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iv PERIEQ�OMENA



0.1. DIAFORIKES EXISWSEIS & MATHEMATICA 10.1 DIAFORIKES EXISWSEIS & MathematicaH Mathematica èqei th dunatìthta arijmhtik  all� kai analutik  ep�lush diaforik¸n exis¸sewn. Arqik�ja melet soume thn analutik  ep�lush DE all� sth sunèqeia ja epikentr¸soume thn prosoq  ma sthnarijmhtik  ep�lush DE.0.1.1 Analutik  Ep�lush DEA jewr soume th diafork  ex�swsh tou armonikoÔ talantwt 
In[1]:= eq1 = y ′′ [t] + w0ˆ2 y[t] == 0me arqikè sunj ke
In[2]:= initial = {y[0] == A, y ′ [0] == B}prosjètonta ti arqikè sunj ke sthn arqik  DE dhmiourgoÔme th l�sta:
In[3]:= eq2 = Append[initial, eq1]h analutik  lÔsh d�netai me efarmog  th entol  DSolve

In[4]:= eq3 = DSolve[eq2, y[t], t]// Flatten // ExpandAll

Out[4]=
{

y[t] → A cos[t w0] +
B sin[t w0]

w0

}h entol  Flatten exale�fei èna zeÔgo agk�strwn ({}).
In[5]:= eq3 /. {Rule → Equal }

Out[5]=
{

y[t] == A cos[t w0] +
B sin[t w0]

w0

}Sthn teleuta�a entol  metatrèyame ton "kanìna� se mia ex�swsh me thn antikat�stash Rule → Equal.EFARMOGH 3 : Bol  se Stajerì Barutikì Ped�oEstw èna s¸ma m�za m se èna barutikì ped�o1. Na lujoÔn oi exis¸sei k�nhsh gia troqiè pou èqoun thn �dia arqik  kai telik  jèsh all� diaforetikoÔolikoÔ qrìnou2. Dhmiourg ste graf mata twn diaforetik¸n troqi¸n3. LÔste ti exi¸sei k�nhsh gia troqiè me sugkekrimènh arqik  taqÔthta kai gwn�a bol . Na breje� h jèshtou mègistou Ôyou.4. DhmioÔrghste ta graf mata gia to prohgoÔmeno er¸thma all� gia diaforetikè gwn�e.LUSH1o er¸thma
In[6]:= Clear[”Global‘ * ”]Oi exis¸sei k�nhsh gia èna swmat�dio me m�za m e�nai:



2 PERIEQ�OMENA
In[7]:= eq1 = {m x′′ [t] == 0, m z ′′ [t] == − m g}ìpou z e�nai h k�jeth apìstash (Ôyo) kai x e�nai h orizìntia apìstash. An h jèsh th qronik  stigm  t = 0e�nai {x, y} = {0, 0} kai h telik  jèsh met� apo qrìno t = tf e�nai {xf, zf}, oi oriakè sunj ke e�nai:
In[8]:= initial1 = {x[0] == 0, x[tf] == xf, z[0] == 0,

z[tf] == zf }en¸nonta thn eq1 me thn initial1 kai qrhsimopoi¸nta thn entol  DSolve lamb�noume:
In[9]:= dsol1 =

(DSolve[Join[eq1, initial1], {x[t], z[t] },

t][[1]]// Simplify)

Out[9]=
{

x[t] →
t xf

tf
, z[t] →

t (g tf ( −t + tf) + 2 zf)

2 tf

}2o er¸thmaJa ektup¸soume ti troqiè gia tre� diaforetikoÔ telikoÔ qrìnou tf={5,10,15} gia ti parak�tw timètwn paramètrwn:
In[10]:= values1 = {xf → 300, zf → 0, g → 9.8 }Oi suntetagmène san sunart sei tou qrìnou e�nai
In[11]:= coord1[tf ] = {x[t], z[t] }/. dsol1 /. values1

Out[11]=
{300 t

tf
, 4.9 t ( −t + tf)

}H grafik  par�stash twn troqi¸n ja dhmiourghje� me th qr sh th entol  ListPlot. Ja epilèxoume qronikèupodiairèsei 0.5 sec.
In[12]:= Clear[plot1];

plot1[tf ] :=

ListPlot[

Evaluate[Table[coord1[tf],

{t, 0, tf, 0.5 }]],

PlotStyle → PointSize[0.02],

PlotLabel → (" Same Initial and Final Positions "),

GridLines → Automatic]

In[13]:= plotarray2 = Table[plot1[tf], {tf, 5, 15, 5 }];

In[14]:= Show[plotarray2]
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Out[14]= - Graphics -3o er¸thmaJa lÔsoume ti exis¸sei k�nhsh me arqik  taqÔthta v0 kai arqik  gwn�a alpha

In[15]:= initial2 = {x[0] == 0, x ′ [0] == v0 Cos[alpha],

z[0] == 0, z ′ [0] == v0 Sin[alpha] };H lÔsh th eq1 me ti parap�nw arqikè sunj ke e�nai:
In[16]:= dsol2 =

DSolve[Join[eq1, initial2], {x[t], z[t] },

t][[1]]

Out[16]=
{

x[t] → t v0 cos[alpha],

z[t] →
1

2
( −g t 2 + 2 t v0 sin[alpha])

}O qrìno pou apaite�tai gia na fj�sei sto mègisto Ôyo upolog�zetai an p�roume th qronik  par�gwgo th
z(t), mhden�soume to apotèlesma kai lÔsoume thn ex�swsh w pro to qrìno t:
In[17]:= eq2 = D[z[t]/. dsol2, t] == 0;

tsol = Solve[eq2, t][[1]]

Out[17]=
{

t →
v0 sin[alpha]

g

}H jèsh tou mègistou Ôyou lamb�netai upolog�zonta ta x[tmax] y[tmax]

In[18]:= {x[t], z[t] }/. dsol2 /. tsol // Simplify

Out[18]=
{ v0 2 cos[alpha] sin[alpha]

g
,

v0 2 sin[alpha] 2

2 g

}4o er¸thmaJa dhmiourg soume ti grafikè parast�sei gia alpha = {π/8, 2π/8, 3π/8, qrhsimopoi¸nta ti parak�twtimè
In[19]:= values2 = {g → 9.8, v0 → 100};gia ti parak�tw suntetagmène th troqi�:
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In[20]:= coord2[alpha ] =

{x[t], z[t] }/. dsol2 /. values2

Out[20]=
{

100 t cos[alpha],

1

2
( −9.8 t 2 + 200 t sin[alpha])

}H grafik  par�stash ja dhmiourghje� me th qr sh th entol  ListPlot. Ja epilèxoume qrìnou apo 0w 20 seconds me b mata 1 sec. Ja prosjèsoume merikè epi pleìn epilogè sth dhmiourg�a th grafik par�stash pou den e�nai anagka�e all� belti¸noun th morf  tou graf mato.
In[21]:= Clear[plot2];

plot2[alpha ] :=

ListPlot[

Evaluate[Table[coord2[alpha],

{t, 0, 20, 0.5 }]],

PlotStyle → PointSize[0.02], Frame → True,

PlotLabel →

(" Different Initial Angle "),

GridLines → Automatic,

FrameLabel → {"x[t]", "z[t]", "Distance",

"Height" }]h entol  plot2[alpha] ja dhmiourg sei mia troqi�. Sth sunèqeia mporoÔme na dhmiourghsoume èna p�naka megrafhmata gia doje�se timè tou alpha.
In[22]:= plotarray2 = Table[plot2[alpha], {alpha, π/8, 3 π/8, π/8 }];

In[23]:= Show[plotarray2,

PlotRange → {{0, 1000 }, {0, 500 }},

RotateLabel → False];
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Den apotele� èkplhxh ìti h troq�a gia alpha = π/4 ja d¸sei to megalÔtero belhnekè.0.1.2 Arijmhtik  Ep�lush DEAn den e�nai dunat  h analutik  ep�lush th DE tìte mpore� na qrhsimopoihje� h entol  NDsolve[eqns, y,
x, xmin, xmax] gia ton arijmhtikì upologismì twn lÔsewn. Opou eqn e�nai to sÔsthma twn DE gia thsun�rthsh y me anex�rthth metablht  x sto di�sthma [xmin, xmax].
In[24]:= eq1 = {x ′′ [t] == −x[t] − x[t]y[t]ˆ2,

y ′′ [t] == −y[t] − x[t]y[t]ˆ2 };me arqikè sunj ke
In[25]:= initial = {x[0] == 2, x ′ [0] == 0, y[0] == 1, y ′ [0] == 0 };h arijmhtik  lÔsh tou sust mato twn DE gia t = 1 w t = 20 d�netai apo thn entol :
In[26]:= ndsol = NDsolve[Join[eq1, initial], {x, y },

{t, 0, 20 }][[1]]

Out[26]= {x → InterpolatingFunction[ {{0., 20. }}, <>],

y → InterpolatingFunction[ {{0., 20. }}, <>] }Ta arijmhtik� dedomèna d�nontai me th qr sh th InterpolatingFunction th opo�a oi timè ja brejoÔnme interpolation (parembol ). Oi grafikè parast�sei e�nai:
In[27]:= Plot[Evaluate[ {x[t], y[t] }/. ndsol],

{t, 0, 20 },

PlotStyle → {{Dashing[ { }] },

{Dashing[ {0.05 }] }}]
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Out[27]= - Graphics -H suneq  gramm  e�nai h lÔsh x[t] kai h diakekomènh e�nai h y[t]. Sto ep�pedo x, y h lÔsh d�netai apì thnentol :
In[28]:= ParametricPlot[

Evaluate[ {x[t], y[t] }/. ndsol], {t, 0, 20 }]
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Out[28]= - Graphics -PARATHRHSEIS1. H NDsolve lÔnei èna eurÔ f�sma DE all� kai orismène DEMP2. h NDsolve d�nei apotelèsmata mèsw th InterpolatingFunction.3. Oi par�gwgoi sti DE prèpei na or�zontai w y′[x]



0.1. DIAFORIKES EXISWSEIS & MATHEMATICA 74. Sti kanonikè DE h sun�rthsh y[x] prèpei na exart�tai mìno apo m�a metablht . Sti DEMP mporoÔnna e�nai sunart sei perissotèrwn metablht¸n.5. Oi DE prèpei na perièqoun ikanè arqikè kai oriakè sunj ke wste na mpore� na epiluje� to prìblhma.6. Oi arqikè kai oi oriakè sunj ke d�nontai sun jw sth morf  y[x0] == c0, y′[x0] == dc0, ktlp. E�naidunat  kai h qr sh pio sÔnjetwn oriak¸n sunjhk¸n.7. Periodikè orikè sunj ke mporoÔn na orisjoÔn mèsw th ex�swsh y[x0] == y[x1].8. Oi DE sthn NDsolve mporoÔn na èqoun kai migadikè metablhtè.9. Oi parak�tw epilogè mporoun na dojoÔn:
• AccuracyGoal

• InterpolatingPrecision

• MaxSteps (qrhsimopoie� autìmata 1000)
• MaxStepSize

• Method (gia sun jh DE qrhsimopoie� th mèjodo Adams. Up�rqoun kai oi epilogè Gear, Runge-
Kutta (4-5h t�xh Runge-Kutta-Fehlberg }

• PrecisionGoal

• StartingStepSize

• WorkingPrecisionEFARMOGH 4: Suzeugmènoi Armoniko� TalantwtèOi exis¸sei k�nhsie dÔo suzeugmènwn armonik¸n talantwt¸n (dÔo ekkrem  pou sundèontai me èna elat rio)d�nontai apo ti sqèsei
M
d2x

dt2
= −c1x+ c(y − x)

M
d2y

dt2
= −c2y − c(y − x)oi stajerè c1, c2 upolog�zontai apo ta m kh twn ekkrem¸n kai th barutik  èlxh Mg en¸ c e�nai h stajer�tou elathr�ou.ja upojèsoume c1 = c2 kai ja exet�soume dÔo peript¸sei m�a gia asjen  sÔzeuxh (c = c1/10) kai m�a giaisqur  sÔzeuxh (c = 10c1).LUSH

