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Eisagwg 

• Mia diaforik  elÐswsh pou perièqei parag¸gouc apì perissìterec
thc mÐac metablhtèc onom�zetai diaforik  exÐswsh me merikèc

parag¸gouc (DEMP).
• Poll� probl mata stic efarmosmènec epist mec perigr�fontai
majhmatik� apì DEMP.
• Ja melet soume arijmhtik� DEMP me th qr sh peperasmènwn
diafor¸n pou ja qrhsimopoihjoÔn gia thn prosèggish twn
parag¸gwn 1hc kai 2hc t�xhc.
• Oi DEMP kathgoriopoioÔntai se 3 tÔpouc, me orologÐa pou
daneizìmaste apì th melèth twn kwnik¸n tom¸n.
Oi sunart seic thc morf c:

Ax2 + Bxy + Cy2 + D = 0

paristoÔn deuterob�jmiec kampÔlec pou an:

B2 − 4AC < 0 h kampÔlh eÐnai èlleiyh,

B2 − 4AC = 0 h kampÔlh eÐnai parabol 

B2 − 4AC > 0 h kampÔlh eÐnai uperbol 
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Me thn Ðdia logik  sunart seic thc morf c

A
∂2ψ

∂x2
+ B

∂2ψ

∂x∂y
+ C

∂2ψ

∂y2
+ D

(
x , y , ψ,

∂ψ

∂x
,
∂ψ

∂x

)
= 0 (1)

ìpou A, B kai C onom�zontai hmi-grammikèc. Kai tic katat�ssoume
se 3 kathgorÐec. An :

B2 − 4AC < 0, h exÐswsh eÐnai elleiptik ,

B2 − 4AC = 0, h exÐswsh eÐnai parabolik 

B2 − 4AC > 0, h exÐswsh eÐnai uperbolik 

Duo klasik� paradeÐgmata apoteloÔn oi DEMP Laplace & Poisson:

∇2u = 0 , ∇2u = g(x , y) gia 0 < x < 1 kai 0 < y < 1 (2)

me sunoriakèc sunj kec:

u(x , 0) = f1(x) gia y = 0 kai 0 ≤ x ≤ 1

u(x , 0) = f2(x) gia y = 1 kai 0 ≤ x ≤ 1

u(x , 0) = f3(x) gia x = 0 kai 0 ≤ y ≤ 1

u(x , 0) = f4(x) gia x = 1 kai 0 ≤ y ≤ 1

gia tic opoÐec B = 0, A = C = 1 pou shmaÐnei ìti eÐnai elleiptikèc.
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H kumatik  exÐswsh

∂2ψ

∂x2
− 1

c2

∂2ψ

∂t2
= 0 gia 0 < x < L kai 0 < t <∞ (3)

gia dojeÐsec arqikèc timèc thc sun�rthshc kai thc qronik c thc
parag¸gou

u(x , 0) = f (x) gia t = 0 kai 0 ≤ x ≤ L

ut(x , 0) = g(x) gia t = 0 kai 0 ≤ x ≤ L

eÐnai mia klasik  perÐptwsh uperbolÐkhc DEMP.
H exÐswsh jermìthtac

α2 ∂
2u

∂x2
− ∂u

∂t
= 0 gia 0 < x < 1 kai 0 < y < 1 (4)

h arqik  katanom  jermokrasÐac gia t = 0 eÐnai:

u(x , 0) = f (x) gia t = 0 kai 0 ≤ x ≤ L

kai oi sunoriakèc sunj kec sta �kra thc r�bdou

u(x , t) = c1 gia x = 0 kai 0 ≤ t ≤ ∞
u(L, t) = c2 gia x = L kai 0 ≤ t ≤ ∞

eÐnai èna par�deigma parabolÐkhc DEMP.
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Elleiptikèc DEMP

Ja lÔsoume th 2-di�stath exÐswsh Laplace

uxx + uyy = 0 gia 0 < x < 1 kai 0 < y < 1 (5)

me sunori�kec sunjhkèc:

u(x , 0) = f1(x) gia y = 0 kai 0 ≤ x ≤ 1

u(x , 0) = f2(x) gia y = 1 kai 0 ≤ x ≤ 1

u(x , 0) = f3(x) gia x = 0 kai 0 ≤ y ≤ 1

u(x , 0) = f4(x) gia x = 1 kai 0 ≤ y ≤ 1

epeid 

u′′(x) =
u(x + h)− 2u(x) + u(x − h)

h2
+ O(h2)

