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Kepalawo 6  AIAPOPIKEY EEIZQXEIX

O1 1meploooTepol ermotnpovikoi vopotr oe Hl1a@opeg eImotnpeg ypa@ovialt He T Hop®r)
Stagpopikev eflonoewv. O1 KAvovikeég Ola@opikeg £C10MOEIG ATOTEAOUV ONPAVIIKO KEPAAAlO 1OV
pabnpatkev kat vrniapxet mietdada pebddwv ya v emidug;h toug. Ev toutolg, otnv mpddn, évag
peyddog apibpog amo xprjopeg dtapopikeg eClowoelg dev ermAvovidal avadutika KAl drnatteitat n
apOunukn toug ermiduorn. AUOTUX®G HAA0TA, AKOMPI] KAl ITOAU armdd @QUOKA Poviédd, Iou
Xprjoporiolouveatl yia tmyv rpoBAsyn g e§EAENG evog patvopevou, dev ermAvovial AvaAUTIKA.

Eva arAé napaderypa ya ) ox€on d1a@oplkev £§l000e@V e QUOIKA @atvopeva arotedel 1o

povtédo «kuvnyou-Onpapatogr. Eot® ott x{f)eivalt o apiBpog twv Kuvnyov Kat y(t)o apOpog wwv
Onpapdatev oe pla xpovikn otypr). Tote, KAT® ano KatdAAndeg (KAt ArrAOUCTEUTIKEG) OUVONKEG, 1
e§eA1dn tov tov 8o mAnbuopmv Ba diveral ard 1o cuonNpa TV H1aPoPIKOV e§1000EWV

%za(y—i—b)x
%:c(yﬁrd)y

onou ta a,b,c,d eival otaBepég, mou Sivovral anod 1o pedetntr) tou ouotruatog. H emiduon tétolou

€1doug rpoPAnpatev Ba aroteAdéoel To aviikeipevo autou tou KepaAaiou.

Y1 ouvéxela, Ba avartuoupe TS TAPAKAT® PeBOdoug yia TtV aplOunuikin ermAuon
Sltapopikev elonoewv Kat Oa ava@Eépoupe Ta IMAEOVEKT|UATA KAl TA HEIOVEKIHATA TG KAOe
nebodou.

e ME®OAOI ENOZ BHMATOX
ME®OAOZ ZEIPQN TAYLOR
ME®OAOX EULER
ME®OAOZ RUNGE-KUTTA

e ME®OAOI ITOANATIAQN BHMATQN
ME®OAOYX ADAMS

¢ ME®OAOI ITPOBAEWHY - AIOPOQXHXE
ME®OAOZ MILNE
ME®OAOZ HAMMING
ME®OAOZ ADAMS - MULTON

6.1 MEOOAOI ENOX BHMATOZX

Otav yia tov UItoAoylopo g TG piag ouvdptnong rou arotedei Avon piag S1agopireg
e§iowong ot Béon X; + A (orou /i eivat éva pikpd Pripa) Xpnotpornooupe povo v mnpogopia yia

TNV TP G OUVAPTNONG OtV Iiponyoupevn B€on X; TOTE O1 TEXVIKEG yia Vv aplOunukr) emiduocn 1ov
Slapopkev e§lomoemv Katatdooovial g péBodot evog Prjpatog

6.1.1 MEOGOAOYX ZEIPQN TAYLOR

H mA¢ov mpogavrg 1€6odog yia v eriduon piag dragpopikrg e§iomwong mpwing tagng eivat to
avartrtuypa Taylor.
Eotw, Aoutdv, pa dragopikn e§iowon tng Poperg

v = f(xy) ne y(x,)=y,

T0Te, yla va urodoyiooupe v TUI g y(x) oe pa 6¢on x =x,+/h, Ba XpnooONOW|c0UPE TO
avartrtuypa Taylor, 6nAadn:
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2

y(x0 + h): y(x0)+ hy'(x0)+7y"(x0)+ EE 6.1

Enedr) opog yvopifoupe v y' = f (x, y), HItopouUpe €UKOAA va UTIOAOYIOOUPE TG TIAPAYDYOUS TG
y(x) ortolaodr)rote tadng:

y":f'(x,y), ym:fn(x’y), KOK.

dpa o UroAoylopog g TIHNG g y()c0 + h) eival pa arirn dadikaoia.

