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We study sequences of periodic orbits and the associated phase space dynamics in a 4-D sym-
plectic map of interest to the problem of beam stability in circular particle accelerators. The
increasing period of these orbits is taken from a sequence of rational approximants to an incom-
mensurate pair of irrational rotation numbers of an invariant torus. We find stable (elliptic—
elliptic) periodic orbits of very high period and show that smooth rotational fori exist in their
neighborhood, on which the motion is regular and bounded at large distances away from the
origin. Perturbing these tori in parameter and/or initial condition space, we find either chains
of smaller rotational tori or certain twisted tube-like tori of remarkable morphology. These
tube-tori and tori chains have small scale chaotic motions in their surrounding vicinity and are
formed about invariant curves of the 4-D map, which are either single loops or are composed
of several disconnected loops, respectively. These smaller chaotic regions as well as the non-
smoothness properties of large rotational tori under small perturbations, leading to eventual
escape of orbits to infinity, are studied here by the computation of correlation dimension and
Lyapunov exponents.

1. Introduction to a 2N-dimensional (2N-D) symplectic mapping
[Lichtenberg & Lieberman, 1983].

Another very important application concerns
the stability of particle beams in high energy
hadron colliders, where symplectic mappings nat-
urally arise due to the periodically repeated (and

of very brief duration) effects of beam-beam col-

One of the most challenging problems facing nonlin-
ear science today is the extension of our knowledge
of low-dimensional dynamics to problems which in-
volve several degrees of freedom. This is particu-
larly true in the case of conservative (e.g. Hamilto-

nian) systems, in which new and more complicated
phenomena are expected in higher dimensions.

As is well known, Hamiltonian systems of n > 2
degrees of freedom have been studied extensively
in the context of celestial mechanics, especially with
regard to problems of galactic dynamics [Hénon
& Heiles, 1964; Contopoulos et al., 1982; Con-
topoulos & Magnenat, 1985; MacKay & Meiss,
1986]. In such systems, one of the most fruitful
approaches is to examine the intersections of or-
bits with a 2N(= 2n — 2)-dimensional Poincaré
“surface” of section, on which the flow is reduced

lisions, or beam passage through magnetic focus-
ing elements [Corrigan et al, 1982; Turchetti &
Scandale, 1991; Bountis & Tompaidis, 1991].

The main open problems in such mappings —
particularly in the N(> 2)-dimensional case — con-
cern the long term stability of orbits, which can
slowly diffuse away from the origin through thin
chaotic layers, leading e.g. to stars escaping from
a galaxy or particle loss in the storage rings of an
accelerator.

An important hindrance to this weak insta-
bility phenomenon is provided by the presence of
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tnvariant tord, or smooth N-dimensional surfaces on
which the motion remains bounded for all time. In
between these tori, however, there are small scale
chaotic regions through which orbits can eventually
“leak” to large distances, while the tori furthest
away from the origin lose their smoothness under
small perturbations yielding orbits which rapidly
escape to infinity.

It is the purpose of this paper to study the
structure and breakdown properties of such invari-
ant tori in the case of a symplectic mapping of direct
relevance of the beam stability problem in circular
accelerators like the LHC (Large Hadron Collider)
machine at CERN. As far as the physics of this
application is concerned, our main conclusion — in
agreement with many other studies [Corrigan et al.,
1982; Turchetti & Scandale, 1991] — is that there
are large regions (with respect to the beam’s aper-
ture} around the circular path of the beam, in which
the motion is extremely stable, in the sense that no
significant diffusion of orbits away from this path is
observed.

More generally, in the case of symplectic maps,
many fascinating results have been obtained regard-
ing the bifurcation properties of periodic orbits and
the structure of invariant curves especially in the
case of 2-I) area-preserving maps satisfying the so-
called twist condition [MacKay & Meiss, 1986]. In
view of their many possible applications, it is natu-
ral to ask how these dynamical phenomena are ex-
tended to the 2N (> 4)-D higher-dimensional case
[Turchetti & Scandale, 1991; Bountis & Tompaidis,
1991; Vrahatis et al., 1996].

