ν ′ − 2

r

)
(2C2

s − 1) + 2ω′(C2
s − 1)

)

−3C2
s (h′2 + 2k′2) + 3h′2

+
3e2λ

r2

(
C2

s (rm′
2 + (4rν ′ + 3)m2)− 2rν ′m2

)}
R (Gþ.18)

A
(r)
lm = −u̇1 +

(
1 + 2ĥ

)
H (Gþ.19)

B
(r)
lm = −

[
ω′ + 2$

(
ν ′ − 1

r

)]
U (Gþ.20)

C
(r)
lm = −

[
ω′ + 2$

(
ν ′ − 1

r

)]
V − ΩR (Gþ.21)

D̄
(r)
lm = −3

2
h′2H − 3

2
(p2 − h2) H ′ (Gþ.22)

alm = −u̇2 − imΩV +
(
1 + 2ĥ

)
H (Gþ.23)

ãlm = 2$U (Gþ.24)

ā
(θ)
lm =

3
2

(p2 − h2) H (Gþ.25)

ā
(φ)
lm =

3
2

[
p2 − h2 − 2C2

s (p2 + h2)
]
H (Gþ.26)

bm = −u̇3 − imΩU (Gþ.27)
b̃lm = −2$V (Gþ.28)

b̄
(θ)
lm = −1

2
(
r2e−2ν$2 + 3 (h2 − p2 − ε2)

)
u̇3 = 0 (Gþ.29)

b̄
(φ)
lm =

[
r2e−2ν

(
Ω2(

1
2

+ 2C2
s )− 3ΩωC2

s + ω2(C2
s −

1
2
)
)

+
3
2

(p2 + ε2 − h2)
]

u̇3 = 0 (Gþ.30)

c̄lm = −3h2H (Gþ.31)
dlm = r2$2e−2ν(1 + C2

s )Ḣ + Λ$V

− $r2e−2λR′ + r2e−2λ

[
$C−2

s ν ′ + ω′ + $

(
λ′ − 4

r

)]
R

= $r2C2
s e−2λR′ − ΛC2

s $V
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+ r2e−2λ

[
ω′ + $

(
C2

s

(
2ν ′ − λ′ +

2
r

)
+ ν ′ − 2

r

)]
R (Gþ.32)

ìpou èqoume orÐsei tic aktinikèc sunart seic tou statikoÔ astrikoÔ montèlou,

m̂(r) = m0(r) + m2(r), (Gþ.33)

p̂(r) = p0(r) + p2(r), (Gþ.34)

ε̂(r) = ε0(r) + ε2(r), (Gþ.35)

ĥ(r) = h0(r) + h2(r). (Gþ.36)



Par�rthma Dþ

Sunist¸sec exis¸sewn sth
bajmÐda Regge-Wheeler
t�xhc O(ε)

Stouc parak�tw suntelestèc èqoume qrhsimopoi sei touc akìloujouc ori-
smoÔc,

α ≡ M + kr3p β ≡ − (
M − kr3ρ

)
(Dþ.1)

Suntelestèc gia thn exÐswsh exèlixhc (6.12) thc metablht c F1,

a01 =
eν

r3
[3β + α + 4M − Λr] (Dþ.2)

a02 =
2
r

(
α + β − re−λ

)
(Dþ.3)

a03 =
2
r2

eν(α + β)(C−2
s − 1)) (Dþ.4)

a04 =
eν

r2
(α− β) (Dþ.5)

a10 =
8im
Λ

eν−λr2$ (Dþ.6)

a11 = 4imreνω +
16im

Λ
eν$

(
β − re−λ

)
− 8im

Λ
eν−λr2$′ (Dþ.7)

a12 =
im
r

(α− β)ω (Dþ.8)

a13 = −8im
Λ

eν−λr2$ := −a10 (Dþ.9)

a14 = imrωe−λ (Dþ.10)

a15 =
4im
rΛ

[
(α + β − rΛ− re−λ)ω − r2e−λω′

]
(Dþ.11)

a16 = −imr2e−νω (Dþ.12)

a20 =
4
r2

[αΩ + β$]L±1 +
2

Λr2

(
3r2e−λω′ − 2αω

)
L±3
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O(ε)

+
2

Λr
e−λω′

[
8re−λ + 4(2α + 3β) + r(Λ± − Λ− 1)

]
L±2

+
4

Λr3
(α + β)