INAPAAEITMA 6.1

Eotw Aowov n brapopikn eiowon

yi=x+y
UE APXIKES TIUES y(O): 1. Na Bpebei n uun e y(1) (n axpiBric Avon Sivetar yia ovykpion kai elvai
y=2e" —x-1)

I'a v enidlvor g PBpioke Ti¢ Tapaywyoug £w¢ Kat 4n¢ tadng:

Y(x,)=y'0)=0+1=1
y'=1l+y' =l+x+y=1+)' y"(xo)=1+y'(0):2

Y=ty y"(x)=1+(0)=2
=14y yOlx)=1+(0)=2
Omnote, xpnoyonowwvrag v €. 6.1 Bpiokw:
bt

O+h)=1+h+h’+—+—+..
»{0+h) BET
To opdAua sivar mpopavwg auto mou mpofAénstar anod 1o avartvyua Taylor, dnAabn:

(s)
Ezys—fé)h5 110 0<&<h

AIIOTEAEYXMATA

Ztov mapaxkdi® mivaka, ot uueg g deutepng otAng Lpiokovtal, av xprnoyionoiroovue Brnua
h=0.1 mv mpowm @opda, h=0.2 wm 6cutepn @opd, kok. IaparnPoUue eMOUEVOC OTL T0 OQAAuUG
avlavetal, kabo¢ avfavetai to h (47 otrjAn).

AvtiBeta, av xpnoyionowjoovue os kabe Bripua tg TUES TTOU EXOUUE UTTOAOYIOEL OTO TPONYOUUEVO
Brua, tote n axpifieia tapaucver apketa kaln (51 otAn).

x y Y (axpiBég) Spdlpua Eeddua*
0 1

0.1 1.110342 1.110342 1.7E7

0.2 1.24280 1.24281 5.5x10° 3.7x107

0.3 1.39968 1.39972 4.3x10° 6.2x107

0.4 1.383467 1.383649 1.8x10+4 9.1x107

1.0 3.416667 3.436564 2x10°2 4.2x106
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6.1.2 MEOGOAOI EULER KAI EULER - HEUN

H pé@odog Euler arotedei ouolaotkd rmeploplopévry epappoyr g pebodou Taylor.
Awatnpoupe 6poug povo péxpt 1ng taéng wg mpog A . Eivat:

g +h)= ylx, )+ hy'(x,) EE 6.2
B ipo@aveg opaipa:
E=#h2 Yo 0<¢é<h EE 6.3

Av mporettal va 1 XProlporotjooupe yia Atya povo Prjpata, eival apKeEtd KAAr KAl ArtAr] ot
xprjon. I'a ) dapopikn e§iowon oto [Mapadeypa 6.1 eéxoupe:

y(xo +h): y(x0)+ h(xo +y(x0))
1] KaAutepa, og Pop@r] avadpouiKng OXEong:
yn+l :yn +h(xn +yn)

H pé60odog Euler-Heun artotedei pia arin nepimtwon pebodou npoPAeywng — 816pOwong
(xkatnyopia peBOdwv mou Ba pedetrjooupe ot ouvexela). Ouolaotikd, Xprnotporooupe ) PeEBodo

Euler (€. 6.2), yia va uniodoyicoupe apxXika v T g y(x) ot B¢on y()c0 +h), 6nAadn) v tun
Y, Kai, ot ouvéxela, unoAdoyifoupe v Ty g Y; avuxkabioteviag v y'(xo) arto 1o PEco Opo
OV TPV TG MAPAy®You ota onpeia X, Kat X, +h . Andadr), Xpnotporow yua kabe Pripa ug vo
OX£0€1G:

Vet =V, +hy,

y;1+y/’1+ E¢ 6.4
yn+1 :yn +th

6.1.3 _ MEGOAOZX RUNGE - KUTTA

H péBodog Runge - Kutta eivar pa rAaoikn pébobog pe moAU kadrn axkpifela  kat
Xprotporoleitat euputata.
Me ) pébodo Runge — Kutta rnpoortaBouvpe va avuikataotrjooupe Tig Iapaymyoug avatepng tasng

nou ep@avifoviatr ot péBodo Taylor pe kataAAndoug ouvbuaopoug TV xl.,yl.,yi', ta oroia eivat

yvoota. Etol, arogeUyoupe Ttov UIOAOYIOPO TRV MAPAYOYRDV AVEIEPNS TASNG. XTI OUVEXEld,
arnode1kvUoUHE ToUg TUroug yia 1 pebodo Runge — Kutta devtepng tasng.
‘Eotw ou éxoupe pia dragopikr) e§iomon g Popeng:

Mtua avadpopikr) 0Xeon yid Tov UITOAOYlOHo tou Y, eivat

k= hf(x,.»,)

=y +ak +bk, 6
Y TV AR TR OOV hr(x, + Ahyy, + B,

EE 6.5

Ag nipoortaBricoupe va v tautornowjooupe pe pa oepd Taylor deutepng 1adng:

2

h”
yn+1 :yn +hf(xn’yn)+7f (xn7yn)+“'

Ene1dr) opog
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G pof, Lo, f
Oa sivat

2
y,ﬁl:yﬁhfﬁh?(f /i )

Yuykpivovtag pe v €€ 6.5, ou ypagstat:
yn+l = yn + ahf(xn’yn )+ bhf[xn + Ah’yn + Bhf(xn’yn )]

IOU TNV avartuoo® ot oglpd Taylor!:

Vo = v, +ha+1)f, + 1> (4bf, + Bbff,),

KAtaAnye® otg

+b=1
] N . 215
. = — ITt0 &)VCl E0W AU Ql E£TA: It.X. =,y ..
> Hrop P 3274
Bb=t
2

E66 erndéye va 6éow a:%:b:l A=B=1,8madn

bX
1
Vo =¥, T E(kl tk,)
omov
ko= hf(x,,)
k, = hf(xn +hy, +k1)
(H ox¢on mou Bprkape eivat ouolaouka 1 pebodog Euler-Heun). Av enavaddfe tmyv ida dadikaoia

yia avarttuypa Taylor éwg kat h* | 6a kataAnée ot éva ovotpa 11 eoboemv pe 13 ayvootoug. Me
KatdAAnAn ermdoyr), 1oV U0 Ao T AYVOOTEG MTOOOTTEG, PITOP® vad KATAANS® ot popen:

Vo1 =Vu t %(kl + 2k, + 2k, + k4) EE 6.6

ortou

k
g ES 6.7
ky =hf(x, +Lhy, +1k,) C
k

L =hf(x, +hy, +k;)

H p£bodog autr) sival yvootr] g Runge — Kutta tétaptng tagng pe tomxko opdipa: E = O(hs) Kat

YEVIKO o@dApa peta ard n Prpata E zO(h4). H Runge - Kutta t¢taping 1déng xpnoporoteitat
eupltata addd undpxouv kat avatepng taéng pebodor Runge — Kutta, omwg, yia napadeypa, 1
p£0060g Runge-Kutta-Fehlberg, rou cuvictavtat averm@uiakia.

H p¢6obdog Runge-Kutta—-Fehlberg divetat and tig mapakdtw ox£oeig:

1 B66 eyve xprion mg £ (x,, + Ay, + Bhf(x,.p, )= (7 + 1,40 + fthf)Fxn
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ky = hf(x,.,) EE 6.8
ky =hf(x, +Lhy, +1k) EE 6.9
ky=h-flx, +3hy, + 3k +3k,) EE 6.10
ky=h-f(x, +2hy, +182f 200 ) 4 2%} ) EE 6.11
Jeg =h-flx, +hy, +232k -8k, + 3680 f 85 f ) ES 6.12
kg =h-fx, +L1hy, — Sk +2k, 33k, 4189 1) ES 6.13

OTIOTE EUKOAA UIMoAoyifoupe pa mpoin eKTPNon ya Vv Ty mg Y, .,

_ 25 1408 2197 1
Vi =0y +( Bk, + 28, + 20, —Lk,) ES. 6.14

To tomko opadlua eivat tang =~ h. [Tapatnpoupe ot Sev éxetl XprnotpornonOet n tpr) K , v onoia
o®G Oa XPNOIOITO|00UN 0Tl CUVEXELA Y1d TOV UTIOAOYIOPO aKplEotepng TG HE T OXE0T)

