
Parembol , Prìbleyh & ProseggÐseic

15 AprilÐou 2010

Parembol , Prìbleyh & ProseggÐseic



Eisagwg 

Pollèc forèc gnwrÐzoume tic timèc miac sun�rthshc f (x) se èna
sÔnolo shmeÐwn x1, x2, ..., xN , all� agnooÔme thn morf  thc
sun�rthshc.
Ja upologÐsoume th sun�rthsh f (x)   thn tim  thc gia tuqaÐa x
zwgrafÐzontac mia kampÔlh pou dièrqetai apì ta gnwst� shmeÐa xi .

H diadikasÐa upologismoÔ thc tim c thc sun�rthshc f (x) gia tuqaÐa
x ∈ [x1, xN ] kaleÐtai parembol  en¸ an oi zhtoÔmenec timèc eÐnai ektìc
tou diast matoc, x /∈ [x1, xN ], tìte lègetai prìbleyh.

PARATHRHSH: H morf  thc sun�rthshc pou ja ex�goume ja prèpei
na eÐnai sqetik� apl  ¸ste na eÐnai eÔqrhsth gia mia seir� pijan¸n
problhm�twn.
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Poluwnumikèc ProseggÐseic

Oi poluwnumikèc sunart seic qrhsimopoioÔntai eurÔtata en¸ kai
proseggÐseic me rhtèc kai trigwnometrikèc qrhsimopoioÔntai arket�
suqn�.

S' autì to kef�laio ja asqolhjoÔme me tic parak�tw peript¸seic
poluwnumik¸n proseggÐsewn:

Polu¸numo Lagrange

Polu¸numo Newton

Polu¸numo Hermite

Polu¸numo Taylor

Kubikèc Splines

Ta polu¸numa aut� onom�zontai kai sumptwtik�.
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Polu¸numo Lagrange

Ac jewr soume tin akìloujo pÐnaka stoiqeÐwn:

x0 x1 x2 x3

x 3.2 2.7 1.0 4.8
f (x) 22.0 17.8 14.2 38.3

f0 f1 f2 f3

Apì aut� ta shmeÐa dièrqetai èna 4hc t�xhc sumptwtikì polu¸numo
p.q. ax3 + bx2 + cx + d = P(x).
Me b�sh tic timèc tou pÐnaka mporoÔme na sqhmatÐsoume èna
sÔsthma apì 4 exÐs¸seic me 4 agn¸stouc apo tic opoÐec
upologÐzoume tou suntelestèc tou sumptwtikoÔ poluwnÔmou
a = −0.5275, b = 6.4952, c = −16.117 kai d = 24.3499 dhlad :

P(x) = −0.5275x3 + 6.4952x2 − 16.117x + 24.3499

EÐnai profanèc, ìti h diadikasÐa eÐnai epÐponh kai o Lagrange
anèptuxe èna ap' eujeÐac trìpo eÔreshc tou sumptwtikoÔ
poluwnÔmou mèsw thc sqèshc:

Pn(x) = f0L0(x) + f1L1(x) + .... + fnLn(x) =
n∑

i=0

fiLi (x) (1)

ìpou Li (x) eÐnai oi suntelestèc Lagrange
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Opou Li (x) eÐnai oi poluwnumikoÐ suntelestèc Lagrange

Lj(x) =
(x − x0)(x − x1)...(x − xj−1)(x − xj+1)...(x − xn)

(xj − x0)(xj − x1)...(xj − xj−1)(xj − xj+1)...(xj − xn)
(2)

gia touc opoÐouc ja isqÔei:

Lj(xk) = δjk =

{
0 an j 6= k
1 an j = k

ìpou δjk eÐnai to sÔmbolo Kronecker.

