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PROLOGOS
Oi shmei¸seic1 autèc kalÔptoun thn Ôlh tou maj matoc Majhmatik� II

pou did�sketai sto B' ex�mhno tou tm matoc Plhroforik c & Epikoinwni¸n,
tou T.E.I. Serr¸n. Sto pr¸to kef�laio (Eisagwg ) gÐnetai mÐa sÔntomh
anaskìphsh basik¸n ennoi¸n apì thn GewmetrÐa. To kef�laio autì èqei
skopì na apotelèsei anafor� gia k�poiec basikèc ènnoiec pou qrei�zontai
parak�tw, par� na k�nei exantlhtik  parousÐash tou jèmatoc thc Analu-
tik c GewmetrÐac. Sta epìmena kef�laia parousi�zontai oi sunart seic, dÔo
  perissotèrwn metablht¸n, h diaforisimìtht� touc, kai h oloklhrwsimìtht�
touc (dipl� & tripl� oloklhr¸mata). EpÐshc melet�me thn basik  dianus-
matik  an�lush pou eÐnai aparaÐthth kai se jèmata Fusik c.

Parak�tw gÐnetai mÐa eisagwg  stic sun jeic diaforikèc exis¸seic pr¸thc
kai deÔterhc t�xhc, mazÐ me k�poiec stoiqei¸deic mejìdouc arijmhtik c epÐlus c
touc. Tèloc eis�gontai oi migadikoÐ arijmoÐ, mazÐ me tic basikèc efarmogèc
touc se probl mata Hlektrik¸n kulwm�twn.

Sunist�tai anepifÔlakta stouc spoudastèc na k�noun eureÐa qr sh an¸ter-
wn glwss¸n programmatismoÔ (ìpwc C ++)  /kaÐ sqediastik¸n pakètwn gia
thn grafik  par�stash twn sunart sewn poll¸n metablht¸n, kaj¸c kai twn
apotelesm�twn apì thn arijmhtik  epÐlush twn diaforik¸n exis¸sewn. Se
k�je kef�laio h kaluptìmenh Ôlh epib�llei grafikèc parast�seic pou oxÔ-
noun thn skèyh kai apaitoÔntai gia thn kal  katanìhs  thc. H sundiasmènh
qr sh anwtèrwn glwss¸n programmatismoÔ kai programm�twn grafik¸n sta
jèmata pou pragmateuìmaste ed¸, apoteleÐ exairetik� qr simh praktik .

Apìstoloc KouðroukÐdhc

1 c© Dr. Apìstoloc KouiroukÐdhc
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10 KEF�ALAIO 1. EISAGWG�H

1.1 DianÔsmata, Sust mata Suntetagmènwn
Ston trisdi�stato EukleÐdio q¸ro R3 èna shmeÐo P mporeÐ na oristeÐ monos -
manta apì tic kartesianèc suntetagmènec tou P (x, y, z), wc prìc èna trisor-
jog¸nio sÔsthma axìnwn Oxyz. To di�nusma jèshc tou shmeÐou eÐnai

~r = xx̂ + yŷ + zẑ (1.1.1)

ìpou ta {x̂, ŷ, ẑ} eÐnai ta monadiaÐa dianÔsmata (me mètro mon�da) kat� m koc
twn axìnwn. UpenjumÐzoume ìti gia èna di�nusma ~A = (A1, A2, A3) to mètro
tou dÐnetai apì thn

| ~A| =
√

A2
1 + A2

2 + A2
3 (1.1.2)

OrÐzontai epÐshc kai ta sunhmÐtona kateÔjunshc, wc

ξ := cosφ1 =
x√

x2 + y2 + z2

η := cosφ2 =
y√

x2 + y2 + z2

ζ := cosφ3 =
z√

x2 + y2 + z2
(1.1.3)

ìpou (φ1, φ2, φ3) eÐnai oi gwnÐec pou sqhmatÐzei to di�nusma ~r me touc treÐc
�xonec. Oi arijmoÐ (ξ, η, ζ) apoteloÔn tic sunist¸sec tou monadiaÐou dianÔs-
matoc r̂.

To eswterikì ginìmeno dÔo dianusm�twn orÐzetai wc

~A · ~B = | ~A|| ~B|cosφ (1.1.4)

ìpou φ eÐnai h metaxÔ touc gwnÐa. E�n dÔo dianÔsmata eÐnai k�jeta, to
eswterikì touc ginìmeno eÐnai mhdèn. IsqÔei epÐshc ~a · ~a = |~a|2 en¸ se sqèsh
me tic sunist¸sec touc, to eswterikì ginìmeno dÔo dianusm�twn dÐnetai apì

~A · ~B = A1B1 + A2B2 + A3B3 (1.1.5)

Tèloc h probol  tou ~A p�nw sto ~B dÐnetai apì thn

Π ~B( ~A) = ~A · ~B
~B

| ~B|2
(1.1.6)

To exwterikì ginìmeno dÔo dianusm�twn orÐzetai wc

~A× ~B = | ~A|| ~B|sinφ n̂ (1.1.7)

A.T.E.I Serr¸n c© Ap. KouiroukÐdhc Tm. Plhroforik c



1.1. DIAN�USMATA, SUST�HMATA SUNTETAGM�ENWN 11

ìpou to monadiaÐo n̂ eÐnai k�jeto sto epÐpedo twn ~A, ~B kai h for� tou ka-
jorÐzetai apì ton kanìna tou dexioÔ qerioÔ. Se sun�rthsh me tic sunist¸sec
touc, to exwterikì ginìmeno dÔo dianusm�twn dÐnetai apì thn

~A× ~B =

∣∣∣∣∣∣

x̂, ŷ, ẑ
A1, A2, A3

B1, B2, B3

∣∣∣∣∣∣
= x̂(A2B3 − A3B2) +

+ ŷ(A3B1 − A1B3) + ẑ(AxBy − AyBx) (1.1.8)

EpÐshc to mètro tou exwterikoÔ ginomènou | ~A× ~B| = EAB, dhl. mac dÐnei to
embadìn tou parallhlogr�mmou pou sqhmatÐzoun ta dÔo dianÔsmata. Tèloc
an ta dianÔsmata eÐnai suggrammik� tìte ~A× ~B = 0.

To meiktì ginìmeno tri¸n dianusm�twn orÐzetai wc

( ~A, ~B, ~C) := ~A · ( ~B × ~C) =

∣∣∣∣∣∣

A1, A2, A3

B1, B2, B3

C1, C2, C3

∣∣∣∣∣∣
(1.1.9)

H apìluth tim  tou meiktoÔ ginomènou mac dÐnei ton ìgko tou parallhlepipè-
dou pou orÐzetai apì ta trÐa dianÔsmata. Etsi an trÐa dianÔsmata eÐnai
sunepÐpeda to meiktì touc ginìmeno mhdenÐzetai, en¸ e�n eÐnai di�foro tou
mhdenìc shmaÐnei ìti ta trÐa dianÔsmata mporoÔn na apotelèsoun b�sh, dhl.
k�je �llo di�nusma na analujeÐ wc proc aut� (na grafeÐ wc grammikìc sun-
diasmìc touc).

Ektìc apì to trisorjog¸nio kartesianì sÔsthma suntetagmènwn, up�r-
qoun kai �lla sust mata suntetagmènwn me eidik  summetrÐa pou pollèc
forèc eÐnai qr sima se sugkekrimèna probl mata. Oi kulindrikèc suntetag-
mènec (r, θ, z) orÐzontai gia k�je shmeÐo ektìc thc arq c O(0, 0, 0) kai

x = rcosθ

y = rsinθ

z = z, r > 0, 0 ≤ θ < 2π (1.1.10)

Gia thn arq  èqoume r = z = 0 all� to θ eÐnai aprosdiìristo. EpÐshc oi
antÐstrofoi metasqhmatismoÐ dÐnontai apì thn

r =
√

x2 + y2

θ =




Arctan(y/x), x > 0, y > 0
π + Arctan(y/x) x < 0
2π + Arctan(y/x) x > 0, y < 0

θ = (π/2) x = 0, y > 0
θ = (3π/2) x = 0, y < 0

(1.1.11)

ìpou me V (u) = Arctan(u) sumbolÐzoume ton prwteÔonta kl�do thc an-
tÐstrofhc efaptomènhc pou faÐnetai sto Sq ma 1.1.

A.T.E.I Serr¸n c© Ap. KouiroukÐdhc Tm. Plhroforik c



12 KEF�ALAIO 1. EISAGWG�H

Sq ma 1.1: H sun�rthsh V (u) = Arctan(u).

Tèloc ta monadiaÐa dianÔsmata pou deÐqnoun kat� thn dieÔjunsh pou
aux�nontai oi kulindrikèc suntetagmènec dÐnontai apo tic

r̂ = cosθ x̂ + sinθ ŷ

θ̂ = −sinθ x̂ + cosθ ŷ

ẑ = ẑ (1.1.12)

O stoiqei¸dhc ìgkoc stic kulindrikèc suntetagmènec dÐnetai apì thn dV =
rdrdθdz en¸ h stoiqei¸dhc epif�neia p�nw se kÔlindro aktÐnac R apì thn
dS = Rdθdz.

Oi sfairikèc suntetagmènec (r, θ, φ) orÐzontai gia k�je shmeÐo ektìc thc
arq c O(0, 0, 0) apì tic

x = rsinθcosφ

y = rsinθsinφ

z = rcosθ (1.1.13)

ìpou r > 0, 0 ≤ θ ≤ π kai 0 ≤ φ < 2π. H arq  èqei r = 0 all� ta θ, φ eÐnai
aprosdiìrista. Oi antÐstrofoi metasqhmatismoÐ dÐnontai apì

r =
√

x2 + y2 + z2

θ = Arccos(z/r)

φ =




Arctan(y/x), x > 0, y > 0
π + Arctan(y/x) x < 0
2π + Arctan(y/x) x > 0, y < 0

θ = (π/2) x = 0, y > 0
θ = (3π/2) x = 0, y < 0

(1.1.14)

A.T.E.I Serr¸n c© Ap. KouiroukÐdhc Tm. Plhroforik c



1.2. ANALUTIK�H GEWMETR�IA STO EP�IPEDO KAI TON Q�WRO 13

ìpou me V (u) = Arccos(u) : [−1, 1] → [0, π] sumbolÐzoume ton prwteÔonta
kl�do thc sun�rthshc tou antÐstrofou sunhmitìnou pou faÐnetai sto Sq ma
1.2.

Sq ma 1.2: H sun�rthsh V (u) = Arccos(u).