_ 16 6656 28561 9 2
Vit =V +(Ek1 + 005 ks + Seas0 ke — 35K +§k6) E¢ 6.15

e tomkd opdtua = h® xal yevieo = h.
ITapodo mou 1o y,,, g oxéong 6.14 b6ev €xel oxéon pe 10 ), NG oXeong 6.15, ev toutolg

artotedel onpaviko otowxeio mg pebodou. ITo cuykerppéva, eivatl ouvnBeg otnv apBunUky ermAuon
0V Slagopikev e§lomoswv va enavadapfavoupe v idia diadikaocia duo @opég, pia ya Pripa £, kat

pa yua Brpa h/ 2. Av 1n nébodog éxel opddpa ~h" v mpow @opd, tote T SeUtepn QOPA TO

opdApa Ba sivar ~ A" / 2" . Emopéveg, av 1o eUtepo amnotédeopa exet o@dApa pikpdtepo kata 1/2"
T0Te €XoUupe Vv rernoibnon ou n pébodog ouykAivel, autr n dadikaocia Opwg eivat 1oAAEG QopEg
Xpovofopa.

Y pebodo Runge-Kutta-Fehlberg, 6ev enavadapfdavoupe v napandve OSiadikaoia,
avtibeta, cuykpivoupe ta anoteAéopata oe kKabe Pripa v oxéoewv 6.14 kat 6.15 kat, av n Stapopd
Toug sival tafng ~ h, onwg mpoPAsmnel n Oswpia, tote motevoups ot n peBodog cuykAivel. Ermiong
eivat  efalpetikd ONPAVIIKO  yld TV TAXUINTA  €KTEAEONG TOU  IIPOYPAPHATOg Ot Td
ki,k,,...,k urnodoyiovtat pa povo gopd xat yua tg Suo oxeoetg.

TéAog, yua ) péBodo Runge-Kutta-Fehlberg unidpxel kat mpooeyyiotukn oxson yia 1o opdiua.
To opaApa divetatl ano ) oxeon

_ 1 128 2197 1 2
E_%kl_mkS_Wk4+%k5+§k6 ES 6.16

Enedn wa k,k,,..., kg eival yvoota oe kabe Pripa, eival Suvatd va eKTprooupe apeoa to o@aipa Kat,

av eivat peyadvtepo ano ) {nrovuevn axkpipela, unodimdacialoupe 10 A, ®OOTOU va TV METUXOUHE.
H mpoavagepBeioa Sadikacia ouvowaotika avadewkvuel 1t Runge - Kutta - Fehlberg oe
p£0060 petaPAntou Prpatog. To mAsovéktnua autrg g pebodou eivatl 6 éxoupe ) Suvatdtna
va au§avoupe 1] va EAATTOVOURE 10 Brjpa avdloya pe v cupPrepupopd g aplbunukng Avong o
KABe onpeio, €101 ermtUyXAvoulle TaxXUTIA KAl, OUYXPOVRS, eSaopalifoulie ) {ntoupevr akpifeia.
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6.2 MEOOAOI ITIOAAATIAQN BHMATQN

O1 pn€bobdot evog Prjpatog, mou avaduoape Alyo miptv, eival apretd kKadég katl adiormorteg addda
£xouv éva Baoko petovéktnua: Otav umodoyifoupe v Tur g ), , auto yivetat povo pe Xpron
g mAnpogopiag rmou éxoupe oto PBrjpa 7 yua o onpeio (X,,y,). Me auto tov tporo, xdvetat OAn 1
YV@OT) TIOU AIOKTHOaye ota rponyoupsva # —1 Bripata yia i ouprepi@opd g ouvaptnong.

O1 péfodot1 moAAanAol BAPATOG £XOUV T0 MAEOVEKINHA OTL XPNOIIOIO0UV KAatdAAnda v
mMAnpogopia yua tmv y(x) aro ta nponyovupeva 3-S5 Prijpata. Eva mpogavég pelovekinpa autov tav
pebodarv eival n avaykn g yvwong twv apXikev nudtev, éniadr) twv y,,¥,,); yld ToV UTIOAOYIoN0
T0U y,, omote eival avaykaia n xpron piag anod TG mponyoupeveg pebodoug evog Bripatog otnv apxmn

g Sadikaoiag.
H mAéov afiddoyn kat eupvtata xprotporiotovpevy pébodog moddarmiev Pnpdtev sivatl n
P£0060g Tou Adams 10U NAPOUCIALETAL 0TI CUVEXEL.