In this paper, we continue the work started in
a recent publication [Vrahatis et al., 1996] and ad-
dress the question of the structure and breakdown
of invariant tori of 4-D symplectic maps which need
not satisfy globally the twist condition. In particu-
lar, we concentrate on the example

) COS W —sin wy 0 0
T xh sinwy;  cos wy 0 0
REA 0 0 COS wy — sin wo
Ty 0 0 Sin o  COS Wy
T
Za + 23 — 23 W
T3 !
T4 — 2.’51 Is

which describes the (instanté,neous) effect experi-
enced by a hadronic particle as it passes through a

magnetic focusing element of the FODO cell type
[Turchetti & Scandale, 1991; Bountis & Tompaidis,
1991]. zy and x3 are the particle’s deflections from
the ideal (circular) orbit, in the horizontal and ver-
tical directions respectively, and x9, x4 are the asso-
clated “momenta”, while wq, we are related to the
accelerator’s betatron frequencies (or “tunes”) g,
gy by

W1 = 27q,, Wy = 2mgy, (2)

and constitute the main parameters that can be var-
ied by an experimentalist.

As (1) is essentially equivalent to a periodi-
cally driven 2-degree of freedom (or the Poincaré
map of a 3-degree of freedom) Hamiltonian system,
its 4-D phase space motion is expected to occur
typically on 2-D invariant surfaces, characterized
by two incommensurate rotation numbers (o, o),
which approach (g, ¢,} as z; — 0, i =1,..., 4.
If these surfaces surround the origin in the form of
2-D tori, in 3-D projections, we call them rotational
[see Fig. 1(a)] and ask how far from (0, 0, 0, 0) they
can still be found to exist. This question is of great
importance to applications since, even though these
2-D tori do not “foliate” the 4-D phase space, they
“surround” a region of the origin, where the dy-
namics is remarkably stable, in the sense that or-
bits starting within this region are seen to remain
bounded even after 10® iterations of {1)!

As one perturbs such rotational tori, however,
either in parameter or initial condition space, the
following can occur:

(i) Either a “chain” of rotational tori of smaller
size appears, in the form of vertical slices
and of the same shape as the large torus [see
Fig. 1(b)].

(ii} or the orbit forms a twisted, tube-like torus,
wrapped “horizontally” around the large torus
[see Fig. 1{c)],

(ili) or, if the original torus is close to some chaotic
(or escape) region, points begin to drift and
scatter about in an irregular fashion show-
ing visible nonsmoothness properties and torus
breakdown [see Fig. 1(d)].

Cases (i) and (it) above have also been ob-
served by other researchers in 3-degree of free-
dom Hamiltonian systems [Contopoulos et al., 1982;
Contopoulos & Magnenat, 1985].

In Sec. 2, we begin with a brief outline of our
approach to the study of invariant tori via the com-
putation of sequences of periodic orbits as we have
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Fig. 1. Projection of different orbits into 1-z-x3 space, with 50000 points plotted for (b)-(d}): (a) Period 13327 EE orbit;
(b) initial conditions as in {a}, with g, disturbed by —0.001; (¢} initial conditions of the period 16 127a orbit, with x, disturbed
by 0.025; {d) orbit with the initial condition as in (c), but z; disturbed now by 0.005.

done in a recent publication [Vrahatis et al., 1996].
We then describe our interesting observation that
the tori of cases (i) and (ii) above are formed about
invariant curves, which either are a number of dis-
connected loops in a direction “vertical” to the zq,
zo plane [in case {i}|, or are connected in a sin-
gle one-dimensional loop in 4-D space [in case (ii)].
We also discuss in that section the role of rota-
tion numbers and the possible validity of a gener-
alized Greene’s criterion [Greene, 1979; MacKay,
1983} for higher-dimensional symplectic maps
[Tompaidis, 1995].

Then, in Sec. 3, we present our results on the
analysis of torus breakdown by showing how esti-
mates of the correlation dimension, [, can reflect
the chaotic properties of orbits in the vicinity of

large invariant tori, like the one shown in Fig. 1{(d}:
A value of D4 larger than 2, positive Lyapunov ex-
ponents, and non-stationary behavior of orbits are
obtained successively after k x 10*, k = 1,2,...
iterations of the map. These results are warning
signs that one is close to unbounded motion and es-
cape away {rom the torus, as occurs indeed in many
cases, after a sufficiently high number of iterations.

