Kepalawo 7 _ ITPOZEITIETIKEY MEGOAOI

Z’autd 1o Repddalo Oa peAetrjooupe pebOdoug ya v avdduon peydiou
mAr10oug Sedopevav. ITio ouykekpyieva, Oa mpoorabrjooupe va EKTIPNOOUNE 1)
OUVOAIKI] OUUIEppopd pag # -adag onpeiov (xl., yl.). O1 texvikég rou Ba e§etdooupie
etval 1 p€Bodog TV eAaxiotwVv TETpAywvVeOV KAl 1] IIPOoLyylon edaxiotou-peyiotou. Zto

t¢dog Ba efetacoupe kair pla PeBodo yla TOV UMOAOYIOPO “OURITIOUK®OV’ PITOV
OUVAPTLOERDV.

7.1 MEGOAOZX EAAXIYTON TETPATQNQON

‘Otav O¢Aloupe va pedetrjcoupe peyddo aplBpo onpeiov, TOTE 1] IPOOLYY10T] TOUG
€ OUNIMIOTIKO TTOAUGVURO £ival Kat SUOKOAN aAAd KAl AVveU VOIIATog TIG TIEPIOCOTEPES
popeg. X’ autr] v mnepimeon npoortaboupe va Ppoupe £éva MOAUMVUHO 1] YEVIKOTEPA
P ouvdaptnorn HE CUHPITEPPOPA Iapopold Pe autr] g opddag tov onpeiov 1mou
SraBétoupe kat yia v oroia n dwagopa y; — f (xi) va eivat edaxiorr).

Zinv npddn, ntape v edaxiotonoinor tou abpoiopatog

2

S = IZ:,[y,- - p(x)] ES 7.1

OIToU p(x) 10 {NToupevo IIOAUMVUPO OUYKERPIEVOUu Pabpou  (ouvhfwg  oxt
PEeyaAUTEPOU TOU TETAPTOU 1) IIEPITIOU).

7.1.1 _ EYOEIA EAAXIYTON TETPA'QNON

To {nroupevo moAuwvupo Ba eivar npwtofabpio, dndadn: p(x) =a-x+ 3.
Apa, Ba rpoortaBrjooupe va edaxictornolrjooupe to dBpolopa:

2

Szi[yi—axi—ﬁ] E§ 7.2
i=0

To {ntoupevo gival va rpoodlopicoupe ta a kat f wote 10 S va ylvel EAAXIZTO.
Egappoloviag 1t Bewpia eUpeong Heyiotou 1] eAaXiotou oUvVapTHOE®V TTOAAQV
petaPAntov anattovpe va sivat:

a—S:O Kat a—SZO EE 7.3
oa op
Omote:
e g1
a

EE 7.4

O1 0x£0€1§ aUTEG PITOPOUV vad ypa@ouUV ©G:
(n+1),6’+(2xl.)a = Zyl.
(fo )ﬂ + (inz )a = Zx,-yi

EE 7.5



Kat, av 6¢ow

s,=n+l1 SI:in SQ:Z)C?

E¢ 7.6
U, :zyl Uy :zxiyi
T0te 10 ouotnpa 7.5 arornoteitat kat Bpiokoupe:
_ Sl — S
- 2
S0S2 =S
spf+s,a=v
0f+ s, 0 EE 7.7
S B +s,a=uv S0 - S0,
S¢S, — 812
EmumAfov, armodsikvustal eUKoOAA OTL:
2 2 2 2
SpSy —S; = (n+1)(2xi )—( xi) = Z(xi —xj) >0
i<j
TMa va eivat to S eAdx10t0 yia 1g Teg v a kat f, Oa mpenet:
2
0’S o’S [ a°S
A=— >~ > E¢ 7.8
oa“” op oaop
, . 9°S 9°S , , , ,
Kai, ermrAéov, pa and ug 6_2,8,3? va etvat peyadutepn Tou pndevog yua TG TIEG
a

v a kat f, ou Sivovtat and v &€ 7.7.

Enopéveg, Ppiokoupe eUkoAa ot

2 2 2
as=2$2>O, aS=2:30>0, aS=231 E¢ 7.9
oa” op? oadp

. 2 2

apa A =2s,-2s,—(2s,) :4(3032—sl)>0 E§ 7.10

Apa, ot ipég mou urtodoyilovrat otnv €. 7.7 eivatl ta {nrovpeva eAaxiota.