6.2.1 MEGOAOX ADAMS

Eivatl and ug mAéov onpaviikég ouyxpoveg peBodoug, yi' autd Ba deioupie tov TpoIto eUpeong

G avadpopIKLG OXEONG TNG.
Av 600¢i 1 6lagopikn eClowon:

%:fu,y) e dy = fuy)ds
X

oAorAnpwvovtag Kat ta HUo PEPT TS ITAPATAVE 100TTAg TTAIPVR:
X4l Xptl
L dy=Yy,,—y,= j fxy)dx EE 6.17

Y1 ouvéxela, urmoloyifoupe 10 OAOKArpwpa rpooeyyiloviag tnv f(x,y) pe wratadAnAng tadng
OUPUIMTI®TIKO TTOAUMVUNO Xprnolporowwviag ta 3, 4, 5,... onpeia. Edw, Ba xpnowporowrjocoupe éva
noAuwvupo OSeutépou Pabpou, mou to umodoyicape aro ta Tpia mponyoupeva onpeia. Omote
Xprjoporniowwviag ) pEodo tou Newton mpog ta riow,

[ av=y,-v, =] [fn +sAf,, +(S+Tl)szt2fn_2 + aqoouuajdx

Xnt1

Xn

= hJ‘S—l(fn + SAfn—l +wA2 n—deS 4 h..' Slehsf'/'(f)ds
s=0 2 <0 6

OTI0TE

e 1)l

n+l n n 2 -1 12 w2
) h(fl’l +l(fn - fn71)+ S(fn _ 2f”_1 + n=2 )j + 0(h4)
2 12

Kat teAKA

yn+l =yn+%[23ﬁ1_16fn—1+5fn—2]+0(h4) E§ 6.18

Av Xpnoporoovoape CURITIOTIKO ITOAUGOVUR0 tpitou Babpou, Ba odnyoupaocte ot oxéon:

yrH—l :yn +%[55fn _59](;1—1 +37fn—2 _9f;1—3]+0(h5) E§ 619
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[Mapatnpovupe ot €xXoupe Onpoupyrnoel ToAU armda pebBodoug uyndng axpifelag, 10U
npoypappatifovrat e§aipetikad €UKoAa (ouykpivete pe tg oxeoelg 6.13 kat 6.15). Ev toutolg,
enavadapfavoupe ot arnatteital n xprion g pebodou Runge-Kutta-Fehlberg yia tov urnoAoyiopo

TOV TPV NG y(x) oug B¢oeig n—3, n—2, n—1 ka1 n, av xpnoworowrjooupe v € 6.19. Av dev
eivat eUkoAo va mpoypappatiocoupe Tt peBodo Runge-Kutta-Fehlberg, tote pmopoupe va
Xprjowpornotrjooupe v ardoikr pébodo Euler, opwg pe opdipa = h* oe xaBe Brpa. Autd dpwg Ba
€Xel G arotédsopa Vv eddtiwon g akpifelag ylia tov umoloylopd g y(x) ota TE00EpA IPWIA
Bripata. ®a priopovoape va dopbwooupe autd to aduvato onpeio g Euler eAattwvoviag onpavika
10 PBrjpa, omote T0 OUVOAIKO O@AAPA PETA artd PEYAAUTEPO TMPOoPAvag aplOpd Brnpatev va eivat mg

tagng =~ h’.

6.2.2 MEGOAOX MILNE

H peBodog tou Milne xprnotporoteital euputata, anoteAei a§lodoyn pébodo kat eivatl armdr) oto
npoypappatiopo ng. Eniong, éniwg Ba @aveti, eivat e§apetika akpifrg.