Ta monadiaÐa dianÔsmata sundèontai me tic sqèseic

r̂ = sinθcosφ x̂ + sinθsinφ ŷ + cosθ ẑ

θ̂ = cosθcosφ x̂ + cosθsinφ ŷ − sinθ ẑ

φ̂ = −sinφ x̂ + cosφ ŷ (1.1.15)

O stoiqei¸dhc ìgkoc stic sfairikèc suntetagmènec dÐnetai apì thn dV =
r2sinθdrdθdφ en¸ h stoiqei¸dhc epif�neia p�nw se sfaÐra aktÐnac R apì thn
dS = R2sinθdθdφ.
Ta parap�nw sust mata suntetagmènwn kai ta monadiaÐa touc dianÔsmata
faÐnontai sto Par�rthma A'.

1.2 Analutik  GewmetrÐa sto EpÐpedo kai ton
Q¸ro

MÐa kampÔlh sto epÐpedo perigr�fetai genik� apì mÐa sqèsh thc morf c
F (x, y) = 0. E�n mporèsoume na epilÔsoume thn sqèsh aut  wc prìc y =
f(x) tìte èqoume kampÔlh sto epÐpedo pou eÐnai kai h grafik  par�stash
thc sun�rthshc f . MÐa isodÔnamh èkfrash gia mÐa kampÔlh, dosmènh se
parametrik  morf , eÐnai h

x = x(t),

y = y(t), t ∈ [a, b]. (1.2.1)

A.T.E.I Serr¸n c© Ap. KouiroukÐdhc Tm. Plhroforik c



14 KEF�ALAIO 1. EISAGWG�H

Gnwstèc kampÔlec sto epÐpedo eÐnai oi legìmenec kwnikèc tomèc, pou eÐnai
deutèrou bajmoÔ wc prìc tic suntetagmènec (x, y). Otan grafoÔn se kat�llh-
lo sÔsthma suntetagmènwn lamb�noun mÐa apì tic morfèc pou faÐnontai ston
PÐnaka 1.1. Ed¸ R > 0 eÐnai h aktÐna tou kÔklou kai a, b > 0 oi hmi�xonec
thc èlleiyhc kai thc uperbol c antÐstoiqa.

KÔkloc x2 + y2 = R2

'Elleiyh x2

a2 + y2

b2
= 1

Parabol  y2 = 2px, x2 = 2py

Uperbol  x2

a2 − y2

b2
= ±1

PÐnakac 1.1: Oi kwnikèc tomèc.

Ston q¸ro mÐa epif�neia perigr�fetai genik� apì mÐa sqèsh thc morf c
G(x, y, z) = 0. E�n mporèsoume na epilÔsoume thn sqèsh aut  wc prìc z =
g(x, y) tìte èqoume ston q¸ro mÐa epif�neia pou eÐnai kai grafik  par�stash
thc en-lìgw sun�rthshc dÔo anex�rthtwn metablht¸n. IsodÔnama mporoÔme
na gr�youme mÐa epif�neia sto q¸ro se parametrik  morf  wc

x = x(t, s)

y = y(t, s)

z = z(t, s), (t, s) ∈ R2 (1.2.2)

MporoÔme sta parap�nw na antiparab�lloume to gegonìc ìti mÐa kampÔlh s-
ton q¸ro dÐnetai genik� se parametrik  morf  wc ~r = ~r(t) = (x(t), y(t), z(t)), t ∈
R.

MÐa shmantik  kathgorÐa epifanei¸n ston q¸ro eÐnai oi epif�neiec deutèr-
ou bajmoÔ oi opoÐec se kat�llhlo sÔsthma suntetagmènwn lamb�noun mÐa apì
tic parak�tw morfèc:

• Elleiyoeidèc
x2

a2
+

y2

b2
+

z2

c2
= 1 (1.2.3)

• Monìqwno Uperboloeidèc

x2

a2
+

y2

b2
− z2

c2
= 1 (1.2.4)

A.T.E.I Serr¸n c© Ap. KouiroukÐdhc Tm. Plhroforik c



1.2. ANALUTIK�H GEWMETR�IA STO EP�IPEDO KAI TON Q�WRO 15

• DÐqwno Uperboloeidèc

x2

a2
+

y2

b2
− z2

c2
= −1 (1.2.5)

• K¸noc
x2

a2
+

y2

b2
= z2 (1.2.6)

• Elleiptikì Paraboloeidèc

x2

a2
+

y2

b2
= 2γz (1.2.7)

• Uperbolikì Paraboloeidèc

x2

a2
− y2

b2
= 2γz (1.2.8)

• Parabolikìc KÔlindroc

y2 = 2px (1.2.9)

• Elleiptikìc KÔlindroc

x2

a2
+

y2

b2
= 1 (1.2.10)

• Uperbolikìc KÔlindroc

x2

a2
− y2

b2
= 1 (1.2.11)

• EpÐpedo
Ax + By + Cz + D = 0 (1.2.12)

H apìstash dÔo shmeÐwn A(A1, A2, A3) kai B(B1, B2, B3) dÐnetai apì thn
sqèsh

d(A,B) =

[
3∑

i=1

(Ai −Bi)
2

]1/2

(1.2.13)

en¸ h apìstash tou shmeÐou P1(x1, y1, z1) apì to epÐpedo thc Ex. (1.2.12)
apì thn

d =
|Ax1 + By1 + Cz1 + D|√

A2 + B2 + C2
(1.2.14)

A.T.E.I Serr¸n c© Ap. KouiroukÐdhc Tm. Plhroforik c



16 KEF�ALAIO 1. EISAGWG�H

MÐa kampÔlh ston q¸ro mporeÐ epÐshc na ekfrasteÐ wc h tom  dÔo epi-
fanei¸n, G1(x, y, z) = 0 kai G2(x, y, z) = 0. H exÐswsh t¸ra thc eujeÐac
pou dièrqetai apì to shmeÐo P1(x1, y1, z1) kai eÐnai par�llhlh prìc to di�nus-
ma ~a = (a1, a2, a3) dÐnetai apì thn

x− x1

a1

=
y − y1

a2

=
z − z1

a3

, |~a| 6= 0 (1.2.15)

en¸ h eujeÐa pou dièrqetai apì dÔo shmeÐa (P1 6= P2) dÐnetai apì thn sqèsh

x− x1

x2 − x1

=
y − y1

x2 − y1

=
z − z1

z2 − z1

(1.2.16)

Tèloc mÐa eujeÐa mporeÐ na oristeÐ wc h tom  twn dÔo epipèdwn Aix + Biy +
Ciz+Di = 0, (i = 1, 2). Ac orÐsoume a = (B1C2−C1B2), b = (C1A2−A1C2)
kai c = (A1B2 − A2B1) kai èstw ìti (qwrÐc bl�bh thc genikìthtac) c 6= 0.
Tìte h parametrik  morf  thc eujeÐac mporeÐ na grafeÐ wc

x = x1 + ta

y = y1 + tb

z = tc, t ∈ R (1.2.17)

ìpou ta (x1, y1) eÐnai lÔsh tou sust matoc

A1x1 + B1y1 + D1 = 0

A2x1 + B2y1 + D2 = 0 (1.2.18)

1.3 Ask seic

1. DÐnontai ta dianÔsmata ~v1 = 1√
33

(2x̂ + 2ŷ + 5ẑ), ~v2 = 1√
3
(x̂ + ŷ + ẑ),

~v3 = 1√
11

(3x̂ + ŷ + ẑ). Na apodeiqjeÐ ìti apoteloÔn monadiaÐa b�sh kai
na analujeÐ wc prìc aut  th b�sh to ~a = 3x̂ + 5ŷ + 4ẑ.

2. DÐnetai to shmeÐo P (−1,−4,−6). Na brejoÔn ta shmeÐa P1, P2, P3 kai
P4 ta opoÐa eÐnai summetrik� tou P wc prìc ta epÐpeda Oxy, Oyz, Ozx
kai thn arq  O tou Oxyz antÐstoiqa.

3. DÐnontai ta shmeÐa B, G p�nw ston �xona Ox me tetmhmènh 2 kai λ2 −
10λ + 23 ìpou λ ∈ R. Na brejeÐ to l ¸ste to di�nusma BG na èqei
mètro mon�da kai h tetmhmènh tou shmeÐou G.

4. Na brejoÔn ta sunhmÐtona kateÔjunshc, ta mètra kai oi gwnÐec me touc
�xonec tou sust matoc Oxyz twn dianusm�twn 1√

3
(1, 1, 1) kai (1, 0,−1).

EpÐshc na brejeÐ h metaxÔ touc gwnÐa.
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1.3. ASK�HSEIS 17

5. Na deÐxete ìti ta dianÔsmata ~a(2,−3,−1) kai ~b(−6, 9, 3) eÐnai par�llh-
la. Na brejeÐ to embadìn Eab tou parallhlogr�mmou pou sqhmatÐzoun
ta ~a(1, 0, 0) kai ~b(2, 2, 0).

6. Gia dÔo sunepÐpeda dianÔsmata ~a, ~b deÐxte ìti h meg�lh δ1 kai h mikr 
δ2 diag¸nioc tou parallhlogr�mmou pou sqhmatÐzoun dÐnontai apì tÐc

δ2
1 = |~a|2 + |~b|2 + 2|~a||~b|cosφ

δ2
2 = |~a|2 + |~b|2 − 2|~a||~b|cosφ

ìpou φ h metaxÔ touc gwnÐa.

7. DeÐxte ìti ta ~a(1, 1, 1), ~b(2, 2, 2) kai ~c(3, 4, 5) eÐnai sunepÐpeda. Na
analujeÐ to èna apì aut� se sqèsh me ta �lla dÔo.

8. Na brejeÐ mÐa tri�da apì ta ~a(5, 6, 1),~b(3, 1, 2), ~c(1,−1, 1) kai ~d(4, 5,−1)
pou sqhmatÐzei b�sh. Na analujeÐ to �llo di�nusma wc prìc aut n.

9. Na brejeÐ di�nusma monadiaÐo kai k�jeto sta v1(1,−1, 1) kai ~v2(1, 1,−1).

10. DeÐxte tic parak�tw tautìthtec

~a×~b = −~b× ~a

~a× ~a = 0

~a · (~b× ~c) = ~c · (~a×~b) = ~b · (~c× ~a)

~a× (~b× ~c) = (~a · ~c)~b− (~a ·~b)~c
(~a×~b)× (~c× ~d) = (~a,~b, ~d)~c− (~a,~b,~c)~d

11. Na breÐte tic suntetagmènec tou P (1, 1, 1) stic kulindrikèc kai sfairikèc
suntetagmènec.

12. Na epilujoÔn oi sqèseic (1.1.12) kai (1.1.15) wc proc ta monadiaÐa di-
anÔsmata twn kartesian¸n suntetagmènwn kai na grafeÐ to di�nusma
jèshc thc Ex. (1.1.1) stic antÐstoiqec suntetagmènec. Efarmog : To
shmeÐo P (1, 1, 0).

13. Na grafoÔn parametrikèc exis¸seic gia ton kÔklo, thn èlleiyh, thn
parabol  y2 = 2px kai thn uperbol , wc epÐpedec kampÔlec.