IIAPAAEITMA 7.1

Bpeite éva tumo g Uop@rig P(x) = Ae™ (6mou A kar m sivar ayvwoteg otabepeg mou
nmpénel va unodoyioBouvv) yia ta dsbousva:

X 1 2 3 4
P(x) 7 11 17 27

Oé¢tw z=log(P) xar B=log(4A) omde n Inrovuevn oxéon evar n z=B+ Mx,

emopEVRS SNUIOUPY® £va Véo mivaka otowelov yia ta véa fevyn (X;,z;) éndadn

X 1 2 3 4
zZ 1.9459 | 2.3979 | 2.8332 | 3.2958
Omnote Bpiokouue:

s, =4,5, =10,5, =30,v, =10.48 xar v, =28.44
apa



M =045, B=15 rar cmousvog A=4.48. Tedika n qqrovusvn oxéon sivaw
P(x)=4.48¢"%".

IIAPAAEIT'MA 7.2

Ailvovtar ta maparxdie® (Uyn oNUEIDD:
x | 0.05 0.11 0.15 0.31 0.46 0.52 0.70 0.74 0.82

Yy ‘0.956 0.890 0832 0.717 0.571 0.539 0.378 0.370 0.306

Na vrmoloyio6¢i 1 subsia sdaxiotwv terpayovov.

Eiva n=9, s,=10, s =) x,=386, s,=) x}=2.3252
Ug = Zyi =5.559, v, = inyi =1.82506
a =-0.83496 B =0.97577

Enouévag, p(x)=0.97577-0.83496x




7.1.2 _TIAPABOAH EAAXIYTON TETPATQNON

H 6wadikaoia evpeong g rapafoArg eAaxiot®v terpayovev eivat tapopola pe
autr) g eubeiag eAaxXioTOV TETPAYOVQOV.
Enopévag, edaxiotonoloupie 1o abpolopa

S:i(yi_axig - px; _7)2
i=0

Ano6 11§ oxéoelg yia v unapdn akpotatou Ba eivat

os_os _as_
oa 0f Oy

Kat €101 KataArjyoupe oto ouotnpa

So S 8, Y oN)
S Sy 8 Bl1=]y
s, s, s,) \a v,

Orou
_ 3 _ 4 _ 2
S3_§,xi’ 54_ina UZ_inyi

£V Ta uroAourna otowxeia S,,S5,,S,,V,,V, divovtat anod tg oxéoeig 7.6.

21N YEVIKY) Tepim®on rmoAumvupou glaxiotov tetpayovev Babpou n—1 ot
OUVIEAEOTEG TOU TTOAUMVUPIOU TIpoodlopifoviatl aro tr) AUoT) ToU IMapaKAT® OUCTIATog:

So 8y e o S, [aq v,
S5 Sl a o
Sn Sn+1 SZn an Un

orou ta S, Kat v, divoviat amno TG OXEoEG:

_ k _ k
Sk —le. Uy —in Vi

Kadl 1o IToAu®vupo givat:
P(x) =a,tax+..+a,x,.

Zro mapddeypa 7.2 g MPONYoUHEVNS IAPAyPA@OU av {nroucape ITOAU®VUNO
deutepou Pabpou, tote Ba Bpiokape

p(x) = 0996 —0995-x + 0186- x>
Kat 1o rmoAumvupo tpitou Pabpou eivat

p(x) = 1.0-1.06-x + 037-x* — 014-x°



7.2 EAAXIYTA TETPAT'QNA I'TA YYNEXH AEAOMENA

Eotw 1 y(x) Hla OUveXn|§ ouvaptnon Iou ermbupoupe va IMIPOCEYYIOOUHE OTO

d1aotnpa [— 1,1] HE €va TIOAUGVUHO NG HopQr):
P(.X) = ampm (X) + am—an—l (.X)+ et aO])O(x)

Ortou Pk(x) 10 moAuwvupo Legendre Babpou Kxat ta @, otabepég mou mpinet va

urtoAoyloBouv.!

