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ProseggÐzontac thn par�gwgo

O aploÔsteroc trìpoc gia thn eÔresh thc arijmhtik c tim c thc

parag¸gou miac sun�rthshc y(x)   enìc sunìlou diakrit¸n tim¸n

(xi , yi ) eÐnai me qr sh tou sumptwtikoÔ poluwnÔmou Newton  

Lagrange.

`Etsi an jewr soume to sumptwtikì polu¸numo Newton :

y(x) → P(x) = y0 + s∆y0 +
s(s − 1)

2!
∆2y0 +

s(s − 1)(s − 2)

3!
∆3y0 + · · ·

kai to paragwgÐsoume, lamb�noume :

dy

dx
=

dP

dx
=

1

s

dP(s)

ds
=

1

h

[
∆y0 +

2s − 1

2!
∆2y0 +

3s2 − 6s + 2

3!
∆3y0 + · · ·

]
ìpou x = x0 + sh.
Opìte gia thn par�gwgo sto x0 jètoume s = 0   gia thn par�gwgo
sto x1 jètoume s = 1 kok. Gia par�deigma:

y ′0 =
1

h

[
∆y0 −

1

2
∆2y0 +

1

3
∆3y0 + · · ·

]
(1)
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ProsegÐzontac thn par�gwgo

An�loga me ton arijmì twn ìrwn tou sumptwtikoÔ poluwnÔmou,
lamb�noume:

y ′0 =
y1 − y0

h
+ O(h) (2)

y ′0 = −3y0 − 4y1 + y2

2h
+ O(h2) (3)

y ′0 = −11y0 − 18y1 + 9y2 − 2y3

6h
+ O(h3) (4)

Me parìmoio trìpo lamb�noume th sqèsh gia th 2h par�gwgo y(x)
sto x0:

d2P

dx2
=

1

h2

d2P(s)

ds2
=

1

h2

[
∆2y0 + (s − 1)∆3y0 + · · ·

]
(5)

opìte:

y ′′0 =
y0 − 2y1 + y2

h2
+ O(h) (6)

y ′′0 =
2y0 − 5y1 + 4y2 − y3

h2
+ O(h2) (7)

APODEIXTE TIS PARAPANW SQESEIS
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ProsegÐzontac thn par�gwgo : Sf�lma

To sf�lma thc prosèggishc mporeÐ na upologisjeÐ me qr sh tou
tÔpou sf�lmatoc tou sumptwtikoÔ poluwnÔmou :

E (x) = (x − x0)(x − x1)(x − x2)...(x − xn)
yn+1(ξ)

(n + 1)!
(8)

To sf�lma ston arijmhtikì upologismì thc parag¸gou s�ena
shmeÐo, p.q. x0, ja brejeÐ paragwgÐzontac thn parap�nw sqèsh

E ′(x0) = (x0 − x1)(x0 − x2)...(x0 − xn)
yn+1(ξ)

(n + 1)!
(9)

An m�lista upojèsoume ìti ta shmeÐa isapèqoun, dhl. h = xi+1 − xi ,
lamb�noume:

E ′(x0) = −h(−2h)...(−nh)
yn+1(ξ)

(n + 1)!
= (−1)nhn yn+1(ξ)

n + 1
. (10)

Epomènwc toc sf�lma sthn (2) ja eÐnai O(h), sthn (3) ja eÐnai

O(h2) kai sthn (4) ja eÐnai O(h3).
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ProsegÐzontac thn par�gwgo : Sf�lma

Me parìmoio trìpo brÐskoume to sf�lma gia thn 2h par�gwgo pou
ja eÐnai O(h(n−1)) (NA APODEIQJEI) .
`Etsi gia th sqèsh (6) ja eÐnai O(h) en¸ gia th sqèsh (7) brÐskoume
O(h2).

SHMEIWSH: MporoÔme na qrhsimopoi soume to sumptwtikì
polu¸numo �Newton proc ta pÐsw� gia thn exagwg  an�logwn
sqèsewn.
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ProsegÐzontac thn par�gwgo : Par�deigma

Ja upologÐsoume th 2h par�gwgo sto x = x1 qrhsimopoi¸ntac tic
timèc y0, y1, y2 kai y3.