In[29]:= eq = {M x′′ [t] == −C1 x[t] + C(y[t] − x[t]),

M y′′ [t] == −C2 y[t] − C(y[t] − x[t]) };



8 PERIEQ�OMENAd�noume ti parak�tw arqikè timè (se m)
In[30]:= initial = {x[0] == 5, x ′ [0] == 0, y[0] == 8,

y ′ [0] == 0 };kai dÔo zeÔgh paramètrwn c1, c2, c gia asjen  kai isqur  sÔzeuxh (se mon�de Nm−1)
In[31]:= values1 = {C1 → 39.5, C2 → 39.5, C → 3.95,

M→ 1};

values2 = {C1 → 39.5, C2 → 39.5, C → 395,

M→ 1};

In[32]:= eq1 = eq /. values1; eq2 = eq /. values2;

In[33]:= ndsol1 =

NDsolve[Join[eq1, initial], {x, y },

{t, 0, 5 }, MaxSteps → 1000][[1]];

ndsol2 =

NDsolve[Join[eq2, initial], {x, y },

{t, 0, 5 }, MaxSteps → 4000][[1]];

In[34]:= Plot[Evaluate[ {x[t], y[t] }/. ndsol1],

{t, 0, 5 },

PlotStyle → {{Dashing[ { }] },

{Dashing[ {0.01 }] }},

PlotLabel − > "Weak Coupling"]

Plot[Evaluate[ {x[t], y[t] }/. ndsol2],

{t, 0, 5 },

PlotStyle → {{Dashing[ { }] },

{Dashing[ {0.01 }] }},

PlotLabel − > "Strong Coupling"]
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Out[34]= (- Graphics -) (- Graphics -)

In[35]:= ParametricPlot[

Evaluate[ {x[t], y[t] }/. ndsol1],

{t, 0, 5 }, PlotLabel − > "Weak Coupling"]

ParametricPlot[

Evaluate[ {x[t], y[t] }/. ndsol2],

{t, 0, 5 }, PlotLabel − > "Strong Coupling"]
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Out[35]= (- Graphics -) (- Graphics -)Axizei na dokim�soume di�fore om�de arqik¸n tim¸n kai paramètrwn.



0.1. DIAFORIKES EXISWSEIS & MATHEMATICA 11EFARMOGH 5: Armoniko Talantwt  me ApìsbeshA jewr soume èna armonikì talantwt  me apìsbesh. H ex�swsh k�nhsh ja e�nai:
x′′(t) + γx′(t) + ω2

0x(t) = 0H apìsbesh e�nai an�logh th taqÔthta kai qarakthr�zetai apo thn par�metro γ.1. Na luje� h ex�swsh me arqikè sunj ke x(0) = x0 kai x′(0) = u0. Sth sunèqeia na g�nei to gr�fhma thlÔsh san sun�rthsh tou t kai tou 2ω =
p

γ2
− 4ω2

0
.2. Na g�nei to gr�fhma gia thn fj�nousa per�ptwsh, ( pragmatikì ω   γ2 > 4ω2

0).3. Na g�nei to gr�fhma gia thn oriak� fj�nousa per�ptwsh, (ω = 0   γ2 = 4ω2

0).4. Na g�nei to gr�fhma gia thn per�ptwsh th fj�nousa tal�ntwsh, ( fantastikì ω   γ2 < 4ω2

0). DhmioÔrghsediagr�mmata f�sh all� kai qrìnou-f�sh.5. Sqed�ase ìle ti parap�nw lÔsei se èna gr�fhma.LUSH1o er¸thma
In[36]:= Clear[”Global‘ * ”];Ja jèsoume ω = w kai γ = gam opìte h DE or�zetai w:
In[37]:= eq1 = x ′′ [t] + gam x ′ [t] + w0 ˆ2 x[t] == 0;ja th lÔsoume me th bo jeia th NDsolve:
In[38]:= dsol =

DSolve[ {eq1, x[0] == x0, x ′ [0] == v0 },

x[t], t][[1]];Prin parousi�soume th lÔsh e�nai qr simo na k�noume thn antikat�stash 2ω =
√

γ2/4 − ω2
0

In[39]:= wsub = {(gam ˆ2 − 4 * w0 ˆ2)ˆ(1/2) → (2 w),

1/(gam ˆ2 − 4 * w0 ˆ2)ˆ(1/2) → 1/(2 w) };opìte oi lÔsh e�nai:
In[40]:= dsol = (dsol // Simplify)//. wsub;

x[t ] = x[t]/. dsol

Out[40]=
1

4 w

(

e−
1
2

t (gam +2 w) (2 ( −1 + e2 t w ) v0 +

(( −1 + e2 t w ) gam +2 (1 + e 2 t w ) w) x0)
)e�nai profanè apo thn parap�nw lÔsh ìti èqoume tre� diaforetikè lÔsei an�loga me ti timè tou 2ω =

√

γ2 − 4ω2
0, dhlad  an e�nai pragmatik , mhdèn   fantastik . Kai oi tre� peript¸sei ja melethjoÔn sthsunèqeia.



12 PERIEQ�OMENA
In[41]:= values = {x0 → 1, v0 → 0, gam → 1};Parat rhsh: H antikat�stash ω →

√
ω2 g�netai wste to w na g�netai migadikì otan jètoume arnhti-kè timè sto w2. Metab�llonta to w2 apo arnhtikè time sto mhdèn kai sth sunèqeia se jetikè timèlamb�noume ta tr�a e�dh lÔsewn pou proanafèrame.

In[42]:= p0 =

Plot3D[

Evaluate[ x[t]//. values /.

{w → Sqrt[w2] }], {w2, 25, −150},

{t, 0, 1 }, PlotPoints → 25,

PlotRange → {−1, 2 }, BoxRatios → {1, 1, 1 },

ViewPoint → {−4, 3, 2 },

AxesLabel → {"w2", "t", "x[t]" }]
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Out[42]= - SurfaceGraphics -E�nai profanè pw ìtan to w2 lamb�nei meg�le arnhtikè timè h lÔsh x[t℄ parousi�zei apìsbesh. w2=0antistoiqe� sthn oriak  per�ptwsh kai gia 0<2w<gam h lÔsh aposbènutai ekjetik�. Gia gam<2w h lÔsh aux�netaiekjetik�.2o er¸thmaGia thn per�ptwsh pou to w e�nai pragmatikì γ2 > 4ω2
0 h lÔsh e�nai ekjetik� aÔxousa (2ω > 0)   fj�nousa(0 < 2ω < γ) , ìpw fa�netai sta parak�tw graf mata.
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In[43]:= p1 =

Plot[Evaluate[x[t]//. values /. {w → 0.6 }],

{t, 0, 10 }]
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Out[43]= - Graphics -

In[44]:= p2 =

Plot[Evaluate[x[t]//. values /. {w → 0.4 }],

{t, 0, 10 }]

2 4 6 8 10
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Out[44]= - Graphics -3o er¸thmaH oriak  per�ptwsh w=0 (γ2 = 4ω2
0) e�nai exairetik� apl :

In[45]:= Limit[x[t], w → 0]

Out[45]=
1

2
e−

gam t
2 (2 t v0 +2 x0 + gam t x0)
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In[46]:= p3 =

Plot[

Evaluate[Limit[x[t]//. values, w → 0]],

{t, 0, 10 }]
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Out[46]= - Graphics -4o er¸thmaSe aut  thn per�ptwsh to w e�nai fantastikì (γ2 < 4ω2
0).

In[47]:= (x[t]// Simplify)

Out[47]=
1

4 w

(

e−
1
2 t (gam +2 w) (2 ( −1 + e2 t w ) v0 +

(( −1 + e2 t w ) gam +2 (1 + e 2 t w ) w) x0)
)H lÔsh profan¸ e�nai mia tal�ntwsh me suqnìthta w kai ekjetik  apìsbesh e−γt/2, ìpw fa�netai stoparak�tw gr�fhma:

In[48]:= p4 =

Plot[Evaluate[x[t]//. values /. {w → i 10 }],

{t, 0, 10 }]
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Out[48]= - Graphics -Qr sima gia th melèth ma e�nai to diagr�mma f�sh, all� kai h exèlixh th f�sh w sun�rthsh tou qrìnou.Ta parak�tw graf mata exuphretoÔn autì to skopì:
In[49]:= q = x[t]//. values /. {w → i 10 } // Simplify

Out[49]=
1

40
e

(

−
1
2 −10 I

)

t (

(20 + I) + (20 − I) e 20 I t
)

In[50]:= p = x ′ [t]//. values /. {w → i 10 }// Simplify

Out[50]=
401

80
I e

(

−
1
2 −10 I

)

t (

− 1 + e20 I t
)

In[51]:= ParametricPlot[ {p, q }, {t, 0, 10 },

PlotRange → All, Axes → False,

PlotLabel − > "Phase Trajectory",

Frame → True,

FrameLabel → {"p − axis", "q − axis" }]

-7.5 -5 -2.5 0 2.5 5 7.5
p-axis

-0.75
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0.25
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0.75

1

q
-

a
xi

s

Phase Trajectory

Out[51]= - Graphics -
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In[52]:= ParametricPlot3D[ {p, q, t }, {t, 0, 10 },

PlotRange → All, Axes → False,

PlotLabel − > "Evolution of Phase",

PlotPoints → 300, BoxRatios → {1, 1, 1 },

AxesLabel → {"p", "q", "t" }]

Evolution of Phase

Out[52]= - Graphics3D -5o er¸thmaSunolik� ìle oi lÔsei sugqronw e�nai:
In[53]:= Show[p1, p2, p3, p4]

2 4 6 8 10

-0.5

0.5

1
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Out[53]= - Graphics -Pollè forè e�nai qr simo na upolog�soume th suqnìthta mia tal�ntwsh kai pro toÔto qrhsimopoioÔme tometasqhmatismì Fourier. Parak�tw fa�nonta ta b mata pou prèpei na akolouj soume.
In[54]:= fdata = Table[p, {t, 0, 40, 0.001 }]// N;

In[55]:= ffData = Abs[Fourier[fdata]];

In[56]:= ListPlot[ffData, PlotJoined → True,

PlotRange − > {{0, 120 }, All }]

20 40 60 80 100 120

10

20

30

40

50

Out[56]= - Graphics -Sto parap�nw di�gramma parathroÔme ìti to mègisto e�nai gia 2πω ≈ 62.8.NA LUSETE TO PARAPANW PROBLHMA ME TH QRHSH THS NDsolve, AUTOJA SAS BOHJHSEI NA LUSETE TA PROBLHMATA STO TELOS



18 PERIEQ�OMENAEFARMOGH 6: To prìblhma KeplerH ex�swsh k�nhsh gia èna swmat�dio pou kine�tai se èna ped�o kentrik¸n dun�mewn mpore� na grafe� ¸:
u′′(φ) = −u(φ) −

m

ℓ2
f(1/u(φ))

u(φ)2ìpou u = 1/r. Upojètoume pw h troqi� e�nai sto ishmerinì ep�pedo (θ = π/2) kai ìti u = u(φ).1. Na luje� h parap�nw ex�swsh gia to barutikì dunamikì V = −k/r me arqikè sunj ke u′(0) = 0.2. Na g�noun graf mata twn elleiptik¸n kai uperbolik¸n troqi¸n.LUSH1o er¸thma
In[57]:= Clear[”Global‘ * ”];

In[58]:= Needs["Graphics‘Graphics‘"]

In[59]:= eq1 = u ′′ [ φ] ==

−u[ φ] − m f[1/u[ φ]]/(Lˆ2 u[ φ]ˆ2);H dÔnamh d�netai ¸ h par�gwgo tou dunamikoÔ f(r) = −V ′(r). Sth sunèqeia dhmiourgoÔme mia entol  pouupolog�zei th dÔnamh w sun�rthsh tou dunamikoÔ (mpore� na qrhsimopoieije� kai gia pleìn sÔnjeta dunamik�).
In[60]:= forceRule =

{V → ( −k/# &), f[1/u[ φ]] → −V′ [r],

r → 1/u[ φ] };antikajist¸ to barutikì dunamikì sthn eq1:
In[61]:= eq2 = eq1 //. forceRule