To tetpaye@viko o@dApa autrg tng rpoogyylong Ba eivat:

S = :i. [y(x) —-a, P, (x) -a, P, (x) —...—a,P, (x)]2 dx

Orote av BeAno® va eAax1otorotr)om 1o o@dApa Ba mpernet va anattr)om
a5
=0
8ak

eropévag Oa eivat:

a_ I m m x)_amflefl(x)_"'_aOE)(x)]B{(x)dx:0
a5

Ene1dn opwg ta moAvwvupa Legendre eivat opBoywvia, 1oxvet:

0 k#m
.[P x)dx— 2

k+1

k=m

OIoTE

= ), R (< (o =0

aak Y

Kal eUKoAa arodelkvUeTal 0Tt ot oUViedeotég A, divovial arod TG OXECELS:

2k +1 |
a, = > jy(x)ﬂ(x)dx

-1

TéAog, av 1o daotnpa eivat tuxaio [a, o) ], TOTE XPIO1H0IolR) TV AVIIKATAOTAoT):

' Ta moAudvupa Legendre divovtal anoé tov tiro tou Rodrigue

1 dt i
x =1
k( ) 2 k'd Tk )

1
Ta npeta aro avta eivat: F(x)=1, B(x)=x, P, = 5(3)62 —-1) x.o.x.



x=%@_ay+%@+@

IIAPAAEIT'MA 7.3

Me wm ugbobo elaxiotwv terpaywveov mpoobiopiote thv mapafodr) mou mpooeyyilet 1n
ovvaptnon y(t) = sin(t) oro Sidotnua [0,72'].

Kat’apxag aAdade to draotpa pe myv e8rig addayr) petaBAntg:
{= %(x +1) onére [0,7] — [~11]

apa n véa ouvaptnon eivat:
y= sin[% (x+1)].

O1 {ntoupevot ouviedeoteg Oa eivat:

l¢. «x 2
aO = EJ‘ISIH[E(X + I)de = ;
3 T
aI:E:[sm[E(x+l)]~x~dx=O
5¢. 1« 1 10 . 12
=~ [sin[Z(x+D]-=Bx* =1)-dx = —(1——=
a, 2£ [S O+ D) G =D)-de=— (1)

Kat teAkd n {nroupevn napaPolrn sivat:

2 10 121
V) ="+ (=5 (3 -]
T =2

rat adAdafovrag petaBAntr) katadrye otnv £§ng ouvdpinon:

2 10, 12,6, 7, 1
e | R (h et
y=- ﬂ( ﬂz)[ﬂz( 2) 2)



7.3 ITPOZEITIXH EAAXIYTOY - METIETOY

Eote 611 divetal pia ouvaptnon y(x)f] €va oUvoAo onpei®v (xi, yi) Kat Nt va

Bpe® pla véa mpooeyylotikr] oUVAPTNON ;(x) Anatt® yua autr) ) ouvdptnorn va
£AAX10TONON 0K TO PEYLOTO GPAApa.
To opdApa o¢ éva onpeio X eivat:

= ()-5)

Ia amdomnta Ba deifoupe ) dadkaocia ya v eubeia ;(x)z ax+ f xat povo ya
Tpia onpueia (xo, yo) (xl, yl) (xz, yz). Enopéveg 1o opadpa oto tuxaio onpeio X; Oa

sivat

|gi|:|yi _(axi +ﬂ)

Eot® ou pa eubeia mou Sigpxetatl and ta onpeia (xo, yo), (xz, yz), n eSiowon g
etvau
Yoo YoXs = Vo X
2 0 4 2ot2 270
Xy =X Xy =X

y=

Ta opdApata yua ta tpia onpeia Ba eivat
g =0

€ :‘)ﬁ _;(x11:| v, —ax, —b|

& =0

Av petatoniion v eubeia mapdAAnda €101, ®ote 10 opaApata va sivat & = £ = & 6a
OXNuartion pia véa eubeia, v
y= Y27 Vo Y+ C
Xy =X



To C eival pia ayveotn otabepd mou urodoyiletat ano ) oxéon A4 = BB', 6nAabdn

yo_(yz_yo x0+Cj:(y2_y0 X, +CJ_)’1

Xy =X

ortdte TeAMkd Bpiokoupe ) véa euBeia icwV CEAApATOV:

Vo= Yo x_l_yo(xl +x2)+yl(x2 _xo)_yz(xo +x1)
Xy =X 2(x2 _xo)

y:

[Ipopavag ta opdApata sivat:

=Yoo= Yo E-=N7Vs EFVr— )V,
Kat
l&0| = lea| =le]

To opdApa os kAOe eva amno ta 1pia onpeia Oa sivat:

JR S Ay S X A
| ’ 2(x2—x0)

Av £xo TI0AAG onpeia naipve tpia tuxaia urodoyi{e v eubeia iowvV oPaApdtev
Kal UrtoAoyi{em ot ouvexela ta o@AAPatd TOV UTIOAOINOV onpelmv. Ao autd Ppioke to
onpeio pe 1o peyadutepo o@aipa, ondte eravalapfave v idta Sadikaocia Kpatwviag
1a 6U0 apX1KdA onpeia Kat 10 VEO K.0.K.




