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Kepalawo 4 APIOMHTIKH IIAPATQI'ITH

H apBpnukrn napayoylon eivar 1daitepa  xprjopn, kabBwg T10AAA  @uolkd peyedn
AVIIIPOO®ITEVOUV ] XPOVIKI] 1] X®P1KY ITAPAy®yo KATO10U PETpr|otpiou peyéboug. I'a mapddeypa, o
éva meipapa propet va petprjooupie ) BEon evog aviikelévou oe d1da@opeg XPovikeg otypeg. Ia va
UTTIOAOYIOOUPE KAl TNV TAXUTNTA TOU AVIIKEIPEVOU OTlS O1aQopeg XPOVIKEG oTypeg, Ba mpemel va
Bpoupe Vv Mapdynyo OV PEIPHOewV g O£0Ng ™G mMpPog To XpOovo, e Kamola apldpnukr pébodo.
AMAeg eappoyég v peBodwv mou Oa avartuxBouv oto mapdv Kepddaio mepdapfBavouv v
avartuén adyopifpev ya ) Auon mpofAnpdtov oplakev Tpev, v avarntudn pebodov yia v
eriAuor 61aQoPIKAOV £§10M0ERDV KATT.

Fevikd, 1 aplOpunuikn napdywyog xprotporoteitat otav dev eival yvootr) 11 avaAlutiky Hopen

pag ocuvaptnong y = y(x) Kal yvepifoupe Povo Tig§ TIHEG TNG OUVAPTNOoNG 08 OUYKEKPIHEVA OTHElia.

4.1 APIOMHTIKH ITAPATQI'IZH ME XPHZH XYMIITQTIKOY IIOAYQNYMOY

H mA¢ov mpogavrig dradikaoia eival o UroAoyiopdg ToU CUPITIOTIKOU MOAU®VUHOU KAl Ot
ouvéxela 1 Tapaywylor] tou. I'a mapddetypa, av Xpnolporoujooupe 10 CURITIOTUKO ITOAUMVUMO

Newton rpog ta eurpog, oe KAIoo onpeio x = x, + sh

y(x):p(x):yo+sAyO+MA2yO+WA3yO+... (EE. 4.1)

2/
Kal Ot OUVEXELd TO TIApAyayiooups, Oa rmapoupe:

E— 2 —
dy(x) _ dp(x) _ 1dp(s) _ 1 Ay, + 2s 1A2y0 N 35" —65+2
dx dx h ds h 2!/ 3/

Ay, +} (EE 4.2)

Enopéveg, av BeArjooupe va umodoyicoupe tnv napaywyo otn 6on X, apket va Ofcoupe otnv
rnapandve oxéon s = 0, yua ) 6¢on X, , apkel va B¢ooupe oty naparndve oxéon S =1 k.o0.x., apa:
1

, 1 1
Yo ZZ[AJ}O _EAZJ’O +§A3y0 +} (EE. 4.3)

Kal avdloya pe tov aplBpo twv opwv 1ou Béloupe va oupreplddfoupe, €Xoupe TG MAPAKATR
OXE0EIG:

, 1
¥ == 30)+ Olh) (EE. 4.40)
y6=l(_3y°+4y‘_y2j+0(h2) (EE. 4.4b)
h 2
y(')=%(_11y0+18yé_9y2+2y3]+0(h3) (E€. 4.4¢)

.........

Avdloya prope va urtodoyiom Kat 1) 6eUtepn) MApAyRyo g oUvAaptnong y(x) ot B¢on X, . Eivat

d> 1 d? 1
ML L) s

OTTOTE:

1
(7o =23, + »,)+ O(h) (EE. 4.5a)

Yo=17
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Kat

w1
v :h—2(2y0—5y1+4y2—y3)+0(h2) (EE. 4.5b)

K.O.K.