14. Estw h èlleiyh kai E
′
(−c, 0) (c2 = a2 − b2) h estÐa thc pou brÐsketai

sto arnhtikì tm ma tou �xona Ox. Jewr¸ntac to shmeÐo autì arq 
sust matoc polik¸n suntetagmènwn, jèste x + c = rcosθ, y = rsinθ
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18 KEF�ALAIO 1. EISAGWG�H

sthn kartesian  exÐswsh thc èlleiyhc kai breÐte thn polik  thc exÐswsh
wc

r =
(b2/a)

1− ecosθ

ìpou e = (c/a) h ekkentrìtht� thc. An o Hlioc eÐnai sthn estÐa thc
èlleiyhc tìte h troqi� thc Ghc perigr�fetai se polikèc suntetagmènec
apì aut  thn sqèsh.

15. Na brejeÐ h apìstash metaxÔ twn shmeÐwn O(0, 0, 0) kai (acost, bsint, 0),
t ∈ [0, 2π). Gia poi� shmeÐa gÐnetai mègisth; El�qisth;

16. DeÐxte ìti to di�nusma ~V (A,B,C) eÐnai k�jeto sto epÐpedo Ax+By +
Cz+D = 0. BreÐte thn exÐswsh tou epipèdou pou pern�ei apì ta shmeÐa
P (0,−2, 0), Q(−1,−2,−3) kai eÐnai k�jeto sto epÐpedo 3x + 2y + 6z−
6 = 0.

17. BreÐte to epÐpedo pou dièrqetai apì ta shmeÐa A(1, 0, 0), B(0, 2, 0) kai
C(0, 0, 3). Poi� eÐnai h dianusmatik  mon�da pou eÐnai k�jeth s' autì;
Na brejeÐ h apìstash thc arq c twn axìnwn apì to epÐpedo.

18. DÐnontai ta dianÔsmata ~a(3, 4, 5) kai ~b(0, 6, 1). Na grafeÐ h exÐswsh thc
eujeÐac pou pern�ei apì thn arq  twn axìnwn kai eÐnai par�llhlh prìc
to ~a ×~b. Na grafeÐ epÐshc h exÐswsh tou epipèdou pou dièrqetai apì
thn parap�nw eujeÐa kai eÐnai par�llhlo prìc to di�nusma ~c(1, 1, 1).

19. Estw h eujeÐa pou orÐzetai wc tom  twn epipèdwn 2x + 3y + z − 5 = 0
kai 6x + 7y + 8z + 6 = 0. Na grafoÔn oi parametrikèc thc exis¸seic.
EpÐshc na brejeÐ h exÐswsh thc eujeÐac pou eÐnai par�llhlh proc thn
parap�nw kai dièrqetai apì to shmeÐo tom c twn epipèdwn x + y = 4,
y + z = 6 kai z + x = 12.

20. Na upologisteÐ me olokl rwsh o ìgkoc kai h epif�neia miac sfaÐrac
aktÐnac R.
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2.1 Sunart seic poll¸n metablht¸n

'Otan èna metablhtì mègejoc exart�tai apì �lla metablht� megèjh (dÔo  
perissìtera) tìte orÐzetai mÐa sun�rthsh poll¸n metablht¸n. San par�deigma
mporoÔme na anafèroume ton ìgko enìc idanikoÔ aerÐou, pou apoteleÐ sun�rthsh
dÔo metablht¸n V = V (p, T ) = nRT/p, dhl. thc pÐeshc tou kai thc jermokrasÐ-
ac. Ed¸ to n =arijmìc moles kai to R = 0.082 litr·atm/grad·moles nooÔntai
wc stajerèc.

H melèth thc fusiologÐac enìc anjr¸pou mac deÐqnei ìti h epif�neia tou
s¸matìc tou S(m2) se t. mètra exart�tai apì to b�roc tou W (Kg) se
kil� kai to Ôyoc tou H(cm) se ekatost� mèsw thc sqèshc S = S(W,H) =
0.007184W 0.425H0.725.

Tèloc o nìmoc thc pagkìsmiac èlxhc tou NeÔtwna an�mesa se dÔo m�zec
M1,M2 dÐnetai apì thn sqèsh F (x, y, z) = −GM1M2/(x

2 + y2 + z2). Ta
parap�nw eÐnai paradeÐgmata sunart sewn poll¸n metablht¸n.

An perioristoÔme se sunart seic dÔo metablht¸n tìte mporoÔme na sum-
bolÐsoume mÐa tètoia sun�rthsh me

z = f(x, y), (2.1.1)

ìpou x, y eÐnai oi anex�rthtec metablhtèc. H grafik  par�stas  thc s-
ton q¸ro wc prìc èna kartesianì sÔsthma axìnwn Oxyz, eÐnai genik� mÐa
epif�neia pou tèmnetai, apì mÐa eujeÐa par�llhlh proc ton �xona Oz, kat�
to polÔ èna shmeÐo (monìtimh sun�rthsh). MÐa sun�rthsh tri¸n metablht¸n
sumbolÐzetai me w = g(x, y, z), all� den èqoume, sthn perÐptwsh aut , èna
eÔkolo trìpo gia thn grafik  thc apeikìnish ston q¸ro.

Onom�zoume isostajmikèc kampÔlec mÐac sun�rthshc dÔo metablht¸n tic
kampÔlec p�nw sto epÐpedo Oxy pou prokÔptoun apì tom  thc epif�neiac me
thn oikogèneia twn orizìntiwn epipèdwn z = k, k ∈ R. Ja èqoume loipìn thn
monoparametrik  oikogèneia kampul¸n f(x, y) = k, k ∈ R kai sqedi�zontac
orismènec apì autèc sto epÐpedo Oxy mporoÔme na èqoume kalÔterh epopteÐa
gia thn sumperifor� thc sun�rthshc ston q¸ro.

EpÐshc orÐzoume wc x−profÐl thc f , thn oikogèneia twn kampul¸n p�nw
sto epÐpedo Oyz pou prokÔptoun wc tom  thc f me ta epÐpeda x = x0. Ara
ja eÐnai z = f(x0, y), x0 ∈ R. Parìmoia orÐzetai to y−profÐl.

Par�deigma 2.1: Estw to elleiptikì paraboloeidèc z = x2 + y2. Oi
isostajmikèc kampÔlec x2 + y2 = k ≥ 0 eÐnai kÔkloi, en¸ oi kampÔlec pou
sunistoÔn to x−profÐl thc sun�rthshc, p�nw sto epÐpedo Oyz, dÐnontai apì
thn z = y2 + x2

0, x0 ∈ R. Ed¸ èqoume parabolèc.

2.2 Tìpoi, PedÐa OrismoÔ
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Epeid  to zeÔgoc twn anex�rthtwn metablht¸n (x, y), se mÐa sun�rthsh
dÔo metablht¸n, genik� an kei sto epÐpedo R2, eÐnai qr simo na exet�soume
sunoptik� k�poiec idiìthtec twn uposunìlwn tou. Kat' arq n h apìstash
dÔo shmeÐwn sto epÐpedo eÐnai

d(P, P
′
) =

√
(x− x′)2 + (y − y′)2 (2.2.1)

Onom�zoume δ−perioq  enìc shmeÐou P0 to sÔnolo

Π(P0, δ) = {P (x, y)/d(P, P0) < δ} (2.2.2)

AntistoÐqwc tetragwnik  d-perioq  onom�zoume to sÔnolo

Π�(P0, δ) = {(x, y)/|x− x0| < δ, |y − y0| < δ} (2.2.3)

Anoiktì sÔnolo D ⊆ R2 onom�zoume to sÔnolo pou gia k�je shmeÐo tou
P0 up�rqei perioq  Π(P0, δ) pou na perièqetai ex' olokl rou s' autì, dhl.
Π(P0, δ) ⊂ D.
Sumpl rwma enìc sunìlou onom�zoume to C(D) = R2 −D.
Kleistì onom�zoume èna sÔnolo ìtan to sumpl rwm� tou eÐnai anoiktì sÔno-
lo.
Ena sÔnolo D onom�zetai sunafèc an gi� k�je zeÔgoc shmeÐwn tou P1, P2

up�rqei tejlasmènh gramm  me peperasmèno pl joc tmhm�twn pou ta en¸nei
kai an kei ex' olokl rou sto D.
Tìpoc onom�zetai èna sunafèc uposÔnolo tou epipèdou. Oi tìpoi me touc
opoÐouc ja asqolhjoÔme kurÐwc ed¸, mporoÔn na grafoÔn se mÐa apì tic dÔo
parak�tw morfèc

D1 = {(x, y)/a ≤ x ≤ b, f1(x) ≤ y ≤ f2(x)}
D2 = {(x, y)/g1(y) ≤ x ≤ g2(y), c ≤ y ≤ d} (2.2.4)

Enac tìpoc ja lègetai fragmènoc an up�rqei stajer� M , ¸ste gia k�je
zeÔgoc shmeÐwn tou na èqoume d(P1, P2) < M .

Ena shmeÐo P0 ja onom�zetai sunoriakì shmeÐo tou D, an k�je d-perioq 
tou shmeÐou autoÔ perièqei shmeÐa pou an koun ston tìpo, kaj¸c kai shmeÐ-
a pou dèn an koun s' autìn. Tèloc to shmeÐo P0 ja onom�zetai shmeÐo
suss¸reushc tou tìpou D, an k�je d-perioq  tou perièqei shmeÐa pou an k-
oun ston tìpo.

To pedÐo orismoÔ thc sun�rthshc thc Ex. 2.1.1 eÐnai sun jwc enac tìpoc
pou sumbolÐzetai me D[f ]. Genik� autìc prokÔptei Ôstera apì epÐlush k�poi-
wn periorism¸n pou epib�llei h morf  thc sun�rthshc. Oi kuriìteroi faÐnon-
tai ston PÐnaka 2.1.

Par�deigma 2.2: An f1(x, y) = ln(1−x2− y2) ìpou me ln sumbolÐzoume
ton nepèreio log�rijmo, tìte D[f1] = {(x, y)/x2 + y2 < 1}, dhl. to pedÐo
orismoÔ thc sun�rthshc eÐnai to eswterikì tou monadiaÐou kÔklou.
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22 KEF�ALAIO 2. PRAGMATIK�ES SUNART�HSEIS

Morf  Periorismìc

logF (x, y) F (x, y) > 0

1/F (x, y) F (x, y) 6= 0

2n
√

F (x, y) F (x, y) ≥ 0

Arcsin(F (x, y)) |F (x, y)| ≤ 1

PÐnakac 2.1: PeriorismoÐ sto pedÐo orismoÔ.