[
2αC−2

s − Λr + 2(3α + 2β)
]
$L±2

+
4

Λr2

[
Λ±(re−λ − β)− α

]
ωL±2 (Dþ.13)

a21 =
ωeν−λ

r2
(α− β)

(
2L±1 + 3

Λ±

Λ
L±2

)
(Dþ.14)

a22 = 4reν$L±1 +
4eν

Λ

[
(4β − 4re−λ − rΛ)$ + 4e−λr2ω′

]
L±2 (Dþ.15)

a23 = −e−λ

rΛ

[
2r(1− Λ±)ω − 16$(α + β)− (8re−λ − rΛ + 4β)rω′

]
L±2

− 2e−λ(ω + rω′)L±1 +
2
Λ

e−λωL±3 (Dþ.16)

a24 = ωeν−2λ

(
2L±1 + 3

Λ±

Λ
L±2

)
(Dþ.17)

a25 = −8eν−λr2$
L±2
Λ

(Dþ.18)

a26 = re−λω′L±1 +
2
Λ

e−λωL±3

+
e−λ

rΛ

[
8(α + β)$ + r(8re−λ − rΛ + 4β)ω′ − r(Λ± − 2)ω

]
L±2(Dþ.19)

Suntelestèc gia thn exÐswsh exèlixhc (6.13) gia th metablht  S1,

b01 =
eν

r3
(3α + β − rΛ) (Dþ.20)

b02 =
4e2ν

r6

(
eλα2 − 2Mr + rβ

)
(Dþ.21)

b03 =
eν

r2
(α− β) (Dþ.22)

b10 = −4im
rΛ

e2ν(ω + 2$)(3α− β + 2re−λ)C2
s +

8im
Λ

re2ν−λ$′

+
4im
rΛ

e2ν
[
2$(2α + re−λ − β) + (3α− β + 2re−λ)ω

]
(Dþ.23)

b11 =
8im
r3Λ

e2ν
[(

2α2eλ + 6rα− Λr2
)

$ + r2
(
α + re−λ

)
$′

]

+
4im
r

e2ν
[
(C2

s − 1)ω + 2$C2
s

]
(Dþ.24)

b12 =
4im
r4Λ

eνC2
s (2$ + ω)

[
(α− β − 2M)

(
2re−λ − β

)
− 2α(β + M)

]

+
4im
r4Λ

eνα(α + β)
(
2$ − C−2

s ω
)− 2im

r
eν−λω′

− 4im
r4Λ

eν
[
2(α− β)(r − 3M − 2β)− α2 − 3β2 − 4Mre−λ

]
ω (Dþ.25)
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b13 =
4im
Λ

e2ν−λr(ω + 2$)(1− C2
s ) (Dþ.26)

b14 =
8ime2ν

rΛ
$

(
re−λ + α

)
(Dþ.27)

b15 =
4im
r2Λ

eν−λ(α− 2M − β)
[
2$C2

s + (C2
s − 1)ω

]
(Dþ.28)

b16 =
8im
rΛ

eν−λω′ +
2im
r3Λ

eν(2$ + ω)(4M + β − 3α)

+
2im
r3Λ

eν [2(β + 5α− 4M)$ − (3β − 5α + 8M)ω] (Dþ.29)

b17 =
2im
rΛ

(2$ + ω)(4M + 3β − α)C2
s −

4im
rΛ

(α + β)$

− 2im
rΛ

(rΛ + α + 5β + 8M − 2r) ω (Dþ.30)

b20 =
eν

r5

{
4r(α + β)$ + 2r2(α + 2re−λ)ω′ − 2

[
2α(r + αeλ) + r2Λ

]
ω
}
L±1

+
2eν

r4Λ
ω′

[
4α2 + r(1− Λ)α− 2r2Λe−λ − 3r2e−λ

(
1 + 4e−λ − 2Λ±

)]
L±2

+
2eν

r4Λ

[(
rΛ +

2
r
α2eλ + 2α

)
ω − 12(α + β)$ + r(α− 15re−λ)ω′

]
L±3

+
4eν

r5Λ
(α + β)

[
2α− 6r + 8M + (Λ− 2Λ±)r

]
$L±2

− 2eν

r5Λ

[
(2α2eλ + r2Λ + 2rα)(Λ± − 1) + 2rΛ±(r − 4M + 2α + 2β)

]
ωL±2

− 8
r6Λ

eν+λα(α + β)
[
α + (α + reλ)C−2

S

]
$L±2 (Dþ.31)

b21 =
3e(2ν−λ)

r3

Λ±

Λ
(α− β)ω′L±2 +

3e2ν

r5

Λ±

Λ
α(α + β)C−2

s ωL±2

+
3e2ν

r5

Λ±

Λ

[
r2e−λ(Λ± − Λ)− 4rMe−λ + 2β(r − α− 2M)

