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Sqèseic Newton - Cotes gia arijmhtik  olokl rwsh

H teqnik  gia thn arijmhtik  olokl rwsh Newton - Cotes eÐnai
parìmoia me th teqnik  pou anaptÔxame, sthn prohgoÔmenh enìthta,
gia ton arijmhtikì upologismì parag¸gwn Dhlad , dhmiourgoÔme to
sumptwtikì polu¸numo Pn(x) gia mia dojeÐsa sun�rthsh y(x). Sth
sunèqeia oloklhr¸noume to polu¸numo kai ìqi thc sun�rthsh:∫ b

a

y(x)dx →
∫ b

a

Pn(x)dx ìpou (xs = x0 + sh) (1)

Pn(xs) = f0 + s∆f0 +
s(s − 1)

2!
∆2f0 +

s(s − 1)(s − 2)

3!
∆3f0 + ... (2)

An�logh me ton arijmì twn ìrwn pou diathroÔme ja eÐnai kai h
akrÐbeia thc sqèshc pou ja dhmiourg soume.
To sf�lma ja upologisjeÐ apo thn olokl rwsh thc sqèshc tou
sf�lmatoc tou sumptwtikoÔ poluwnÔmou.

E =

∫ b

a

En(xs)dx (3)

En(xs) =
s(s − 1)(s − 2)...(s − n)

(n + 1)!
hn+1f (n+1)(ξ) ìpou ξ ∈ [a, b] (4)

ξ ∈ [a, b]. Arijmhtik  Olokl rwsh



Qr sh 1ou bajmoÔ sumptwtikì polu¸numo

An qrhsimopoi soume 1hc t�xhc sumptwtikì polu¸numo lamb�noume:∫ x1

x0

f (x)dx →
∫ x1

x0

P1(xs)dx =

∫ x1

x0

(f0 + s∆f0) dx = h

∫ s=1

s=0

(f0 + s∆f0) ds

= hf0s

∣∣∣∣10 + h∆f0
s2

2

∣∣∣∣1
0

= h

(
f0 +

1

2
∆f0

)
=

h

2
(f0 + f1) (5)

To antÐstoiqo sf�lma gia 1-b�jmio polu¸numo ja eÐnai:

f (x)− P(x) =
1

2
s(s − 1)h2f ′′(ξ) for x0 ≤ ξ ≤ x1 (6)

To sf�lma thc sugkekrimènhc olokl rwshc ja brejeÐ apo th
olokl rwsh thc parap�nw sqèshc

E =

∫ x1

x0

1

2
s(s − 1)h2f ′′(ξ)dx =

h3

2

∫ s=1

s=0

s(s − 1)f ′′(ξ)ds

= h3f ′′(ξ1)

(
s3

6
− s2

4

)1

0

= − 1

12
h3f ′′(ξ1) ìpou ξ1 ∈ [x0, x1](7)
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Qr sh 2-b�jmiou sumptwtikoÔ poluwnÔmou

AkoloujoÔme thn prohgoÔmenh diadikasÐa∫ x2

x0

f (x)dx →
∫ x2

x0

P2(xs)dx =

∫ x2

x0

(
f0 + s∆f0 +

1

2
s(s − 1)∆2f0

)
dx

= h

∫ s=2

s=0

(
f0 + s∆f0 +

1

2
s(s − 1)∆2f0

)
ds

= h

(
2f0 + 2∆f0 +

1

3
∆2f0

)
=

h

3
(f0 + 4f1 + f2) (8)

H olokl rwsh tou epìmenou ìrou ja d¸sei to sf�lma thc parap�nw
sqèshc all� sumptwmatik� dÐnei apotèlesma MHDEN

1

6

∫ x2

x0

s(s − 1)(s − 2)∆3f0dx = 0 . (9)

Opìte lìgw aut c thc sumptwshc to sf�lma ja upologisjeÐ me
qrhsh tou epìmenou ìrou sto an�ptugma kai profan¸c ja eÐnai
mikrìtero