Ia v evpeon g avadpopikng ox€ong akolouboupe nmapopola diadikaocia pe avtr mg

pebodou Adams. Av unob<coupe ot nj Avon eival yvwotr) ota onueia Xx,,X, ;,X, , KAt X, 5, TOTe 1
Srapopikn efiowon
dx
—==f(xy)
dy
HItopet va ypagel KAtd ta Ponyoupevad ©g
Xn+1 Xn+l
L B A=Y = Vs = J.x L f(x,y)dx
Av tOpa avukataotjooupe my f (x, y) pe €éva deutepofdbpio CUPIMIOTIKO TTOAUMVUHO KAl
0AOKANPWOOUNE, KATAANYOULE OTI] OXE0T)
4h
Vi1 = Vs +?(2fn — fua +2fn—2) E¢ 6.20
: - 28 5 (5)
He opdApa Ex—ny (f), x, ;<& <x,, E¢ 6.21

90

6.3 MEOOAOI ITPOBAEWHY - AIOPOQXHY

¥’ autég TG pebodoug, o uroAoylopodg g TPng mg Y, oto onueio Xx,,, yivetat oe duo Prjpata,

6nAadn) undpxouv 6uo oX£0E1G YA TOV UTIOAOYIONO T&V Y, -

1. TYIIO: IPOBAEWHE

yk+1 = H(yk—p,yk—p+] ""’yk) E§. 6.22

OnA. otnv mpwtn npoordadeia XpnoporoloUne ta P Iponyovpeva onpeia

2. TYIOXI AIOPOQIHZ
Ot OUVEXela Xpnotpornoteitat ) MPoPAeyn Y, o€ £va TUIO IoU OUVOUACEL TIg TIHEG TNG CUVAPTNONG
ota P mporyoupeva onpeia (autd dev eival mAvVIA UITOXPERTIKO)

Yin = A(yk—p’yk—p+1""’yk’yk+l) ES. 6.23
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Avutr) 1) 6ladikaoia yivetat enAvaAnITiikd, @OOToU o1 dUo 51a80X1KEG TIPES TNG Yi,; VA eival apKetd
KoVvtd. y,(ﬂ - y]({ﬁl) < E, omou A eivat o ap1Opog enavadryemv mg Siadikaoiag kat £ n {nrovpevn

axkpipeia.

IIAPAAEITMA 6.2

Arnobeifte wg aoknon v mpdBAeywn ue tov twno tou Nystrom

YVia = Y + 2hy; E¢ 6.24
Kar ot ouvexela xpnoyonotote ) 610p0won Euler — Heun
_ h( ' ' )
Vi = Ve T 3 Vi ¥ Vin EE 6.25

yia  Avon g drapopikrc eiowong tou mapabeiyparog 6. 1.

X1 ouvexewa, Ba deioupe éva turo 610pBwong yia ) peBodo Milne.
Ia ) dragopikr) eSiowon

dx

d_y: f(x,y)

HIopoue, KAtd Ta yVeOoTd, va YPAYOoUHE:
X1 Xn+1
J; . dy = yn+l - yn—l = J.x . f(‘x’ y)dx E§ 6.26

oroTe avikaf10T®VIAg 10 0AOKATPOHA TOU HeUTEPOU PEPOUG PE TOV Kavova Tou Simpson
dnuioupyoupe T OXE0T)

h
yn+1:yn—1+§(fn+l+4fn+fn—l) E§ 6.27

hS
pe opdApa E = %y(s)(ﬁ) orou x, (& (x,,, E¢ 6.28

[MTapatnpoupe Otl T0 o@AApa €ival Pev = hs, onwg kat ot Milne, aAAd kata 28 @opég MKpOTEPO,
ou deixvel v anotedsopatikotnta g dwpbetkrc Siaducaociag. Avadoya arodelkvueTtal Katl o TUItog
816pBwong yua 1 pébodo Adams.

SUVONTIKA £XOUHE TOUG MAPAKATK CUVEUAOPROUS TUNKV npofAsyng §10pOwong:

MEG®GOAOX ADAMS - MULTON

TYIIOX [IPOBAEWYHX
h ' ' ' '
yn+l = yn +ﬂ(55yn _59yn—1 + 37yn—2 _9yn—3) E§ 6.29
TYIIOX AIOPOQYHX
h ' i ' i
yn+1 :yn+_(9yn+1+19yn_5yn—l+yn—2) E§ 6.30

24
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MEG®GOAOX HAMMING

Mua eriong ouxvd xprotporiotoupevy péBodog rpofAeyng - 610pOBwong eivat n péBodog Hamming. H
anoddelln TV OXECE®V EMAPIETAl OTOV AVAYVOOTT).