SFALMATA

Otan qrhsimopoioÔme to polu¸numo Lagrange gia thn prosèggish mia
suneqoÔc sun�rthshc f (x) to sf�lma ja dÐnetai apo th sqèsh :

E (x) = (x − x0)(x − x1)....(x − xn)
f (n+1)(ξ)

(n + 1)!
ìpou ξ ∈ [x0, xn] (3)

SHMEIWSH

H prosèggish me polu¸numo Lagrange mporeÐ na qrhsimopoihjeÐ gia
aniso- kai iso-apèqonta shmeÐa. Profan¸c gia isapèqonta h morf 
tou eÐnai aploÔsterh.
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Polu¸numo Lagrange: Par�deigma

Na brejeÐ to polu¸numo Lagrange pou
proseggÐzei th sun�rthsh y = cos(πx).
DhmiourgoÔme ton pÐnaka:

xi 0 0.5 1
fi 1 0.0 -1

Oi suntelestèc tou poluwnÔmou
Lagrange ja eÐnai:

L1(x) =
(x − x2)(x − x3)

(x1 − x2)(x1 − x3)
=

(x − 0.5)(x − 1)

(0− 0.5)(0− 1)
= 2x2 − 3x + 1,

L2(x) =
(x − x1) (x − x3)

(x2 − x1)(x2 − x3)
=

(x − 0)(x − 1)

(0.5− 0)(0.5− 1)
= −4(x2 − x)

L3(x) =
(x − x1)(x − x2)

(x3 − x1)(x3 − x2)
=

(x − 0)(x − 0.5)

(1− 0)(1− 0.5)
= 2x2 − x

opìte telik�

P(x) = 1 · (2x2 − 3x + 1)− 0.4 · (x2 − x) + (−1) · (2x2 − x) = −2x + 1
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En¸ to sf�lma ja eÐnai:

E (x) = x · (x − 0.5) · (x − 1)
π3 sin(πξ)

3!

pq. gia x = 0.25 eÐnai E (0.25) ≤ 0.24.
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Polu¸numo Newton

Newton-Gregory proc ta emprìc

Pn(xs) = f0 + s ·∆f0 +
s(s − 1)

2!
·∆2f0 +

s(s − 1)(s − 2)

3!
·∆3f0 + ...

= f0 +

(
s
1

)
·∆f0 +

(
s
2

)
·∆2f0 +

(
s
3

)
·∆3f0 + ...

=
n∑

i=0

(
s
i

)
·∆i f0 (4)

ìpou xs = x0 + s · h kai

∆fi = fi+1 − fi (5)

∆2fi = fi+2 − 2fi+1 + fi (6)

∆3fi = fi+3 − 3fi+2 + 3fi+1 − fi (7)

∆nfi = fi+n − nfi+n−1 +
n(n − 1)

2!
fi+n−2 −

n(n − 1)(n − 2)

3!
fi+n−3 + · · ·(8)
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Polu¸numo Newton

SFALMA To sf�lma eÐnai akrib¸c to Ðdio ìpwc kai gia to
polu¸numo Lagrange:

E (x) = (x − x0)(x − x1)....(x − xn)
f (n+1)(ξ)

(n + 1)!
ìpou ξ ∈ [x0, xN ] (9)

x f (x) ∆f (x) ∆2f (x) ∆3f (x) ∆4f (x) ∆5f (x)
0.0 0.000

0.203
0.2 0.203 0.017

0.220 0.024
0.4 0.423 0.041 0.020

0.261 0.044 0.032
0.6 0.684 0.085 0.052

0.246 0.096
0.8 1.030 0.181

0.527
1.0 1.557

PÐnakac: Par�deigma pÐnaka diafor¸n

Newton-Gregory proc ta pÐsw

Pn(x) = f0+

(
s
1

)
·∆f−1+

(
s + 1

2

)
·∆2f−2+...+

(
s + n − 1

n

)
·∆nf−n

(10)
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Par�deigma

x F (x) ∆f (x) ∆2f (x) ∆3f (x) ∆4f (x) ∆5f (x)
0.2 1.06894

0.11242
0.5 1.18136 0.01183

0.12425 0.00123
0.8 1.30561 0.01306 0.00015

0.13731 0.00138 0.000001
1.1 1.44292 0.01444 0.00014

0.15175 0.0152
1.4 1.59467 0.01596

0.16771
1.7 1.76238

Newton-Gregory proc ta emprìc gia x0 = 0.5:

P3(x) = 1.18136 + 0.12425 s + 0.01306

(
s
2

)
+ 0.00138

(
s
3

)
= 1.18136 + 0.12425 s + 0.01306 s (s − 1)/2 + 0.00138 s (s − 1) (s − 2)/6
= 0.9996 + 0.3354 x + 0.052 x2 + 0.085 x3

Newton-Gregory proc ta pÐsw gia x0 = 1.1:

P3(x) = 1.44292 + 0.13731 s + 0.01306

(
s + 1

2

)
+ 0.00123

(
s + 2

3

)
= 1.44292 + 0.13731 s + 0.01306 s (s + 1)/2 + 0.00123 s (s + 1) (s + 2)/6
= 0.99996 + 0.33374 x + 0.05433 x2 + 0.007593 x3
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Polu¸numo Hermite

QrhsimopoieÐtai ìtan den èqoume mìno plhroforièc gia th sun�rthsh
f (x) all� kai gia thn par�gwgo f ′(x)

P2n−1(x) =
n∑

i=1

Ai (x)fi +
n∑

i=1

Bi (x)f ′i (11)

ìpou

Ai (x) = [1− 2(x − xi )L
′
i (xi )] · [Li (x)]2 (12)

Bi (x) = (x − xi ) · [Li (x)]2 (13)

en¸ Li (x) eÐnai oi suntelestèc Lagrange.

SFALMA: h akrÐbeia thc mejìdou upologÐzetai apo sqèsh pou eÐnai
an�logh me aut  tou poluwnÔmou Lagrange t�xhc 2n!

y(x)− p(x) =
y (2n+1)(ξ)

(2n + 1)!
[(x − x1)(x − x2) . . . (x − xn)]

2
(14)
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Polu¸numo Hermite: Par�deigma

BreÐte to polu¸numo Hermite gia
ta dedomèna tou pÐnaka:

k xk yk y ′k
0 0 0 0
1 4 2 0

Oi suntelestèc Lagrange eÐnai:

L0(x) =
x − x1

x0 − x1
=

x − 4

0− 4
= −x − 4

4
L1(x) =

x − x0

x1 − x0
=

x

4

L′0(x) =
1

x0 − x1
= −1

4
L′1(x) =

1

x1 − x0
=

1

4

Opìte

A0(x) =
h
1 − 2 · L′0(x − x0)

i
· L2

0 =

»
1 − 2 ·

„
−

1

4

«
(x − 0)

–
·

„
x − 4

4

«2

A1(x) =
h
1 − 2 · L′0(x − x1)

i
· L2

1 =

»
1 − 2 ·

1

4
(x − 4)

–
·

„
x

4

«2
=

„
3 −

x

2

«
·

„
x

4

«2

B0(x) = (x − 0) ·
„

x − 4

4

«2

= x

„
x − 4

4

«2

B1(x) = (x − 4) ·
„

x

4

«2

Ara to polu¸numo Hermite ja eÐnai:

P(x) = (6− x)
x2

16
.
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Polu¸numo Taylor

Stic prohgoÔmenec peript¸seic upologÐsame P(x) èna polu¸numo pou
pèrnei tic Ðdiec timèc me mia sun�rthsh f (x) se N shmeÐa (Lagrange)  
èna polu¸numo pou tautÐzetai me th sun�rthsh kai thn par�gwgo
thc se N shmeÐa (Hermite).
To polu¸numo Taylor paÐrnei thn Ðdia tim  me mia sun�rthsh se
k�poio shmeÐo x0 all� tautÐzetai kai me tic N pr¸tec parag¸gouc
thc sun�rthshc, dhlad :

P(i)(x0) = f (i)(x0) and i = 0, 1, ..., n

To polu¸numo Taylor to gnwrÐzoume apo th Majhmatik  An�lush kai
eÐnai

P(x) =
N∑

i=0

f (i)(x)

i !
(x − x0)

i (15)