Autì shmaÐnei ìti h uxx sto shmeÐo (xi , yj) ja eÐnai:

[uxx ]i,j =
ui−1,j − 2ui,j + ui+1,j

h2
(6)

kai h uyy ja grafeÐ wc:

[uyy ]i,j =
ui,j−1 − 2ui,j + ui,j+1

h2
(7)
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H exÐswsh Laplace mporeÐ na grafeÐ proseggistik�

∇2u ≈ ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4ui,j

h2
= 0 (8)

ìpou i = 2, ..., n − 1 kai
j = 2, ...,m − 1. Aut  eÐnai h sqèsh
5-shmeÐwn gia thn exÐswsh Laplace
kai susqetÐzei thn tim  ui,j me tic 4
geitonikèc timèc ui−1,j , ui+1,j , ui,j−1 kai
ui,j+1.

Pou odhgeÐ sthn parak�tw sqèsh epÐlushc thc exÐswshc Laplace:

ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4ui,j = 0 (9)
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An upojèsoume ìti ìlec oi sunoriakèc
timèc thc u(x , y) eÐnai gnwstèc:

u(x1, yj) = u1,j gia 2 ≤ j ≤ m − 1

u(xi , y1) = ui,1 gia 2 ≤ i ≤ n − 1

u(xn, yj) = un,j gia 2 ≤ j ≤ m − 1

u(xi , ym) = ui,m gia 2 ≤ i ≤ n − 1

Tìte mporoÔme na upologÐsoume tic
timèc thc u(x , y) sta �eswterik��
shmeÐa epilÔontac èna sÔsthma apì
(n − 2)× (n − 2) exis¸seic gia
(n − 2)2 agn¸stouc.
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Gia thn prohgoÔmenh 5× 5 diamèrish h lÔsh thc exÐswshc Laplace ja
dÐnetai apì to parak�tw grammikì sÔsthma:

−4u2,2 +u3,2 +u2,3 = −u2,1 − u1,2
u2,2 −4u3,2 +u4,2 +u3,3 = −u3,1

u3,2 −4u4,2 +u4,3 = −u4,1 − u5,2
u2,2 −4u2,3 +u3,3 +u2,4 = −u1,3

u3,2 +u2,3 −4u3,3 +u4,3 +u3,4 = 0
u4,2 +u3,3 −4u4,3 +u4,4 = −u5,3

u2,3 −4u2,4 +u3,4 = −u2,5 − u1,4
u3,3 +u2,4 −4u3,4 +u4,4 = −u3,5

u4,3 +u3,4 −4u4,4 = −u4,5 − u5,4

(10)
PARADEIGMA

An to orjog¸nio èqei diast�seic 0 ≤ x ≤ 4 kai 0 ≤ y ≤ 4 me
sunoriakèc sunj kec

u(x , 0) = 20 kai u(x , 4) = 180 gia 0 < x < 4

u(0, y) = 80 kai u(4, x) = 0 gia 0 < y < 4

ja dhmiourg soume to parak�tw sÔsthma grammik¸n exis¸sewn:
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−4u2,2 +u3,2 +u2,3 = −100
u2,2 −4u3,2 +u4,2 +u3,3 = −20

u3,2 −4u4,2 +u4,3 = −20
u2,2 −4u2,3 +u3,3 +u2,4 = −80

u3,2 +u2,3 −4u3,3 +u4,3 +u3,4 = 0
u4,2 +u3,3 −4u4,3 +u4,4 = 0

u2,3 −4u2,4 +u3,4 = −260
u3,3 +u2,4 −4u3,4 +u4,4 = −180

u4,3 +u3,4 −4u4,4 = −180

pou epidèqetai thn arijmhtik  lÔsh:

u2,2 = 55.7143, u3,2 = 43.2143,
u4,2 = 27.1429, u2,3 = 79.6429,
u3,3 = 70.000, u4,3 = 45.3571,
u2,4 = 112.857, u3,4 = 111.786 kai
u4,4 = 84.2857.
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Elleiptikèc DEMP: S.O.R.