Out[61]= (u ′′[ φ] ==
k m

L2
− u[ φ]Gia lìgou aplìthta ja qrhsimopoi soume thn arqik  sunj kh u′(0) = 0. Efarmìzonta thn DSolve sthneq2 lamb�noume

In[62]:= eq3 =

DSolve[ {eq2, u ′ [0] == 0, u[0] == u0(1 + e) },

{u[ φ] }, φ][[1]]// Simplify

Out[62]=
{

u[ φ] →
k m + (−k m + (1 + e) L 2 u0) cos[ φ]

L2

}H genik  morf  th ex�swsh th troqi� mpore� na grafe� w u(φ) = u0[1 + e cos(φ)]. Otan φ = 0 mporoÔmena lÔsoume gia u0:
In[63]:= u0Rule =

Solve[(u[ φ]/. eq3 /. {cos[ φ] → 0}) ==

u0, u0][[1]]
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Out[63]=

{

u0 →
k m

L2

}Antikajist¸nta thn parap�nw sqèsh sthn eq3, katal goume sth lÔsh:
In[64]:= eq4 = eq3 //. u0Rule // Simplify

Out[64]=
{

u[ φ] →
k m (1 + e cos[ φ])

L2

}H par�metro e (ekkentrìthta) kajor�zei ta tr�a e�dh twn kwnik¸n tom¸n: (1) e > 1 uperbolik e, (2) e < 1elleiptikè (e = 0 kuklik ) kai (3) e = 1, parabolikè.Sunhj�zetai na or�zoume thn posìthta a pou or�zetai w ℓ2/(km) = a(1 − e2), opìte h u[phi] gr�fetai:
In[65]:= eq5 = eq4 //. {L → Sqrt[a k m (1 − eˆ2)] }

Out[65]=
{

u[ φ] →
1 + e cos[ φ]

a (1 − e2)

}2o er¸thmaja qrhsimopoi soume thn entol  PolarPlot gia na dhmiourg soume ti grafikè parast�sei twn elleptik¸nkai uperbolik¸n troqi¸n
In[66]:= Clear[plotOrbit];

plotOrbit[aa , ee ] :=

PolarPlot[

(1/u[ φ] //. eq5 //. {a → aa, e → ee} //

Evaluate ), {φ, 0, 4 π}];Elleptikè troqiè
In[67]:= Show[

Table[plotOrbit[1, eIn],

{eIn, 0.1, 0.9, 0.2 }]// Evaluate]

-1.5 -1 -0.5 0.5

-1

-0.5

0.5

1

Out[67]= - Graphics -Uperbolikè troqiè
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In[68]:= plotOrbit[1, 1.1]

-6 -4 -2 2 4

-1.5
-1

-0.5

0.5
1

Out[68]= - Graphics -

In[69]:= plotOrbit[1, 1.7]

-6 -4 -2 2

-6

-4

-2

2

4

Out[69]= - Graphics -NA LUSETE TO PARAPANW PROBLHMA ME TH QRHSH THS NDsolve, AUTOJA SAS BOHJHSEI NA LUSETE TA PROBLHMATA STO TELOS



0.2. ALUTA PROBLHMATA 210.2 ALUTA PROBLHMATA1. Epanal�bete to lumèno par�deigma me ti bolè prosjètwnta thn ant�stash tou aèra pou ja e�nai −bugia 0 ≤ b ≤ 1.2. Ena bl ma ektoxeÔetai me arqik  taqÔthta 20m/sec me gwn�a 300. L�go argìtera diasp�tai se dÔo tm -mata èna ek twn opo�wn èqei dipl�sia m�za apo to deÔtero. Ta dÔo bl mata prosge�wnontai sugqrìnw.To elafrÔtero se apìstash 20m apo to shme�o ektìxeush pro th dieÔjunsh pou ektoxeÔthke arqik�to bl ma.
• Pou prosgei¸netai to ètero bl ma;
• DhmioÔrghse ti grafikè parast�sei twn dÔo troqi¸n, all� kai aut  tou kèntrou m�zh.
• DhmioÔrghse mia sun�rthsh pou ja dhmiourge� to gr�fhma th k�nhsh twn dÔo tmhm�twn kai toukèntrou m�zh ìtan d�nontai: h arqik  taqÔthta, h m�za twn tmhm�twn kai to shme�o prìsptwshtou enì apì ta tm mata.3. Sto prìblhma twn suzeugmènwn armonik¸n talantwt¸n dokim�ste gia ti �die arqikè timè ti timè

c1 = 40Nm−1, c2 = 30Nm−1 kai c = 10Nm−14. Jewr ste to prìblhma tou armonikoÔ talantwt  me mia exwterik  dÔnamh diègersh gia ton opo�on hex�swsh k�nhsh gr�fetai w
x′′[t] + γx′[t] + ω2

0x[t] = Q0 cos(wdt)ìpou 4ω2
0 > γ. H lÔsh ja e�nai h upèrjesh th lÔsh th omogenoÔ DE kai mia merik  lÔsh.(aþ) Bre�te th lÔsh th omogenoÔ DE.(bþ) Upojèste ìti h merik  lÔsh e�nai th morf  A cos(ωdt+ δf ) kai upolog�ste ta A kai δf . Gr�yteth genik  morf  th lÔsh.(gþ) Dhmiourg ste grafikè parast�sei th lÔsh w sun�rthsh tou ω0 kai tou t. Dhmiourg stegrafikè parast�sei tou A w sun�rthsh tou ω0 kai tou γ. Parathr ste tou suntonismoÔ gia

ω0 = ωd.(dþ) Dhmiourg ste diagr�mmata f�sh.5. Jewr ste th mh-grammik  DE
q′′(t) − aq′(t) + bq3(t) = 0upojèste ìti b > 0 kai a jetikì   arnhtikì. H ex�swsh aut  e�nai gnwst  ¸ ex�swsh Duffing.(aþ) LÔste arijmhtik� thn DE kai dhmiourg ste ti grafikè parast�sei twn q(t) kai q′(t). D¸stearqikè timè p.q. q(0) = 0 kai q′(0) = 0.001. Ypojèste gia ti paramètrou ta parak�tw zeÔghtim¸n (b = 0.05, a = −1) (b = 0.05, a = 4). Ti parathre�te gia k�je èna apo ta zeÔgh twnparamètrwn.(bþ) Dhmiourg ste diagr�mmata f�sh gia k�je mia apo ti parap�nw peript¸sei.(gþ) Dhmiourg ste prosomoi¸sei twn parap�nw peript¸sewn.(dþ) (Proairetikì prìblhma) Ja mporooÔsate na dhmiourg sete grafhmata tou dunamikoÔ gia thn pa-rap�nw ex�swsh san sun�rthsh tou q kai na exet�sete thn ex�rthsh apo to a;



22 PERIEQ�OMENA6. Jewr ste th mh-grammik  DE
q′′(t) = aq(t) − bq3(t) − γq′(t) +Q0 cos(ωt)me arqikè sunj ke q(0) = 0 q′(0) = 0.001. Upojèste a = 0.4, b = 0.5, γ = 0.2 kai ω = 1/8 kaijewr ste dÔo troq�e m�a gia Q0 = 0 kai mia gia Q0 = 0.1.(aþ) Na lÔsete arijmhtik� ti exis¸sei k�nhsh kai gia ti dÔo parap�nw peript¸sei kai na dhmioug -sete grafikè parast�sei gia ta q(t) kai q′(t).(bþ) Dhmiourg ste ta diagr�mata f�sh, kai qrhsimopoi ste to metasqhmatismì Fourier gia ton upo-logismì th suqnìthta.7. Genikeumèno prìblhma Kepler. To dunamikì d�netai apo th sqèsh V = −k/r − b/r2(aþ) LÔste thn ex�swsh Kepler gia u[φ] kai ekfr�ste th lÔsh sth morf  u(φ) = u0(1+ e cos[φ(1− δ)])ìpou u0 = k m/(ℓ2 − 2 b m).(bþ) Dhmiourg ste grafikè parast�sei kai exet�ste ti elleiptikè troqiè, ti parathr te;(gþ) Sugkr�nete ti troqiè twn dunamik¸n V = −k/r − b/r3 kai V = −k/r + b/r3.(dþ) Sugkr�nete ti troqiè twn dunamik¸n V = −k/r1.1 kai V = −k/r0.9.8. Xrhsimopoie�ste th mèjodo Runge -Kutta-Felberg gia thn arijmhtik  ep�lush twn parak�tw diaforik¸nexis¸sewn kai sugkr�nete me ti akribe� timè:(aþ) y′ = xy1/3, me y(1) = 1 (akrib  y =

(

x2+2
3

)3/2

). Upìdeixh: oloklhr¸ste apì x = 1 w x = 2(bþ) y′ = −xy2 me y (0) = 2 (akrib  y = 2
x2 ) Upìdeixh: oloklhr¸ste apì x = 0 w x = 1(gþ) y′ = −2xy me y (1) = 1 (akrib  y = e−x2

) Upìdeixh: oloklhr¸ste apì x = 0 w x = 1(dþ)
y′ =

y
(

1 − x2y4
)

x (1 + x2y4)me y (1) = 1. Upìdeixh: oloklhr¸ste apì x = 1 w x = 2(eþ)
y′ =

x− ex

y + eyme y (0) = 0. Bre�te to y (1).



0.2. ALUTA PROBLHMATA 239. Na luje� arijmhtik� to sÔsthma diaforik¸n exis¸sewn
x′ = 1195x− 1995y x (0) = 2

y′ = 1197x− 1997y y (0) = −2Na brejoÔn: oi timè y (1), x (1) kai oi timè y (−1), x (−1) Ti parathre�te; an h akrib  lÔsh e�nai:
x (t) = 10e−2t − 8e−800t, y (t) = 6e−2t − 8e−800tDokim�ste na qrhsimopoi sete th mèjodo Gear sthn NDsolve, kai sugkr�nete me thn mèjodo Runge-

Kutta kai Adams ti parathre�te;.10. Na lujoÔn ta sust mata:
y′ = yz + x y (0) = 0

z′ = y − x z (0) = 0kai
y′ = z y (0) = 0

z′ = −y z (0) = 1



24 PERIEQ�OMENA0.3 DIAFORIKES EXISWSEIS ME MERIKES PARAGW-GOUSPoll� shmantik� episthmonik� probl mata sto q¸ro th fusik  perigr�fontai apì diaforikè exis¸sei memerikè parag¸gou (DEMP). Sun jw to fusikì fainìmeno pou melet�me parist�netai apì mia sun�rthshperisotèrwn th mia metablht¸n pou ikanopoie� sugkekrimènh morf  ex�swsh. Ta perissìtera episthmonik�probl mata m�lista perigr�fontaia apì diaforikè exis¸sei twn opo�wn h an¸terh t�xh par�gwgo e�naideÔterh t�xh. Gia par�deigma an ψ e�nai mia sun�rthsh dÔo metablht¸n x kai y tìte up�rqoun tre� merikèpar�gwgoi th deÔterh t�xh
∂2ψ

∂x2
,

∂2ψ

∂x∂y
,

∂2ψ

∂y2
(1)Me b�sh ti timè twn suntelest¸n twn parag¸gwn deÔterh t�xh katat�soume ti diaforikè exis¸sei memerikè parag¸gou se elleiptikè, parabolikè, uperbolikè. Mia DEMP dèuterh t�xh e�nai thmorf 

A
∂2ψ

∂x2
+B

∂2ψ

∂x∂y
+ C

∂2ψ

∂y2
+D

(

x, y, ψ,
∂ψ

∂x
,
∂ψ

∂x

)

= 0 (2)An�loga me thn tim  th posìthta B2 − 4AC oi DEMP katat�ssontai w:
• Elleiptikè, an B2 − 4AC < 0

• Parabolikè, an B2 − 4AC = 0

• Uperbolikè, an B2 − 4AC > 0An oi suntelestè A, B kai C e�nai sunart sei twn x, y tìte e�nai dunatìn mia DEMP na �llazei �kathgor�a�se di�fore perioqè tou ped�ou orismoÔ th.Duo klassikè diaforikè exis¸sei me merikè parag¸gou h ex�swsh Laplace

∇2ψ = 0 (3)kai h ex�swsh Poisson

∇2ψ = f(x, y) (4)èqoun B = 0, A = C = 1, kai epomènw e�nai p�ntote elleiptikè.H kumatik  ex�swsh
∇2ψ − 1

c2
∂2ψ

∂t2
= 0 (5)e�nai klassik  per�ptwsh uperbolik  DEMPEn¸ h ex�swsh th jermìthta

σ∇2ψ − ∂ψ

∂t
= 0 (6)e�nai qarakthristik  per�ptwsh parabolik  DEMP.