An f2(x, y) = 1/(1−x2−y2) tìte to D[f2] tautÐzetai me ìlo to epÐpedo ektìc
twn shmeÐwn tou monadiaÐou kÔklou.
Tèloc, ìtan èqoume polloÔc periorismoÔc, wc pedÐo orismoÔ prokÔptei o tìpoc
pou touc ikanopoieÐ tautìqrona ìlouc. An p.q. f3(x, y) = xln(y − 1) + (1−
x2)1/2 tìte D[f3] = {(x, y)/y > 1, &−1 ≤ x ≤ 1} dhl. h lwrÐda tou epipèdou
an�mesa stic eujeÐec x = ±1 kai p�nw apì thn eujeÐa y = 1.
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2.3 'Oria

Ja lème ìti mÐa sun�rthsh z = f(x, y) èqei ìrio ton arijmì k, kaj¸c
to shmeÐo P (x, y) plhsi�zei èna sugkekrimèno shmeÐo P0(x0, y0) kai ja to
sumbolÐzoume wc

lim
P→P0

f(x, y) = k (2.3.1)

an gia k�je arijmì ε > 0 (osod pote mikrì) mporoÔme na broÔme èna arijmì
δ = δ(P0, ε) > 0 tètoion ¸ste gia ìla ta shmeÐa P (x, y) pou ikanopoioÔn
thn d(P, P0) < δ, na èqoume |f(x, y) − k| < ε. O orismìc autìc mac lèei ìti
prèpei, kaj¸c plhsi�zoume to shmeÐo P0 (anexart twc diadrom c!), oi timèc
thc sun�rthshc na proseggÐzoun to k. O orismìc autìc bohj�ei merikèc forèc
kai se apodeÐxeic orÐwn.

Par�deigma 2.3: DeÐxte ìti limP→P0

x2y2

x2+y2 = 0 ìpou P0(0, 0).
Dedomènou k�poiou ε > 0 prèpei na prosdiorÐsoume èna δ > 0 ¸ste ìtan
d(P, P0) =

√
x2 + y2 < δ na isqÔei

|f(x, y)− k| = | x2y2

x2 + y2
− 0| < ε

All� |x| ≤
√

x2 + y2 opìte x2 ≤ (x2 + y2) kai y2 ≤ (x2 + y2). Pollaplasi�-
zontac kat� mèlh prokÔptei ìti |f(x, y) − k| ≤ (x2 + y2) < δ2 kai sunep¸c
èqoume thn zhtoÔmenh anisìthta, an epilèxoume δ = δ(ε) =

√
ε.

Je¸rhma: To ìrio e�n up�rqei eÐnai monadikì.
Apìdeixh: E�n limP→P0 f(x, y) = k1 kai limP→P0 f(x, y) = k2 tìte gia k�je
ε > 0 up�rqoun δ1, δ2 > 0 ¸ste ìtan d(P, P0) < δ1 (antÐstoiqa d(P, P0) < δ2)
na èqoume |f − k1| < ε (antÐstoiqa |f − k2| < ε). Ara �n epilèxoume δ =
min(δ1, δ2) tìte

|k1 − k2| = |f − k2 − (f − k1)| ≤ |f − k1|+ |f − k2| < 2ε

ìtan d(P, P0) < δ kai lìgw tou ìti to ε mporeÐ na gÐnei aujaÐreta mikrì ja
èqoume k1 = k2 . ¤
Qr simh praktik  sunèpeia tou jewr matoc eÐnai ìti an gia dÔo diaforetikoÔc
drìmouc prosèggishc tou shmeÐou P0 prokÔptoun diaforetikèc oriakèc timèc,
tìte to ìrio den up�rqei. IsodÔnamoc eÐnai kai o orismìc pou k�nei qr sh miac
akoloujÐac shmeÐwn sto R2.

Orismìc: An to P0 eÐnai shmeÐo suss¸reushc tou D[f ], tìte h Ex.
(2.3.1) eÐnai isodÔnamh me to akìloujo gegonìc: Gia k�je akoloujÐa shmeÐ-
wn {Pn, n = 1, 2, ...} pou sugklÐnei sto P0 kai an kei sto pedÐo orismoÔ, h
akoloujÐa {f(Pn)} twn tim¸n thc sun�rthshc sugklÐnei sto k.

Par�deigma 2.4: DeÐxte ìti to lim(x,y)→(0,0)
xy

x2+y2 dèn up�rqei.
'Estw h akoloujÐa shmeÐwn Pn(xn, yn) tètoia ¸ste yn = mxn, m ∈ R
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dhl. proseggÐzoume thn arq  mèsw eujei¸n pou dièrqontai apì aut n. Tìte
f(x, y) = m/(1 + m2) kai sunep¸c to ìrio den up�rqei giatÐ h tim  tou
exart�tai apì ton diadrom  prosèggishc thc arq c (dhl. apì to m).

Par�deigma 2.5: DeÐxte ìti to ìrio thc f(x, y) = xy2/(x2 + y4) sthn
arq , den up�rqei.
Kat� m koc thc eujeÐac y = x èqoume

lim
(x,y)→(0,0)

f(x, y) = lim
x→0

x3

x2 + x4
= 0

en¸ kat� m koc thc kampÔlhc x = y2 èqoume

lim
(x,y)→(0,0)

f(x, y) = lim
y→0

y4

y4 + y4
=

1

2

Ara to ìrio den up�rqei.
Orismìc: 'Orio sto �peiro. Ja lème ìti lim(x,y)→(∞,∞) f(x, y) = k an

gia k�je ε > 0 up�rqei δ = δ(ε) > 0 ¸ste ìtan
√

x2 + y2 > δ na èqoume
|f(x, y)− k| < ε.

Par�deigma 2.6: An f(x, y) = 1 + 1
x2+y2 deÐxte ìti lim(x,y)→(∞,∞) = 1.

Pr�gmati gia na èqoume |f(x, y) − 1| = 1/(x2 + y2) < ε arkeÐ na epilèxoume
δ(ε) = 1/

√
ε.

Sun jwc gia na broÔme to ìrio mÐac sun�rthshc sto �peiro, melet�me to
isodÔnamo ìrio

lim
(x,y)→(∞,∞)

f(x, y) = lim
(w,z)→(0,0)

f(
1

w
,
1

z
) (2.3.2)

Par�deigma 2.7: To parak�tw ìrio

lim
(x,y)→(∞,∞)

x2 + y2 + 2

x2 + y2
= lim

(w,z)→(0,0)

1/w2 + 1/z2 + 2

1/w2 + 1/z2
=

= 1 + 2 lim
(w,z)→(0,0)

w2z2

w2 + z2
= 1 + 2 · 0 = 1

Diadoqik� 'Oria. Ta diadoqik� ìria anafèrontai se sugkekrimènec di-
adromèc prosèggishc tou oriakoÔ shmeÐou P0, dhl. pr¸ta par�llhla wc prìc
èna �xona kai katìpin wc prìc ton �llo. OrÐzoume

k1 = lim
y→y0

[ lim
x→x0

f(x, y)]

k2 = lim
x→x0

[ lim
y→y0

f(x, y)] (2.3.3)

IsqÔoun genik� ta akìlouja:
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1. An up�rqei to k kai up�rqoun epÐshc kai ta k1, k2 tìte k = k1 = k2

('Askhsh 7).

2. Apo mìno tou to k den eggu�tai thn Ôparxh twn k1, k2 ('Askhsh 8).

3. 'Otan ta diadoqik� ìria up�rqoun kai eÐnai Ðsa (k1 = k2) den shmaÐnei
ìti aparaÐthta up�rqei kai to ìrio k ('Askhsh 9).

4. 'Otan k1 6= k2 tìte to k den up�rqei ('Askhsh 10).

5. MporeÐ na up�rqei èna apì ta k1, k2 kai to k, qwrÐc na up�rqei to �llo
diadoqikì ìrio ('Askhsh 11).

To ìrio tou ajroÐsmatoc, diafor�c, ginomènou kai phlÐkou dÔo sunart -
sewn kaj¸c kai ta ìria twn rÐzwn, akoloujoÔn se genikèc grammèc touc Ðdiouc
kanìnec me aut� twn sunart sewn mÐac metablht c. Ed¸ ja kleÐsoume thn
enìthta me k�poiec piì endiafèrousec idiìthtec

I1. An isqÔoun |f(x, y) − k| ≤ |g(x, y)| kai limP→P0 g(x, y) = 0 tìte ja
èqoume kai limP→P0 f(x, y) = k.

I2. To ginìmeno mhdenik c sun�rthshc epÐ fragmènh eÐnai mhdenik . An
f(x, y) = g(x, y)h(x, y), |g(x, y)| ≤ M (fragmènh) kai limP→P0 h(x, y) = 0
tìte ja eÐnai kai limP→P0 f(x, y) = 0 ('Askhsh 12).

I3. An f(x, y) ≤ g(x, y) ≤ h(x, y) kai isqÔoun tautìqrona ìti limP→P0 f(x, y) =
k kai limP→P0 h(x, y) = k tìte ja eÐnai kai limP→P0 g(x, y) = k ('Askhsh 13).

2.4 Sunèqeia, Omoiìmorfh Sunèqeia

MÐa sun�rthsh eÐnai suneq c se èna shmeÐo tou pedÐou orismoÔ tou an to
ìrio thc sto shmeÐo autì sumpÐptei me thn arijmhtik  thc tim , dhl.

lim
P→P0

f(x, y) = k = f(x0, y0) (2.4.1)

IsqÔoun ta parak�tw:

A. An mÐa sun�rthsh eÐnai suneq c sto P0 tìte up�rqei perioq  tou shmeÐou
autoÔ sthn opoÐa h f eÐnai fragmènh.

B. An h sun�rthsh eÐnai suneq c se kleistì kai fragmèno tìpo tìte eÐnai
fragmènh.

An mÐa sun�rthsh den eÐnai suneq c se èna shmeÐo tìte lègetai asuneq c. Oi
pijanèc peript¸seic eÐnai: 1. na m n up�rqei to ìrio, 2. h arijmhtik  tim  thc
sun�rthshc na eÐnai diaforetik  tou orÐou kai 3. na mhn orÐzetai h sun�rthsh
sto shmeÐo autì.
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Par�deigma 2.8: BreÐte to λ ∈ R ¸ste h sun�rthsh

f(x, y) =

{
(1 + x2)

(
siny

y

)
(x, y) 6= (0, 0)

λ (x, y) = (0, 0)

na eÐnai suneq c. EÔkola brÐskoume ìti lim(x,y)→(0,0) f(x, y) = 1 = λ.
An mÐa sun�rthsh eÐnai suneq c se k�je shmeÐo enìc tìpou tìte lème ìti

eÐnai suneq c ston tìpo autìn. H ènnoia thc sunèqeiac eÐnai topik  ènnoia,
dhl. anafèretai sun jwc se èna shmeÐo. H ènnoia thc omoiìmorfhc sunèqeiac
èqei kajolikì qarakt ra sta plaÐsia enìc tìpou.