E =
1

24

∫ x2

x0

s(s−1)(s−2)(s−3)h4f (4)(ξ)dx = ... = − 1

90
h5f (4)(ξ1) (10)

where x0 ≤ ξ1 ≤ x2. Arijmhtik  Olokl rwsh



Qr sh 3-b�jmiou sumptwtikoÔ poluwnÔmou

Akolouj¸ntac thn prohgoÔmenh diadikasÐa lamb�noume∫ x3

x0

f (x)dx →
∫ x3

x0

P3(xs)dx =
3h

8
(f0 + 3f1 + 3f2 + f3) . (11)

En¸ to antÐstoiqo sf�lma ja eÐnai:

E = − 3

80
h5f (4)(ξ1) for x0 ≤ ξ1 ≤ x3 (12)

Dhlad , to sf�ma ja eÐnai O(h5) pou eÐnai Ðdiac t�xhc me to sf�lma
pou br kame prohgoumènwc gia sumpuwtikì polu¸numo 2ou bajmoÔ.

APODEIXTE tic sqèseic (10) kai (11). Aut  h �sÔmtwsh� sthn t�xh

twn sfalm�twn sumbaÐnei kai gia 4hc kai 5hc t�xhc sumptwtik�

polu¸numa kai eÐnia O(h7).
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Sqèseic Newton - Cotes

∫ x1

x0

f (x)dx =
h

2
(f0 + f1)−

1

12
h3f (2)(ξ1)

∫ x2

x0

f (x)dx =
h

3
(f0 + 4f1 + f2)−

1

90
h5f (4)(ξ1)

∫ x3

x0

f (x)dx =
3h

8
(f0 + 3f1 + 3f2 + f3)−

3

80
h5f (4)(ξ1)

PÐnakac: Sqèseic Newton - Cotes gia olokl rwsh me 1hc, 2hc kai 3hc
t�xhc sumptwtik� polu¸numa.
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O Kanìnac tou TrapezÐou

An to di�sthma (a, b) eÐnai sqetik� meg�lo tìte to upodiairoÔme se n
upodiast mata, dhlad  {a = x0, ..., xn = b; n} me
h = ∆x = xi+1 − xi = (b − a)/n opìte∫ b

a

f (x)dx =

∫ xn

x0

f (x)dx =
n−1∑
i=0

∫ xi+1

xi

P1(x)dx

=

∫ x1

x0

P1(x)dx +

∫ x2

x1

P1(x)dx + ... +

∫ xn

xn−1

P1(x)dx

=
n−1∑
i=0

h

2
(fi + fi+1) =

h

2
(f0 + 2f1 + ... + 2fn−1 + fn)(13)

Sunolikì Sf�lma:

E = −h3

12
[f ′′(ξ1) + f ′′(ξ2) + ... + f ′′(ξn)] ≈ −

h3

12
nf ′′(ξ)

= −h2

12
(b − a)f ′′(ξ) ìpou x0 ≤ ξ1 ≤ xn+1 (14)
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Kanìnac tou Simpson

TÔpoc Simpson 1/3∫ b=xn

a=x0

f (x)dx =
n−2∑
i=0

∫ xi+2

xi

P2(x)dx =
n−2∑
i=0

h

3
(fi + 4fi+1 + fi+2)

=
h

3
(f1 + 4f2 + 2f3 + 4f4 + ... + 2fn−2 + 4fn−1 + fn) .(15)

Sunolikì Sf�lma:

E = −h5

90

n

2
f (4)(ξ) = −b − a

180
h4f (4)(ξ) gia x0 ≤ ξ ≤ xn (16)

TÔpoc Simpson 3/8∫ b=xn

a=x0

f (x) dx =
3h

8
(f0 + 3f1 + 3f2 + 2f3 + ... + 2fn−3 + 3fn−2 + 3fn−1 + fn)

(17)
Sunolikì Sf�lma:

E = −b − a

80
h4f (4)(ξ1) gia x0 ≤ ξ1 ≤ xn (18)
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TÔpoi ga Arijmhtik  Olokl rwsh

∫ xn

x0

f (x)dx =
h

2
(f0 + 2f1 + 2f2 + ... + 2fn−1 + fn)