0.3. DIAFORIKES EXISWSEIS ME MERIKES PARAGWGOUS 25Gia thn ep�lush twn parap�nw problhm�twn apaitoÔntai kat' arq� oi kat�llhle sunoriakè sunj ke  /kaikat�llhle arqikè sunj ke. Sth sunèqeia up�rqoun d�afore teqnikè analutik , hmi-analutik  kai arij-mhtik  ep�lush tou. Se autì to kef�laio ja asqolhjoÔme me qarakthristik� probl mata pou sunant¸ntaisth Fusik  kai perigr�fontai me DEMP. Ja parousi�soume teqnikè hmi-analutik  kai arijmhtik  ep�lushtou.



26 PERIEQ�OMENA0.4 PEPERASMENES DIAFORESA prospaj soume na ekfr�soume thn par�gwgo mia sun�rthsh y(x) w sun�rthsh twn tim¸n th y0, y1, y2, y3, ...se sugkekrimène timè twn x0, x1, x2, x3, .... An upojèsoume ìti ta xi isapèqoun metaxÔ tou kata h, dhlad ìti:
xi+1 = xi + h (7)tìte mporoÔme proseggistik� na ekfr�soume thn tim  tou yi+1 w sun�rthsh twn tim¸n tou yi kai twnparag¸gwn tou y′i, y′′i , ....

yi+1 = yi + hy′i +
h2

2!
y′′i +

h3

3!
y
(3)
i + ... (8)an�loga mporoÔme na upolog�soume kai thn tim  tou yi−1

yi−1 = yi − hy′i +
h2

2
y′′i − h3

3!
y
(3)
i + ... (9)Epomènw, apo thn ex�swsh (8) mporoÔme eÔkola na anapar�goume th gnwst  ma sqèsh gia thn par�gwgomia sun�rthsh

y′i =
yi+1 − yi

h
+O(h) (10)dhlad  èqoume mia proseggistik  sqèsh upologismoÔ th parag¸gou th sun�rthsh me th qr sh th plh-rofor�a pou èqoume apì dÔo shme�a ta (xi, yi) kai (xi+1, yi+1). H akr�beia th mejìdou e�nai ∼ h.An t¸ra afairèsoume thn ex�swsh (9) apì thn ex�swsh (8) tìte dhmiourgoÔme mia nèa sqèsh gia ton upologismìth parag¸gou th sun�rthsh

y′i =
yi+1 − yi−1

2h
+ O(h2) (11)H sqèsh aut  e�nai mia sqèsh kentrik¸n diafor¸n gia ton upologismì th parag¸gou, kai h onomas�aproèrqetai apì th summetrik  qr sh shme�wn dexi� kai arister� tou shme�ou tou opo�ou prospajoÔme naupolog�soume thn par�gwgo. Axioshme�wto e�nai ìti to sf�lma t¸ra e�nai ∼ h2, dhlad  qwr� na aux soumeton arijmì twn arijmhtik¸n upologism¸n aux same shmantik� thn akr�beia th mejìdou ma.Qrhsimopoi¸nta anaptÔgmata me perissìterou ìrou mporoÔme na dhmiourg soume tÔpou gia ton arijmhtikìupologismì twn parag¸gwn me akìmh megalÔterh akr�beia p.q. qrhsimopoi¸nta 2 shme�a dexia kai 2 shme�aarister� tou shme�ou sto opo�o zhtoÔme thn par�gwgo dhmiourgoÔme th sqèsh

y′i =
−yi+2 + 8yi+1 − 8yi−1 + yi−2

12h
+O(h4) (12)pou èqei sf�lma th t�xh tou ∼ h4.An t¸ra prosjèsoume ti ex�swsei (9) kai (8) tìte dhmiourgoÔme mia nèa sqèsh gia ton upologismì thdeÔterh parag¸gou th sun�rthsh

y′′i =
yi+1 − 2yi + 2yi−1

h2
+O(h2) (13)pou prosdior�zetai me sf�lma ∼ h2. An�loga mporoÔn na kataskeuasjoÔn tÔpoi gia ton upologismì thtr�th parag¸gou

y
(3)
i =

yi+2 − 2yi+1 + 2yi−1 − yi−2

2h3
+O(h2) (14)



0.4. PEPERASMENES DIAFORES 27e�te gia ton upologismì th dèuterh parag¸gou me megalÔterh akr�beia
y′′i =

−yi+2 + 16yi+1 − 30yi + 16yi−1 − yi−2

12h2
+O(h4) (15)Qwr� apìdeixh anafèroume kai merikoÔ tÔpou gia twn upologismì th parag¸gou mia sun�rthsh me b�shta shmei� dexi�   arister� th. Oi tÔpoi auto� e�nai qr simoi ìtan jèloume na upolog�soume arijmhtik� tiparag¸gou mia sun�rthsh sta �kra enì diast mato.Gia ton upologismì th pr¸th parag¸gou me diaforè pro ta emprì :

y′i =
−3yi + 4yi+1 − yi+2

2h
+O(h2) (16)  pro ta p�sw:

y′i =
3yi − 4yi−1 + yi−2

2h
+O(h2) (17)An�loga gia ton upologismì th deÔterh parag¸gou me diaforè pro ta emprì :

y′′i =
2yi − 5yi+1 + 4yi+2 − yi+3

h2
+O(h2) (18)  pro ta p�sw:

y′′i =
2yi − 5yi−1 + 4yi−2 − yi−3

h2
+O(h2) . (19)
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ui+1,jui-1,j

-4ui,j

ui,j-1Σχηµα Laplace

ui,j+1

Sq ma 1: To sq ma twn pènte shme�wn gia thn arijmhtik  ep�lush th ex�swsh Laplace.0.5 ELLEIPTIKES EXISWSEIS0.5.1 H Ex�swsh LaplaceH ex�swsh Laplace se dÔo diast�sei
∇2u ≡ uxx + uyy = 0 (20)e�nai mia klassik  ex�swsh th Fusik  kai apant�tai se ìla ta probl mata pou sqet�zontai me ped�a kaidunamik�. Me b�sh tou orismìu pou d¸same sth arq  tou kefala�ou e�nai mia elleiptik  diaforik ex�swsh me merikè parag¸gou. Kai ìsa ja anaptÔxoume mporoÔn eÔkola na genikeujoÔn sthex�swsh Poisson

∇2u ≡ uxx + uyy = g(x, y) (21)e�te sthn ex�swsh Helmoltz
uxx + uyy + f(x, y)u = g(x, y) (22)ìpou h g(x, y) kai h f(x, y) e�nai doje�se sunart sei.Sto kef�laio autì ja asqolhjoÔme me thn arijmhtik  ep�lush th ex�swsh Laplace. Arijmhtik  ep�lushshma�nei, arijmhtikì prosdiorismì twn parag¸gwn th u(x, y). An qrhsimopoi soume th sqèsh (13) tìte h

uxx sto shme�o (xi, yj) ja grafe� ¸
[uxx]i,j =

ui−1,j − 2ui,j + ui+1,j

h2
(23)kai ant�stoiqa h uyy

[uyy]i,j =
ui,j−1 − 2ui,j + ui,j+1

h2
(24)
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u5,4u4,4

u2,5

u3,4u2,4

u1,2

u1,3

u1,4

u2,3
u3,3 u4,3

u5,3

u2,2

u3,5 u4,5

u5,2

u4,2
u3,2

u4,1
u3,1u2,1Sq ma 2: To 5 × 5 plègma gia thn arijmhtik  ep�lush th ex�swsh Laplace.opìte h ex�swsh Laplace ja grafe� w

∇2u ≈ ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4ui,j

h2
= 0 (25)ìpou i = 2, ..., n − 1 kai j = 2, ...,m − 1. Aut  h sqèsh e�nai gnwst  ¸ tÔpo twn pènte shme�wngia thn ex�swsh Laplace, kai d�nei apotelèsmata me sf�lma th t�xh tou ∼ h2. H sqèsh (25) sundèeisth ous�a thn tim  th sun�rthsh u(x, y) sth jèsh (xi, yj) me ta tèssera geitonik� th shme�a (xi+1, yj),

(xi−1, yj), (xi, yj−1) kai (xi, yj+1), ìpw fa�netai sto Sq ma 1. Basik�, h sqèsh (25) mpore� na grafe� kaisth morf 
ui,j =

1

4
(ui−1,j + ui+1,j + ui,j−1 + ui,j+1) (26)pou shma�nei ìti h tim  th u(x, y) sth jèsh (xi, yj) e�nai o arijmhtikì mèso twn tess�rwn geitonik¸n thshme�wn (xi+1, yj), (xi−1, yj), (xi, yj−1) kai (xi, yj+1).A upojèsoume t¸ra pw d�nontai oi sunoriakè timè sta akìlouja shme�a tou plègmato

u(x1, yj) = u1,j gia 2 ≤ j ≤ m− 1

u(xi, y1) = ui,1 gia 2 ≤ i ≤ n− 1

u(xn, yj) = un,j gia 2 ≤ j ≤ m− 1

u(xi, ym) = ui,m gia 2 ≤ i ≤ n− 1 (27)Me b�sh th gn¸sh twn parap�nw sunoriak¸n tim¸n mporoÔme na upolog�soume ìle ti upìloipe timè thsun�rthsh u(x, y), lÔnonta sthn ous�a èna sÔsthma (n− 2) × (n− 2) exis¸sewn gia (n− 2)2 ag¸stou.



30 PERIEQ�OMENAGia par�deigma sto prìblhma tou sq mato 2 èqoume na upolog�soume ti 9 timè ti sun�rthsh u(x, y),dhlad  ta u2,2, u2,3, u2,4, u3,2, u3,3, u3,4, u4,2, u4,3 kai u4,4. An efarmìsoume th sqèsh (26) gia k�je èna apìta parap�nw shme�a katal goume se èna sÔsthma 9 exis¸sewn gia tou 9 agn¸stou pou proanafèrame.
−4u2,2 +u3,2 +u2,3 = −u2,1 − u1,2

u2,2 −4u3,2 +u4,2 +u3,3 = −u3,1

u3,2 −4u4,2 +u4,3 = −u4,1 − u5,2

u2,2 −4u2,3 +u3,3 +u2,4 = −u1,3

u3,2 +u2,3 −4u3,3 +u4,3 +u3,4 = 0
u4,2 +u3,3 −4u4,3 +u4,4 = −u5,3

u2,3 −4u2,4 +u3,4 = −u2,5 − u1,4

u3,3 +u2,4 −4u3,4 +u4,4 = −u3,5

u4,3 +u3,4 −4u4,4 = −u4,5 − u5,4

(28)
H lÔsh autoÔ tou sust mato ja ma d¸sei ti zhtoÔmene timè sta eswterik� shme�a tou plègmato.PARADEIGMANa breje� h lÔsh th ex�swsh Laplace ∇2u = 0 gia thn perioq  {(x, y) : 0 ≤ x ≤ 4, 0 ≤ y ≤ 4} ìpou u(x, y)sumbol�zei th jermokras�a sto shme�o (x, y). Oi sunoriakè timè e�nai:

u(x, 0) = 20 kai u(x, 4) = 180 gia 0 < x < 4

u(0, y) = 80 kai u(4, x) = 0 gia 0 < y < 4LUSHKat�rq� dhmiourgoÔme to plègma tou sq mato 3 apo ìpou katal goume eÔkola sto parak�tw sÔsthma 9exis¸sewn me 9 agn¸stou
−4u2,2 +u3,2 +u2,3 = −100
u2,2 −4u3,2 +u4,2 +u3,3 = −20

u3,2 −4u4,2 +u4,3 = −20
u2,2 −4u2,3 +u3,3 +u2,4 = −80

u3,2 +u2,3 −4u3,3 +u4,3 +u3,4 = 0
u4,2 +u3,3 −4u4,3 +u4,4 = 0

u2,3 −4u2,4 +u3,4 = −260
u3,3 +u2,4 −4u3,4 +u4,4 = −180

u4,3 +u3,4 −4u4,4 = −180

(29)
H lÔsh tou sust mato ma odhge� sth lÔsh:
u2,2 = 55.7143, u3,2 = 43.2143, u4,2 = 27.1429, u2,3 = 79.6429, u3,3 = 70.000, u4,3 = 45.3571, u2,4 = 112.857,
u3,4 = 111.786 kai u4,4 = 84.2857.Akolouje� endeiktikì prìgramma sth Mathematica gia th lÔsh tou sugkekrimènou probl mato.
In[70]:= ClearAll["Global‘ * "]
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u5,4=0u