We also present, in Sec. 3, similar evidence
of (small-scale) chaotic behavior in the vicinity of
tube-tori and chains of tori and argue, using cross-
sections of the 4-D space, that these two cases rep-
resent extensions of the island chains found near
higher order resonances of 2-D area preserving
maps. Finally, in Sec. 4, we summarize our find-
ings and offer some concluding remarks.
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2. Approximating Invariant Tori by
Periodic Orbits

Consider an N-dimensional mapping of the form:
X =T(X), X={zx1,,...,2y), (3)

like (1) for N = 4. If N =2k and X, X’ are related
by a generating function

F:F(ﬂfl;m:s;---,mzk—l;53&:3?\{3:---:93{%—1): (4)
according to the expressions [Kook & Meiss, 1989
oF aF
b 2 S i=1,2.... k
TLa; 823’2%-_1 ;o L2 81’2@_1 3 1 v
(5)

then (3) is called symplectic and its dynamics cor-
responds to that of a (k + 1/2)-degree-of-freedom
Hamiltonian system: Its quasiperiodic orbits lie on
k-dimensional tori embedded in a 2k-dimensional
phase space and, for k£ > 1, chaotic orbits can, in
principle, leak through these tori, hence global sta-
bility in their neighborhood cannot be guaranteed.

It is easy to show that our accelerator map (1)
is symplectic with the generating function

CO8 L(.)]_ ,2 2 COS w2 ',2 2
F=——2 - ("7 +27) — .— (75 +73)
sin ey 2 sin we
/ ' 3
1T TrazZ s r 9
. - — — 113, (6)
sin wy S we 3

Our aim here is to understand the structure of the
2-D tori of (1) in the (z1, 29, T3, T4) space and to
study the properties of the motion in the neighbor-
hood of these tori.

To do this, we shall construct sequences of pe-
riodic orbits of (1) whose period r,, is taken from a
sequence of rational rotation numbers

(ggn)’agn)):(& ‘I_n), n=012-..., (7

an Tn

which converge, as n — oo, to a pair of incommen-
surate irrationals. In the problem studied here, we
have chosen the example:

(03, 6§ —— (03, 02)

(52
2
= (0.61803...,0.41421..).  (8)

The choice of o1, o2 in (8) is arbitrary. However, as
it includes the “golden mean” o1, it may be useful

for comparison purposes with the 2-D case [Greene,
1979; MacKay, 1983; MacKay & Meiss, 1986;
Tompaidis, 1995].
Selecting now linear frequencies ¢, g, for our
map, close to the values in {8},
g = 0.61903, g, = 0.4152, (9)
we shall attempt to approximate the {o1, o2)-
invariant torus by periodic orbits characterized by
the rotation numbers of the Jacobi—Perron sequence
[Bernstein, 1971; Schweiger, 1973]: These are recur-
sively obtained from the relation:
Snt1 = knJrlSn + lln+15n—1 +8p_n, n=01,...,
(10)
(Sr. = Pn, 4n, Tn), with the integers kn, I, deter-
mined by the map:

(n)
n T 1 5
({0, o) = ({ﬂ} {7_)}) |

89 53

{n)
1 E

(k’n+1> anrl) = ([W} ’ {%}) ’

Sg 82

where [z] and {z} refer to the integer and fractional
part of x respectively, and

(11

(s1, 83) = (o1, 02),

(o, g0, 7o) = (0, 0, 1),
(p-1, g-1, 7=1) =(1, 0, 0),
(p-2, g-2, 7-2) ={0, 1, 0).

(12)

In Table 1 we exhibit Jacohi—Perron approximants
to the irrationals (8), up to n = 16, cf. (7). Note
that the convergence is rather slow, as one might
expect of quadratic irrationals, like o1, 79.

In order to compute these r,-periodic orbits,
we make use of a recently developed method, which
has already been successfully applied to locate long
periodic orbits of this map [Vrahatis et al., 1996].
This method exploits topological degree theory to
provide a criterion for the existence of a pericdic
orbit of an iterate of the map within a given region
(the CP (characteristic polyhedron)-criterion}. It
is especially useful for the computatsion of high pe-
riod orbits and quite efficient, since the only com-
putable information required is the algebraic sign of
the components of the mapping. Thus, it is not sig-
nificantly affected by the unavoidable inaccuracies
of the calculations in the neighborhood of unstable
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Table 1.