− b − a

12
h2f (2)(ξ1)∫ xn

x0

f (x)dx =
h

3
(f0 + 4f1 + 2f2 + 4f3 + .... + 2fn−2 + 4fn + fn+1)

− b − a

180
h4f (4)(ξ1) apaiteÐ �rtio arijmì upodiairèsewn∫ xn

x0

f (x)dx =
3h

8
(f0 + 3f1 + 3f2 + 2f3 + 3f4 + 3f5 + .... + 3fn−2 + 3fn−1 + fn)

− b − a

80
h4f (4)(ξ1) apaiteÐ diairetì dia 3 arijmì upodiairèsewn

ìpou x0 ≤ ξ1 ≤ xn
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Olokl rwsh Romberg

Gia b ma h: Akrib c tim  : A = I1 + ch2

Gia b ma kh: Akrib c tim  : A = I2 + ck2h2

Opìte lamb�noume:

A =
k2I1 − I2
k2 − 1

kai c =
I2 − I1

h2(1− k2)
(19)

An gia par�deigma k = 1/2 tìte

A = I2 +
1

3
(I2 − I1) (20)

Sth genik  perÐptwsh gia mejìdouc me sf�lma O(hn) ja eÐnai:

A = I2 +
I2 − I1
2n − 1

. (21)
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Olokl rwsh Romberg : Efarmog 

Xekin�me me ton kanìna tou trapezÐou:

I1 =
2h

2
(f0 + f2) = h (f0 + f2)

I2 =
h

2
(f0 + f1) +

h

2
(f1 + f2) =

h

2
(f0 + 2f1 + f2)

Opìte h alhj c tim , me b�sh thn (20), ja eÐnai:

A =
2h(f0 + 2f1 + f2)− h(f0 + f2)

3
=

h

3
(f0 + 4f1 + f2)

Arijmhtik  Olokl rwsh



Olokl rwsh me Splines

Me ta Splines gia k�je di�sthma [xi , xi+1] brÐskoume èna 3o-b�jmio
sumptwtikì polu¸numo, dhlad  :

Z xn

x0

f (x)dx =

n−1X
i=0

»
ai

4
(x − xi )

4 +
bi

3
(x − xi )

3 +
ci

2
(x − xi )

2 + di (x − xi )

–xi+1

xi

=

n−1X
i=0

»
ai

4
(xi+1 − xi )

4 +
bi

3
(xi+1 − xi )

3 +
ci

2
(xi+1 − xi )

2 + di (xi+1 − xi )

–
.

Opìte h olokl rwsh an�getai ston upologismì twn ajroism�twn:∫ xn

x0

f (x)dx =
h4

4

n−1∑
i=0

ai +
h3

3

n−1∑
i=0

bi +
h2

2

n−1∑
i=0

ci + h
n−1∑
i=0

di (22)

PARATHRHSH : Den sunÐstatai wc mèjodoc par� mìno an  dh

proup�rqoun ta Splines.
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Mèjodoc Prosdioristèwn Suntelest¸n

Je¸rhma thc mèshc tim c:∫ b

a

f (x) dx = (b − a) f (ξ) (23)

MporoÔme na p�roume mia proseggistik  tim  tou oloklhr¸matoc
gr�fontac:

I =

∫ b

a

f (x)dx ≡ c0f (a) + c1f (b) (24)

Aut  h morf  ja eÐnai akrib c gia polu¸numa thc morf c f (x) = 1
kai f (x) = x

f (x) = x ⇒
∫ b

a

x · dx =
x2

2

∣∣∣∣b
a

=
1

2

(
b2 − a2

)
≡ c0 · a + c1 · b(25)

f (x) = 1 ⇒
∫ b

a

1 · dx = x |ba = (b − a) ≡ c0 · 1 + c1 · 1 (26)

c0 =
b − a

2
kai c1 =

b − a

2
(27)
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Epomènwc ∫ b

a

f (x)dx ≡ b − a

2
[f (a) + f (b)] (28)

An me b�sh ta parap�nw sqhmatÐsoume mia sqèsh me 3 ìrouc :∫ b

a

f (x)dx ≡ c0f (a) + c1f

(
a + b

2

)
+ c2f (b) (29)