4,4

u2,5=180
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3,4u
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u1,2=80

u1,3=80

u1,4=80

u
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u
3,3 u

4,3

u5,3=0

u
2,2

u3,5=180 u4,5=180

u5,2=0

u
4,2

u
3,2

u4,1=20u3,1=20u2,1=20Sq ma 3: To 5 × 5 plègma gia to sugkekrimèno par�deigma.
In[71]:= n = 5; m = 5

Out[71]= 5

In[72]:= sys =

Table[4u[i, j] − u[i − 1, j] − u[i + 1, j] − u[i, j − 1] − u[i, j + 1] == 0,

{i, 2, n − 1}, {j, 2, m − 1}];

In[73]:= sys = Flatten[sys];

In[74]:= Do[u[1, j] = 80, {j, 2, m − 1}]

In[75]:= Do[u[n, j] = 0, {j, 2, m − 1}]

In[76]:= Do[u[i, 1] = 20, {i, 2, n − 1}]

In[77]:= (* Do[u[i, m] = 180; Print[u[i, m]], {i, 2, n − 1}] *)

In[78]:= Do[u[i, m] = 180, {i, 2, n − 1}]

In[79]:= para = Table[u[i, j], {i, 2, n − 1}, {j, 2, m − 1}];

In[80]:= para = Flatten[para];

In[81]:= sol = NSolve[sys, para]

In[82]:= u1[i , j ] := u[i, j]/. sol[[1]]

In[83]:= para1 = Table[u1[i, j], {i, 2, n − 1}, {j, 2, m − 1}];

In[84]:= (* ListPlot3D[para1, AxesLabel → {"i", "j", "u(i, j)" }]*)

Out[81]= {{u[2, 2] → 55.7143, u[2, 3] → 79.6429, u[2, 4] → 112.857,

u[3, 2] → 43.2143, u[3, 3] → 70., u[3, 4] → 111.786,

u[4, 2] → 27.1429, u[4, 3] → 45.3571, u[4, 4] → 84.2857 }}
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iSq ma 4: To gr�fhma th lÔsh th ex�swsh Laplace gia to par�deigma. Eqei qrhsimopoihje� plègma 15×15.Shmantik  belt�wsh sthn akr�beia th mejìdou mpore� na epiteuqjei me thn antikat�stash twn parag¸gwnth ex�swsh Laplace me b�sh th sqèsh (15). Opìte h ex�swsh Laplace ja grafe� w

∇2u ≈ ui−1,j+1 + 4ui,j+1 + ui+1,j+1 + 4ui−1,j − 20ui,j + 4ui+1,j + ui−1,j−1 + 4ui,j−1 + ui+1,j−1

6h2
= 0 (30)ìpou i = 2, ..., n− 1 kai j = 2, ...,m− 1. Aut  h sqèsh e�nai gnwst  ¸ tÔpo twn ennèa shme�wn giathn ex�swsh Laplace, kai d�nei apotelèsmata me sf�lma th t�xh tou ∼ h4.PROBLHMATA1. EpilÔste arijmhtik� thn ex�swsh Laplace gia èna tetr�gwno me sunoriakè sunj ke

u(0, y) = 0 ìtan 0 ≤ y ≤ 1

u(1, y) = 0 ìtan 0 ≤ y ≤ 1

u(x, 1) = 0 ìtan 0 ≤ x ≤ 1

u(x, 0) = x(1 − x) ìtan 0 ≤ x ≤ 1(Upìdeixh: gia plègma 4 × 4 shme�wn h lÔsh e�nai u2,2 = 1/12, u3,2 = 1/12, u2,3 = 1/36, u3,3 = 1/36).Bre�te th lÔsh gia plègma 8 × 8 shme�wn.2. Qrhsimopoi ste th sqèsh (15) gia na apode�xete to sq ma 9 shme�wn, dhlad  thn ex�swsh (30), giathn ep�lush th ex�swsh Laplace. Sth sunèqeia na th qrhsimopoi ste gia thn ep�lush tou lumènouparade�gmato.



0.5. ELLEIPTIKES EXISWSEIS 333. Qrhsimopoi ste th mèjodo twn 9 shme�wn gia thn ep�lush tou lumènou parade�gmato me èna plègma
20 × 20 shme�wn.4. Se mia orjog¸nia perioq  6cm× 8cm h sun�rthsh u(x, y) sta sÔnora th e�nai mhdèn (0) kai upakoÔeisto nìmo

∇2u+ 2 = 0.Upolog�ste ti timè th u(x, y), an� 1cm sto eswterikì th perioq . (Ousiastik� ed¸ lÔnoumethn ex�swsh Poisson). Upìdeixh: an thn lÔnate gia plègma eÔrou 2cm tìte ja br�skate ti lÔsei
u2,2 = u3,2 = u2,4 = u3,4 = 4.56 kai u2,3 = u3,3 = 5.72



34 PERIEQ�OMENA0.6 PARABOLIKES EXISWSEIS0.6.1 Analutik  LÔshSe autì to kef�laio ja d¸soume mia mèjodo analutik  ep�lush mia monodi�stath parabolik  diaforik ex�swsh me merikè parag¸gou.Estw h DEMP
∂u

∂t
= α2 ∂

2u

∂x2
gia 0 ≤ x ≤ 1 kai 0 ≤ t <∞ (31)me oriakè sunj ke :

u(0, t) = 0, u(1, t) = 0 gia 0 ≤ t <∞ (32)kai arqikè sunj ke :
u(x, 0) = φ(x), gia 0 ≤ x ≤ 1 . (33)Gia thn analutik  ep�lush ja jewr soume ìti h sun�rthsh u(t, x) mpore� na grafe� w ginìmeno dÔo sunar-t sewn h pr¸th ek twn opo�wn e�na sun�rthsh mìno th qronik  metablht  t kai h �llh mìno th qwrik metablht  x, dhlad 

u(t, x) ≡ T (t) ·X(x) (34)opìte antikajist¸nta sthn ex�swsh (31) lamb�noume:
T ′(t)X(x) = a2T (t)X ′′(x) (35)H parap�nw sqèsh mpore� na grafe� w :
T ′(t)

α2T (t)
=
X ′′(x)

X(x)
= λ2 (36)ìpou λ e�nai mia stajer� analog�a. Me autì ton trìpo èqoume anag�gei thn arq�kh parabolik  DEMP sedÔo kanonikè diaforikè exis¸sei

T ′ − λ2α2T = 0 (37)
X ′′ − λ2X = 0 (38)me profane� lÔsei

T (t) = Ce−λ2α2t (39)
X(x) = Ã sin(λx) + B̃ cos(λx) (40)opìte h u(t, x) pa�rnei th morf :

u(t, x) = Ce−λ2α2t
[

Ã sin(λx) + B̃ cos(λx)
]

, (41)profan¸ me antikat�stash C · Ã → A kai C · B̃ → B apale�foume th stajer� olokl rwsh C. Oienapome�nouse stajerè olokl rwsh A kai B ja perioristoÔn akìmh perissìtero me qr sh twn oriak¸nsunjhk¸n (32). H oriak  sunj kh u(0, t) = 0 sunep�getai ìti B = 0, �ra h lÔsh g�netai:
u(t, x) = Ae−λ2α2t sin(λx) , (42)



0.6. PARABOLIKES EXISWSEIS 35h deÔterh oriak  sunj kh u(1, t) = 0 sunep�getai ìti:
e−λ2α2t sin(λ) = 0 ⇒ sin(λ) = 0 (43)me profane� epitreptè timè gia th stajer� λ ti :

λ = ±π,±2π,±3π, . . . dhlad  λ = ±nπ gia n = ±1,±2, . . . (44)Epomènw, ìle oi sunart sei th morf  :
un(t, x) = Ane

−(nπα)2t sin(nπx) gia n = ±1,±2, . . . (45)apoteloÔn lÔsei th DEMP (31), an kai oi stajerè olokl rwsh An ja prèpei na upologisjoÔn me qr shth sunj kh arqik¸n tim¸n (33). H genik  lÔsh ja e�nai to �jroisma ìlwn twn lÔsewn th morf  (45),dhlad :
u(t, x) =

∞
∑

n=1

Ane
−(nπα)2t sin(nπx) gia n = ±1,±2, . . . . (46)H sunj kh arqik  tim¸n (33), u(x, 0) = φ(x) odhge� sth sqèsh
φ(x) =

∞
∑

n=1

An sin(nπx) (47)Oi stajerè An mporoÔn na upologisjoÔn w sun�rthsh th arqik  sun�rthsh φ(x) an qrhsimopoi soumeth sqèsh orjogwniìthta twn trigwnometrik¸n sunart sewn, dhlad 
∫ 1

0

sin(nπx) sin(mπx)dx =

{

0, m 6= n
1/2, m = n

(48)opìte an pollaplasi�soume thn (47) me sin(mπx) (ìpou m tuqa�o akèraio arijmì) kai oloklhr¸soume meìria olokl rwsh apì 0 w 1 lamb�noume
∫ 1

0

φ(x) sin(mπx)dx = Am

∫ 1

0

sin2(mπx)dx =
1

2
Am (49)Epomènw, oi stajerè An ja upolog�zontai apì oloklhrwtikè sqèsei th morf 

An = 2

∫ 1

0

φ(x) sin(nπx)dx (50)kai profan¸ exart¸ntai kat� monadikì trìpo apì thn arqik  morf  th sun�rthsh φ(x).0.6.2 Arijmhtik  LÔsh: Ex�swsh Diafor¸nA upojèsoume ìti to di�sthma 0 ≤ x ≤ 1 upodiaire�tai se n − 1 upodiast mata ∆x = h kai a upojèsoumeìti sth qronik  dieÔjunsh ìti ja lÔsoume th DEMP èw th qronik  stigm  t = T opìte ja jewr soume
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i-1Sq ma 5: H diamèrish (plègma) gia thn arijmhtik  ep�lush th parabolik  ex�swsh ut = α2uxx.

m− 1 upodiairèsei sto di�sthma 0 ≤ t ≤ T , Sq ma 5. Antikajist¸nta ti merikè parag¸gou ut kai uxxapo ti exis¸sei diafor¸n
utt(x, t) =

u(x, t+ k) − u(x, t)

k
+O(k) (51)

uxx(x, t) =
u(x+ h, t) − 2u(x, t) + u(x− h, t)

h2
+O(h2) (52)opìte antikajistoÔme thn ex�swsh (31) me thn ex�swsh diafor¸n

ui,j+1 − ui,j

k
= α2ui−1,j − 2ui,j + ui+1,j

h2
(53)opìte an jèsoume r = α2k/h2 sthn parap�nw sqèsh dhmiourgoÔme thn ex�swsh diafor¸n

ui,j+1 = (1 − 2r)ui,j + r (ui−1,j + ui+1,j) (54)H ex�swsh aut  d�nei ti timè th sun�rthsh u(t, x) sthn gramm  j + 1 san sun�rthsh twn tim¸n thsun�rthsh sth gramm  j, ìpw fa�netai sto Sq ma 6.To parap�nw arijmhtikì sq ma e�nai exairetik� aplì kai o programmatismì tou se opoiad pote gl¸ssasqedìn tetrimmèno. Par' ìla taÔta ja prèpei na exet�soume thn eust�jei� tou, pio sugkekrimèna to sq mae�nai eustajè gia 0 ≤ r ≤ 1/2. Dhlad , to qronikì b ma ja prèpei na kajor�zetai apì th sqèsh k ≤ h2/(2α2).Eidik� h epilog  r = 1/2 aplopoie� to arijmhtikì sq ma (54) pou gr�fetai sth morf :
ui,j+1 =

ui−1,j + ui+1,j

2
(55)Ja prèpei na parathr soume ìti to sq ma pou parousi�same e�nai pr¸th t�xh, O(k), w pro to qrìno kaideÔterh t�xh, O(h2), w pro to q¸ro.
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r2ui+1,jr2ui-1,j