Ja qrhsimopoi soume èna 3hc t�xhc polu¸numo Lagrange kai gia
aplìthta, sto tèloc, ja upojèsoume ìti ta shmeÐa x0, x1, x2,... eÐnai
isapèqonta:

P (x) =
(x − x1) (x − x2) (x − x3)

(x0 − x1) (x0 − x2) (x0 − x3)
y0 +

(x − x0) (x − x2) (x − x3)

(x1 − x0) (x1 − x2) (x1 − x3)
y1

+
(x − x0) (x − x1) (x − x3)

(x2 − x0) (x2 − x1) (x2 − x3)
y2 +

(x − x0) (x − x1) (x − x2)

(x3 − x0) (x3 − x1) (x3 − x2)
y3 (11)

Opìte h 2h par�gwgoc ja eÐnai:

P′′ (x) =
2y0

−6h3
[(x − x1) + (x − x2) + (x − x3)] +

2y1

2h3
[(x − x0) + (x − x2) + (x − x3)]

+
2y2

−2h3
[(x − x0) + (x − x1) + (x − x3)] +

2y0

6h3
[(x − x0) + (x − x1) + (x − x2)] (12)

kai jètwntac x = x1 lamb�noume

P ′′(x) =
y0 − 2y1 + y2

h2
(13)

SHMEIWSH: O ìroc y3, an kai èqei qrhsimopoihjeÐ, apousÐazei apì
thn telik  sqèsh, h opoÐa parousi�zei sf�lma thc t�xhc O(h2).
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SQOLIO

Ja prèpei na shmeiwjeÐ ìti an kai to sumptwtikì polu¸numo
apoteleÐ mia polÔ kal  prosèggish k�poiac sun�rthshc, h
par�gwgoc tou den proseggÐzei me thn Ðdia epituqÐa thn par�gwgo
thc sun�rthshc.
To parak�tw sq ma anadeiknÔei to prìblhma :
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Kentrikèc Diaforèc

An up�rqoun oi timèc miac sun�rthshc f (x) dexi� kai arister� enìc
shmeÐou xi tìte mporoÔme na dhmiourg soume sqèseic gia ton
arijmhtikì upologismì twn parag¸gwn me th qr sh KENTRIKWN
DIAFORWN

y(x0)
′ = y ′0 =

y1 − y−1

2h
+ O(h2) (14)

y(x0)
′ = y ′0 =

−y2 + 8y1 − 8y−1 + y−2

12h
+ O(h4) (15)

y(x0)
′′ = y ′0 =

y1 − 2y0 + y−1

h2
+ O(h2) (16)

y(x0)
′′ = y ′′0 =

−y2 + 16y1 − 30y0 + 16y−1 − y−2

12h2
+ O(h4) (17)

y(x0)
′′′ = y ′′′0 =

y2 − 2y1 + 2y−1 − y−2

2h3
+ O(h2) (18)

y(x0)
(4) = y

(4)
0 =

y2 − 4y1 + 6y0 − 4y−1 + y−2

h4
+ O(h2) (19)

Autèc oi sqèseic dhmiourgoÔntai me kat�llhlh qr sh tou
anaptÔgmatoc Taylor sthn perioq  enìc shmeÐou.
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Ac jewr soume to an�ptugma Taylor kai stic dÔo pleurèc enìc
shmeÐou x0 dhl.

y(x0 + h) ≡ y1 = y0 + hy ′0 +
h2

2
y ′′0 +

h3

6
y ′′′0 +

h4

24
y

(4)
0 + ... (20)

y(x0 − h) ≡ y−1 = y0 − hy ′0 +
h2

2
y ′′0 −

h3

6
y ′′′0 +

h4

24
y

(4)
0 − ... (21)

y(x0 + 2h) ≡ y2 = y0 + 2hy ′0 + 2h2y ′′0 +
4

3
h3y ′′′0 +

2

3
h4y

(4)
0 + ...(22)

y(x0 − 2h) ≡ y−2 = y0 − 2hy ′0 + 2h2y ′′0 −
4

3
h3y ′′′0 +

2

3
h4y

(4)
0 − ...(23)

Opìte me kat�llhlo sunduasmì twn parap�nw sqèsewn
dhmiourgoÔme tic sqèseic thc prohgoÔmenhc selÐdac. Gia par�deigma
afair¸ntac thn (21) apì thn (20) lamb�noume thn exÐswsh (14).
En¸ prosjètwntac tic Ðdiec sqèseic lamb�noume thn (16) pou eÐqe
apodeiqjeÐ prohgoumènwc me th qr sh twn poluwnÔmwn Lagrange.
Parìmoia, pollapl�si�zontac tic sqèseic (20) kai (21) me 8 kai
qrhsimopoi¸ntac kat�llhla tic (22) kai (23) mporoÔme na p�roume
mia sqèsh thc morf c

y−2 − y2 + 8 (y1 − y−1)

pou odhgeÐ sthn (15) me sf�lma ∼ O(h4).
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