To opdApa uroAoyifetal EUKOAA AITO TOV TUIO TOU OPAAPNATOS TOU OUNITIOTIKOU ITOAUGVUOU.
AnAabdr), yvopifoupe amo v oxéorn (3.1) ot to oPdApa Tou CUPITIOTUKOU ITOAU®VUpoU 7 Babpou
(rou poxuITIEl and 1+ 1 onueia) sivat:

y"(€)

F(x)=(x—x, N x—x )x—x,)(x—x,) (e1) (EE. 4.6)
OTIOTE TO OMAAPA NG MAPAY®YOU TOU CUHRITIMTIKOU MOAUGVUIOU yia T Ofon m.x. X =X,
(n+1)
F’(xo) = (xo - X )(xo X )-'-(xo X )y—@)
(n+1)
(EE 4.7)

_heom) (a2 (g 2

(n+1) n+1
orote 10 opddpa ot oxéon 4.4a 8a sivar O(h), oy 4.4b 6a sivar O(h°) kai oy 4.4¢c, O(1’) .
Avdloya, 1o o@dApa ot devtepn napaynyo Oa eivat O(h("_l)) (BA. doxnon 4.1). Enlopevag, otn oxXeon

4.5a 6a givar O(h) xat oty 4.5b, O(h°) .
Avtiotoixeg OX£0€1g PITOP® va dNOUPYL0m KAl PE T XP1jo1] tou roAumvupou Newton ripog
1a 1mio®, ordte UItoAoyide v Imapdymyo piag ouvdaptnong oto t€Aog tou §1aot|atog I.X.
3y, -4y, +
Yo 2)’};1 Vo o O(hz)

Yo = (ES. 4.8)

w2V, =Sy 4y, -y, N O(hz)

Yo = e (ES. 4.9)

E®APMOTH

Yroloyiote ) sutepn mapdywyo piag ouvaptnong oty O£on X = X; XpNOOToI0UTag Tig TES Vo, Vi, V)

Kair y;.
AYYXH

Oa xp1oUOTIOUOOUIE T0 OUUTITOTIKO ToAuwvupo Lagrange umobetovtag Op®S OTL Ta ONUELA Xy, X, X, ...
elvar woanéxovta. To moAvwvuuo Lagrange sivai:
P(x)z (x_xl)(x_xz)(x_xs) Vv, + (x_xo)(x_xz)(x_xs) v,
(xo _xl)(xo _xz)(xo _x3) (x1 _xo)(xl _xz)(xl _xa)
(x—xo)(x—xl)(x—x3) n (x—xo)(x—xl)(x—xz)

(xz_xo)(xz_xl)(xz_xs) ’ (x3_xo)(x3_x1)(x3_x2) ’

onote mapaywyiloviag 6Uo PopEs Kal aviikabiotwviag karaAnyw:

P =22 (= ) () (0 22 =) (=) ()

2y, 2%,
+Tyh3[(x—x0)+(x—x‘)+(x—x3)]+6—;:3[(x—xo)+(X—xl)'*‘(x_xz)]

+
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rar Bétovtag X = X, karadnyw ot oxEon

Vo 2nty,
P'(x,)= B (EE. 4.10)
O opog Ys , av kat gixe xpnowonomBei, arovowader and v tediky) oxéon, nap’ 6Aa avia n axpifeia g

uebodou sivar O(h*), onog mpoBAémetar ané m xeHoN CUUTIOTKOU TOAUGUULOU Yia TE00Epa onjsia.

Zt ovvéxela, Oa dovue ot N mapandve oxeon Uropetl va SnuovpynOetl Kai e t xpron g IEXVIKNG TV
KEVIPIKOU O1apOopav.

AKPIBEIA

®a 1mpénel va ermonpavOel Ot yeVIKA TO OUUIMIEOTIKO TOAUMVUHO JItopel va rpooeyyilet pe
IKAVOTTOUTIKI] aKpifela J1a ouvAaptnon Kal CUMITITIEL L€ aUTHV og oplopéva onueia, 6ev oupPaivet
opwg ouvnBwg to 1610 Kat pe Vv napdyeyo tou. Onwg @aivetatl amo to Exnpa 4.1 eivatl po@aveg to

O@AApa OTOV UTTOAOYIOHO NG y’(x) pe ) xpron tou P '(x).