TYIIOX [IPOBAEWHY

4h 1 ! !
Y = Vi3 +?(2J’k—z ~Via +2yk) ES 6.31

TYIIOX AIOPOQEHY

1 3h , , ,
Veu = §(9yk — Vi )+ g(— Vo +2Vi+ Vi) EE 6.32

MEG®GOAOX MILNE

TYIIOX IIPOBAEWHY

4h 1 1 ’
Y = Vi3 +?(ZJ’/¢—2 —Via +2yk)

TYIIOX AIOPOQXHX

h ’ ! !
Vi = Vi +§(yk—1 +4y, +yk+1)

IMa tov urodoylopod vV apXKeV onpeiav xpnotporoteitat ouvriBwg Runge-Kutta tétaptng tadng 1
raAutepa Runge-Kutta-Fehlberg.

IIAPATHPHZH: O: ugbobot evog Briparog katr moAdov Bnudiov uropovv kat’apxag va pag odnynoovv
ot Avon pue v emBuunt) axpifiela, v tovtolg ot ugBodor moAdwv Pnudtov evar taxuvtepeg otnu
ektédeon 610t o apiBudg v mpdewv mou amartovviar o kKabes Bripa eivar onuavtkd UIKPOTEPOS.
Zuykpivete yia mapabeypua tov apbuo npaleov mov arnartovviar os kabe frnua yia m ugbodo Runge-
Kutta-Fehlberg xai yia t uébobo Adams.

6.4 XYITHMATA AIAPOPIKON EEIZQYEQN

Ol meploootepeg Ao 1§ Xprotporoloupeveg drapopikeg e§lomoelg Sev eival rpatng tdadng,
®Ooto0oo 1 pebodoloyia rou avantuxOnke ota rpornyovpeva Ke@ddaia epappodetal eUKoAd.

EupuUtata ouvavioviat ot Stagopikeg e§lowoelg deutepng tadng, dSniadn
d’y
dx’

= f(x, 2,5 EE 6.33

OITOTE ATTALTEITAL ] YVOOI] APXIKOV oUVONK@V, 0X1 1OVo yid v y(x) aAAd KAt ya v napayeoyo wmg

otV apXikn Beon x,. To ouvnOeg eival va opifoupe pia véa ouvaptnon Z(x) €014, WOTE Z(x) =y'.

Omnote 1 deutepng tadng dragopikr| e§ioworn avaystal oe duo npwtofdadpieg pe 11 avaloyeg ApPXIKES
ouvOnkeg. AnAadr)

d
d_i:Z J/(xo):)’o

d. '
d_i:f(xa%Z) Z(xo):yo

EE 6.34
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To ovompa dagopikev eflowoewv 6.37 eivalt 10o0duvapo pe v dagopky) efiowon 6.36. H
Stadkaoia autr) propei va axkodlouBnBei yia kabe Pabpou Swagopikn e§iowon. Me ooca
npoava@epbnkav eivatr mpo@avrlg Kat o TPOIog HPE TOV OIoio HItopouv va Xprotporioindouv ot
1€60601 Adams, Milne rAm. yia ouotrjpata 51a@opik®V e§1000EMV.

Eote® Aoutdv 611 €xoupe 10 MAPAKAT® cUoTpaA

ﬂ:zy-px y(O):l E¢ 6.35
dx
dz
—=xz+y Z(O) =1 E¢ 6.36
dx

Av xprjowornotrjooupe ) p€0odo Euler, 1o ovotnua Oa divetal arod avadpopikeég OXEOELG NG LOPPLIS

Vg =y, +hyl =y, +h(z,y, +x,)
EE 6.37

’
n+l

!
z =z, +hz, =z, +h(xnzn +yn)

Eivatl mpogavr)g Aoutdv n avadoyia g pebBodou pe 6oa avagépape oty apxr) Tou RKepalaiou yua g
pebddoug Euler kat kat’ enéktaon Taylor. Avtiotowxa, av xprotporowrjooupe tv péBodo Runge -
Kutta, 6a mpénet va urodoyicoupe répav wv k. k,,...k xkat w [,1,,...,1,. Edo, avagépoupe

p£6060 Runge - Kutta tétaptng tagng, ordte Kat 1 eMEKTACT] NG Yiveral availoywg.