]
ωL±2 (Dþ.32)

b22 = −4
r
e2ν

[
($ + 2ω)L±1 −

2
Λ

ωL±3
]

+
4e2ν

Λr3

[
2(1− 2Λ±)r2ω + (4eλα2 + 12rα− r2Λ)$)

]
L±2 (Dþ.33)

b23 =
eν−λ

r3

[
2(r + αeλ)ω − r2ω′

]
L±1 +

8
rΛ

eν−λω′L±3
+

16eν

r4Λ
(α + β)(α + re−λ)$L±2

− 2eν

r3Λ
ω

[
α + re−λ + Λ±(α− 3re−λ)

]
L±2

+
eν−λ

r3Λ

[
r2(Λ + 4− 6Λ± + 12e−λ)− 4α2eλ

]
ω′L±2 (Dþ.34)

b24 =
3
r3

Λ±

Λ
e2ν−λ

[
r2e−λω′ + (3α− 4β − re−λ)ω

]
L±2 (Dþ.35)
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O(ε)

b25 =
8e2ν

rΛ

(
α + re−λ

)
$L±2 (Dþ.36)

b26 =
eν

r3

[
2(α− 3re−λ)ω − r2e−λω′

]
L±1

+
2eν

r3Λ

[
(re−λ − α− 2β)ω − r2e−λω′

]
L±3

+
eν

r3Λ
ω

[
(6α + 3β − 7re−λ)Λ± − 2(α + β − re−λ)

]
L±2

+
eν−λ

r3Λ
ω′

[
4α2eλ + r2(Λ− Λ± − 2− 12e−λ

]
L±2

+
8eν

r4Λ
$(α + β)

[
(α− β)e2ν − 2α + β − re−λ

]
L±2 (Dþ.37)

b27 =
eν−λ

r2Λ
[
8(α + β)(e2ν − 1)$ + (4− 3Λ±)rω

]L±2

+
4eν−λ

rΛ
ωL±3 (Dþ.38)

b28 =
3ω

rΛ
e2(ν−λ)ωΛ±L±2 (Dþ.39)

Suntelestèc gia thn exÐswsh exèlixhc (6.14) gia th metablht  H1,

c00 =
2α

r3
eν+λ (Dþ.40)

c01 = 1 (Dþ.41)
c02 = r (Dþ.42)
c10 = −imω (Dþ.43)

c11 =
8im

Λ
eν+λ(re−λ + α)$ (Dþ.44)

c12 =
4im
Λ

eνr2$ (Dþ.45)

c13 =
im
rΛ

[
(2αeλ + r)ω − r2ω′

]
(Dþ.46)

c14 =
im
Λ

rω (Dþ.47)

c20 =
2

Λr3
eλ

[
4(α + β)(α + re−λ)$ − rαω

]
L±2

+
1

rΛ

(
4re−λ + r(1− Λ±) + 4α

)
ω′L±2

+
1

Λr2

(
3r2ω′ − 2αeλω

)
L±3 (Dþ.48)

c21 =
8$

Λ
eν+λ(re−λ + α)L±2 (Dþ.49)

c22 =
1
Λ

[
(1− 2Λ±)ω − 2(α + re−λ)ω′

]
L±2 +

1
Λ

ωL±3 (Dþ.50)

c23 =
1

2Λ

[
(2− Λ±)ω + 4(α + re−λ)ω′

]
L±2 +

1
Λ

ωL±3 (Dþ.51)
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c24 =
3Λ±

2Λ
eλ−νωL±2 (Dþ.52)

c25 =
3Λ±

2Λr2
eνω(α− β)L±2 (Dþ.53)

Suntelestèc gia thn exÐswsh exèlixhc (6.15) gia th metablht  T1,

d01 =
eν+λ

r4

[
(α− 3β)(a− re−λ) + C−2

s α(α + β)
]

+
eν

r2
(2e−λ − Λ) (Dþ.54)

d02 = −eν

r2

[
2re−λ + 3(β − α)