SFALMA: an anatrèxoume sth Majhmatik  An�lush ja broÔme ìti:

EN(x) = (x − x0)
N+1 f (N+1)(ξ)

(N + 1)!
(16)
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Polu¸numo Taylor: Par�deigma

Ja deÐxoume ìti gia ton upologismì tou e = 2.718281828459... me
13-yhfÐa apaitoÔntai 15 ìroi tou anaptÔgmatoc Taylor.
Oloi oi par�gwgoi thc y(x) = ex sto shmeÐo x = 0 ja eÐnai:

y0 = y
(1)
0 = y

(2)
0 = ... = y

(n)
0 = 1

epomènwc

p(x) =
n∑

i=1

1

i !
xn = 1 + x +

x2

2
+ ... +

1

n!
xn

kai to sf�lma ja eÐnai:splines

|En| = xn+1 eξ

(n + 1)!
=

eξ

16!
<

3

16!
= 1.433× 10−13
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Parembol  me Kubik  Splines

Se pollèc peript¸seic èna tupikì
polu¸numo den mporeÐ na proseggÐsei
ikanopoihtik� èna dedomèno sÔnolo
shmeÐwn. Gia par�deigma, h sun�rthsh:

f (x) =

 0 −1 ≤ x ≤ −0.2
1− 5|x | −0.2 < x < 0.2

0 0.2 ≤ x ≤ 1.0

den mporeÐ na proseggisjeÐ me
ikanopoihtikì trìpo apo opoioud pote
bajmoÔ polu¸numo ! P(x) = 1− 26x2 + 25x4

Tètoiou eÐdouc peript¸seic antimetwpÐzontai me th qr sh twn splines.
Otan gia par�deigma, qrhsimopoi soume kubik  splines tìte apì
k�je zeÔgoc shmeÐwn frontÐzoume na dièrqetai èna 3-b�jmio
polu¸numo to opoÐo sta shmeÐa aut� tautÐzetai me ta 'diplan�'
3-bajmia polu¸numa kai ìqi mìno. ApaitoÔme na tautÐzontai kai oi
pr¸tec kai deÔterec par�gwgoi touc.
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Parembol  me Kubik  Splines
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Parembol  me Kubik  Splines

Estw to kubikì polu¸numo sto i di�sthma, pou brÐsketai metaxÔ twn
shmeÐwn (xi , yi ) kai (xi+1, yi+1) èqei th morf :

y(x) = ai · (x − xi )
3 + bi · (x − xi )

2 + ci · (x − xi ) + di

Epomènwc sta �kra tou diast matoc ja isqÔei:

yi = ai · (xi − xi )
3 + bi · (xi − xi )

2 + ci · (xi − xi ) + di = di

yi+1 = ai · (xi+1 − xi )
3 + bi · (xi+1 − xi )

2 + ci · (xi+1 − xi ) + di

= aih
3
i + bih

2
i + cihi + di

ìpou hi = xi+1 − xi . Ja qreiastoume kai thn 1h kai 2h par�gwgo
sta �kra tou diast matoc pou sundèoun thn klÐsh kai thn
kamopulìthta twn dÔo poluwnÔmwn. Me diafìrish pèrnoume

y ′(x) = 3ai · (x − xi )
2 + 2bi · (x − xi ) + ci

y ′′(x) = 6ai · (x − xi ) + 2bi
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H diadikasÐa aplopoieÐtai an gr�youme tic exis¸seic san sun�rthsh
twn 2wn parag¸gwn twn sumptwtik¸n poluwnÔmwn An onom�soume
Si th 2h par�gwgo sto shmeÐo (xi , yi ) tìte eÔkola pèrnoume:

bi =
Si

2
, ai =

Si+1 − Si

6hi
(17)

pou shmaÐnei ìti

yi+1 =
Si+1 − Si

6hi
h3

i +
Si

2
h2

i + cihi + yi

kai telik�

ci =
yi+1 − yi

hi
− 2hiSi + hiSi+1

6
(18)