An P0 tuqaÐo shmeÐo tou D[f ] tìte genik� ston orismì thc sunèqeiac
èqoume |f(P ) − f(P0)| < ε e�n epilèxoume d(P, P0) < δ ìpou genik� to
δ = δ(P0, ε). ParathroÔme ìti o ”rujmìc” prosèggishc thc oriak c tim c
exart�tai apì to shmeÐo P0. An t¸ra isqÔei δ = δ(ε), anexart twc tou shmeÐou
P0 lème ìti h sun�rthsh eÐnai omoiìmorfa suneq c ston tìpo D.

IsodÔnamoc eÐnai kai o orismìc:
H f(x, y) eÐnai omoiìmorfa suneq c ston D ⇐⇒ ∀ε > 0 up�rqei δ = δ(ε) > 0
¸ste ∀P1, P2 ∈ D me d(P1, P2) < δ na èqoume |f(P1)− f(P2)| < ε.

2.5 Ask seic

1. UpologÐste tic timèc twn parak�tw sunart sewn sta ex c shmeÐa: f1(x, y) =
2x2y + x + y3 sta (1, 0), (−2, 1), (1, 1

2
) kai f2(x, y) = xlny + e−xy sta

(1, 1), (0, 1
2
), (−1, 2). DeÐxte ìti h sun�rthsh

z =
x4 + 2x2y2 + y4

1− x2 − y2

èqei stajer  tim  p�nw ston kÔklo aktÐnac R. UpologÐste thn.

2. BreÐte tic isostajmikèc kampÔlec kai tic kampÔlec tou x, y−profÐl gia
thn z = 2x + 3y. To Ðdio gia to elleiyoeidèc, ton k¸no, to elleiptikì
kai uperbolikì paraboloeidèc, ìpwc aut� dÐnontai sto prohgoÔmeno ke-
f�laio.

3. Na brejoÔn kai na sqediastoÔn ta pedÐa orismoÔ twn parak�tw sunart -
sewn z = f(x, y):

z =
1√

x− y
+

1√
x + y

+ 2

z =
√

cos(x2 + y2)

z = 3y2 − 9x + 5ln(x2)
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z = x/(y2 − 4x)

z =
√

x2 + y2 − 4 ln(16− x2 − y2)

z = (x2 − y2)1/2 + (x2 − y2 − 1)1/2

z = ln(x + y)

z = ln(x2 + y)

z = Arccos(xy)

4. DeÐxte me b�sh ton orismì ìti lim(x,y)→(1,2)[x
2 − 2x + y] = 1, kai epÐshc

lim(x,y)→(0,0) f(x, y) = 0 gia tic f1(x, y) = (x3 + y3)/(x2 + y2),
f2(x, y) = (2x3 − y3)/(x2 + y2) kai f3(x, y) = (x4 + y4)/(x2 + y2).

5. DeÐxte ìti den up�rqoun ta ìria sthn arq  O(0, 0) gia tic parak�tw
sunart seic, deÐqnontac ìti exart¸ntai apì thn diadrom .

f1 =
xy + y3

x2 + y2
, f2 =

x2y2

x2y2 + (x− y)2
,

f3 =
xy3

x2 + y6
, f2 =

x2y4

(x2 + y4)3
,

6. DeÐxte me b�sh ton orismì ìti

lim
(x,y)→(∞,∞)

sin(x2 + y2)

x2 + y2
= 0

qrhsimopoi¸ntac to gegonìc ìti sin(u) ' u − u3/6 kai me kat�llhlh
antikat�stash ìti

lim
(x,y)→(∞,∞)

2(x2 + y2)

x2 + y2 + 1
= 2

7. DeÐxte ìti k = k1 = k2 gia thn f(x, y) = 2x + 3y kai P0(1, 2).

8. DeÐxte me b�sh ton orismì ìti k = 0 gia thn f(x, y) = xsin(1/y) +
ysin(1/x) sto P0(0, 0) en¸ kanèna apì ta diadoqik� ìria den up�rqei
lìgw thc anuparxÐac tou orÐou limx→0 sin(1/x)!.

9. DeÐxte ìti an f(x, y) = xy/(x2 + y2) tìte k1 = k2 = 0 sto shmeÐo
P0(0, 0) all� to ìrio k den up�rqei.

10. Gia thn

f(x, y) =
x− y + x2 + y2

x + y

deÐxte ìti k1 = −1, k2 = 1 kai �ra to ìrio k den up�rqei.
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11. Gia thn f(x, y) = xsin(1/y) deÐxte me b�sh ton orismì ìti k = 0, k1 = 0,
all� ìti to k2 den up�rqei.

12. DeÐxte ìti

lim
(x,y)→(1,2)

sin(x2 + y2)
√

(x− 1)2 + (y − 2)2 = 0.

13. An 1 ≤ f(x, y) ≤ sin(x + y)/(x + y) deÐxte ìti lim(x,y)→(0,0) f(x, y) = 1.

14. Melet ste thn sunèqeia twn sunart sewn

f1(x, y) =

{ 3xy
sinxsiny

(x, y) 6= (0, 0)

2 (x, y) = (0, 0)

f2(x, y) =

{
x3y−xy3

x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)

15. OmoÐwc thn sunèqeia thc

f(x, y) =

{
(1 + y2) sinxcosx

2x
(x, y) 6= (0, 0)

λ (x, y) = (0, 0)

16. OmoÐwc thn sunèqeia thc

f(x, y) =

{ xy
x2+xy+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)

17. Melet ste thn omoiìmorfh sunèqeia twn parak�tw sunart sewn z =
f(x, y) sto epÐpedo R2: z = x2 + y2, z = x + 2y + y2, z = x2 + xy,
z = x + 2y, z = x + y2.

18. DeÐxte ìti

lim
(x,y)→(1,1)

x3 − x2 + x− 2xy + 2y − 1

x− 1
= 0
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3.1 Merikèc Par�gwgoi

H ènnoia thc parag¸gou, ìpwc thn gnwrÐzoume apì tic sunart seic mÐac
metablht c, genikeÔetai kai gia sunart seic dÔo   perissotèrwn metablht¸n
mèsw thc ènnoiac thc merik c parag ģou. An P0(x0, y0) eÐnai shmeÐo tou pedÐou
orismoÔ thc sun�rthshc f(x, y) tìte oi merikèc par�gwgoi thc f wc prìc x, y
sto shmeÐo autì, orÐzontai wc oi arijmoÐ

f
′
x(P0) = f

′
x(x0, y0) = lim

∆x→0

f(x0 + ∆x, y0)− f(x0, y0)

∆x

f
′
y(P0) = f

′
y(x0, y0) = lim

∆y→0

f(x0, y0 + ∆y)− f(x0, y0)

∆y
(3.1.1)

Dhlad  kat� thn parag¸gish wc prìc mÐa metablht , krat�me stajer 
thn �llh (  tic �llec). H merik  par�gwgoc f

′
x(P0) mac dÐnei thn klÐsh thc

efaptìmenhc sto shmeÐo P0, thc kampÔlhc pou prokÔptei wc tom  thc z =
f(x, y) me to epÐpedo y = y0. An�logo sumpèrasma isqÔei kai gia thn f

′
y(P0)

se sqèsh me to epÐpedo x = x0. An orÐzontai oi par�gwgoi se k�je shmeÐo
enìc tìpou D, tìte èqoume tic sunart seic twn merik¸n parag¸gwn pr¸thc
t�xhc pou sumbolÐzontai kai wc

f
′
x(x, y) =

∂f(x, y)

∂x

f
′
y(x, y) =

∂f(x, y)

∂y
(3.1.2)

Oi an¸terhc t�xhc merikèc par�gwgoi lamb�nontai ap' eujeÐac me diadoqikèc
paragwgÐseic. Etsi oi deÔterhc t�xhc par�gwgoi eÐnai oi fxx = (∂2f/∂x2),
fyy = (∂2f/∂y2) kaj¸c kai oi miktèc fxy = (∂2f/∂y∂x) kai fyx = (∂2f/∂x∂y).
IsqÔei to akìloujo

Je¸rhma (Schwarz): An se k�poio tìpo D up�rqoun kai eÐnai suneqeÐc
oi fx, fy, fyx tìte to Ðdio isqÔei kai gia thn fxy kai èqoume

∂2f

∂x∂y
=

∂2f

∂y∂x
(3.1.3)

Par�deigma 2.1: Me b�sh ton orismì breÐte tic parag¸gouc pr¸thc t�xhc
thc f(x, y) = sin(xy) sto shmeÐo P0(0, π/2). Ja èqoume

f
′
x(P0) = lim

∆x→0

f(∆x, π/2)− f(0, π/2)

∆x
= lim

∆x→0

sin(π
2
∆x)

∆x
=

π

2

f
′
y(P0) = lim

∆y→0

f(0, π/2 + ∆y)− f(0, π/2)

∆y
= lim

∆→0

0

∆y
= 0

Par�deigma 2.2: BreÐte tic parag¸gouc pr¸thc kai deÔterhc t�xhc gia
thn f(x, y) = e−2xsiny. Ja èqoume (∂f/∂x) = −2e−2xsiny kai (∂f/∂y) =
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e−2xcosy gia tic parag¸gouc pr¸thc t�xhc en¸ (∂2f/∂x2) = 4e−2xsiny,
(∂2f/∂x∂y) = −2e−2xcosy kai (∂2f/∂y2) = −e−2xsiny gia tic parag¸gouc
deÔterhc t�xhc.

Entel¸c an�loga orÐzontai kai oi par�gwgoi gia sunart seic tri¸n  
perissìterwn metablht¸n. Oi sunhjismènoi kanìnec parag¸gishc pou isqÔ-
oun stic sunart seic mÐac metablht c èqoun efarmog  kai ed¸. O plèon
shmantikìc pou mac dieukolÔnei stic pr�xeic eÐnai o kanìnac parag¸gishc
sÔnjethc sun�rthshc. An f(x, y) = g[h(x, y)] tìte

∂f

∂x
=

(
dg(u)

du

)

u=h(x,y)

∂h

∂x
(3.1.4)

kai omoÐwc wc prìc y.
Par�deigma 2.3: An f(x, y) = ln(x2 + y2) tìte (∂f/∂x) = 2x/(x2 + y2) kai
omoÐwc wc prìc y.

Gia sunart seic mÐac metablht c h Ôparxh thc parag¸gou f
′
(x0) se èna

shmeÐo tou pedÐou orismoÔ touc exasfalÐzei kai thn sunèqeia thc sun�rthshc
sto shmeÐo autì. Autì paÔei na isqÔei genik� gia tic sunart seic dÔo metabl-
ht¸n. To akìloujo di�gramma parousi�zei thn sqèsh sunèqeiac kai parag-
wgisimìthtac gia sunart seic dÔo metablht¸n,

'Uparxh merik¸n parag¸gwn f
′
x(P0), f

′
y(P0)

Suneq c sto P0

DiaforÐsimh sto P0

C1 sto P0

1.

