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Saturation of the f-mode instability
- Oscillation modes

Fluid equations

Oscillation modes
o Fluid equations (in corotating frame):
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o Linearly perturbed fluid equations:

6p+V-(p§) =0

. . Vép V
Eroaxé=—"21 L5, vse

PP

V26¢ = 4nGép

Ap (81np> Ap (61np) Ap
— = — + |\ ) —
P Olnp/, p Olnp/), p

Eulerian (§) and Langrangian (A) perturbations related via Af =d6f + (€-V)f
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- Oscillation modes
Classes of modes

Oscillation modes
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Pressure gradient
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g-mode Polar Gravity wave (w — 0 as n — 00) yaney
r-mode Axial Inertial wave Coriolis
Hybrid mode | Combination Zero-buoyancy limit or - and g-modes

e Only for non-zero rotation e Only for non-zero buoyancy
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Saturation of the f-mode instability
L The f-mode instability
L The CFS instability

The CFS instability

Are the perturbations stable?

Rapidly rotating stars are prone to secular instabilities, i.e. instabilities related to
dissipation mechanisms (viscosity, gravitational radiation).

a Staonary rference frame

dE > 21+1 m 2 o ym 2
=) = -3 Nww-m) (|5Dl 12+ 6] |)
it ) aw &
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%ﬁ:ﬁ'ﬁfﬁ‘ Polar (axial) modes emit through the mass (current)
el " multipoles

dE
o If w(w — mQ) < 0, then (—) >0
dt /) qw

CF'S instability

For any rotation rate Q2 there is always a mode driven unstable by gravitational
radiation emission [Chandrasekhar, 1970, Friedman and Schutz, 1978].

e f-modes and r-modes are the most susceptible to GW-driven instabilities
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LThe f-mode instability
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The instability window
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Saturation of the f-mode instability
L Mode coupling

Quadratic perturbation equations

Mode coupling

Do the unstable modes grow boundlessly?

Non-linear mode coupling inhibits the instability’s growth

o Quadratically perturbed fluid equations:
3p+ V- (pv) +V - (bpv) =0
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Eulerian () and Langrangian (A) perturbations related via
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o Perturbation decomposition:
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Mode coupling
Do the unstable modes grow boundlessly? J

Non-linear mode coupling inhibits the instability’s growth

o Quadratically perturbed fluid equations:
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Equations of motion

Mode coupling

e Modes couple in triplets

Qa =YaQa + twaH QBQ’Y e—iAwt
Qﬂ == 'yﬂQB + inH Q,‘;Qa ez’Awt
Q'y = 'Y’yQ’y + iw’y% QQQE eiAWt
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Equations of motion

Mode coupling
o Modes couple in triplets
Qa =YaQa + iwaH Q,BQ’Y e_iAWt
Qp =718Qp +iwsH Q5 Qa e >"
Qy = 1 Qy +iwy HQaQfy et

o Detuning Aw = wq —wg —w~ &0 ‘ resonance condition

The system exhibits internal resonances
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la +1g + Iy = even number ‘ coupling selection rules ‘
llg = ly| <la <lp +1y




Saturation of the f-mode instability
L Mode coupling

Equations of motion

Mode coupling

o Modes couple in triplets

Qa =YaQa + twaH QBQW e_iAWt
Qs =15Qp +iwsH QL Qa e >!
Q'y =7y Qy +iwyH QOLQ;—} elhwt

o Detuning Aw = wa —wg —w, &0 ‘ resonance condition

e Coupling coefficient H # 0 if

Ma = Mg + My

la +1g + Iy = even number ‘ coupling selection rules ‘
llg = ly| <la <lp +1y
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Parametric resonance instability

Parametric resonance instability

Qo = 7aQa + iwaH QpQ~ e iAwWE Detuning Aw
Qﬂ =v5Qp + iwgH Q,’;Qa ethwt Coupling coefficient H
Qy = Yy Qny +iwyH QQQE eiAwt Growth/damping rates v;

e Parent mode: unstable f-mode (v > 0)

Daughter modes: other (stable) polar modes (v, < 0)

Parametric resonance instability

Parent feeds daughters and makes them grow

o Parametric instability threshold: daughters grow when
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o Saturation amplitude: parent saturates at
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Parametric resonance instability
I

Parametric resonance instability
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Saturation conditions

Saturation conditions
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Results and remarks
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Figure: Model: M = 1.4 Mg, R =10km, p x p3, 1 =3.1

Neutron star equation of state probing: GW asteroseismology

Post-merger remnants: high angular velocities, large growth rates

Competing mechanisms: r-mode instability, magnetic field
r-mode saturation amplitude ~ 10~% — 105 [Brink et al., 2004]
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