4.2 TYIIOI KENTPIKQN AIAOPQN

Mwia xkamnyopia OX€0e@Vv yld TOV UMOAOYIOPO aAplOPNTUKQV MAPAYyRY®V £ival auty] oV
KeEVIPIKQV Stapopwv. Edw, n mapayoyog ot 0¢on xo umoloyiletal g oUvApTnon TV Onpeiov
ekatépwbev g Beong oupperpika. Tetoleg ox€oelg eivatl o1 MapaKAT®:

=2 ;hy‘l + o) (EE. 4.11q)

yo':_y2+8y‘1;h8y‘l+y‘2 +0(n*) (E€ 4.11b)
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ym_ y2_2y1+2y—1

N =20ty voln?)
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0

20

4 _ W —4y +6y, -4y +y, +0(h2)

o =

h4

v (EE. 4.12a)
o +16y, —30y§ 16y, -y, +0(n*) (ES. 4.12b)
12h
—=2 4 on?) (ES. 4.13)
(ES. 4.14)

Y1 ouvexela BOa Soupe mwg arodeikvuovial HEPIKEG Aro TG MAPAIIAVR OXE0Elg. AV MApw Ta

avarrtuypata Taylor 6e§ia kat apilotepd tou onpeiou X, tote Ba éxe

' h2 " h3 m h4 (4)
yxo +h) =y, = yo +hyy +— o +— 0+ -y - (BE. 4.15)
2 6 24
h* h’ h'
x—h= — —h /_I__ n_ m+_ (4)+__. EE 4.16
y( 0 ) Ya=Yo MYy > Yo 6 Yo 24yo (ES. )
4 2h*
y(xo +2h):y2 =y, +2hy} +2h°y] +§h3yg'+7yé4) + e (EE 4.17)
! n 4 " 2h4
y(x0—2h)=y_2 =y0—2hy0+2h2y0—§h3y0+Ty(()4)+--- (ES. 4.18)

Omnote apailpaviag mv 4.16 and myv 4.15 AapPave ) oxeon 4. 11a, eve ipoobetoviag €X® T OXEoT
4.12a, v oroia eixape arodei§el vopitepa pe ) XP1j0rn ToU CUPITIOTIKOU ITOAUmVUHoU Lagrange,

oxeon 4.10.

Evepyovrag avaloya kat roAdartdaotadoviag v 4.15 kat v 4.16 pe 8 kat dnpiovpywviag
0TI OUVEXELA TI] OXEOT

IIAPAAEIT'MA

Ys—Ys +8(U1 _971)

dnpoupym ) oxéon (4.11b) . Me avadoyo Tporo SnNHUoUpym Kat TG UTTOAOUTEG OXECELS.

Mua ovvaptnon f (x) raipvet g eENg TUES:

X

0.90

1.00

1.11

fx)

2.4596

2.7183

3.0344

Na Bpsbei n f’(l) . (H ouvaptnon sivai f(x) =e”*.

Avon

Iapatpouvue otu ta pia onueia Osv wansxouvv, onote Oa mpEner va ONUIOUPYTIOOUUE Uia OxEon UE aon
U mponyouusvn Bswpla. Oa umopovoav va xpnouonotBovv duo Srapopetikeg uebodor. H mpopavng
emidoyn eivar va vnodoyioouue pe tov twmo tou Lagrange to SeutepofSabuio ouuntotko moAlvovuno kai,
oty ovvéxela, va 1o mapaywylioovue. H aldn emdoyn sivar va xpnowonownoovuse puia mapaldayny g
uebodou v KevpKWY dtapopwv, onwg Ba beifouus Kar otn ovvéxela.



Eivar y(x, +h)=y(1+0.11) rar y(x, —h,)=y(1-0.1). Mcvixa, 6a wxver:

A
v =y(x, +h)=y, +hy, FI
! h2 n h3 "
v =y, =)=y, -y, F

fo)[Xe]7>

1
' QyI_Fy_l 1 ].
Yo Zhl——£———jyo
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O¢rovtag g kardaAdndeg upés (h =0.11kat hy =0.1), Boiokovue Yy, =2.7233 , n axpiBric uur sivar

2.7183.

AXKHXEIX

1. Na Bpebel o TUIT0G TOU CPAAPATOG Yia 1) SeUTEPT) MAPAY®OYO TOU CUPITIOTIKOU ITOAUGVUOU.

2. Arnobeilte 1ig oxéoeg (4.12b), (4.13) xat (4.14)

3. Me m xprion HY urodoyiote v f'(x,) xat f"'(x,), yia f(x)=tan"'(x) xar x, = V2.

Xpnowonojote g oxéoelg (4.11a) xat (4.10) pe Brpa £ =0.1