2.3.
4.

Sq ma 3.1: Sqèsh sunèqeiac kai paragwgisimìthtac

ìpou oi ènnoiec thc diaforisimìthtac kai thc C1−diaforisimìthtac ja
oristoÔn amèswc parak�tw. San par�deigma tou stoiqeÐou 1. sto Sq ma
3.1, dhl. sun�rthshc gia thn opoÐa up�rqoun oi pr¸tec merikèc par�gwgoi
qwrÐc na eÐnai suneq c se èna shmeÐo, jewroÔme thn sun�rthsh

f1(x, y) =

{ xy
x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(3.1.5)
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Lìgw thc anuparxÐac tou orÐou sthn arq , h sun�rthsh den eÐnai suneq c
all� mporeÐte ne deÐxete ìti oi merikèc thc par�gwgoi wc proc x, y up�r-
qoun ('Askhsh 4). 'Ena par�deigma tou stoiqeÐou 2. eÐnai h sun�rthsh thc
'Askhshc 5, ìpou mporeÐte na deÐxete ìti en¸ eÐnai suneq c, stereÐtai merik¸n
parag¸gwn pr¸thc t�xhc.

Gia thn katanìhsh thc ènnoiac thc diaforisimìthtac jewroÔme thn sun�rthsh
mÐac metablht c f(x). H Ôparxh thc parag¸gou sto shmeÐo x0 tou pedÐou
orismoÔ thc se sundiasmì me to an�ptugma Taylor deÔterhc t�xhc f(x) =
f(x0)+f

′
(x0)(x−x0)+(1/2)f

′′
(x0)(x−x0)

2 eggu¸ntai ìti h eujeÐa Y−f(x0) =
f
′
(x0)(x − x0) ef�ptetai thc sun�rthshc sto shmeÐo P0(x0, f(x0)). Autì di-

asfalÐzetai ìtan

lim
x→x0

Y − f(x)

|x− x0|

Aut  h apaÐthsh genikeÔetai kai stic sunart seic dÔo metablht¸n. Ja lème
ìti h sun�rthsh z = f(P ) = f(x, y) eÐnai diaforÐsimh sto shmeÐo P0(x0, y0)
ìtan isqÔei

lim
P→P0

f(P )− Z(P )

|P − P0| (3.1.6)

ìpou to epÐpedo Z(P ) = f(P0) + f
′
x(P0)(x − x0) + f

′
y(y − y0) ja eÐnai tìte

efaptìmeno thc sun�rthshc sto shmeÐo P0 kai |P−P0| = d(P, P0). H sunj kh
aut  eÐnai isodÔnamh kai me thn Ôparxh twn parag¸gwn deÔterhc t�xhc thc
f(x, y).

Par�deigma 2.4: An z = f(x, y) = x2 + y2 kai P0(1, 1) tìte to epÐpedo
ìpwc dÐnetai apì thn parap�nw sqèsh eÐnai to Z = 2x + 2y − 2 kai eÐnai
pr�gmati efaptìmeno thc f diìti

lim
P→P0

f(P )− Z(P )

|P − P0| = lim
(x,y)→(1,1)

x2 + y2 − 2x− 2y + 2√
(x− 1)2 + (y − 1)2

= 0

Tèloc mÐa sun�rthsh ja eÐnai C1−diaforÐsimh e�n oi pr¸tec merikèc thc
par�gwgoi (wc sunart seic plèon) up�rqoun kai eÐnai suneqeÐc ston tìpo
D. 'Ena par�deigma sun�rthshc ìpwc to stoiqeÐo 3. pou eÐnai suneq c all�
ìqi diaforÐsimh dÐnetai sthn 'Askhsh 6, en¸ èna par�deigma sun�rthshc ìp-
wc to stoiqeÐo 4. pou eÐnai diaforÐsimh all� ìqi C1 dÐnetai sthn 'Askhsh 7.
Suqnìtera ja asqolhjoÔme me sunart seic C1 pou plhroÔn ìlec tic ”kalèc”
sunj kec omalìthtac kai sunèqeiac wc prìc thn diaforisimìthta.

3.2 Armonikèc kai OmogeneÐc Sunart seic
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MÐa sun�rthsh f(x, y) lègetai armonik  an ikanopoieÐ thn exÐswsh Laplace

∂2f

∂x2
+

∂2f

∂y2
= 0 (3.2.1)

AntÐstoiqa stic treÐc diast�seic h sun�rthsh w = F (x, y, z) ja lègetai ar-
monik  an ikanopoieÐ thn

Fxx + Fyy + Fzz = 0 (3.2.2)

Gnwst  armonik  sun�rthsh stic treÐc diast�seic eÐnai h sun�rthsh tou h-
lektrikoÔ dunamikoÔ apousÐa fortÐwn, φ = 1/

√
x2 + y2 + z2 (apodeÐxte to).

Par�deigma 2.5: Gia thn z = f(x, y) = ln(x2 + y2) èqoume ìti fxx =
(−2x2 + 2y2)/(x2 + y2)2 kai ìmoia sqèsh gia thn fyy ìpote diapist¸noume ìti
eÐnai armonik  sun�rthsh stic dÔo diast�seic.

MÐa sun�rthsh ja lègetai omogen c bajmoÔ m e�n isqÔei

f(λx, λy) = λmf(x, y) (3.2.3)

ìpou m akèraioc. IsqÔei to akìloujo
Je¸rhma (Euler): Gia mÐa omogen  sun�rthsh bajmoÔ m

x
∂f

∂x
+ y

∂f

∂y
= mf (3.2.4)

Par�deigma 2.6: H z = x2 + xy + y2 eÐnai omogen c deutèrou bajmoÔ
diìti f(λx, λy) = (λx)2 + (λx)(λy) + (λy)2 = λ2f(x, y).

3.3 SÔnjetec kai Peplegmènec Sunart seic

'Estw z = f(x, y) mÐa sun�rthsh kai x = g(r, s), y = h(r, s) ènac metasqh-
matismìc pou sthn ousÐa mac phgaÐnei apì to zeÔgoc twn palai¸n metablht¸n
(x, y) stic kainoÔrgiec (r, s). Tìte ja èqoume genik� z = f [g(r, s), h(r, s)] =
F (r, s) kai �n jèloume tic merikèc parag¸gouc thc f wc prìc tic kainoÔrgiec
metablhtèc tìte zht�me na paragwgÐsoume thn prokÔptousa sÔnjeth sun�rthsh.
Ja eÐnai tìte

∂z

∂r
=

∂f

∂x

∂g

∂r
+

∂f

∂y

∂h

∂r
∂z

∂s
=

∂f

∂x

∂g

∂s
+

∂f

∂y

∂h

∂s
(3.3.1)

AfoÔ upologÐsoume ìlec tic merikèc parag¸gouc, prèpei telik� to apotèlesma
na to ekfr�soume wc prìc (r, s).
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Par�deigma 2.7: An z = Arctan(x/y) kai x = rsins, y = coss tìte

∂z

∂r
=

(1/y)

1 + (x/y)2
sins− x/y2

1 + (x/y)2
· 0 =

sinscoss

r2sin2s + cos2s

∂z

∂s
=

(1/y)

1 + (x/y)2
rcoss +

x/y2

1 + (x/y)2
sins =

r

r2sin2s + cos2s

An t¸ra x = g(t), y = h(t) dhl. èqoume met�bash se mÐa metablht , tìte h
olik  par�gwgoc

dz

dt
=

∂f

∂x

dg

dt
+

∂f

∂y

dh

dt
(3.3.2)

Par�deigma 2.8: An z = (x/y) kai x = et, y = lnt, tìte

dz/dt = (1/y)et − (x/y2)(1/t) =
et

lnt
− et

t(lnt)2

Upojètoume t¸ra ìti èqoume mÐa sqèsh thc morf c F (x, y) = 0. Aut 
orÐzei upì proupojèseic sun�rthsh mÐac metablht c y = f(x) akìma kai an
den mporeÐ na epilujeÐ rht� (ekpefrasmèna) wc prìc y. Tìte lème ìti èqoume
mÐa peplegmènh sun�rthsh. H proupìjesh gia na ekfr�zei h F (x, y) = 0 mÐa
peplegmènh sun�rthsh, sthn geitoni� enìc shmeÐou P0, eÐnai F

′
y(P0) 6= 0.

MporoÔme t¸ra na l�boume thn pr¸th kai deÔterh par�gwgo thc sun�rthshc
y = f(x) wc ('Askhsh 12)

y
′
(x) = −Fx

Fy

y
′′
(x) = −(FxxF

2
y − 2FxyFxFy + FyyF

2
x )

F 3
y

(3.3.3)

ìpou efex c paraleÐpoume ton tìno p�nw apì tic merikèc parag¸gouc gia
aplopoÐhsh tou sumbolismoÔ kai jewroÔme ìti sto dexiì mèloc twn sqèsewn
aut¸n to y ekfr�zetai wc prìc to x mèsw thc F (x, y) = 0.

Par�deigma 2.9: 'Estw F (x, y) = xey − yex = 0. EÐnai fanerì ìti
aut  h sqèsh den mporeÐ na epilujeÐ rht� wc prìc y. All� ja èqoume y

′
=

(ey − yex)/(ex − xey). UpologÐste san �skhsh thn deÔterh par�gwgo.
OmoÐwc an èqoume mÐa sqèsh F (x, y, z) = 0 aut  ja orÐzei mÐa pepleg-

mènh sun�rthsh z = z(x, y) e�n isqÔei F (x, y, z(x, y)) = 0. Gia na isqÔei
autì, dhl. akribèstera gia na mporoÔme na poÔme ìti orÐzetai mÐa sun�rthsh
dÔo metablht¸n upì peplegmènh morf  sthn perioq  Π(P0(x0, y0, z0), δ) tou
shmeÐou P0 ja prèpei oi F, Fz na eÐnai suneqeÐc sthn perioq  aut  kai na
èqoume F (P0) = 0, Fz(P0) 6= 0.
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3.4 Iakwbianèc, Diaforik�

An èqoume met�bash apì ena zeÔgoc metablht¸n (x, y) se èna �llo (u, v),
mèsw tou metasqhmatismoÔ u = u(x, y), v = v(x, y) tìte orÐzoume ton Iakw-
bianì pÐnaka kai thn antÐstoiqh orÐzous� tou wc

D(u, v)

D(x, y)
=

∣∣∣∣
ux, uy

vx, vy

∣∣∣∣ (3.4.1)

'An h orÐzousa aut  eÐnai di�forh tou mhdenìc sthn perioq  shmeÐou P0, tìte
up�rqei kai o antÐstrofoc metasqhmatismìc kai isqÔei

D(u, v)

D(x, y)
· D(x, y)

D(u, v)
= 1 (3.4.2)

MÐa basik  idiìthta twn iakwbian¸n orizous¸n eÐnai ìti sundèoun ta stoiqei¸d-
h embad� stic antÐstoiqec suntetagmènec, dhl.

dudv =
D(u, v)

D(x, y)
dxdy (3.4.3)

Par�deigma 2.10: An èqoume x = rcosθ, y = rsinθ tìte paÐrnoume
thn gnwst  sqèsh pou sundèei ta stoiqei¸dh embad� twn kartesian¸n me tic
polikèc suntetagmènec

dxdy =

∣∣∣∣
cosθ, −rsinθ
sinθ, rcosθ

∣∣∣∣ drdθ = rdrdθ

AntÐstoiqec efarmogèc stic treÐc diast�seic up�rqoun stic ask seic sto tèloc
tou kefalaÐou.