(1-2r)ui,j

ui,j+1

Sq ma 6: To arijmhtikì sq ma gia thn arijmhtik  ep�lush th parabolik  ex�swsh ut = α2uxx.0.6.3 Arijmhtik  LÔsh: Mèjodo Crank-NicholsonH mèjodo twn Crank kai Nicholson e�nai mia èmmesh mèjodo arijmhtik  ep�lush parabolik¸n DEMP.S' aut n th mèjodo h tim  th sun�rthsh u(x, y) se k�poio shme�o (xi, yj) den upolog�zetai apèuje�a all�mèsw th ep�lush enì grammikoÔ sust mato exis¸sewn. Pio sugkekrimèna sthn diakritopo�hsh th 2hqwrik  parag¸gou th u(x, y) (dhlad  th uxx) ant� na qrhsimopoi soume ta stoiqe�a th gramm  j poue�na gnwst�, qrhsimopoioÔme kai ta �gnwsta stoiqe�a th gramm  j + 1 ìpw fa�netai sto Sq ma 7. Gia thnakr�beia pa�rnoume to mèso ìro twn diakritopoihmènwn tim¸n th uxx ìpw fa�netai sthn parak�tw sqèsh:
ui,j+1 − ui,j

k
=

1

2
α2

(

ui−1,j − 2ui,j + ui+1,j

h2
+
ui−1,j+1 − 2ui,j+1 + ui+1,j+1

h2

) (56)E�nai profanè epomènw ìti sth sqèsh aut  uparqoun trei �gnwste posìthte, ta ui−1,j+1, ui,j+1 kai
ui+1,j+1. An anadiat�xoume thn parap�nw sqèsh diathr¸nta apo arister� ti �gnwste timè kai apì dexi�ti gnwstè timè katal goume sth sqèsh:

−rui−1,j+1 + 2(1 + r)ui,j+1 − rui+1,j+1 = 2(1 − r)ui,j + r (ui−1,j + ui+1,j) (57)pou shma�nei ìti gia ton upologismì u(x, y) sth qronik  stigm  j · k ja prèpei na lÔsoume èna sÔsthma n− 2tètoiwn exis¸sewn. Gia aplìthta ja upojèsoume ìti r = 1 opìte h parap�nw sqèsh pa�rnei thn apl  morf :
−ui−1,j+1 + 4ui,j+1 − ui+1,j+1 = ui−1,j + ui+1,j (58)
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ui+1,j+1ui-1,j+1 ui,j+1

ui-1,j ui+1,jui,jSq ma 7: To arijmhtikì sq ma gia thn arijmhtik  ep�lush th parabolik  ex�swsh ut = α2uxx me th mèjodo
Crank-Nicholson.pou odhge� sto sÔsthma:
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(59)tou opo�ou h lÔsh ma d�nei ti timè th u(x, y) gia ìla ta xi th qronik  stigm  j · k.Profan¸, h diadikas�a aut  e�nai shmantik� pio qronobìra apì aut n pou parousi�same sthn prohgoÔmenhenìthta, all� e�nai eust�jh gia k�je tim , tou r. Upenjum�zoume, ìti sthn prohgoÔmenh mèjodo to krit rioeust�jeia epètrepe timè 0 < r < 1/2. Ara me thn èmmesh mèjodo twn Crank-Nicholson mporoÔme naqrhsimopoi soume shmantik� megalÔtero qronikì b ma pou epitaqÔnei shmantik� thn ep�lush tou probl mato.PROBLHMATAD�netai h parabolik  DEMP
ut = uxx gia 0 < x < 1 kai 0 < t < 2me arqikè sunj ke

u(x, 0) = 4x(1 − x) gia 0 ≤ x ≤ 1



0.6. PARABOLIKES EXISWSEIS 39kai oriakè sunjhke
u(0, t) = u(1, t) = 0 gia 0 ≤ t ≤ 2 .1. Dhmiourg ste èna k¸dika sth Mathematica gia thn analutik  lÔsh th parap�nw DEMP.2. Qrhsimopoi ste to arijmhtikì sq ma (54) gia thn ep�lush th parap�nw DEMP.3. Qrhsimopoi ste thn èmmesh mèjodo twn Crank-Nicholson gia thn ep�lush th parap�nw DEMP.



40 PERIEQ�OMENA0.7 UPERBOLIKES EXISWSEIS0.7.1 Pallìmenh Qord Ja parousi�soume mia analutik  mèjodo ep�lush th monodi�stath kumatik  ex�swsh
utt = c2uxx (60)H kumatik  ex�swsh aut  mpore� na e�nai h ex�swsh tal�ntwsh mia qord , me th sun�rthsh u(t, x) naparist�nei thn apom�krunsh apì th jèsh isorop�a kai c thn taqÔthta di�dosh twn kum�twn.ja jewr soume mia paktwmènh sta �kra qord , pou gia aplìthta ja upojèsoume ìti èqei m ko ℓ = 1. Dhlad oi oriakè sunj ke ja e�nai

u(t, 0) = u(t, 1) = 0 gia t ≥ 0 (61)kai oi arqikè ja e�nai
u(0, x) = φ(x) kai ut(0, x) = ψ(x) gia 0 ≤ x ≤ 1 . (62)Ja qrhsimopoi soume thn teqnik  tou qwrismoÔ twn metablht¸n, dhlad  ja gr�youme thn sun�rthsh u(t, x)w

u(t, x) = T (t) ·X(x) (63)ìpou h T e�nai sun�rthsh mìno tou qrìnou t kai h X sÔn�rthsh mìno th qwrik  metablht  x.Opìte antikajist¸nta sthn ex�swsh (60) èqoume:
T̈ ·X = c2T ·X ′′ (64)an qwr�soume thn parap�nw ex�swsh kat�llhla

1

c2
T̈

T
=
X ′′

X
= λ2 ìpou λ = onstant (65)Epomènw, katal goume se dÔo kanonikè diafor�kè exis¸sei:
T̈ − λ2c2T = 0 (66)

X ′′ − λ2X = 0 (67)H genik  lÔsh twn parap�nw exis¸sewn e�nai:
T (t) = α1 cos(cλt) + α2 sin(cλt) (68)
X(x) = β1 cos(λx) + β2 sin(λx) (69)me b�sh ìmw thn oriak  sunj kh ìti u(t, 0) = u(t, 1) = 0 ja èqoume ìti X(0) = X(1) = 0 pou shma�nei ìti :

X(0) = β1 = 0 (70)
X(1) = β2 sin(λ) = 0 (71)



0.7. UPERBOLIKES EXISWSEIS 41Gia na ikanopoie�tai h teleuta�a ex�swsh, qwr� na odhgoÔmaste se mia tetrimmèng lÔsh, ja prèpei na isqÔei
λ = nπ ìpou n = 0, 1, 2, . . . (72)pou odhge� se mia apeir�a lÔsewn th morf 

Xn(x) = β2 sin(nπx) . (73)Me b�sh ta prohgoÔmena h lÔsh th ex�swsh gai th sun�rthsh T (t) gr�fetai w
Tn(t) = α1,n cos(nπct) + α2,n sin(nπct) (74)Opìte up�rqei èna �peiro sÔnolo lÔsewn th kumatik  ex�swsh th morf 

un(t, x) = Tn(t)Xn(x) = [An cos(nπct) +Bn sin(nπct)] sin(nπx) (75)ìpou An = α1,nβ2 kai Bn = α2,nβ2.Gia na broÔme mia lÔsh pou ikanopoie� ti arqikè sunj ke (62) ja upojèsoume ìti h lÔsh d�netai apì thnupèrjesh twn �peirwn lÔsewn (  kai enì sunìlou aut¸n) dhlad  h lÔsh ja e�nai th morf 
un(t, x) =

∞
∑

n=1

Tn(t)Xn(x) =

∞
∑

n=1

[An cos(nπct) +Bn sin(nπct)] sin(nπx) (76)Apì thn pr¸th apì ti arqikè sunj ke (62) pèrnoume:
u(0, x) =

∞
∑

n=1

An sin(nπx) = φ(x) (77)Oi stajerè An mporoÔn na upologisjoÔn w sun�rthsh th arqik  sun�rthsh φ(x) an qrhsimopoi soumeth sqèsh orjogwniìthta twn trigwnometrik¸n sunart sewn, dhlad 
∫ 1

0

sin(nπx) sin(mπx)dx =

{

0, m 6= n
1/2, m = n

(78)opìte an pollaplasi�soume thn (77) me sin(mπx) (ìpou m tuqa�o akèraio arijmì) kai oloklhr¸soume meìria olokl rwsh apì 0 w 1 lamb�noume
∫ 1

0

φ(x) sin(mπx)dx = Am

∫ 1

0

sin2(mπx)dx =
1

2
Am (79)Epomènw, oi stajerè An ja upolog�zontai apì oloklhrwtikè sqèsei th morf 

An = 2

∫ 1

0

φ(x) sin(nπx)dx (80)kai profan¸ exart¸ntai kat� monadikì trìpo apì thn arqik  morf  th sun�rthsh φ(x).



42 PERIEQ�OMENAApo th qr sh th deÔterh arqik  sunj kh ja kajor�soume thn �llh �gnwsth posìthta Bn, sugkekrimènaparagwg�zonta ja p�roume:
ut = πc

∞
∑

n=1

n [Bn cos(nπct) −An sin(nπct)] sin(nπx) (81)pou gia t = 0 ja d¸sei:
ut(0, x) = πc

∞
∑

n=1

nBn sin(nπx) = ψ(x) (82)opìte ja e�nai:
Bn =

2

nπ

∫ 1

0

ψ(x) sin(nπx)dx , n = 1, 2, . . . (83)kai h lÔsh th ex�swsh e�nai pl rw kajorismènh.0.7.2 Pallìmenh Membr�nhMia membr�nh e�nai èna 3-di�stato elastikì s¸ma pou to p�qo th e�nai polÔ mikrìtero apì ti �lle dÔodiast�sei th. H kat�stash isorop�a th qarakthr�zetai apo �se t�sei p = pxx = pyy sto ep�pedo xy. Wmikrè talant¸sei th membr�nh jewroÔme autè pou èqoun pl�to shmantik� mikrìtero apo ti diast�seith membr�nh. Me autì ton orismì apokle�oume ta mh grammik� fainìmena pou sundèontai me me ti meg�loupl�tou talant¸sei th membr�nh. H upìjesh twn "mikr¸n� talant¸sewn èqei ¸ sunèpeia na lamb�noumejp�oyh ma mìno dun�mei pou e�nai k�jete sto ep�pedo th membr�nh (dhlad  katam ko tou �xona twn z).Autè oi dun�mei qrhsimopoioÔntai gia na grafe� h ex�swsh k�nhsh mi� mikr  perioq  dx dy, basik� mpore�na jewrhje� ìti droÔn sta sÔnora th perioq  dx dy k�jeta sti sunoriakè grammè. To apotèlesma e�naita d�afora tm mata th membr�nh na sumpièzontai   na epekte�nontai me sugkekrimèno tropì. Gia mikr� pl�thh z sunist¸sa th dÔnamh pou dr� p�nw sth membr�nh e�nai:
qp
∂2ζ(x, y, t)

∂x2
dx = hp

∂2ζ(x, y, t)

∂x2
dxdy (84)Opou p e�nai h t�sh kai q = hdy e�nai h stoiqei¸dh epif�neia, h e�nai h di�stash th sth dieÔjunsh x. Hsun�rthsh ζ(x, y, t) parist�nei thn k�jeth apìklish apì th jèsh isorop�a th membr�nh. Ant�stoiqa oidun�mei sta pleurik� toiq¸mata th membr�nh e�nai

hp

(

∂2ζ

∂x2
+
∂2ζ

∂y2

)

dxdy (85)Epomènw epeid  oi dun�mei pou droÔn prèpei na e�nai ise me to ginìmeno th m�za ρhdxdy kai th epit�qunsh
∂2ζ/∂t2 katal goume sthn ex�swsh th egk�rsia k�nhsh mia membr�nh

∂2ζ

∂t2
= c2

(

∂2ζ

∂x2
+
∂2ζ

∂y2

) (86)ìpou c = (p/ρ)1/2 e�nai h taqÔthta di�dosh twn kum�twn sth membr�nh. H ex�swsh (86) e�nai deÔterh t�xhDEMP kai epomènw ja prèpei na or�soume arqikè kai oriakè sunj ke ètsi ¸ste na upolog�soume miamonadik  lÔsh.