H lÔsh tou prohgoÔmeno sust matoc mporeÐ na brejeÐ me th qr sh
mejìdwn pou anaptÔqjhkan sto Kef. 2 thc Arijmhtik c An�lushc.
Sugkekrimèna gia to 3-diag¸nio sÔsthma pou èqoume ed¸ oi
epanalhptikèc mèjodoi apoteloÔn thn kalÔterh epilog .
Upojètontac k�poiec arqikèc timèc gia ta �eswterik�� �gnwsta
shmeÐa ui,j mporoÔme na qrhsimopoi soume thn parak�tw
epanallhptik  diadikasÐa:

ui,j =
1

4
(ui−1,j + ui+1,j + ui,j−1 + ui,j+1) (11)

Mia mèjodoc pou epitaqÔnei th sÔgklish eÐnai mèjodoc successive
over relaxation (S.O.R)

ui,j = ui,j +
ω

4
(ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4ui,j) = ui,j + ωri,j

(12)
H diadikasÐa epanalamb�netai èwc ìtou |ri,j | < ε.

H idanik  tim  tou suntelest  ω den mporeÐ na problefjeÐ p�ntote.
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Elleiptikèc DEMP: S.O.R.

Gia thn perÐptwsh orjog¸niac perioq c me sunoriakèc sunj kec
Dirichlet up�rqei exÐswsh gia ton upologismoÔ tou idanikoÔ ω pou
eÐnai rÐza thc exÐswshc[

cos

(
π

n − 1

)
+ cos

(
π

m − 1

)]2

ω2 − 16ω + 16 = 0 (13)
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Uperbolikèc DEMP

Ena tupikì par�deigma uperbolik c exÐswshc eÐnai h kumatik 
exÐswsh

∂2u(x , t)

∂t2
= c2 ∂

2u(x , t)

∂x2
gia 0 < x < a kai 0 < t < b (14)

me sunoriakèc sunj kec

u(0, t) = 0 kai u(a, t) = 0 gia 0 ≤ t ≤ b

u(x , 0) = f (x) gia 0 ≤ x ≤ a (15)

ut(x , 0) = g(x) gia 0 < x < a

DhmiourgÐa thc ExÐswshc Diafor¸n

An diamerÐsoume to orjog¸nio: R = {(x , t) :≤ x ≤ a, 0 ≤ t ≤ b} se
(n − 1)× (m − 1) orjog¸nia me pleurèc ∆x = h kai ∆t = k. Tìte me
qr sh twn sqèsewn kentrik¸n diafor¸n lamb�noume:

utt(x , t) =
u(x , t + k)− 2u(x , t) + u(x , t − k)

k2
+ O(k2) (16)

uxx(x , t) =
u(x + h, t)− 2u(x , t) + u(x − h, t)

h2
+ O(h2) (17)
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Epeid  xi+1 = xi + h kai tj+1 = tj + k h sqèsh (14) gr�fetai:

ui,j+1 − 2ui,j + ui,j−1

k2
= c2 ui+1,j − 2ui,j + ui−1,j

h2
(18)

antikajist¸ntac r = ck/h lamb�noume

ui,j+1 − 2ui,j + ui,j−1 = r2 (ui+1,j − 2ui,j + ui−1,j) . (19)

pou telik� gÐnetai:

ui,j+1 = 2(1− r2)ui,j + r2 (ui+1,j + ui−1,j)− ui,j−1 (20)
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Uperbolikèc DEMP: Arqikèc timèc

Oi arqikèc timèc gia j = 1 kai j = 2 ja prèpei na dÐnontai wste na
mporeÐ na qrhsimopoihjeÐ h sqèsh (20) gia ton upologismì tou u(x , t)
sth jèsh j = 3.
Epeid  sun jwc h plhroforÐa gia th jèsh j = 2 den eÐnai gnwst  thn
upologÐzoume me b�sh thn plhroforÐa pou èqoume gia to ut(x , 0). H
tim  tou u(xi , k) ja upologisjeÐ apì thn

u(xi , k) = u(xi , 0) + kut(xi , 0) + O(k2) (21)