Aut  ja eÐnai akrib c gia polu¸numa thc morf c:
f (x) = 1,
f (x) = x kai
f (x) = x2

opìte: ∫ b

a

f (x)dx =
b − a

6

[
f (a) + 4f

(
a + b

2

)
+ f (b)

]
(30)
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Mèjodoc Euler-Maclaurin

H parap�nw diadikasÐa mporeÐ na emploutisjeÐ me th qr sh
parag¸gwn p.q.:∫ b

a

f (x)dx = c0f (a) + c1f (b) + c2f
′(a) + c3f

′(b) (31)

Pou telik� mporeÐ na genikeÔjei ston parak�tw tÔpo twn
Euler-Maclaurin∫ xn

x0

f (x) dx =
h

2
[f (x0) + 2f (x1) + ... + 2f (xn−1) + f (xn)]

− h2

12
[f ′(xn)− f ′(x0)] +

h4

720

[
f (3)(xn)− f (3)(x0)

]
− h6

30240

[
f (5)(xn)− f (5)(x0)

]
(32)

Arijmhtik  Olokl rwsh



Euler-Maclaurin : Par�deigma

I =

∫ π/2

0

sin(x)dx

Me qr sh thc sqèshc (32) mìno gia ta 2 shmeÐa sta �kra tou
diast matoc olokl rwshc lamb�noume :∫ π/2

0

sin(x)dx =
π

4

(
sin 0 + sin

π

2

)
+

π2

22 · 12

(
cos 0− cos

π

2

)
− π4

24 · 720

(
sin 0− sin

π

2

)
+

π6

26 · 30240

(
cos 0− cos

π

2

)
=

π

4
+

π2

48
+

π4

16 · 720
+

π6

26 · 30240
= 0.99996732
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H mèjodoc tou Filon

Gia oloklhr¸mata thc morf c:∫ b

a

f (x) sin(x)dx kai

∫ b

a

f (x) cos(x)dx

we can try∫ 2π

0

f (x) sin(x)dx ≈ A1f (0) + A2f (π) + A3f (2π)

pou ja eÐnai akrib c gia f (x) = 1, f (x) = x kai f (x) = x2

f (x) = 1 ⇒ 0 = A1 + A2 + A3

f (x) = x ⇒ −2π = πA2 + 2πA3

f (x) = x2 ⇒ −4π2 = π2A2 + 4π2A3

me lÔsh A1 = 1, A2 = 0 kai A3 = −1. Àra∫ 2π

0

f (x) sin xdx ≈ f (0)− f (2π) .

Arijmhtik  Olokl rwsh



H mèjodoc tou Filon : Genik  morf 

∫ b

a

y(x) sin(kx)dx ≈ h [Ay(a) cos(ka)− Ay(b) cos(kb) + BSe + DSo ] (33)∫ b

a

y(x) cos(kx)dx ≈ h [Ay(a) cos(ka)− Ay(b) cos(kb) + BCe + DCo ] (34)

A =
1

q
+

sin(2q)

2q2
− 2 sin2(q)

q3
(35)

B =
1

q2
+

cos2(q)

q2
− sin(2q)

q3
(36)

D =
4 sin(q)

q3
− 4 cos(q)

q2
(37)
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H mèjodoc tou Filon : Genik  morf 

Se = −y(a) sin(ka)− y(b) sin(kb)

+ 2
n∑

i=0

y(a + 2ih) sin(ka + 2iq) (38)

So =
n∑

i=1

y [a + (2i − 1)h] sin [ka + (2i − 1)q] (39)

Ce = −y(a) sin(ka)− y(b) sin(kb)

+ 2
n∑

i=0

y(a + 2ih) sin(ka + 2iq) (40)

Co =
n∑

i=1

y [a + (2i − 1)h] sin [ka + (2i − 1)q] (41)

ìpou q = kh.
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H mèjodoc tou Filon: Par�deigma

I =

∫ 2π

0

e−x/2 cos(100x)dx = 4.783810813× 10−5 (42)