Sth sunèqeia jètoume th sunj kh ìti oi klÐseic twn kubik¸n
poluwnÔmwn sto (xi , yi ) tautÐzontai:

y ′i = 3ai · (xi − xi )
2 + 2bi · (xi − xi ) + ci = ci

y ′i = 3ai−1 · (xi − xi−1)
2 + 2bi−1 · (xi − xi−1) + ci−1

= 3ai−1h
2
i−1 + 2bi−1hi−1 + ci−1
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AN tic exis¸soume kai antikatast soume ta a, b, c kaid we get:

y ′i =
yi+1 − yi

hi
− 2hiSi + hiSi+1

6

= 3

(
Si − Si−1

6hi−1

)
h2

i−1 + 2
Si−1

2
hi−1 +

yi − yi−1

hi−1
− 2hi−1Si−1 + hi−1Si

6

kai telik� ta aplopoi soume, lamb�noume:

hi−1Si−1 + 2 (hi−1 + hi ) Si + hiSi+1 = 6

(
yi+1 − yi

hi
− yi − yi−1

hi−1

)
(19)

An jewr soume n + 1 shmeÐa h parap�nw sqèsh ja efarmosjeÐ se
n − 1 eswterik� shmeÐa. Epomènwc dhmiourgoÔme tic n − 1 grammikèc
exis¸seic gia touc n + 1 agn¸stouc Si . Autì to sÔsthma epilÔetai
an "dìsoume� tic timèc tou S0 kai Sn.
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To sÔsthma twn n − 1 exis¸sewn me n + 1 agn¸stouc ja grafeÐ wc:
.......

h0 2(h0 + h1) h1
h1 2(h1 + h2) h2

h2 2(h2 + h3) h3
....... .......

hn−2 2(hn−2 + hn−1) hn−1




S0
S1
S2
:
Sn−2
Sn−1
Sn



= 6



....
y2−y1

h1
− y1−y0

h0
y3−y2

h2
− y2−y1

h1

....
yn−yn−1

hn−1
− yn−1−yn−2

hn−2

....


≡ ~Y

Apo th lÔsh autoÔ tou grammikoÔ sust matoc pèrnoume touc
suntelestèc ai , bi , ci kai di mèsw twn sqèsewn:

ai =
Si+1 − Si

6hi
, bi =

Si

2
(20)

ci =
yi+1 − yi

hi
− 2hiSi + hiSi+1

6
(21)

di = yi (22)
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• Epilog  I jewroÔme, S0 = 0 kai Sn = 0 autì odhgeÐ sth lÔsh tou
parak�tw sust matoc:

2(h0 + h1) h1

h1 2(h1 + h2) h2

h2 2(h2 + h3) h3

....
hn−2 2(hn−2 + hn−1)

·


S1

S2

S3

Sn−1

 = ~Y

• Epilog  II jewroÔme, S0 = S1 kai Sn = Sn−1 autì odhgeÐ sth lÔsh
tou parak�tw sust matoc:

0BBB@
3h0 + 2h1 h1
h1 2(h1 + h2) h2

h2 2(h2 + h3) h3
... ...

hn−2 2hn−2 + 3hn−1

1CCCA
0BBB@

S1
S2
S3

Sn−1

1CCCA = ~Y
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• EPILOGH III QrhsimopoioÔme thn grammik  parembol 

S1 − S0

h0
=

S2 − S1

h1
⇒ S0 =

(h0 + h1)S1 − h0S2

h1

Sn − Sn−1

hn−1
=

Sn−1 − Sn−2

hn−2
⇒ sn =

(hn−2 + hn−1)Sn−1 − hn−1Sn−2

hn−2

autì odhgeÐ sth lÔsh tou parak�tw sust matoc:

0BBBBBBB@

(h0+h1)(h0+2h1)
h1

h2
1−h2

0
h1

h1 2(h1 + h2) h2
h2 2(h2 + h3) h3

.... ....
h2
n−2−h2

n−1
hn−2

(hn−1+hn−2)(hn−1+2hn−2)

hn−2

1CCCCCCCA
·

0BBB@
S1
S2
S3

Sn−1

1CCCA = ~Y
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• EPILOGH IV ApaitoÔme oi klÐseic sta �kra tou dist matoc na
p�roun sugkekrimènec timèc: An f ′(x0) = A kai f ′(xn) = B opìte

2h0S0 + h1S1 = 6

(
y1 − y0

h0
− A

)
hn−1Sn−1 + 2hnSn = 6

(
B − yn − yn−1

hn−1

)


2h0 h1

h0 2(h0 + h1) h1

h1 2(h1 + h2) h2

....
hn−2 2hn−1

 ·


S1

S2

S3

Sn−1

 = ~Y
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Parembol  me Kubik  Splines : Par�deigma

Ef�rmose thn parembol  me kubik  Splines gia ta parak�tw
dedomèna (y = x3 − 8):

x 0 1 2 3 4
y -8 -7 0 19 56

An�loga me tic sunj kec sta �kra pèrnoume tic parak�tw lÔseic:
• SUNJHKH I : S0 = 0, S4 = 0 4 1 0

1 4 1
0 1 4

 ·

 S1

S2

S3

 =

 36
72
108

 ⇒
S1 = 6.4285
S2 = 10.2857
S3 = 24.4285

• SUNJHKH II : S0 = S1, S4 = S3 s 1 0
1 4 1
0 1 s

 ·

 S1

S2

S3

 =

 36
72
108

 ⇒
S1 = S0 = 4.8
S2 = 1.2
S3 = 19.2 = S4
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• SUNJHKH III : 6 0 0
1 4 1
0 0 6

 ·

 S1

S2

S3

 =

 36
72
108

 ⇒
S0 = 0 S1 = 6
S2 = 12 S3 = 18
S4 = 24

• SUNJHKH IV :
2 1 0 0 0
1 4 1 0 0
0 1 4 1 0
0 0 1 4 1
0 0 0 1 2

 ·


S0

S1

S2

S3

S4

 =


6
36
72
108
66


S0 = 0
S1 = 6
S2 = 12
S3 = 18
S4 = 24
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Parembol  me Kubik  Splines : PROBLHMATA

1 Ta parak�tw dedomèna eÐnai apo astronomikèc parathr seic
kai antiproswpeÔoun tic metabolèc tou fainìmenou megèjouc
enìc tÔpou metablht¸n astèrwn, twn Cepheids

Qrìnoc 0.0 0.2 0.3 0.4 0.5 0.6 0.7 0.8 1.0

Fainìmeno
mègejoc

0.302 0.185 0.106 0.093 0.24 0.579 0.561 0.468 0.302

QrhsimopoieÐste Splines gia na dhmiourg sete èna nèo pÐnaka
gia to fainìmeno mègejoc se qronik� diast mata 0.05.

Parembol , Prìbleyh & ProseggÐseic



1 Apo ton parak�tw pÐnaka upologÐste thn akrib  epit�qunsh
thc barÔthtac sth Jec/nÐkh (40o). EpÐshc pìso metab�letai
metaxÔ dÔo shmeÐwn me diafor� sto gewgrafikì m koc kat� 4
moÐrec pq Aj na-Jec/nÐkh.

Gewg. M koc M koc 1' thc moÐ-
rac
ston Ðdio par�llh-
lo

Topik  epit�qun-
sh
thc barÔthtac g

00 1855.4 m 9.7805 m/sec2

150 1792.0 m 9.7839 m/sec2

300 1608.2 m 9.7934 m/sec2

450 1314.2 m 9.8063 m/sec2

600 930.0 m 9.8192 m/sec2

750 481.7 m 9.8287 m/sec2

900 0.0 m 9.8322 m/sec2
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Prosèggish me Rhtèc Sunart seic