Rational approximants of the Jacobi—-Perron algorithm of the quadratic

irrationals o2 = (52 —1)/2 = 0.61803 ... and o2 = 2"/ —1 = (.41421 ... and the
period © of the corresponding periodic orbit,

n P dn PrfTn — 01 Gn /T — 02 P="7n
4 1 1 —0.11803399 0.85786438 x 107* 2
5 3 2 0.13196601 0.85786438 x 107! 4
6 3 2 —0.18033980 x 107" —0.14213562 x 107"

7 o1 61  —0.31691230 x 1072 —0,20514002 x 1072 148
8 94 63 0.38706388 x 1073 0.26012184 x 1072 152
9 755 506 0.31162960 x 10~% 0.20085204 » 107% 1221
10 846 567  —0.64668078 x 107*  —0.42634680 x 10™* 1369
11 940 630  -0.19524582 x 107%  —0.1237894] x 10~* 1521
12 8181 5483 0.63527172 % 107% 0.41606759 x 1073 13237
13 9027 6050  —0.30396282 x 10~%  —0.22538829 x 107° 14606
14 9967 6680  —0.21167340 x 107%  —0.18716371 x 107° 16127
15 37142 24803 018932888 x 107 0.12549818 % 10™° 60097
16 83311 35836 0.13587919 x 107° 0.87478537 x 1077 134800

periodic orbits and can be briefly described as fol-
lows: Suppose we want to find periodic orbits of a
nonlinear mapping T : D RY 5 RY of period p,
i.e. fixed points X* = (zf, «5,..., ;) € D of T?,
satisfying the following system of equations:

By(X*) = On = (0,0,...,0),

with & = (f1, fo,.-., fv) = TP — Iy, where Iy is
the N-D identity mapping. An N-complete matrix
My is defined as a 2¥ x N matrix whose rows are
formed by all possible combinations of —1, 1. The
N-polyhedron TIV = (Y, Ts,..., Ton) with ver-
tices T, in RY is called a characteristic polyhedron
(CP) relative to & if the matrix of signs associated
with ®y and IIY, §(®x; IIV), is identical with the
N-complete matrix My [Vrahatis, 1988]. In other
words, at the 2% vertices of ITV the signs of & 5 (Y,),
i=1,2,..., 2" yield every combination of +1.

If IV is a CP then, under suitable assumptions
on the boundary of TI"V, the value of the topologi-
cal degree of @ at Op relative to IIY is nonzero,
which implies the existence of a periodic orbit in-
side II?. For a detailed description of how to con-
struct a CP and locate a desired periodic orbit see
[Vrahatis, 1988; Vrahatis ef al, 1993; Vrahatis &
Bountis, 1994; Vrahatis, 1995; Drossos et al., 1996).

A generalized bisection method can then be em-
ployed in combination with the CP-criterion, to bi-
sect a CP, in such a way that the new refined N-
polyhedron is alsoc a CP. To do this, one computes

(13)

the midpoint of an edge of TT" and uses it to replace
that vertex of IV, for which the signs with respect
to &5 are identical with the ones of the midpoint.
Finally, the number v of bisections of the edges of a
IV required to obtain a new refined CP, IIY, whose
longest edge length, A(ILY), satisfies A(IIY) < &,
for some £ € (0, 1), can be shown to be given by
v = {logy (A(V)e™1)] + 1 (see [Vrahatis, 1988]).

Applying the CP-criterion to our map (1), we
construct a sequence of periodic orbits of period
P = ry, taken from the last column of Table 1, and
determine their stability by computing the eigen-
values A; of the determinant of the refurn Jacobian
matrix from the equation

det(DI*? — AE4) =0, (14)

where Fj is the 4 x 4 identity matrix. We distin-
guish five cases depending on the values of the A;’s
(Todesco, 1994; Vrahatis et al., 1996]:

(i) All \; € C, |A;] = 1: Elliptic-Elliptic (EE);
(ii) two MN's € C with |A] = 1, and two
A's e R

{(a) Elliptic-Hyperbolic (EH) if the magnitude
of the projection of the real eigenvectors is
largest in the x3, x4 plane;

(b) Hyperbolic-Elliptic (HE} if the magnitude
of the projection of the real eigenvectors is
largest in the x1, 2 plane;
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(iif) all \; € R, |Ar3] < 1, |Ag4| > 1: Hyperbolic—
Hyperbolic (HH);

(iv) all A; € C, |A12] < 1, |Az4] > 1. Complex
Unstable (CU).