Shmei¸ste ìti h mèjodoc tou Filon me qr c mìno 4 shmeÐwn eÐnai pio
akrib c apì th mèjodo tou Simpson me 1000 shmeÐa

n Simpson Filon
4 1.91733833E+0 4.77229440E-5

8 -5.73192992E-2 4.72338540E-5

16 2.42801799E-2 4.72338540E-5

128 5.55127202E-4 4.78308678E-5

256 -1.30263888E-4 4.78404787E-5

1024 4.77161559E-5 4.78381120E-5

2048 4.78309107E-5 4.78381084E-5
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Mèjodoc Gauss

ApoteleÐ epèktash thc prohgoÔmenhc mejìdou, all� antÐ thc qr shc
prokajorismènwn shmeÐwn, upologÐzoume ta kat�llhla shmeÐa mazÐ
me ta antÐstoiqa b�rh. Gia par�deigma:∫ 1

−1

f (x)dx ≈ af (x1) + bf (x2) (43)

autì to olokl rwma eÐnai akribèc gia f (x) = 1, f (x) = x , f (x) = x2

kai f (x) = x3.
Opìte odhgoÔmaste sto parak�tw sÔsthma exis¸sewn:

f (x) = 1 ⇒ 2 = a + b
f (x) = x ⇒ 0 = ax1 + bx2

f (x) = x2 ⇒ 2
3 = ax2

1 + bx2
2

f (x) = x3 ⇒ 0 = ax3
1 + bx3

2

⇒
a = b = 1

x1 = −x2 = −
(

1
3

)1/2
= −0.5773

∫ 1

−1

f (x)dx ≈ f (−0.5773) + f (0.5773)

Ara apaiteÐtai o upologismìc thc tim c thc sun�rthshc se 2 mìno
kat�llhla epilegmèna shmeÐa pou eÐnai :

x1 = −0.5773 kai x2 = 0.5773.
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Mèjodoc Gauss

An ta ìria olokl rwshc eÐnai diaforetik� apo -1 kai 1 tìte
qrhsimopoioÔme èna metasqhmatismì thc morf c:

t =
1

2
(b − a)x +

1

2
(b + a) kai dt =

b − a

2
dx . (44)
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Mèjodoc Gauss : Par�deigma

I =

∫ π/2

0

sin(x)dx

K�noume allag  thc metablht c olokl rwshc pou odhgeÐ se allag 
twn orÐwn, se -1 kai 1

x =
1

2

(π

2
t +

π

2

)
=

π

4
(t + 1) and dx =

π

4
dt

opìte h nèa morf  tou oloklhr¸matoc eÐnai:

I =
π

4

∫ 1

−1

sin
[π
4

(t + 1)
]
dt

=
π

4
[1.0 · sin (0.10566 · π) + 1.0 · sin (0.39434 · π)]

= 0.99849

Dhlad  sf�lma 1.53× 10−3 ìtan h mèjodoc tou trapezÐou me 2

shmeÐa dÐnei I = 0.7854 kai h Simposn me 3 shmeÐa 1.0023.
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H mèjodoc twn Gauss-Legendre

ApoteleÐ genÐkeush thc mejìdou tou Gauss gia n shmeÐa. Dhlad , an
gr�youme to olokl rwma sth morf ∫ 1

−1

f (x)dx ≈
n∑

i=1

Ai f (xi ) (45)

tìte oi posìthtec A kai xi ja upologisjoÔn apì tic 2n exis¸seic.
H mèjodoc aut  ja eÐnai akrib c gia poluwnumikèc sunart seic wc
kai 2(n − 1) bajmoÔ. Oi 2n exis¸seic mporoÔn na grafoÔn wc:

A1x
k
1 + .... + Anx

k
n =


0 gia k = 1, 3, 5, ..., 2n − 1

2
k+1 gia k = 2, 4, 6, ..., 2n − 2

(46)

MporeÐ na apodeiqjeÐ ìti ta xi eÐnai rÐzec twn poluwnÔmwn Legendre
bajmoÔ n kai emperièqontai p�nta sto di�sthma (−1, 1).
Ta polu¸numa Legendre mporoÔn na paraqjoÔn apì thn anadromik 
sqèsh:

(n + 1) Ln+1 (x)− (2n + 1) xLn (x) + nLn−1 (x) = 0 (47)
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Gia par�deigma ta 3 pr¸ta eÐnai:

L0 (x) = 1, L1 (x) = x and L2 (x) =
3

2
x2 − 1

2
(48)

Opìte ta Ai dÐnontai apì th sqèsh:

Ai =
2
(
1− x2

)
n2 [Ln−1 (xi )]

2 (49)

Gia par�deigma, an n = 4 ja prèpei na broÔme tic rÐzec tou
4-b�jmiou poluwnÔmou Legendre

P4 =
1

8

(
35x4 − 30x2 + 3

)
pou eÐnai xi = ±

[
(15± 2

√
30)/35

]1/2
kai sth sunèqeia

qrhsimopoi¸ntac thn (49) na broÔme ta Ai .
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Oi akribeÐc timèc dÐnontai ston pÐnaka 2

n xi Ai

2 ± 0.5773502692 1.000000000

4 ± 0.8611363116 0.3478548451
± 0.3394810436 0.6521451549

8 ± 0.9602898565 0.1012285363
± 0.7966664774 0.2223810345
± 0.5255324099 0.3137066459
± 0.1834346425 0.3626837834

PÐnakac: Oi timèc twn xi kai Ai gia h mèjodo Gauss-Legendre gia 2, 4
kai 8 shmeÐa.
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GenÐkeush thc mejìdou Gauss

Gia oloklhr¸mata tou tÔpou:

I =

∫ b

a

w(x)y(x)dx (50)

mporoÔn na qrhsimopoihjoÔn enallaktik� orjog¸nia polu¸numa,
opìte ∫ b

a

w(x)y(x)dx =
n∑

i=1

Aiy(xi ) (51)

oi proc upologismì posìthtec xi kai Ai mporoÔn na upologisjoÔn se
antistoiqÐa me ta prohgoÔmena all� sun jwc brÐskontai eÔkola sta
majhmatik� tupolìgia.
An�loga me th morf  thc sun�rthshc b�rouc w(x) èqoume tic
parak�tw epilogèc:

Mèjodoc Gauss-Legendre me sun�rthsh b�rouc w(x) = 1.
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Mèjodoc Gauss-Laguerre

Gia oloklhr¸mata thc morf c:

∞∫
0

e−xy (x) dx ≈
n∑

i=1

Aiy (xi ) (52)

Dhlad  h sun�rthsh b�rouc eÐnai w(x) = e−x ìpou xi eÐnai oi rÐzec
twn poluwnÔmwn Laguerre polynomials pou mporoÔn na paraqjoÔn
apo thn anadromik  sqèsh:

Ln(x) = ex dn

dxn

(
e−xxn

)
(53)

en¸ oi suntelestèc Ai ja dÐnontai apo th sqèsh:

Ai =
(n!)2

xi [L′n(xi )]
2 (54)
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Mèjodoc Gauss-Laguerre

Oi akribeÐc timèc dÐnontai ston pÐnaka 3.

n xi Ai

2 0.58578644 0.85355339
3.41421356 0.14644661

4 0.32254769 0.60315410
1.74576110 0.35741869
4.53662030 0.03888791
9.39507091 0.00053929

6 0.22284660 0.10122854
1.18893210 0.41700083
2.99273633 0.11337338
5.77514357 0.01039920
9.83746742 0.00026102
15.98287398 0.00000090

PÐnakac: Oi timèc twn xi kai Ai gia th mèjodo Gauss-Laguerre gia 2, 4
kai 6 shmeÐa.
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H mèjodoc Gauss-Hermite

Gia oloklhr¸mata thc morf c∫ ∞

−∞
e−x2

y(x)dx ≈
n∑

i=1

Aiy(xi ) (55)

dhlad  me sun�rthsh b�rouc w(x) = e−x2

.
Ta xi eÐnai rÐzec twn poluwnÔmwn Hermite. Ta polu¸numa Hermite
mporoÔn na dhmiourghjoÔn apì tic sqèseic:

Hn(x) = (−1)nex2 dn

dxn

(
e−x2

)
(56)

en¸ oi suntelestèc Ai upologÐzontai apì tic sqèseic:

Ai =
2n+1n!