@a sivat Adowdv yia éva ouotnua ' = f(x, y,z) Kat z' = g(x,y,z)

Yot =V +é(k1 +2k, + 2k, +k4)

n+l

z,, =2, +é(l1 +21, + 21, +1,)

orou
b =hf(x,,,.2,)
ky=hf(x, +Lh,y, +1k,z,+11)
by = hf (x, + 2,9, +1ky,z, +11,)
k,=hf(x, +h,y, +k,z, +1)

Kdt

L =hg(x,.,.2,)

l, = hg(‘xn +3h,y, +7k.z, +%11)
Iy = hg('xn +ohy, +3k,,z2, +%12)
l :hg(‘xn +hy, +ks,z, +13)
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3.6 TPAAMATA

Yridpxetl pla mAnBopa opaAlpdteov rmou uneloépxovial ot dadikaoia apiOpnukrg erniduong pag

dragpopikng eionong. Evbeiktika, Oa avagépoupe pepika.

1.

Apxika o@alpata Ssdopévov: Eav ot apxikég tpég Sev elvar akpipwg yveoteg, r.X. TG
YVopiloupe e oUyKeRppevn akpifela, tote 10 apxiko opaipa 61adidetal oe 0da ta Prjpata ng
odorAnpwong. Etol, yia mapddewypa, eivar duvatd va mapatnprjooupe 1o xdaog os Siagopa
duvapika ouotrpata.

ZpaApata Ztpoyyuldonoinong

a. Ano ) oUuyKpdAtnon POVOo OUYKEKPIPEVOU aplOpou dekadikav Pneiov

B. BePawwvetratl pe v augnorn tov dekadikaov

y. Eivai e€apetikd onpavuko, otav agatipouviat duo Avuoeig tng 1d61ag repirou tadng

Z@AApa anoxomnig
a. Ao 1) Xprjon CE1P@WV OUYKEKPIIEVNG TASNS
B. AwopBavetal pikpatvoviag o /.

Aladoon TpaApatov
Ta nmaparnave opdaApata 6adibovratl amno Pripa oe Pripa.
Eoww yua rapadeypa pia tpr) y, mmou eivat n aAndng kat Y, avu) nou urodoyifoupe pe kdarowa
anod g pebodoug pag. Andadr, To opddpa sivat:
e?’l = yn - Yn

orote, ya rapddeypa, ag e§etdocoupe ) 61adoorn tou opdApartog ot peébodo Euler. Oa eivat:

€1 = Vun _Yn+l =V +hf(xn5yn)_Yn _hf(xn’Yn)
(f(x,“y;):i(xﬂ%))en —e,(1+17,(x,.5,))

n

=e +h
=(1+hk)e,

0nAadr) n badoon tou opaluarog sivar ypauuikn.
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AYKHXEIY

1. Xpnowomnoteiote Euler, Euler-Heun, Taylor tpiing tang kat Runge — Kutta tetaptng tagng ya
VvV apBpunNTIKn €rMiAUoT TV S1aPOPIKOV £CIOMOEWDV:

3
, A ) x2+2 %
a  y=x, )=1 (axpipris y=| *=| )
Ynobeiln: odoxAnpaote and x =1 w¢ x =2
' 2 ' 2
B.  y=-0n’  y0)=2 (axpipris y=—)
Ynobeién: odorxAnpwote and x =0 w¢ x =1
v y'=-2x, 0)=1 (axpBrig y=e ")
Yrobeiln: odoxAnpaots ano x =0 w¢ x =1
Y 1- X2y4
8. = , 1)=1
BT
Yrobeiln: odoxkAnpaote ano x =1 w¢ x =2
€. =2 ey , y(O) =0 Bpeite 1o y(l).
y+e

2. Xpnowornoteiote Milne, Hamming kat Adams-Multon yia v niponyoupevn Aoknon.

3. Na AuBei apiBunukda n dagopikr) e§ioworn (cuotnpa)

x'=1195x-1995y x(0)=2
y' =1197x-1997y y(0)=-2
Na BpeBouv:

e Ol TIpEG y(l),x(l)

e Ol TIHEG y(— 1), x(— 1)
Tt napatnpeite, av n akpiBrg Avon eivat
x(t) — 100 —8e y(t) — 6o — 8o S

4. Na AuBouv 1a ouctpata

V' =yz+x y(O):O
a.
Z'=y—x z(0)=0
L= (0)=0
Z=—y Z(O) =1
5. Amnobeite tov tuno Adams — Bashforth 6eutepng tagng

h
yn+1 :yn +5[3-f;1 _fn—l]