All� epeid  u(xi , 0) = f (xi ) = fi kai ut(xi , 0) = g(xi ) = gi h
parap�nw sqèsh ja grafeÐ:

ui,2 = fi + kgi gia i = 2, 3, ..., n − 1. (22)
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Uperbolikèc DEMP: Eust�jeia

Oi arijmhtikèc mèjodoi eÐnai epirepeÐc se arijmhtikèc ast�jeiec pou
aux�nontai kaj¸c exelÐsoume thn exÐswsh qronik�.
Gia thn uperbolÐkh DEMP pou meletoÔme èna ikanì krit rio gia na
diasfalÐsei eust�jeia eÐnai eÐnai: r = ck/h ≤ 1.
To krit rio eÐnai gnwstì wc Courant-Friedrichs-Lewy (CFL) krit rio
kai apaiteÐ h fusik  taqÔthta di�doshc tou kÔmatoc na eÐnai
mikroterh thc taqÔthtac diadoshc thc arijmhtik c plhroforÐac:

|c | ≤ ∆x

∆t
(23)
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Parabolikèc DEMP

Ja melet soume thn 1-di�stath exÐswsh di�doshc thc jermìthtac
pou apoteleÐ qarakthristikì par�deigma parabolÐkhc DEMP.

∂u

∂t
= α2 ∂

2u

∂x2
gia 0 ≤ x ≤ 1 gia 0 ≤ t <∞ (24)

me sunoriakèc sunj kec:

u(0, t) = c1, u(1, t) = c2 gia 0 ≤ t <∞ (25)

kai arqikèc sunj kec: u(x , 0) = f (x), gia 0 ≤ x ≤ 1 .
H parap�nw exÐswsh perigr�fei th di�dosh thc jermokrasÐac se mi�
r�bdo thc opoÐac ta �kra brÐskontai suneq¸c se stajer 
jermokrasÐa c1 kai c2.
Upojètome ìti to orjog¸nio R = {(x , t) : 0 ≤ x ≤ 1, 0 ≤ t < b} se
(n − 1)× (m − 1) orjog¸nia me pleurèc ∆x = h kai ∆t = k. Oi
exis¸seic diafor¸n gia tic parag¸gouc ja eÐnai:

ut(x , t) =
u(x , t + k)− u(x , t)

k
+ O(k) (26)

uxx(x , t) =
u(x + h, t)− 2u(x , t) + u(x − h, t)

h2
+ O(h2) (27)
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Opìte h exÐswsh diafor¸n gÐnetai:

ui,j+1 − ui,j

k
= α2 ui−1,j − 2ui,j + ui+1,j

h2
(28)

opìte jètwntac r = α2k/h2 lamb�noume:

ui,j+1 = (1− 2r) ui,j + r (ui−1,j + ui+1,j) (29)
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Parabolikèc DEMP: Eust�jeia

Aplìthta thc sqèshc (29) thn k�nei elkustik . All� to basikì
mac krit rio ja prèpei na eÐnai h arijmhtik  eust�jeia

An k�poia sf�lmata pou pijanìn na up�rqoun sth diadikasÐa
tou arijmhtikoÔ upologismoÔ aposbènuntai tìte h mèjodoc
jewreÐtai eustaj c.

To sq ma (29) eÐnai eustajèc an kai mìno an 0 ≤ r ≤ 1/2.
Dhlad  to b ma k ja prèpei na ikanopoieÐ th sunj kh
k ≤ h2/(2α2). An h sunj kh aut  den ikanopoieÐtai tìta
sf�lmata se k�poia qronik  stigm  ja diadÐdontai kai ja
diogkìnwntai sth sunèqeia.

H exÐswsh diafor¸n (29) èqei akrÐbeia O(k) + O(h2)

An epilèxoume r = 1/2 h exÐswsh diafor¸n (29) aplopoieÐtai
akìmh perissìtero:

ui,j+1 =
ui−1,j + ui+1,j

2
(30)

Arijmhtik  Olokl rwsh DEMP



Parabolikèc DEMP: Emmesoi mèjodoi

H èmmesh mèjodoc twn Crank - Nicholson basÐzetai sthn qr sh thc
qwrik c parag¸gou se dÔo shmeÐa, to (i , j) (parìn) all� kai to
(i , j + 1) (mellontiko!).
Dhlad :

ui,j+1 − ui,j

k
=

1

2
α2

(
ui−1,j − 2ui,j + ui+1,j

h2
+

ui−1,j+1 − 2ui,j+1 + ui+1,j+1

h2

)
pou met� apì anadi�taxh gr�fetai:

−rui−1,j+1 + 2(1 + r)ui,j+1 − rui+1,j+1 = 2(1− r)ui,j + r (ui−1,j + ui+1,j)
(31)

kai gia r = 1 odhgeÐ sthn

−ui−1,j+1 + 4ui,j+1 − ui+1,j+1 = ui−1,j + ui+1,j (32)
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Parabolikèc DEMP: `Emmesoi mèjodoi

H prohgoÔmenh sqèsh (32) an�getai sthn epÐlush tou parak�tw
grammikoÔ sust matoc:



4 −1 0 0 0 0 0
−1 4 −1 0 0 0 0
0 0 ... 0 0 0 0
0 0 −1 4 −1 0 0
0 0 0 0 ... 0 0
0 0 0 0 −1 4 −1
0 0 0 0 0 −1 4





u2,j+1

u3,j+1

...
uk,j+1

...
un−2,j+1

un−1,j+1


=



2c1 + u3,j

u2,j + u4,j

...
uk−1,j + uk+1,j

...
un−3,j + un−1,j

un−2,j + 2c2


EÐnai profanèc ìti h diadikasÐa prèpei na epanalamb�netai se k�je
b ma all� èqei to pleonèkthma ìti eÐnai eustaj c gia k�je tim 

tou r !!
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Eust�jeia - Probl mata Arqik¸n Tim¸n

Ena arijmhtikì sq ma ja jewreÐtai wc eustajèc an èna mikrì
sf�lma stic arqikèc sunj kec   arqik� st�dia thc exèlixhc ja
paramènei mikrì kaj' ìlh th di�rkeia thc exèlixhc.
Mia exÐswsh diafor¸n gia thn epÐlush enìc probl matoc arqik¸n
tim¸n eÐnai thc morf c

un+1 = Qun (33)

ORISMOS H exÐswsh diafor¸n (33) ja eÐnai eustaj c �n up�rqoun
jetikèc posìthtec ∆x0 kai ∆t0, kai jetikèc stajerèc K kai β tètoiec
¸ste

||un+1|| ≤ Keβt ||u0|| (34)

gia 0 ≤ t = (n + 1)∆t, 0 < ∆x ≤ ∆x0 kai 0 < ∆t ≤ ∆t0.
PROTASH H exÐswsh diafor¸n (33) eÐnai eustaj c an kai mìno e�n
up�rqoun jetikèc posìthtec ∆x0 kai ∆t0, kai m -arnhtikèc stajerèc
K kai β tètoiec ¸ste:

||Qn+1|| ≤ Keβt (35)

gia 0 ≤ t = (n + 1)∆t, 0 < ∆x ≤ ∆x0 kai 0 < ∆t ≤ ∆t0.
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Eust�jeia - Probl mata Arqik¸n Tim¸n

Otan epilÔoume probl mata arqik¸n tim¸n èna polÔ qr simo
ergaleÐo eÐnai o metasqhmatismìc Fourier Gia par�deigma, jewreÐste
to prìblhma:

vt = vxx , me v(x , 0) = f (x) (36)

O metasqhmatismìc Fourier thc sun�rthshc v eÐnai:

v̂(ω, t) =
1√
2π

∫ ∞

−∞
e−iωxv(x , t)dx (37)

An p�roume ton metasqhmatismì Fourier thc DEMP (36) lamb�noume

v̂t(ω, t) =
1√
2π

∫ ∞

−∞
e−iωxvt(x , t)dx =

1√
2π

∫ ∞

−∞
e−iωxvxx(x , t)dx

= −ω2 1√
2π

∫ ∞

−∞
e−iωxv(x , t)dx = −ω2v̂(ω, t). (38)

En¸ mporoÔme na epistrèyoume sthn arqik  morf  me qr sh tou
antÐstrofou metasqhmatismoÔ Fourier

v(x , t) =
1√
2π

∫ ∞

−∞
e iωx v̂(ω, t)dω (39)
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Probl mata Arqik¸n Tim¸n kai Eust�jeia