Since we are interested in approximating a
smooth torus, according to Greene’s criterion for
2-D maps [Greene, 1979; MacKay & Meiss, 1986,
we need to be concerned only with EE orbits, cat-
egory (i). Indeed, using our methods, we were able
to complte a sequence of r,-periodic EE orbits,
(with periods as in Table 1), whose eigenvalues, for
n > 11, were found to be very close to Re()\;) = 1.

First of all, let us start by clarifying that al-
though the period 7, of our orbits is taken from the
Jacobi-Perron sequence, {10)—(12), there is no rea-
son why the rotation numbers of our orbits should
have the same p,, g, as dictated by this sequence.
Indeed, by independent calculations, using Laskar’s
method of frequency analysis [Laskar et al., 1992;
Laskar, 1993; Papaphilippou, 1996] it can be ver-
ified that the actual rotation numbers of our or-
bits are not the corresponding ones of Table 1 (see
Table 2}. Furthermore, it does not appear easy to
compute periodic orbits of our 4-D map for any
given rotation number pair, by the CP, or any other
method.

Thus, it is not possible to follow a specific
sequence of converging periodic orbits (like the
Jacobi-Perron of Table 1) and locate the (o1, o2)
torus we originally set out to find. Still, the high pe-
riod orbits we do find have rotation numbers close to
(o1, o2) and eigenvalues whose real part approaches
1, as the period increases. This suggests that there
are invariant tori in their neighborhood, which are
smooth and can guarantee the stability of orbits ly-
ing on them, for all time. The initial conditions and

Table 2.

eigenvalues of the return Jacobian for a number of
EE periodic orbits of increasing period are listed
here in Table 3.

Let us now examine more closely some of these
EE orbits: As we see in Fig. 2, there are examples
of rotational type [periods 1521, 13237, 16 127a,b
in Fig. 2(a)] and of the tube and invariant curve
type [periods 14606 and 1221 in Figs. 2(a) and
2(b) respectively]. In Figs. 3(a) and 3(b) we plot
their points (and the points of some more orbits)
lying in a “cross-section” about the x;, z9 plane,
for |zs| < 0.04 and z4 arbitrary.

Observe, in Fig. 3, that there are some evident
similarities with the case of 2-D maps: Rotational
tori play a role similar to that of invariant curves
surrounding the origin in the 2-D case, while tube-
tori, like those of Fig. 1(c} and Fig. 2(a), correspond
to island chains [see Fig. 3(a)]. In 4-D, however, one
also finds (upon perturbation of large tori) chains of
smaller rotational tori, as shown e.g. in Fig. 1(b).
Such chains of torl are commonly observed upon
perturbation of a large rotational torus. Moreover,
as we describe in the next section, it is possible to
observe small scale chaotic behavior in the vicin-
ity of these tube-tori and tori chains, similar to the
thin chaotic regions surrounding the island chains
of area-preserving maps [see Fig. 3(b)].

Finally, what about these periodic orbits like
the one of period 1221, whose points lie on a curve
in 4D space? What is the dynamics in the neigh-
borhood of that curve? To answer this question we
perturb slightly the initial conditions of the 1221
orbit of Fig. 2(b) and obtain a tube-torus about it,
stmilar to the one shown in Fig. 4(a).

Conversely, we can start with a tube-orbit like
the one shown in Fig. 2(a) and ask what is the

Rotation numbers of the considered pericdic orbits.

From Table 1

From Frequency Analysis

Period DPr/Tn GnfTn Rot. Num. 1  Rot. Num. 2
148 0.6148648 0.4121621 0.6081081 0.4121621
1562 0.6184210 0.4144736 0.5986842 0.4210526

1221 0.6183456 0.4144144 0.8615888 0.4307944
1369 0.6179693 0.4141709 0.5902118 0.4243973
1521 0.6180144 0.4142011 0.6002629 0.4247205

13237 0.6180403 0.4142177 0.6262748 0.4031880

14 606 0.6180336 0.4142133 0.6107763 0.4160618

16127a 0.6180318 0.43142121 0.6228064 0.4065852

16127b 0.6180318 0.4142121 0.6078625 0.4215291
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Table 3. Initial conditions X of EE periodic orbits and their corresponding eigen-
values As, 2 =1, ..., 4 of the return Jacobian.