7.4 TIIPOZEITIXH ME PHTEY XYNAPTHXEIY

Ermbupoupe va npoosyyicoupe pia ouvaptnon f (x) e pla pyTi ouvaptnon,
rtou Ba eivat o Adyog duo nmoAuwvupwv N kat M Badbpov. Eote:

f(x)zRN(x)z 4 +611>C+612x2 +o.tax"

> - N=n+m
1+bx+b,x" +...4+b, x

Ortou RN(x) etvat to avarrtuypa Maclaurin g f (x) (dnAadr) ot RN(x) kat f (x)

tavtifoviatl kat yia g N mpwteg apayoyoug toug). Omnote

a,+ax+..+ax"
1+bx+b,x" +...+b x"

f(X)—RN(x) ~ (co +ex+e,x + ...+chN)

N 2 m n
(c0+clx+...+ch X1+b1x+b2x +..+bx )—(a0+a1x+...+anx )
1+bx+b,x* +..+b,x"

ya va eivat ot mpoteg N napayoyot v f (x) kat R, (x) ioeg yia X = 0, 6a npénet ot
OUVIEAEOTEG TOU MOAUGVUHOU otov apdunu) wg kat taéng N va sivat pndév. Auto éxet
G ouvénela va urapxouv N e§1000£1§ yia TOUG AYVEOOTOUG GUVIEAEOTEG

bec,+c,—a, =0

b,cy +bic,+c,—a, =0

b,c, +b,c, +bc, +c;—a, =0
b.c,,+b,c ., +.+c,—a,=0
bmcn—erl + bmflcn—erZ +...t cn+1 = 0

bmcn—m+2 + bm—lcnﬂn+3 +o.t cn+2 = 0

meN—m + bm—lcN—m-H +..+ CN = O

Armo ug ox€oelg autég Auvoviag to ovuotnua twv N e§lowoswv yia toug N ayvootoug
ouvtedeotég umodoyi{w ) pntr ouvaptnorn. [Ipooédte 611 oe kaBe ypapur) ot deikteg
KG6e 6pou exouv dbpotopa N . H mpooéyyion autr) sival yvootr] og npootyylon Pade.
IIAPAAEITMA 7.4

Na Bpebei 10 tan_l(x)z Rg(x). TI'a moAuwvuuo meumtov Babuou otov apBunty Kai

TETAPTOU OTOV TTapovouaotr) (6a umopovos va ypapel Kar wg RS’ ()2

To avartuypa Maclaurin etvat:
_ 1 1 1 1
tan 1(x)z x—=x+—x"—=x"+=—x’
3 5 7 9

2 H emhoyn pog etvar owBoipetn, 0o propodoapte yio Topadetypave OempiooviE TOAVGYLLO 30V
Babpod otov apBunT) KoL 6OV GTOV TUPOVOLACTH.



15 151 1
(x—x3 +- X ——x +9x9}1+b1x+b2x2 +byx’ +b4x4)—(a0 +ax+ax’ +...+a5x5)

1+bx+bx" +bx’ +bx*
Apa RAtaAny® oto Mapakdt® oUotd £§1000ERV:

a,=0 a =1 a, =b, a3:—%+b2
1 I 1
a, :—§b1+b3 as zg—gbz +b4
1 1 I 1 1
—b ——b, =0 ——+—-b,—=b, =0
5 2° 7 5% 3%
1 1 I 1 1
——b +—b, =0 ———b,+—b,=0
7" 57 9 7% 5"
TIOU €XE1 MG ATTOTEAETPA:

a,=0 a,=1 a,=0
a _J a,=0 a _ 04
g 945

10 5
b =0 b2:3 b,=0 b4:E

6nAadr) n pni) ouvdaptnon nou {nrape sivat:
Ly O s
tan”' x = 90 915
1+ — x>+ x*
9 21

Av topa OeArjooupe va e§etacoupe vV akpifsla g  pnug ouvdaptnong
propoupe va Og¢ooupe pia tuxaila uprn, fotw X =1 oty napandave oxeon TtOTE 1O
arotédeopa eivar 0.7856, n akpifrig tpr eivatr 0.7854 eve 1o avarrtuypa Maclaurin
6iver 0.8349. Ilapawnpouvue dndabn ou svw xpnoyornowoaus to avartvypua Maclaurin
yia tov umoAoyiouo g pnng ouvaptnong to teduko anotedeoua sivar moAv axpyBsotepo.