H tautìthta tou Parseval orÐzei ìti oi norms twn sunart sewn kai
twn metasqhmatism¸n touc tautÐzontai stouc antÐstoiqouc q¸rouc
touc.
Sthn an�lush thc eust�jeiac twn DEMP ja qrhsimopoi soume ton
metasqhmatismì Fourier kai thn tautìthta tou Perseval.
UpenjumÐzoume ìti ston orismì thc eust�jeiac qrhsimopoi same thn
anisìthta

||un+1|| ≤ Keβ(n+1)∆t ||u0|| (40)

pou mporeÐ na grafeÐ wc

||ûn+1|| ≤ Keβ(n+1)∆t ||û0|| (41)

opìte ta ÐdiaK kai β ja ikanopoioÔn thn (40).

Otan h anisìthta (41) isqÔei, ja jewroÔme ìti h akoloujÐa {û} eÐnai

eustaj c ston q¸ro tou metasqhmatismoÔ kai ja isqÔei kai gia thn

akoloujÐa {u}.
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Eust�jeia - Probl mata Arqik¸n Tim¸n - Par�deigma

Ja analÔsoume thn eust�jeia tou parak�tw sq matoc

un+1
k = run

k−1 + (1− 2r)un
k + run

k+1, −∞ < k <∞ (42)

ìpou r = v∆t/∆x2.
An p�roume to diakritì metasqhmatismì Fourier kai stic dÔo pleÔrec

ûn+1(ξ) =
1√
2π

∞∑
k=−∞

e−ikξun+1
k

=
1√
2π

∞∑
k=−∞

e−ikξ
[
run

k−1 + (1− 2r)un
k + run

k+1

]
= r

1√
2π

∞∑
k=−∞

e−ikξun
k−1 + (1− 2r)

1√
2π

∞∑
k=−∞

e−ikξun
k

+r
1√
2π

∞∑
k=−∞

e−ikξun
k+1

= r
1√
2π

∞∑
k=−∞

e−ikξun
k−1 + (1− 2r)ûn(ξ) + r

1√
2π

∞∑
k=−∞

e−ikξun
k+1
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An k�noume thn allag  m = k ± 1 tìte lamb�noume,

1√
2π

∞∑
k=−∞

e−ikξun
k±1 =

1√
2π

∞∑
k=−∞

e−i(m∓1)ξun
m

= e±iξ 1√
2π

∞∑
k=−∞

e−imξun
m = e±iξû(ξ).

Opìte

ûn+1(ξ) = re−iξûn(ξ) + (1− 2r)ûn(ξ) + re iξûn(ξ)

=
[
re−iξ + (1− 2r) + re iξ

]
ûn(ξ)

= [2r cos ξ + (1− 2r)] ûn(ξ)

=
(
1− 4r sin2(ξ/2)

)
ûn(ξ) (44)

O ìroc

ρ(ξ) = 1− 4r sin2 ξ

2
(45)

onom�zetai sÔmbolo tou sq matoc diafor¸n (42).

Arijmhtik  Olokl rwsh DEMP



Opìte an efarmìsoume to diakritì metsqhmatismì Fourier,
exaleÐfoume tic parag¸gouc wc proc tic parag¸houc tou x kai
aplopoieÐtai h exÐswsh.
An efarmìsoume to apotèlesma thc (44) n + 1 forèc, lamb�noume

ûn+1(ξ) =
(
1− 4r sin2(ξ/2)

)n+1
û0(ξ) (46)

Opìte periorizìmaste sth melèth tou r mèsw thc sqèshc

|1− 4r sin2(ξ/2)| ≤ 1 . (47)

Met� epilègoume K = 1 kai β = 0 kai gia na ikanopoieÐtai h (41).
Opìte to sq ma ja eÐnai eustajèc �n:

−1 ≤ 1− 4r sin2(ξ/2) ≤ 1 (48)

  kalÔtera an
4r sin2(ξ/2) ≤ 2 (49)

pou isqÔei gia r ≤ 1/2.