Ja prospaj soume na proseggÐsoume sÔnola shmeÐwn   sunart seic
me rhtèc kai ìqi me polu¸numa.
Eidik� ja asqolhjoÔme me thn perÐptwsh thc prosèggishc Padé.
H rht  prosèggish thc f (x) sto di�sthma [a, b], eÐnai o lìgoc dÔo
poluwnÔmwn Pn(x) kai Qm(x) bajmoÔ n kai m 1

f (x) = RN(x) ≡ Pn(x)

Qm(x)
=

a0 + a1x + a2x
2 + ... + anx

n

1 + b1x + b2x2 + ... + bmxm
, N = n + m

dhlad  up�rqoun N + 1 = n + m + 1 stajerèc pou prèpei na
upologisjoÔn.
H mèjoc Padé apaiteÐ h f (x) kai oi par�gwgoi thc na eÐnai suneqeÐc
sto x = 0.
Aut  h epilog  dieukolÔnei touc qeirismoÔc mac kai an qreiasteÐ
mporoÔme na k�noume allag  thc metablht c kai kata sunèpeia tou
diast matoc ¸ste na perièqei to mhdèn.

1Merikèc forèc gr�foume RN(x) ≡ Rn,m(x).
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Prosèggish Padé

JewroÔme to an�ptugma Maclaurin thc f (x) (wc ìrouc t�xhc xN),
tìte :

f (x) ≈ c0 + c1x + ... + cNxN

ìpou ci = f (i)(0)/(i !).
Sth sunèqeia dhmiourgoÔme tic diaforèc

f (x) − RN (x) ≈
“
c0 + c1x + ... + cN xN

”
−

a0 + a1x + ... + anxn

1 + b1x + ... + bmxm

=

“
c0 + c1x + ... + cN xN

”
(1 + b1x + ... + bmxm) − (a0 + a1x + ... + anxn)

1 + b1x + ... + bmxm

An f (0) = RN(0) tìte c0 − a0 = 0.
Me ton Ðdio trìpo, giia na eÐnai oi N par�gwgoi thc f (x) kai RN(x)
Ðsec sto x = 0 oi suntelestèc twn dun�mewn tou x ewc kai xN ston
arijmht  ja prèpei na eÐnai tautotik� mhdèn.
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M' autì ton trìpo dhmiourgoÔme N exis¸seic gia ta a kai b

b1c0 + c1 − a1 = 0

b2c0 + b1c1 + c2 − a2 = 0

b3c0 + b2c1 + b1c2 + c3 − a3 = 0
...

bmcn−m + bm−1cn−m+1 + ... + cn − an = 0

bmcn−m+1 + bm−1cn−m+2 + ... + cn+1 = 0 (23)

bmcn−m+2 + bm−1cn−m+3 + ... + cn+2 = 0

...

bmcN−m + bm−1cN−m+1 + ... + cN = 0

Parathr ste ìti k�je mia apì tic parap�nw exis¸seic tì �jroisma
twn deikt¸n tou k�je ginomènou, eÐnai Ðso me th dÔnamh tou
antÐstoiqou ìrou ston arijmht .
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Prosèggish Padé : PARADEIGMA

H R9(x)   R5,4(x) prosèggish Padé thc sun�rthshc tan−1 (x)
upologÐzoume thn seir� Maclaurin :

tan−1 (x) = x −
1

3
x3 +

1

5
x5 −

1

7
x7 +

1

9
x9

kai sth sunèqeia gr�foume

f (x)−R9 (x) =

“
x − 1

3
x3 + 1

5
x5 − 1

7
x7 + 1

9
x9

” “
1 + b1x + b2x2 + b3x3 + b4x4

”
−

“
a0 + a1x + a2x2 + ... + a5x5

”
1 + b1x + b2x2 + b3x3 + b4x4

opìte oi suntelestèc thc rht c sun�rthshc ja upologisjoÔn apo th
lÔsh tou sust matoc:

a0 = 0, a1 = 1, a2 = b1, a3 = −
1

3
+ b2 , a4 = −

1

3
b1 + b3 , a5 =

1

5
−

1

3
b2 + b4

1

5
b1 −

1

2
b3 = 0, −

1

7
+

1

5
b2 −

1

3
b4 = 0 , −

1

7
b1 +

1

5
b3 = 0,

1

9
−

1

7
b2 +

1

5
b4 = 0 (24)

apo to opoÐo lamb�noume:

a0 = 0, a1 = 1, a2 = 0, a3 = 7
9
, a4 = 0, a5 = 64

945
, b1 = 0, b2 = 10

9
, b3 = 0, b4 = 5

21
.