]
(Dþ.55)

d10 = −2im
rΛ

[
rΛ + 2α + 4β + 6re−λ

]
ω′

− 4im
r3Λ

(α + β)eλ
[
C−2

s α + (α + 2re−λ)
]
$ (Dþ.56)

d11 =
3im
2r2

eνω(β − α) (Dþ.57)

d12 =
8im
Λ

eν
(
αeλ$ − r2ω′

)
(Dþ.58)

d13 =
2im
rΛ

[
4(α + β)$ − r(α− 3re−λ)ω′

]
(Dþ.59)

d14 = −3
2
imeν−λω (Dþ.60)

d15 =
4im
Λ

r2$eν (Dþ.61)

d16 =
2im
rΛ

[
r(α− 3re−λ)ω′ − 2(α + β)$

]
− 1

2
imω (Dþ.62)

d20 = − 1
Λ

ω
(L±2 + L±3

)
(Dþ.63)

d21 = − 4
Λ

eν
(
2eλα$ + r2$′

)
L±2 (Dþ.64)

d22 =
4
Λ

eνr2$L±2 (Dþ.65)

d23 = −d22 (Dþ.66)

d24 = − 2
Λ

rω′L±2 (Dþ.67)

Suntelestèc gia thn exÐswsh exèlixhc (6.16) gia th metablht  h0,

e00 =
eν

r2
(α− β) (Dþ.68)

e01 = eν−λ (Dþ.69)

e10 = −imω +
im
rΛ

[
4(α + β)$ + 2r2e−λω′ − rΛω

]
(Dþ.70)
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e11 =
4im
Λ

eνr2$ (Dþ.71)

e12 = − im
Λ

r2e−λω′ (Dþ.72)

e13 = −e12 (Dþ.73)

e20 = − 4
Λ

eνr2$L±2 (Dþ.74)

e21 = −ωr

Λ
L±2 (Dþ.75)

Suntelestèc gia thn exÐswsh exèlixhc (6.17) gia th metablht  H,

k01 =
rC2

s

α + β
eν

(
β − 3α− 2re−λ

)
(Dþ.76)

k02 =
rC2

s

α + β
Λeν (Dþ.77)

k03 =
C2

s

2r(α + β)
(β − 3α + 4M) (Dþ.78)

k04 =
rC2

s

2(α + β)
e−ν(3β − α + 4M) (Dþ.79)

k05 = − C2
s

α + β
e−λ(β − α + 2M) (Dþ.80)

k06 = − C2
s

α + β
r3eν−λ (Dþ.81)

k07 =
α

r2
+

C2
s

r2(α + β)
[(α− β)(2r − 6M − β)

− 2αβ − 4rMe−λ
]

(Dþ.82)

k10 =
2im
rΛ

(α + β)
[
(C2

s − 1)ω + 2$C2
s

]
+ im

(
C2

s $ − Ω
)

(Dþ.83)

k11 =
2im
Λ

e−νC2
s

[
Λr(β + M)

α + β
+

(
α + β − re−λ

)]
ω

+
im
2Λ

e−νC2
s + [rΛ− 4(α + β)]$ (Dþ.84)

k12 =
im
r2Λ

C2
s

[
rΛ(1− 4e−λ)− 3β − α− 4M

]
ω

− im
r2Λ

C2
s

[
2(4M − 3α + β) +

rΛ(8M + 3β − 5α)
2(α + β)

]
$ (Dþ.85)

k13 =
im
rΛ

C2
s (β − α)ω (Dþ.86)

k14 = − im
Λ

C2
s re−λω (Dþ.87)

k21 =
ω

r2Λ
[
ΛαL±1 − (α− β)Λ±C2

sL±2
]
+

Λ− 2
Λ

e−λC2
s ω′L±2
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+
C2

s

r3Λ

[
r(α−M)e−λ − 4(α + β)2

]
$L±2

+
{

2(α− β)
r2(α + β)

(r − 3M − β) +
β

r2
− 4rMe−λ

}
C2

s ωL±1

+
[

α

r2
− 3β

r2
C2

s −
2(β − 3α + 4M)

r(α + β)
e−λC2

s

]
$L±1 (Dþ.88)

k22 =
[
3L±1 +

4
rΛ

(α + β)L±2
]

C2
s e−λ$

+
[
α + 3β + 2M

α + β
L±1 +

Λ±

Λ
L±2

]
C2

s e−λω (Dþ.89)

Suntelestèc gia thn exÐswsh exèlixhc (6.18) gia th metablht  R,

f00 =
1

2r4
(β − 3α + 4M) (Dþ.90)

f01 = − 3
2r2

e−ν(α + β) (Dþ.91)

f02 = −α + β

r3
(Dþ.92)

f03 = − 1
2r5

(β − 3α + 4M) (Dþ.93)

f04 = − 1
2r4

eν
[
(11α + 3β − 8M)r − 6αeλ(α + β)