0.7. UPERBOLIKES EXISWSEIS 43Sto sugkekrimèno m�jhma ja melet soume mia kuklik  membr�nh me paktwmèna ta �kra th p.q. epif�neiaenì tump�nou. An metasqhmat�soume thn ex�swsh (86) apo kartesianè se polikè sunetagmène ja èqei thmorf 
∂2ζ

∂t2
= c2

[

1

r2
∂

∂r

(

r
∂ζ

∂r

)

+
1

r2
∂2ζ

∂φ2

] (87)Epeid  h membr�nh e�nai paktwmènh sta �kra th h oriak  sunj kh ja e�nai
ζ(r = R, φ, t) = 0. (88)Gia eukol�a ja upojèsoume ìti h akt�na th membr�nh R = 1 (Autì mpore� na epiteuqje� gia k�je membr�nhme kat�llhlo orismì th taqÔthta c.). Epomènw h oriak  sunj kh (88) ja grafe� w
ζ(r = 1, φ, t) = 0. (89)Mia klassik  mèjodo gia thn antimet¸pish tètoiou e�dou problhm�twn e�nai to an�ptugma se idiosunart -sei. H sugkekrijmènh mèjodo proupojètei ìti h egk�rsia metatìpish ζ(r, φ, t) e�nai dunatìn na qwrisje� seginìmeno dÔo sunart sewn, mia ex aut¸n ja perigr�fei th qronikì mèro kai h �llh to qwrikì, dhlad 

ζ(r, φ, t) = G(r, φ)D(t). (90)An antikatast soume thn sqèsh (90) sthn ex�swsh (87) mporoÔme na qwr�soume to qwrikì apì to qronikìtm ma th ex�swsh
1

D

d2D(t)

dt2
= c2

1

G(r, φ)

[

1

r2
∂

∂r

(

r
∂G

∂r

)

+
1

r2
∂2G

∂φ2

]

= stajerì ≡ −ω2 (91)Profan¸, epeid  to aristerì mero th ex�swsh e�nai sun�rthsh mìno tou qrìnou kai to dexiì mìno twnqwrik¸n suntetagmènwn, ja prèpei na e�nai stajerè kai �se me m�a posìthta, pou onom�same −ω2. Epomènwto prìblhma an�getai sth lÔsh twn parak�tw dÔo exis¸sewn
d2D

dt2
= −ω2D (92)

1

r2
∂

∂r

(

r
∂G

∂r

)

+
1

r2
∂2G

∂φ2
= −ω

2

c2
G = −k2G (93)ìpou k = ω/c e�nai o kumat�rijmo.Gia thn peraitèrw melèth th ex�swsh (93) ja upojèsoume ìti h sun�rthsh G(r, φ) qwr�zetai se dÔo sunar-t sei. M�a sun�rthsh th aktinik  suntetagmènh kai m�a th gwniak , dhlad  G(r, φ) = h(r)g(φ). Meantikat�stash sthn (93) lamb�noume

r2

h

d2h

dr2
+
r

h

dh

dr
+ k2r2 = −1

g

d2g

dφ2
= stajerì = m2 (94)ìpw parathroÔme qrei�sjhke na eis�goume mia nèa stajer� thn −m2. Epomènw to prìblhma ma èqeianaqje� sth lÔsh dÔo kanonik¸n diaforik¸n exis¸sewn

d2g

dφ2
+m2g = 0 (95)

d2h

dr2
+

1

r

dh

dr
+

(

k2 − m2

r2

)

h = 0 (96)



44 PERIEQ�OMENAH ex�swsh (95) e�nai mia kanonik  diaforik  ex�swsh pou perigr�fei kanonik  tal�ntwsh, sth sugkekrimènhper�ptwsh gia thn gwniak  suntetagmènh φ. H genik  lÔsh th e�nai
g(φ) = A sin(mφ) +B cos(mφ) (97)H deÔterh ex�swsh, (96), an�getai sthn gnwst  ex�swsh Bessel an jewr soume thn allag  metablht 

x = kr. Opìte ja grafe� sth morf 
h′′ +

1

x
h′ +

(

1 − m2

x2

)

h = 0 (98)H lÔsh th ex�swsh (98) gia thn pallìmenh membr�nh e�nai
h(x) = Jm(x) = Jm(kr) ìpou m = 0, 1, 2, ... (99)ìpou Jm(x) e�nai h sun�rthsh Bessel pr¸tou e�dou, pou sth Mathematica d�netai apo th sun�rthsh Bes-

selJ[m,x].
Jm(x) =

1

m!

(x

2

)m
[

1 − 1

m+ 1

(x

2

)2

+
1

(m+ 1)(m+ 2)

1

2!

(x

2

)4

− · · ·
]

=

∞
∑

i=0

(−1)i

i! Γ(m+ i+ 1)

(x

2

)m+2i (100)Oi sunart sei Bessel upakoÔoun se nìmou orjogwniìthta an�logou me autoÔ twn poluwnÔmwn Legendrepou e�nai gnwst� apì thn Kbantomhqanik . An isqÔei ìti oi Jm(kx) kai Jm(lx) (  oi par�gwgoi tou)mhden�zontai sta shme�a a kai b tìte
∫ b

a

Jm(kx)Jm(lx)xdx = 0 an k 6= l (101)en¸
∫ b

a

Jm(kx)Jm(lx)xdx =
x2

2
[J ′

m(kx)]
2 |ba =

x2

2
[Jm+1(kx)]

2 |ba an k = l (102)Oi parap�nw sqèsei orjogwniìthta qrhsimopoioÔntai sun jw gia ton upologismì twn suntelest¸n seanaptÔgmata sunart sewn se seirè sunart sewn Bessel, ìpw gia par�deigma sto parìn prìblhma.Me thn qr sh th Mathematica mporoÔme na dhmiourg soume th grafik  par�stash twn sunar sewn Bessel,blèpe sq ma 8. H entol  e�nai:
Plot[Evaluate[Table[BesselJ[n,x],{n,0,2}]],{x,0,12},
PlotStyle − >{{RGBColor[1,0,0]},{RGBColor[0,1,0]},{RGBColor[0,0,1]}}]Epomènw, h lÔsh th ex�swsh (93) gr�fetai sth morf 

Gm(r, φ) = Jm(kr) [A sin(mφ) +B cos(mφ)] (103)O de�kth m sth sun�rthsh Gm upodhl¸nei thn Ôparxh diaforetik¸n lÔsewn gia ti di�fore timè tou m.
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Sq ma 8: Grafik  par�stash twn sunart sewn Bessel J0(x), J1(x) kai J2(x).Ew t¸ra den qrhsimopoi same ti oriakè sunj ke (89)   (90), pou me b�sh to qwrismì th sun�rthshpou or�same gr�fetai
G(r = 1, φ) = h(r = 1)g(φ) = 0 (104)kai epomènw

Jm(k) = 0. (105)Epomènw o upologismì twn idiotim¸n k èqei anaqje� sthn eÔresh twn riz¸n th ex�swsh (105) h kalÔteratwn riz¸n twn sunart sewn Bessel. H kat�llhlh entol  sth Mathematica e�nai:
<< NumericalMath‘BesselZeros‘
BesselJZeros[k,m]Einai gnwstì ìti oi sunart sei Bessel èqoun �peiro arijmì riz¸n, epomènw gia k�je tim  tou m prèpei naupolog�soume èna �peiro arijmì idiotim¸n k apo thn ex�swsh (105). Gia eukol�a ja akolouj soume thn ex ar�jmhsh gia ti idiotimè k, ja ti gr�foume sth morf  km,n ìpou o de�kth n ja e�nai h n-ost  r�za th msun�rthsh Bessel. Ant�stoiqa ja arijmoÔme kai ti timè tou ω = ck dhlad  ωm,n.Merikè qarakthristikè timè twn riz¸n twn sunart sewn Bessel e�nai:

J0(k) = 0 : k0,n ∼ 2.40, 5.52, 8.65

J1(k) = 0 : k1,n ∼ 3.83, 7.02, 10.17

J2(k) = 0 : k2,n ∼ 5.14, 8.42, 11.62



46 PERIEQ�OMENAAra oi qamhlìtere armonikè suqnìthte kai oi ant�stoiqe idiosunart sei ja e�nai:
k0,1 = 2.40 ω0,1 = 2.40c G0 ∼ J0(2.40r)

k1,1 = 3.83 ω1,1 = 3.83c G1 ∼ J1(3.83r) [A sin(φ) + B cos(φ)]

k2,1 = 5.14 ω2,1 = 5.14c G2 ∼ J2(5.14r) [A sin(2φ) +B cos(2φ)]

k0,2 = 5.52 ω0,2 = 5.52c G0 ∼ J0(5.52r)Epomènw h qronik� exart¸menh lÔsh th ex�swsh (87) gia sugkekrimène timè twn m kai n ja e�nai
ζm,n(r, φ, t) = Jm(km,nr) × [Am,n sin(mφ) + Bm,n cos(mφ)]

× [Γm,n sin(ωm,nt) + ∆m,n cos(ωm,nt)] (106)ìpou ωm,n = ckm,n. Epeid  h ex�swsh (87) e�nai mia grammik  ex�swsh k�nhsh, h genik  lÔsh ja e�nai miaupèrjesh twn epimèrou lÔsewn (106). Opìte ajro�zonta ¸ pro ta m kai n katal goume sthn
ζ(r, φ, t) =

∞
∑

m=0

∞
∑

n=0

Cm,nζm,n(r, φ, t) (107)h se analutik  morf 
ζ(r, φ, t) =

∞
∑

m,n=0

Km,nJm(km,nr) sin(mφ) [Γm,n sin(ωm,nt) + ∆m,n cos(ωm,nt)]

+

∞
∑

m,n=0

Lm,nJm(km,nr) cos(mφ) [Γm,n sin(ωm,nt) + ∆m,n cos(ωm,nt)] (108)ìpou Km,n = Cm,nAm,n kai Lm,n = Cm,nBm,n. Oi �gnwste posìthte sto an�ptugma (108) e�nai oi(qronik� anex�rthtoi) suntelestè Km,nΓm,n, Km,n∆m,n, Lm,nΓm,n kai Lm,n∆m,n.Ew t¸ra den qrhsimopoi same ti arqikè sunj ke tou probl mato dhlad  den or�same ti posìthte
ζ(r, φ, t = 0) kai ∂ζ(r, φ, t = 0)/∂t. Epeid  de oi suntelestè tou anaptÔgmato (108) e�nai anèxarthtoi touqrìnou, mporoÔme na qrhsimopoi soume ti sqèsei orjogwniìthta twn sunart sewn Bessel prokeimènou natou upolog�soume. Epiplèon, upojètoume ìti o diaqwrismì th sun�rthsh ζ isqÔei kai gia ti arqikèsunj ke, dhlad  an jewr soume thn ζ(r, φ, t = 0) = f1(r, φ) kai thn ∂ζ(r, φ, t = 0)/∂t = f2(r, φ) tìteo diaqwrismì tou ja g�nei ¸ ζ(r, φ, 0) = h1(r)g1(φ) kai ζ′(r, φ, 0) = h2(r)g1(φ) + h1(r)g2(φ) opìte oisuntelestè ja upologisjoÔn apo ta anaptÔgmata:

Km,nΓm,n =
1

ωm,nπJm,n
[Im,n

2 Im,n
3 + Im,n

1 Im,n
4 ] (109)

Lm,nΓm,n =
1

ωm,nπJm,n
[Im,n

2 Im,n
5 + Im,n

1 Im,n
6 ] (110)

Km,n∆m,n =
1

πJm,n
Im,n
1 Im,n

3 (111)
Lm,n∆m,n =

1

πJm,n
Im,n
1 Im,n

5 (112)



0.7. UPERBOLIKES EXISWSEIS 47ìpou apaite�tai o upologismì twn parak�tw oloklhrwm�twn:
Jm,n =

∫ 1

0

J2
m(km,nr)rdr (113)

Im,n
1 =

∫ 1

0

h1(r)Jm(km,nr)rdr (114)
Im,n
2 =

∫ 1

0

h2(r)Jm(km,nr)rdr (115)
Im,n
3 =

∫ 2π

0

g1(φ) sin(mφ)dφ (116)
Im,n
4 =

∫ 2π

0

g2(φ) sin(mφ)dφ (117)
Im,n
5 =

∫ 2π

0

g1(φ) cos(mφ)dφ (118)
Im,n
6 =

∫ 2π

0

g2(φ) cos(mφ)dφ (119)An gnwr�zoume tou parap�nw suntelestè tìte praktik� gnwr�zoume kai thn lÔsh th (108).Ta basik� b mata sthn ep�lush tou probl mato e�nai:1. O upologismì twn riz¸n twn sunart sewn Bessel2. Oupologismì twn oloklhrwm�twn Im,n
i3. Tèlo gia praktikoÔ lìgou den ja peril�boume �peirou ìrou sto an�ptugma (108, all� ant�jetaèna peperasmèno arijmì ìrwn an�loga me thn upologistik  isqÔ tou HU ma kai thn mn mh RAM poudiajètei.PROBLHMATA1. Na de�xete (arijmhtik�) ti sqèsei orjogwniìthta (101) kai (102) me qr sh th Mathematica.2. Epanal�bete thn diadikas�a pou akolouj jhke gia ti talant¸sei th membr�nh gia na melet sete titalant¸sei mia paktwmènh sta akra qord . Sth sunèqeia gr�yte èna prìgramma sth Mathematicapou na k�nei prosomo�wsh twn talant¸sewn th qord .3. Grayte èna programma sth Mathematica pou me b�sh thn parap�nw diadikas�a na k�nei prosomo�wshtwn talant¸sewn th membr�nh.



48 PERIEQ�OMENA0.7.3 Arijmhtik  Ep�lush th Kumatik  Ex�swshSe aut  thn enìthta ja melet soume mia �pl rw � arijmhtik  ep�lush th kumatik  ex�swsh kai gia lìgouaplìthta ja periorisjoÔme se èna monodi�stato prìblhma. Pio sugkekrimèna ja melet soume thn ex�swshpou perigr�fei m�a pallìmenh qord  m kou a me paktwmèna ta �kra th. H k�nhsh th perigr�fetai apì thnex�swsh:
∂2u(x, t)

∂t2
= c2

∂2u(x, t)

∂x2
gia 0 < x < a kai 0 < t < b (120)me oriakè sunj ke

u(0, t) = 0 kai u(a, t) = 0 gia 0 ≤ t ≤ b

u(x, 0) = f(x) gia 0 ≤ x ≤ a (121)
ut(x, 0) = g(x) gia 0 < x < aParìti up�rqei analutik  lÔsh th ex�swsh me b�sh th mèjodo pou qrhsimopoi same sthn prohgoÔmenhenìthta, me qr sh twn seir¸n Fourier, ed¸ ja akolouj soume mia pl rw arijmhtik  teqnik  pou apotele�b�sh gia th melèth kai plèon sÔnjetwn uperbolik¸n DEMP pou den epidèqontai analutik¸n lÔsewn.Dhmiourg�a twn exis¸sewn diafor¸nA diamer�soume èna orjog¸nio me pleurè m kou a kai b se (m− 1)× (n− 1) upodiairèsei m kou ∆x = hkai ∆t = k ìpw sth Sq ma 9.Profan¸ me b�sh ti arqikè sunj ke isqÔei u(xi, t1) = f(x1). Me b�sh thn ex�swsh twn kentrik¸ndiafor¸n (13) oi deÔteroi par�gwgoi utt kai uxx gr�fontai

utt(x, t) =
u(x, t+ k) − 2u(x, t) + u(x, t− k)

k2
+O(k2) (122)

uxx(x, t) =
u(x+ h, t) − 2u(x, t) + u(x− h, t)

h2
+O(h2) (123)kai epeid  diamèr�same ta diast mata (0, a) kai (0, b) se �sa tm mata dhlad : xi+1 = xi + h kai tj+1 = tj + kgr�foume thn ex�swsh (120) ¸ ex�swsh diafor¸n sth morf :

ui,j+1 − 2ui,j + ui,j−1

k2
= c2

ui+1,j − 2ui,j + ui−1,j

h2
(124)pou apotele� thn proseggistik  morf  th ex�swsh (120). Gia lìgou aplìthta ja qrhsimopoi soume thnantikat�stash r = ck/h kai h parap�nw sqèsh gr�fetai

ui,j+1 − 2ui,j + ui,j−1 = r2 (ui+1,j − 2ui,j + ui−1,j) . (125)H ex�swsh aut  ja qrhsimopoihje� t¸ra gia ton upologismì twn tim¸n th u(x, t) sth gramm  j + 1 me b�shthn plhrofor�a pou èqoume apo ti grammè j kai j − 1, Sq ma 10. Opìte anadiat�ssonta thn parap�nwsqèsh lamb�noume:
ui,j+1 = 2(1 − r2)ui,j + r2 (ui+1,j + ui−1,j) − ui,j−1 gia i = 2, 3, ..., n− 1 (126)
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i-1Sq ma 9: O trìpo me ton opo�o � sundèontai � ta 5 shme�a th sqèshEpomènw qrhsimopoi¸nta thn sqèsh aut  mporoÔme na upolog�soume ti timè th sun�rthsh u(x, t) stoorjog¸nio R = {(x, t) : 0 ≤ x ≤ a, 0 ≤ t ≤ b}.Sti arijmhtikè mejìdou up�rqoun �ast�jeie � me apotèlesma h lÔsh pou upolog�zoume na mhn antistoiqe�p�nta sthn pragmatik . Sth sugkekrimènh per�ptwsh h sunj kh pou exasfal�zei arijmhtik  eust�jeia e�nai

r = ck/h ≤ 1. Autì to krit rio eust�jeia e�nai gnwstì sth bibliograf�a w Courant-Friedrichs-Lewykrit rio   pio apl� krit rio Courant. Parìti up�rqei majhmatik  apìdeixh gia to sugkekrimèno krit rioja prospaj soume na to katano soume me b�sh mia apl  an�lush. Pio ugkekrimèna, h posìthta ui,j+1upolog�zetai apo thn plhrofor�a pou èqoume sta shme�a (i − 1, j), (i, j), (i, j + 1) kai (i, j − 1), me �llalìgia mìno apo aut� ta shme�a epitrèpetai na metafèretai plhrofor�a sto shme�o ui,j+1. An parathr soumeprosektik� autì pou apa�tei to krit rio Courant e�nai:
|c| ≤ ∆x

∆t
(127)Dhlad  h taqÔthta me thn opo�a taxideÔei mia kÔmansh (c) den ja prèpei na uperba�nei th mègisth taqÔthtadi�dosh pou epitrèpetai apo thn diamèrish pou epilèxame. Autì apotele� èna genikì krit rio gia thn eust�jeiatwn arijmhtik¸n mejìdwn p.q. den epitrèpetai na epilègoume meg�la arijmhtik� b mata gia na melet soumefainìmena pou parousi�zoun shmantikè allagè se mikrìterh qronik  kl�maka. Ena tètoio paradeigma jaapoteloÔse h arijmhtik  melèth th troqi� th Gh me qronikì b ma megalÔtero tou enì ètou,   h melèthth k�nhsh enì ekkremoÔ me qronikì b ma megalutero th periìdou tou.
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Sq ma 10: H diamèrish(plègma) gia thn arijmhtik  ep�lush th kumatik  ex�swsh utt = c2uxx.Oi arqikè timèOpw proanafèrame apaitoÔntai oi arqikè timè th u(x, t) sti grammè j = 1 kai j = 2. Epeid  ìmwh deÔterh gramm  den d�netai p�nta thn upolog�zoume me b�sh ti arqikè sunjhke. An qrhsimopoi soumepr¸th t�xh an�ptugma Taylor th u(x, t) peri to shme�o (xi, 0) lamb�noume
u(xi, k) = u(xi, 0) + kut(xi, 0) +O(k2) (128)Opìte epeid  u(xi, 0) = f(xi) = fi kai ut(xi, 0) = g(xi) = gi h parap�nw sqèsh gr�fetai
ui,2 = fi + kgi gia i = 2, 3, ..., n− 1. (129)Profan¸ h parap�nw sqèsh e�nai proseggistik  kai to arijmhtikì sf�lma pou upeisèrqetai mèsw th para-p�nw sqèsh e�nai t�xh O(k2) to opo�o diad�detai kat� thn di�rkeia th arijmhtik  exèlixh th ex�swshkai giautì e�nai shmantikì na jètoume apo thn arq  arket� mikr  tim  sto k.PARADEIGMANa luje� h kumatik  ex�swsh th pallìmenh qord 

utt(x, t) = 4uxx(x, t) gia 0 < x < 1 kai 0 < t < 0.5 (130)me oriakè sunj ke
u(0, t) = 0 kai u(1, t) = 0 gia 0 ≤ t ≤ 0.5

u(x, 0) = f(x) = sin(πx) + sin(2πx) gia 0 ≤ x ≤ 1 (131)
ut(x, 0) = g(x) = 0 gia 0 < x < 1



0.7. UPERBOLIKES EXISWSEIS 51LUSHGia aplìthta ja qrhsimopoi soume h = 0.1 kai k = 0.05. Epeid  c = 2 lamb�noume r = ck/h = 1, ep�shepeid  g(x) = 0 kai r = 1 h sqèsh (130) gr�fetai w:
ui,2 =

fi−1 + fi+1

2
gia i = 2, 3, ..., 9. (132)Antikajist¸nta r = 1 sthn ex�swsh (126) dhmiourgoÔme thn arket� apl  anadromik  sqèsh

ui,j+1 = ui+1,j + ui−1,j − ui,j−1 (133)PROBLHMATA1. Na luje� h kumatik  ex�swsh th pallìmenh qord 
utt(x, t) = 4uxx(x, t) gia 0 < x < 1 kai 0 < t < 0.5me oriakè sunj ke
u(0, t) = 0 kai u(1, t) = 0 gia 0 ≤ t ≤ 1

u(x, 0) = f(x) =
5x

3
gia 0 ≤ x ≤ 3

5

u(x, 0) = f(x) =
5(1 − x)

2
gia 3

5
≤ x ≤ 1

ut(x, 0) = g(x) = 0 gia 0 < x < 12. Na epibebaiwje� analutik� ìti h u(x, t) = sin(nπx) cos(cnπt) e�nai lÔsh th ex�swsh utt(x, t) =
c2uxx(x, t) gia k�je jetikì akèraio n = 1, 2, ...3. Na luje� h kumatik  ex�swsh th pallìmenh qord 

utt(x, t) = uxx(x, t) gia 0 < x < 1 kai 0 < t < 1me oriakè sunj ke
u(0, t) = 0 kai u(1, t) = 0 gia 0 ≤ t ≤ 1

u(x, 0) = f(x) = sin(πx) gia 0 ≤ x ≤ 1

ut(x, 0) = g(x) = 0 gia 0 < x < 14. Dokim�ste sta parap�nw probl mata timè tou r megalÔtere kai mikrìtere tou 1 gia na melet setethn eust�jeia th mejìdou.