tan−1 x ≈ R9(x) =
x + 7

9x3 + 64
945x5

1 + 10
9 x2 + 5

21x4

Opìte gia x = 1 , h akrib c tim  eÐnai 0.7854, h Padé R9(1) = 0.78558
en¸ aut  pou upologÐzoume apo to an�ptugma Maclaurin 0.8349!
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Rht  Prosèggish om�dac shmeÐwn

An antÐ thc analutik c morf c thc f (x) dojeÐ èna sÔnolo k shmeÐwn
(xi , f (xi )), tìte prèpei na broÔme mia rht c sun�rthsh RN(x) tètoia
¸ste gia k�je xi na isqÔei f (xi ) = RN(xi ) dhlad 

RN(xi ) =
a0 + a1xi + a2x

2
i + ... + anx

n
i

1 + b1xi + b2x2
i + ... + bmxm

i

= f (xi )

Ja akolouj soume th diadikasÐa pou qrhsimopoi same gia thn
eÔresh tou sumptwtikoÔ poluwnÔmou. Dhlad  ja broÔme th lÔsh tou
pak�tw sust matoc apì k ≥ m + n + 1 exis¸seic:

a0 + a1x1 + ... + anx
n
1 − (f1x1) b1 − ...− (f1x

m
1 ) bm = f1

::
a0 + a1xi + ... + anx

n
i − (fixi ) b1 − ...− (fix

m
i ) bm = fi

::
a0 + a1xk + ... + anx

n
k − (fkxk) b1 − ...− (fkx

m
k ) bm = fk

dhl. pèrnoume k exis¸seic gia k agn¸stouc a0,a1, ..., an kai
b1, b2, ..., bm.
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Rht  Prosèggish om�dac shmeÐwn: Par�deigma

Ja broÔme th rht  sun�rthsh pou dièrqetai apì ta shmeÐa: (-1,1),
(0,2) kai (1,-1).
EÐnai profanèc ìti to �jroisma twn suntelest¸n ston arijmht  kai
paranomast  ja eÐnai (n + m + 1 ≤ 3). Epomènwc gr�foume:

R1,1 (x) =
a0 + a1x

1 + b1x

pou odhgeÐ sto parak�tw sÔsthma:

a0 + (−1) a1 − (−1) b1 = 1
a0 + 0 · a1 − 0 · b1 = 2
a0 + 1 · a1 − (−1) b1 = −1

 ⇒
a0 = 2
a1 = −1
b1 = −2

kai h rht  sun�rthsh ja eÐnai:

R1,1 (x) =
2− x

1− 2x
.

Enallaktik�, mproÔme na qrhsimopoi soume thn akìloujh
sun�rthsh :

R0,1 (x) =
a0

1 + b1x + b2x
⇒ R (x) =

2

1− 2x − x2

Parembol , Prìbleyh & ProseggÐseic



Prosèggish me Rhtèc Sunart seic: Probl mata

1 BreÐte thn Padé prosèggish R3,3(x) gia th sun�rthsh y = ex .
SugkrÐneta me th seir� Maclaurin gia x = 1.

2 BreÐte thn Padé prosèggish R3,5(x) gia th sun�rthsh y = cos(x)
kai y = sin(x). SugkrÐneta me th seir� Maclaurin gia x = 1.

3 BreÐte thn Padé prosèggish R4,6(x) gia th sun�rthsh
y = 1/x sin(x). SugkrÐneta me th seir� Maclaurin gia x = 1.

4 BreÐte th rht  sun�rthsh pou dièrqetai apì ta parak�tw
shmeÐa:

0 1 2 4
0.83 1.06 1.25 4.15
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