]
(Dþ.94)

f10 = −2im
r3

e−ν$(α + β) (Dþ.95)

f11 = − im
rΛ

(16M − 16α− Λr) ω′

− 2im
r2Λ

[
Λ(αe−λ − r) + 8(β − 3M + 4α)

]
$ (Dþ.96)

f12 = − im
rΛ

[rΛΩ + 8$(β + M)] (Dþ.97)

f13 =
2im
r2Λ

e−ν(β − 2α + 3M)ω′

+
2im
r4Λ

e−ν
[
5Mr + 2αeλ(2α− r)− r(β + 4α)

]
ω (Dþ.98)

f14 = −2im
r2Λ

e−ν (β −M + 2α) ω (Dþ.99)

f15 =
16im
rΛ

(M − α)$ (Dþ.100)

f20 =
e−ν

r4Λ
(α + β)

[
32(M − α)L±2 + rΛL±1

]
Ω

+
4

r2Λ
e−ν−λ (β − α + 3M) ω′L±2

− 2
r3Λ

e−ν(M + β)ωL±2
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+
2

r4Λ
e−ν

[
2(α + β)(rΛ± + 8α− 8β)− r(M + β)

]
ωL±2 (Dþ.101)
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+
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]

$′

− 16
r2Λ

(4α + β − 3M) ωL±2 (Dþ.103)

f23 =
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$(M − α)L±2 (Dþ.104)

f24 =
3Λ±

r5Λ
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Suntelestèc gia thn exÐswsh exèlixhc (6.19) gia th metablht  V ,

q00 = −α + β

r3
(Dþ.108)

q01 =
1
r2

(α + β)e−ν (Dþ.109)

q02 =
1
r4

(β − 3α + 4M) (Dþ.110)
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q10 =
im
r3Λ

[
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]
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S
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$ (Dþ.112)

q12 =
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(Dþ.113)

q13 =
im
Λ
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Suntelestèc gia thn exÐswsh exèlixhc (6.20) gia th metablht  U ,
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β(α + β) + 2re−λ(M − α)
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s01 = − 2
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s10 = −imΩ− 2im
rΛ

(4β − r + 4M)$ (Dþ.122)

s11 = −2im
r4Λ

e−ν(α + β)
(
4β + rΛ + r − 2re−λ

)
$

− 4im
r2Λ

e−ν−λr2(β + M)ω′ (Dþ.123)
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s13 = −s12 (Dþ.125)



130
Par�rthma Dþ. Sunist¸sec exis¸sewn sth bajmÐda Regge-Wheeler t�xhc

O(ε)

s20 =
1

rΛ
[
(r + 8M + 8β − rC±

s Λ±)$ + rω
]L±2

+
ω −$

Λ
L±3 (Dþ.126)

s21 =
1
Λ

[
r2e−λ$′ + 2(αe−λ − r)$

+ C2
s

(
3α− β + 2re−λ

)
$

]
L±2 (Dþ.127)

s22 =
$e−ν

r3Λ

[
(3β − 2r + 6M)α− β2 + 2β(r − 3M) + 4rMe−λ

]
C2

sL±2

+
$e−ν

r3Λ

[
(5β − 6r + 14M)α + α2 − 2(r −M)β + 4rMe−λ

]
L±2

− e−ν−λ

rΛ
(α + β)L±2 (Dþ.128)

s23 =
e−ν−λ

rΛ
$

[
(β − α + 2M)C2

s + 2(M − α)
]L±2 (Dþ.129)

s24 =
C2

s

Λ
r2e−λ$L±2 (Dþ.130)

s25 =
e−ν

2r2Λ
(α + β)ΩL±2

− e−ν

2r2Λ
[
(β − 3α + 4M)C2

s + (7β + 3α + 4M)
]
$L±2 (Dþ.131)

s26 =
e−2ν

2Λ
[
(α + β)Ω− (C2

s + 1)(3β − α + 4M)$
]L±2 (Dþ.132)



BibliografÐa

BiblÐa

[1] Gravitation, Charles W. Misner, Kip Thorne, John Wh-
eeler, W.H. Freeman and Company, 1973.

[2] Lectures on General Relativity, A. Papapetrou, Springer-
Verlag, 1971.

[3] Sources of Gravitational Radiation, L. Smarr, Cambrid-
ge University Press, 1979.