r Xo Re()\i) IIH{A{,)

148 —0.350618075038668 (.747592162322379 —0.664158082713847
—0.044755653513320 0.747502162322379 0.664158082713847
—0.293566067531218 0.946563288783641 —{0.322518124028874

0.630466527671912 0.046563288783641 0.322518124028874

152 —{0.130463565655997 0.336026480609178 —0.941852538526940

(.299819322230460 0.336026480609178 0.641852538526940

0.349001 756567030 0.993961422946604 —0.109730076524334
0.581486596549853 0.993961422946604 0.109730076524334

1221 —0.205038258262312 0.999990009998525 —0.0000018091 33065
0.255949570906002 0.999999999998525 0.000001809133065
—0.653912472912163 —0.891356833634381 —0.453302204021261
0.436600752242947 —0.891356833634381 0.453302204021261

1369 —0.332673393161558 —01.465407497378064 —0.8850065265858194
0.102350030928628 —0.465407497378064 0.8850096526588194
—0.500863713749919 —0.600414236221095 —0.799689155213452
0.650306028375437 —0.600414236221095 0.799689155213452

1521 —0.182766867426596 0.990541256588061 —0.137215229757129
0.066896173589127 0.990541 256588061 0.137215229757129
—0.590556627456845 0.999999987202442 —0.000159108927349
0.032513902428680 0.999999987202442 0.000159168927349

13237 0.613394867338782 0.999999997219058 —0.000073999461113
—0.144995505996665 0.999999997219058 0.000073999461113
—0.260453091758909 0.999999999871764 —0.000016001571496
—0.162371436378303 0.999990999871764 0.000016001571496

14 606 0.281764312323398 0.9999099999795389 —0.000020477598185
0.092251013539143 0.999999999795389 0.000020477598185

0.526461 773405660 0.99990999997451 7 —0.000007145840906
0.152466695071175 0.999999999974517 0.000007145840906

16 127a 0.180461376558454 0.999999459760476 —0.000941177914352
0.354314078603677 0.999999459769476 0.000941177914352
—0.154528284709671 0.099990882925977 —0.000528227739496
—0.282077719425159 0.999999882925077 0.000528227739496

16 127b 0.046541 280000730 (.096990999898236 —0.000012481547203
(.041535332083140 (0.999990999898236 0.000012481547203
—(.028757985532270 0.999990999784125 —0.000023365312399

—0.46644 2803661036 0.999990999784125 0.000023265312399
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(a)

T~ 1521 EE

0.5 r 14606 EE
161272 EE
T3 o -
;- 16127b EE
-0.5 L P 13327 EE
—
7 0.5
S
0
~ -
o“‘“\\/ 2
o - -0.5

—
Ty 0.05 =~ -0.05

Fig. 2. Projection of different pertodic EE orbits into z1—x3—x2 space: (a) Period 1521, period 13 327, period 14 606, period
16 127a, and the period 16 127b orbit; and (b) the period 1221 orbit, whose points are lying on a curve.

()

148 EE

T3

16127h EE

Hod oy WK

L ™ 14606 BE

- 1369 EE

1521 EE

~ 16127a EE

Fig. 3.

.2 0.4 0.6

A

{(a) Different periodic EE orbits whose “cross-section” is plotted in the z1-r2 plane, with |z3| < 0.04 (x4 arbitrary);

(b) same “cross-section” as in (a) for the two perturbations of the period 13237 orbit shown in Fig. 1(b) and described in

Fig. 8.
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(b)

T2

-0.6
-0.6

oL

G.2 0.4 0.6

Tig. 3. (Continued)

8
[£%]
R I

-0.3 z 0.5 ~06.5

Fig. 4. Projection inte z;—zz—wxa space: (a) The period 14606 EE orbit, together with three orbits starting near the center
of the tube. Two of these orbits form a single-Joop invariant curve, each, while the third ene (marked with ¢} is periedic with
period 113; (b) a perturbation [Ag. = —0.001; see Fig. 1(b)] of the period 13237 orbit yielding a chain of eight small tori, in
the “interior” of which one finds a set of disconnected multi-loop curves.