7.4.1 PHTH YYNAPTHXH AIIO AOGENTA YfHMEIA

Avn f (x) divetal oe £va CUYREKPLREVO aplOpuo onpeiwv K, 1ote Oa mpénet:

2 n
a, +a1xl. +a2xi +...+anxi _

X, kzm+n+1
1+bx, +b,x] +...+b,x" f()

ortote avayopaote ot AUoTn €vog CUOTIATOG TG HOPQI|G:



a,+ax, +..+ax/ —(flxl)b1 —...—(flxl’")bm =f
a,+ax, +..+a,x —( [xi)bl —...—( ,-x;'l)bm = f

a,+ax,+..+a,x. —( KxK)bl —...—( Xy )b =f

m

6nAadn K e§lomoeig yia g k ayveooteg moootntes a, dy,...,a, , by,b,,...,b, .

To oUotnpa auto Auvetal oxXetKa eUKoAa pe 1§ pebodoug tou 2ou KepaAaiou.

IIAPAAEIT'MA 7.5

Na fps@ei |pua prtﬁ ouUvapInon ToU va enainbevel t1a TapaKaiw onueia:
x | -1 0 1

yl 1 [2f]-1

I[Mpopavag o Babpog twv moAunvupev otov aplduntr Kait napavopaotr) Ba mpemnet va
givat 1o oAU 3 (m+m+1=3). Onote av unobéow ypappika MOAUGVURA OTOV
apOpnt) katl mapavopaocty) Ha £€Xe pia prtr] ouvAaptnon s Hopeng:
(x) _ 4 tax
1+bx
B¢tOviag 11§ TIPES ToU Tivaka SnPoupye Tig TPEIS TTAPAKATR £C10M0EIG:

a, +(=1)a, —(=1)b, =1 a, =2

a,+0-a,-0-b =2 = a =-1
a, +1-a, —(=1)b, =1 b =-2
apa n {nroupevn pntr) ouvaptnon Ba eivat:
2—-x
R(x)=
( ) 1-2x

evadaktuikd Oa priopouoa va odnyndw Kat oty MApAKAT® PrTr) CUVAPTN 0oL, €AV £iXa
Bewpnioetl HeutepoPfabilo MOAUGVUPO OTOV TTAPAVOLIAOTY)

a 2
Rx)=—"2"— = R(x)= —
1+bx+b,x 1-2x—x
eve T1po@aveg yia OdeutepofdBpio moAuwvupo otov apl@unt odnyoupacte oto
OUUITI®TIKO TTOAU®VUNO0, dnAadn
2
a, +a,x+a,x
R(x) _ %o 1 2

" = R(x)=2—x—2x2




AXKHXZEIZ

YrioAoyiote tn prtt) pooeyyion g ouvaptnong y = e’ He pia pntr] ouvaptnon
R373 (x) (6ndadr) 3o Baduio moAumvupo o aplOun) Kal apavopaotr)).

Tuykpivete pe 1o avarntuypa Maclaurin 6ng taéng yia x = 1. Tt napatnpeits;

2 EnavaldBete v napandave dadikaocia yia tig ouvaptrjoelg ¥ = cos(x) xat
=i - -1/ '
y =sin(x) (Bpeite 1o R; (X)) xat ywa myv y esin(x) (Bpeite 1o R, ¢(x)).
3 Bpeite pua pnur) ouvapnon mou va enaAnfeuvet TG TipEG:
0 1 2 4
0.83 1.06 1.25 4.15
4 TIpoodiopiote v eubeia eAaXiOTOV TETPAYOVROV y1d TA TIAPAKATR onpeia:
X, 1 2 3 4 5 6 7 8 9
Yy, 1.2 1.5 1.4 1.6 2.1 2.0 2.2 2.5 3.0
1
S IIpoodiopiote v eubeia peyiotou-edaxiotou ya ta edopeva tou mponyoupevou
nipofArpatog.
6 I[Ipoodiopiote pia rmapaPfodrn) eAaxiot@V TEIPAYOV@V TTOU va IIPOoeyyiet
ouvaptnon y = e 2,
7 Av £§AEn evog patvopgvou akodoubei éva vopo g popers Y(f) = ke " va
BpeBoUv ot Tinég tev otabepiv K, a, b yia ta dsbopéva tou nivaka
t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

yt) |27 |29 |31 [34 [36 |39 |43 [46 |50 |56

(Yriodei§n: AoyapiBurote tv 600eica ox€on Katl ot OUVEXELA XPTOTHOTTO|0TE
napafolr] eAaXiot®v TETPAYOVQV).