Mia �llh qr simh idiìthta thc iakwbian c eÐnai ìti ìtan aut  mhdenÐze-
tai tautotik� se k�poio tìpo, tìte oi sunart seic u, v den eÐnai sthn prag-
matikìthta anex�rthtec all� up�rqei metaxÔ touc ex�rthsh (sunarthsiak 
sqèsh).

Par�deigma 2.11: 'Estw u = (x+y)/(1−xy), v = Arctanx+Arctany.
Tìte D(u, v)/D(x, y) = 0 pr�gma pou shmaÐnei ìti den eÐnai anex�rthtec oi
nèec metablhtèc. Pragmatik� eÔkola brÐskoume ìti isqÔei h sunarthsiak 
sqèsh u = tanv.

Erqìmaste t¸ra na melet soume thn ènnoia tou diaforikoÔ. 'Estw ìti
∆x = dx, ∆y = dy eÐnai mikrèc (apeirostèc) aux seic twn anex�rthtwn
metablht¸n (x, y) gÔrw apì to shmeÐo P0(x0, y0). OrÐzoume to diaforikì thc
sun�rthshc f(x, y) wc

df = dz =

(
∂f

∂x

)

P0

dx +

(
∂f

∂y

)

P0

dy (3.4.4)
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Pollèc forèc qrhsimopoioÔme to diaforikì gia proseggistikèc ektim seic twn
tim¸n mÐac sun�rthshc. Pr�gmati an orÐsoume ∆f := f(x0 + ∆x, y0 + ∆y)−
f(x0, y0) tìte lìgw kai tou Jewr matoc Taylor pou ja doÔme parak�tw m-
poroÔme na laboume proseggistik� ∆f ' df kai �ra na ektim soume to
f(x0 + ∆x, y0 + ∆y).

Par�deigma 2.12: Ektim ste to I = [(1.01)2+(4.97)2+1]1/3. JewroÔme
thn sun�rthsh z = f(x, y) = [x2 + y2 + 1]1/3 kai epilègoume P0(1, 5) me
∆x = 0.01, ∆y = −0.03. Tìte h zhtoÔmenh tim  I = f(x0 + ∆x, y0 + ∆y) '
f(x0, y0) + df . All� f(P0) = 3, (∂f/∂x)0 = 2/27 kai (∂f/∂y)0 = 10/27.
'Ara ja eÐnai I ' 3 + (2/27)0.01 − (10/27)0.03 = 2.99. Gia sÔgkrish, me to
episthmonikì kompiouter�ki brÐskoume I = 2.9896.

MporoÔme t¸ra na jèsoume kai to antÐstrofo prìblhma, se ìti afor� to
diaforikì. An mac dojeÐ mÐa sqèsh thc morf c P (x, y)dx + Q(x, y)dy eÐnai
dunatìn na parist�nei to diaforikì k�poiac sun�rthshc f(x, y) kai an nai
poi�c; Ikan  kai anagkaÐa sunj kh gi' autì eÐnai na isqÔei

∂P (x, y)

∂y
=

∂Q(x, y)

∂x
(3.4.5)

kai h zhtoÔmenh sun�rthsh dÐnetai apì thn

f(x, y) =

∫ x

x0

P (t, y)dt +

∫ y

y0

Q(x0, u)du + C (3.4.6)

ìpou C aujaÐreth stajer�.
Par�deigma 2.13: 'Estw h par�stash (excosy − eysinx)dx + (eycox −

exsiny)dy. Aut  eÐnai to diaforikì mÐac sun�rthshc diìti (∂P/∂y) = −exsiny−
eysinx = (∂Q/∂x) kai efarmìzontac thn sqèsh thc Ex. (3.4.6) brÐskoume ìti
f(x, y) = excosy + eycosx + C.

3.5 Polu¸numo Taylor

Me to diaforikì katafèrame na proseggÐsoume tic timèc thc sun�rthshc
se èna shmeÐo P (x, y) apì upologismoÔc se èna ”kontinì” shmeÐo P0(x0, y0).
To polu¸numo Taylor epekteÐnei aut  th mèjodo.

Je¸rhma (Taylor): An h f(x, y) èqei parag¸gouc mèqri t�xhc n suneqeÐc
sthn perioq  enìc shmeÐou P0(x0, y0) kai up�rqei kai h par�gwgoc t�xhc (n+1)
sthn Ðdia perioq , tìte

f(x0 + h, y0 + k) = f(x0, y0) + (h∂x + k∂y)f(x0, y0) +

+
1

2!
(h∂x + k∂y)

2f(x0, y0) +
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+ ....................................... +

+
1

n!
(h∂x + k∂y)

nf(x0, y0) + Rn+1(3.5.1)

ìpou to upìloipo Rn+1 = 1
(n+1)!

(h∂x +k∂y)
n+1f(x0+θh, y0+θk) upologÐzetai

se k�poio endi�meso shmeÐo twn P0(x0, y0) kai P (x = x0 +h, y = y0 +k) opìte
0 < |θ| < 1. An�loga me thn akrÐbeia pou epijumoÔme ston upologismì thc
tim c f(x, y) krat�me ìrouc mèqri k�poiac t�xhc n. Sun jwc limn→∞ Rn+1 =
0 opìte èqoume thn seir� Taylor, en¸ an P0(x0, y0) = (0, 0) èqoume thn seir�
Mac-Laurin.

Sta anaptÔgmata Taylor qrhsimopoioÔme to di¸numo tou NeÔtwna

(A + B)n =
n∑

k=0

(
n
k

)
AkBn−k,

(
n
k

)
=

n!

k!(n− k)!
(3.5.2)

Wc par�deigma, an jèloume na krat soume ìrouc mèqri deÔterhc t�xhc ja
èqoume

f(x, y) = f(x0, y0) + (hfx(P0) + kfy(P0)) +

+
1

2
(h2fxx(P0) + 2hkfxy(P0) + k2fyy(P0)) +

+ O(h3, k3) (3.5.3)

ìpou h = (x−x0), k = (y−y0) kai o teleutaÐoc ìroc dhl¸nei ìti paraleÐpoume
ìrouc trÐthc t�xhc wc prìc h, k. Autì gÐnetai eÐte diìti 0 < |h|, |k| < 1 eÐte
diìti krÐnoume ìti eÐnai ikanopoihtik  h akrÐbeia pou lamb�noume me ìrouc
mèqri kai deÔterhc t�xhc.

Par�deigma 2.14: An f(x, y) = 1/
√

1 + x + y kai P0(0, 0) breÐte to
polu¸numo Mac-Laurin deÔterhc t�xhc gia thn sun�rthsh aut . Epeid 
fx = fy = −1/2(1 + x + y)3/2 kai fxx = fxy = fyy = 3/4(1 + x + y)5/2

antikajist¸ntac sthn parap�nw sqèsh prokÔptei

f(x, y) =
1√

1 + x + y
= 1− 1

2
(x + y) +

3

8
(x2 + 2xy + y2) +

+ O(x3, y3)

H prosèggish miac opoiasd pote sun�rthshc me èna polu¸numo eÐnai polÔ
qr simh, diìti ta polu¸numa eÐnai gnwstèc sunart seic pou eÔkola mporoÔme
na qeiristoÔme se pr�xeic. Autì eÐnai to pleonèkthma pou mac prosfèrei to
an�ptugma Taylor.

3.6 Parag¸gish Oloklhr¸matoc
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An mac dÐnetai h sun�rthsh mÐac metablht c

F (x) =

∫ φ2(x)

φ1(x)

f(x, t)dt (3.6.1)

dhl. upì thn morf  oloklhr¸matoc, tìte mporoÔme na thn paragwgÐsoume
sÔmfwna me ton kanìna Leibniz kai

F
′
(x) =

∫ φ2(x)

φ1(x)

∂f(x, t)

∂x
dt + f [x, φ2(x)]φ

′
2(x)− f [x, φ1(x)]φ

′
1(x) (3.6.2)

San eidik  perÐptwsh, jètontac φ1(x) = 0, φ2(x) = x kai f(x, t) = f(t) lam-
b�noume to jemelei¸dec je¸rhma olokl rwshc gia sunart seic mÐac metabl-
ht c
F
′
(x) = d

dx

∫ x

0
f(t)dt = f(x).

Par�deigma 2.15: ParagwgÐste thn F (x) =
∫ x2

x
sin(xt)

t
dt. To olokl rw-

ma autì den mporeÐ na upologisteÐ rht� ¸ste na p�roume met� thn par�gwgì
tou. Omwc efarmìzontac ton kanìna Leibniz èqoume

F
′
(x) =

∫ x2

x

∂

∂x

(
sin(xt)

t

)
dt +

sin(x3)

x2
(x2)

′ − sin(x2)

x
(x)

′
=

=

∫ x2

x

cos(xt)dt +
2sin(x3)

x
− sin(x2)

x
=

=
3sin(x3)− 2sin(x2)

x
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3.7 Akrìtata, Akrìtata upì sunj kh

An h sun�rthsh z = f(x, y) èqei topikì mègisto sto P0(x0, y0) tìte lìgw
sunèqeiac up�rqei perioq  Π(P0, δ) ¸ste gia k�je shmeÐo P ∈ Π(P0, δ) na
èqoume f(P ) ≤ f(P0). Ja eÐnai f(x0 + h, y0 + k) − f(x0, y0) ≤ 0 ìpou eÐ-
nai 0 < |h|, |k| < δ. 'Estw t¸ra ìti kinoÔmaste kat� m koc tou y = y0.
K�nontac qr sh tou anaptÔgmatoc Taylor èqoume f(x0 + h, y0)− f(x0, y0) =
fx(P0)h + (1/2)fxx(P0)h

2 < 0. Epeid  jèloume h posìthta aut  na eÐnai sta-
jer� arnhtik , anexart twc tou pros mou tou h upoqreoÔmaste na l�boume
fx(P0) = 0. Se an�logo sumpèrasma katal goume an kinhjoÔme kat� m koc
thc eujeÐac x = x0. ParathroÔme sunep¸c ìti h anagkaÐa sunj kh gia na
èqoume akrìtato (mègisto   el�qisto) se èna shmeÐo P0 eÐnai