Aut  eÐnai h ikan  kai anagkaÐa sunj kh gia th sÔgklish tou

sq matoc (42).
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PROBLHMATA

Gia thn uperbolik  DEMP

ut + aux = 0 (50)

melet ste thn eust�jeia twn parak�tw sqhm�twn (ìpou
|R| = |a|∆t/∆x)

un+1
k = un

k − R
(
un

k+1 − un
k

)
(FTFS)

un+1
k = un

k − R
(
un

k − un
k−1

)
(FTFS)

un+1
k = un

k −
R

2

(
un

k+1 − un
k−1

)
(FTCS)
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Eust�jeia : Par�deigma

Gia thn uperbolik  DEMP

ut + aux = 0, me a < 0 (51)

na melet sete thn eust�jeia tou parak�tw sq matoc
(|R| = |a|∆t/∆x ≤ 1)

un+1
k = (1 + R)un

k − Run
k+1 (52)

Kat�rq�c pèrnoume ton metasqhmatismo Fourier tou sq matoc

ûn+1 = (1 + R)ûn − Re iξûn

= [(1 + R)− R cos ξ − iR sin ξ] ûn (53)

Sth sunèqeia epeid  to sÔmbolo eÐnai migadikì

ρ(ξ) = (1 + R)− R cos ξ − iR sin ξ (54)

ja broÔme ta ìria thc apìluthc tim c tou ρ pou ja prèpei na eÐnai
mikrìtera thc mon�dac ¸ste na ikanopoieÐtai h anisìthta (41) (gia
K = 1 kai β = 0). Opìte

|ρ|2 = (1 + R)2 − 2R(1 + R) cos ξ + R2
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Sth sunèqeia upologÐzoume th mègisth kai thn el�qisth tim  tou |ρ|2
gia ξ ∈ [−π, π] kai brÐskoume ìti up�rqei mègisto sta ξ = 0 kai
ξ = ±π.
Oi timèc tou |ρ(ξ)| sta mègista eÐnai

|ρ(0)| = 1 kai |ρ(±π)| = |1 + 2R|

Gia na isqÔei |ρ(±π)| ≤ 1 ja prèpei to R na ikanopoieÐ th sunj kh
−1 ≤ 1 + 2R ≤ 1.
Epeid  de R < 0 ja eÐnai 1 + 2R ≤ 1 kai epomènwc to sq ma ja eÐnai
upo-sunj kh eustajèc an R ≥ −1.
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Eust�jeia: Sq ma Lax-Wendroff

H DEMP ut + aux = 0 mporeÐ na grafeÐ wc:

utt = (−aux)t = −auxt = −a(ut)x = −a(−aux)x = a2uxx (55)

Opìte epeid :

un+1
k = un

k + (ut)
n
k∆t + (utt)

n
k

∆t2

2
+ O

(
∆t3

)
= un

k + (−aux)
n
k∆t + (a2uxx)

n
k

∆t2

2
+ O

(
∆t3

)
= un

k − a

(
un

k+1 − un
k−1

2∆x
+ O(∆x2)

)
∆t

+a2

(
un

k+1 − 2un
k + un

k−1

∆x2
+ O(∆x2)

)
∆t2

2
+ O

(
∆t3

)
dhlad  proseggÐzoume thn DEMP ut + aux = 0 me thn exÐswsh
diafor¸n

un+1
k = un

k −
R

2
δ0u

n
k +

R2

2
δ2un

k me R = a∆t/∆x . (56)
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Eust�jeia: Sq ma Lax-Wendroff

To sq ma Lax-Wendorff èqei akrÐbeia O(∆t2) + O(∆x2) kai to
sÔmbolo tou eÐnai:

ρ(ξ) = 1− 2R2 sin2(ξ/2)− iR sin ξ (57)

All� epeid 

|ρ(ξ)|2 = 1− 4R2 sin4(ξ/2) + 4R4 sin4(ξ/2) (58)

an diaforÐsoume wc proc ξ brÐskoume tic akraÐec timèc ξ = ±π kai 0.
Gia tic opoÐec brÐskoume:

|ρ(0)|2 = 1 kai |ρ(±π)|2 = |ρ(π)|2 = (1− 2R2)2. (59)

Opìte gia R2 ≤ 1 lamb�noume (1− 2R2)2 ≤ 1 kai epomènwc to sq ma
Lax-Wendroff eÐnai upo-sunj kh eustajèc gia

|R| = |a|∆t

∆x
≤ 1 . (60)

kai eÐnai 2hc t�xhc wc proc th qronik  kai qwrik  di�stash.
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