[4] General Relativity: An introduction to the theory of th-
e Gravitational Field, H. Stefani, Cambridge University
Press, 1982.

[5] General Relativity and Gravitation, J. Weber, 1961.

[6] A First Course in General Relativity B.F. Schutz, Cam-
bridge University Press, 1985.

[7] Stellar Structure and Evolution, R. Kippenhahn, A. W-
eigert, Springer-Verlag, 1990.

[8] General Relativity, Robert M. Wald, The University of
Chicago Press, 1984.

[9] Nonradial Oscillations of stars, W. Unno, Y. Osaki, H.
Ando, H. Saio, H. Shibahashi, 2nd ed., University of
Tokyo Press, 1989.

[10] Relativistic Astrophysics, M. Demiański, Pergamon
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Summary

This PhD thesis is devoted to the study of the non-radial oscillations of slowly
rotating neutron stars, in the framework of General Relativity. We studied these
oscillations using the linear perturbation theory. At first we constructed the ba-
ckground stellar model. Then we introduced small perturbations, linearized the
Einstein equations and studied the response of the perturbed system by solving the
equations describing it, as an initial value problem or as it is usually said by many
authors, in the time domain. The basic assumptions that we made in this study
are the following,

• The star is a perfect fluid and has zero temperature,

• The star is rotating uniformly with angular velocity Ω and this rotation is a
considered as perturbation of the non-rotating stellar model,

• The magnetic field of the star is negligible.

All the above assumptions follow from observational facts.
Subsequently we introduced small perturbations on this stellar model both on

the fluid of the star and the spacetime around it. The perturbation functions are
assumed to be of small order δ and in general are function of all the variables of the
problem, i.e. t, r, θ, φ. We then splitted the perturbation functions into radial and
angular parts using spherical harmonics. This is allowed because of the spherical
symmetry of the background. We also introduced a dimensionless parameter ε =
Ω/ΩK , that is the ratio of the angular velocity of the star, over the angular velocity
at the mass shedding limit. By assuming that this parameter is small ε << 1,
i.e. the star is rotating slowly, we calculated the Einstein equations (3.33) and
the equations of motion of the fluid (3.38) and linearized them to both parameters
ε and δ. By integrating the above equations over solid angles we eliminated the
angular dependence of the perturbation functions. This way we arrived to a system
of partial differential equations (PDEs) of time t and space r that describes the
small non-radial perturbations of a slowly rotating neutron star.

Having the above system of equations in hand, we tried to solve it numerically
and calculate the eigenfrequencies of the system. In order to understand them
better we have splitted them into two basic parts, as is common in the bibliography.
The part that describes the fluid perturbations and the part that describes the
spacetime perturbations. In the literature is common to use the term “Cowling
Approximation” when the spacetime perturbations are neglected, and the term
“Inverse Cowling Approximation (ICA)” when the perturbations of the stellar fluid
are neglected.

The first step was to study the part that describes the fluid perturbations,
and extract the stellar oscillation modes. By studying this part of the problem we
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have gained useful information about f , p and r modes of slowly rotating neutron
stars. We also studied a interesting phenomenon that appears in this level of
approximation, i.e. existence of a continuous spectrum. The continuous spectrum
has significant influence on the appearance and the life of the normal modes of the
star, for different spherical harmonic indices l.

As a second step we have re-written the equations that describe the pertur-
bations of a slowly rotating neutron star, in a new gauge, that has been used up
to now only for non-rotating stars. The motivation was that the already existing
equations were not very well posed for numerical evolution, due to the existence of
mixed second order spatial and temporal derivatives of the perturbation functions.
Indeed the equations that we produced in the new gauge seemed more appropriate
for numerical evolutions, and they could be rather easily transformed into a first
order system.

Subsequently we have turned to the old system of equations in the widely used
Regge-Wheeler gauge. By redefinition of new variables and lengthy calculations we
have managed to re-write it in first order form of evolution equations. As a test
for the numerical stability of this system we evolved the part that describes the
spacetime perturbations and showed that is numerically stable. For the first time
we also calculated frequencies of w-modes for both polytropic and uniform density
equations of state.

Finally, in order to check the limits of our linear slow rotation approximation
for the fluid modes, we added to the perturbed equations of motion of the fluid
(3.38) the second order terms in rotation O(ε2). We then studied the improvement
of the accuracy in the calculation of the background model i.e. the mass and the
radius. We concluded our study by examining the way the eigenfrequencies of the
various oscillation modes is influenced by the inclusion of the second order terms.
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