√
π

[H ′n(xi )]
2 (57)
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Ta xi kai Ai dÐnontai ston PÐnaka 4.

n xi Ai

2 ± 0.70710678 0.88622693

4 ± 0.52464762 0.80491409
± 1.65068012 0.08131284

6 ± 0.43607741 0.72462960
± 1.33584907 0.15706732
± 2.35060497 0.00453001

PÐnakac: Oi timèc twn xi kai Ai gia th mèjodo Gauss-Hermite method
gia 2, 4 kai 6 shmeÐa.
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Mèjodoc Gauss-Chebyshev

Gia oloklhr¸mata thc morf c :∫ 1

−1

y(x)√
1− x2

dx ≈ π

n

n∑
i=1

y(xi ) (58)

Me sun�rthsh b�rouc

w(x) =
1√

1− x2
(59)

ìpou ta xi eÐnai rÐzec twn poluwnÔmwn Chebyshev

Tn(x) = cos [n arccos(x)] (60)

kai dÐnontai apo tic sqèseic

xi = cos
[ π

2n
(2i − 1)

]
. (61)

En¸ ta Ai dÐnontai apì

Ai =
π

n
(62)

ìpou n eÐnai o bajmìc tou poluwnÔmou pou qrhsimopoioÔme.
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Mh-gn sia oloklhr¸mata

Gia par�deigma:

I =

∫ ∞

0

xe−xdx

pou mporeÐ na grafeÐ wc

I =

∫ 1

0

xe−xdx +

∫ ∞

1

xe−xdx

kai mporeÐ na apodeiqjeÐ ìti sugklÐnei me thn antikat�stash y = 1/x
Genik� gr�foume to olokl rwma sth morf 

I = lim
A→∞

∫ A

0

xe−xdx

kai dokim�zoume gia di�forec timèc tou A. Gia par�deigma

A I
1 0.26424

10 0.9995006008

20 0.9999999567157739

100 1.00000000

∞ 1.0000000
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Pollapl� oloklhr¸mata

An ta ìria thc olokl rwshc eÐnai stajer�, tìte "seiriak�� mporoÔme
na efarmìsoume k�poia apì tic prohgoÔmenec mejìdouc oloklhrwshc∫

A

∫
f (x , y)dA =

∫ b

a

(∫ d

c

f (x , y)dy

)
dx =

∫ d

c

(∫ b

a

f (x , y)dx

)
dy

An gia par�deigma qrhsimopoi soume 4 sth x-dieÔjunsh kai 5 sth
dieÔjunsh y mporoÔme na qrhsimopoi soume ton kanìna tou
trapezÐou sth dieÔjunsh x kai tou Simpson sth dieÔjunsh y .
Analutik� gr�fetai wc:∫

f (x , y)dxdy =
m∑

j=1

vj

n∑
i=1

wi fij

=
∆y

3

∆x

2
[(f11 + 2f21 + 2f31 + f41) ˙

+4 (f12 + 2f22 + 2f32 + f42)

+̇ · · ·+ (f15 + 2f25 + 2f35 + f45)
]

(63)
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Ask seic

1 Me th mèjodo twn prosdioristèwn suntelest¸n upologÐste touc
suntelestèc ston tÔpo∫ h

−h

y(x)dx = h [a−1y(−h) + a0y(0) + a1y(h)]

+ h2 [b−1y
′(−h) + b0y

′(0) + b1y
′(h)] (64)

ètsi ¸ste na eÐna akrib c gia ìso to dunatìn megalÔterou
bajmoÔ polu¸numo.

2 Efarmìste th mèjodo Gauss-Legendre kai katìpin th mèjodo
Simpson-Romberg gia ton upologismì tou oloklhr¸matoc∫ π/2

0
log(1 + x)dx (h akrib c tim  eÐnai 0.856589940). Ti

parathreÐte ?
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