(
∂f

∂x

)

P0

= 0 =

(
∂f

∂y

)

P0

(3.7.1)

H sunj kh aut  eÐnai anagkaÐa all� ìqi kai ikan . Dhlad  to sÔnolo twn
lÔsewn thc (pou kaloÔntai krÐsima shmeÐa) perièqei kai shmeÐa pou dèn eÐnai
akrìtata. Gia na prosdiorÐsoume mÐa ikan  sunj kh prèpei na krat soume kai
ìrouc deÔterhc t�xhc sto an�ptugma Taylor. An P0 eÐnai èna krÐsimo shmeÐo
tìte

f(x0 + h, y0 + k)− f(x0, y0) =
1

2
[Ah2 + 2Bhk + Ck2]

A :=

(
∂2f

∂x2

)

P0

, B :=

(
∂2f

∂x∂y

)

P0

C :=

(
∂2f

∂y2

)

P0

(3.7.2)

An A = B = C = 0 tìte den mporoÔme na apofasÐsoume kai prèpei na
diereun soume �n to shmeÐo P0 eÐnai shmeÐo akrot�tou   ìqi eÐte phgaÐnontac se
ìrouc trÐthc t�xhc, eÐte me thn bo jeia grafik c par�stashc. An A = B = 0
kai C 6= 0 tìte an to C > 0 èqoume shmeÐo topikoÔ elaqÐstou, en¸ an C < 0
èqoume shmeÐo topikoÔ megÐstou. An A = 0 en¸ B 6= 0 den mporoÔme na
apofasÐsoume gia thn fÔsh tou shmeÐou P0.

'Estw t¸ra ìti A 6= 0. Tìte (apodeÐxte to)

f(x0 + h, y0 + k)− f(x0, y0) =
1

2A
[(Ah + Bk)2 − k2∆],

∆ : = (B2 − AC) (3.7.3)

An B = C = 0 tìte to prìshmo thc diafor�c f(x0 + h, y0 + k) − f(x0, y0)
kajorÐzetai apo autì tou A se pl rh analogÐa me thn perÐptwsh tou C 6= 0
parap�nw kai ja èqoume topikì el�qisto an A > 0 en¸ ja èqoume topikì
mègisto an A < 0.
Genik� ja èqoume ta ex c apotelèsmata pou faÐnontai ston pÐnaka 3.1.
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PerÐptwsh Sumpèrasma

∆ < 0 kai A > 0(C > 0) Topikì El�qisto

∆ < 0 kai A < 0(C < 0) Topikì Mègisto

∆ > 0 Sagmatikì shmeÐo

∆ = 0 Aprosdiìristo

PÐnakac 3.1: Qarakthrismìc akrot�twn.

Otan lème sagmatikì shmeÐo, ennooÔme ìti e�n kinhjoÔme kat� k�poia
kateÔjunsh ja broÔme ìti èqoume shmeÐo topikoÔ megÐstou, en¸ kat� �llh ja
broÔme ìti èqoume shmeÐo topikoÔ elaqÐstou. Pragmatik� gia h, k tètoia ¸ste
Ah+Bk = 0, dhl. kinoÔmenoi kat� m koc thc eujeÐac A(x−x0)+B(y−y0) = 0
ja isqÔei f(x0 + h, y0 + k) − f(x0, y0) < 0 (lìgw thc Ex. (3.7.3) ) opìte è-
qoume topikì mègisto. Omwc gia h, k tètoia ¸ste k = 0, dhl. kat� m koc thc
eujeÐac y = y0 èqoume f(x0 + h, y0 + k)− f(x0, y0) > 0 dhl. topikì el�qisto.
Qarakthristikì par�deigma sagmatikoÔ shmeÐou eÐnai to O(0, 0) sthn grafik 
par�stash thc z = x2 − y2 (k�nte thn ston upologist  sac).

Par�deigma 2.16: 'Estw z = 2x− x2 − y2 − 4y − 4. Ta krÐsima shmeÐa
eÐnai aut� gia ta opoÐa fx = 2 − 2x = 0 kai fy = −2y − 4 = 0 dhl. mìno to
shmeÐo P (1,−2). EpÐshc A = −2, B = 0, C = −2. 'Ara ∆ = −2 < 0 kai
A < 0 kai èqoume shmeÐo topikoÔ megÐstou.

Par�deigma 2.17: An z = x2 − y2 tìte gia ta krÐsima shmeÐa eÐnai
fx = 2x = 0, fy = −2y = 0. 'Ara èqoume to P0(0, 0). EpÐshc A = 2, B =
0, C = −2 opìte ∆ = 4 > 0. EÐnai loipìn sagmatikì shmeÐo.

Par�deigma 2.18: An z = x2 + y2 tìte gia ta krÐsima shmeÐa eÐnai fx =
2x = 0, fy = 2y = 0. 'Ara èqoume to P0(0, 0). EpÐshc A = 2, B = 0, C = 2
opìte ∆ = −4 < 0 kai A = 2 > 0. EÐnai loipìn shmeÐo topikoÔ elaqÐstou.

Erqìmaste t¸ra sthn perÐptwsh pou zht�me akrìtatec timèc mÐac sun�rthshc
z = f(x, y) upì thn epiplèon sunj kh φ(x, y) = 0, dhl. se poiì shmeÐo thc
kampÔlhc tou epipèdou pou perigr�fetai apì aut n thn exÐswsh èqoume akrì-
tato. SqhmatÐzoume thn sun�rthsh F (x, y) = f(x, y) + λφ(x, y) ìpou λ eÐnai
o legìmenoc pollaplasiast c Lagrange. ProsdiorÐzoume t¸ra ta akrìtata
apì tic

(
∂F

∂x

)

P0

=

(
∂F

∂y

)

P0

=

(
∂F

∂λ

)

P0

= 0 (3.7.4)
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SqhmatÐzoume epÐshc thn orÐzousa

∆1 =

∣∣∣∣∣∣

Fxx, Fxy, φx

Fxy, Fyy, φy

φx, φy, 0

∣∣∣∣∣∣
P0

(3.7.5)

E�n ∆1 < 0 èqoume topikì el�qisto en¸ e�n ∆1 > 0 èqoume topikì mègisto
sto shmeÐo P0.

Par�deigma 2.19: BreÐte ta akrìtata thc z = x + y p�nw ston kÔklo
x2+y2 = 1. Ed¸ sqhmatÐzoume thn sun�rthsh F (x, y) = x+y+λ(x2+y2−1).
Ta akrìtata eÐnai an�mesa sta shmeÐa ìpou Fx = 1 + 2λx = 0, Fy =
1 + 2λy = 0 kai x2 + y2 − 1 = 0. EpilÔontac autì to sÔsthma brÐsk-
oume tic lÔseic P0(x0, y0, λ0) = (

√
2/2,

√
2/2,−√2/2) kai P1(x1, y1, λ1) =

(−√2/2,−√2/2,
√

2). EpÐshc upologÐzontac touc ìrouc thc orÐzousac brÐsk-
oume ìti (∆1)P0 = 4

√
2 > 0 opìte èqoume topikì mègisto en¸ (∆1)P1 =

−4
√

2 < 0 �ra èqoume topikì el�qisto. MporeÐte na anazht sete kai ap'
eujeÐac ta shmeÐa p�nw ston monadiaÐo kÔklo pou to �jroisma twn suntetag-
mènwn touc eÐnai mègisto   el�qisto.

Par�deigma 2.20: BreÐte thn el�qisth apìstash an�mesa sthn eujeÐa
y + x = 2 kai to shmeÐo O(0, 0). Zht�me thn el�qisth tim  thc z = d(P, O) =√

x2 + y2 me thn sunj kh y+x−2 = 0. 'Ara F (x, y) =
√

x2 + y2+λ(x+y−2)
kai apì tic Fx = 2x + λ = 0, Fy = 2y + λ = 0, Fλ = x + y − 2 = 0 prokÔptei
ìti to zhtoÔmeno shmeÐo eÐnai P0(x0, y0, λ0) = (1, 1,−2). EpÐshc (∆1)P0 =
−√2 < 0 pou shmaÐnei ìti ìntwc prìkeitai gia el�qisto me dmin =

√
2.

3.8 Ask seic

1. BreÐte me b�sh ton orismì tic parag¸gouc pr¸thc t�xhc twn parak�tw
sunart sewn sto upodeiknuìmeno shmeÐo.

z = ln(x2 + y2), P0(1, 0),

z = cos(xy), P0(0,
π

2
),

z =
x− y

x + y
, P0(0, 1),

z = xey, P0(1,−1).

2. BreÐte tic parag¸gouc pr¸thc kai deÔterhc t�xhc twn parak�tw sunart -
sewn:

z =
x2

y2
− x

y
, z =

x− y

x + y
, z =

x

x2 + y2
,
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z = (ex+2y + y2)1/2, z = xy, z = Arctan(
y

x
),

w = (x2 + y2 + z2)1/2, w = ln(x2 + y2 + z2)

z = xsin(x + y) + ycos(x + y).

3. DeÐxte ìti h F (x, y) = (x − y)φ(x + y) epalhjeÔei thn exÐswsh (x −
y)(Fx − Fy) − 2F = 0, ìpou φ eÐnai mÐa aujaÐreth sun�rthsh. OmoÐwc
deÐxte ìti h F (x, y) = y2+xyln(xy) ikanopoieÐ thn yFxy−xFxx−Fx = 0.

4. DeÐxte ìti h sun�rthsh thc Ex. (3.1.5) dèn eÐnai suneq c sthn arq 
O(0, 0), lìgw tou ìti to ìrio den up�rqei, all� par' ìla aut� oi merikèc
par�gwgoi wc prìc x, y up�rqoun (me b�sh ton orismì).

5. DeÐxte ìti h sun�rthsh

f(x, y) = g(x) + g(y), g(t) =

{
tsin(1/t), t 6= 0

0 t = 0

eÐnai suneq c sthn arq  O(0, 0) (me b�sh ton orismì thc sunèqeiac)
all� den up�rqoun oi merikèc par�gwgoi wc prìc x, y.

6. DeÐxte ìti h sun�rthsh

f(x, y) =

{
x3

x2+y2 , P 6= (0, 0)

0 P = (0, 0)

eÐnai suneq c sthn arq  all� to ìrio thc Ex. (3.1.6) den up�rqei, dhl.
den eÐnai diaforÐsimh.

7. DeÐxte ìti h sun�rthsh

f(x, y) =

{
(x2 + y2)sin( 1√

x2+y2
), P 6= (0, 0)

0 P = (0, 0)

eÐnai diaforÐsimh sthn arq , all� oi merikèc thc par�gwgoi wc prìc x, y
den eÐnai suneqeÐc sunart seic ekeÐ, dhl. den eÐnai C1.

8. DeÐxte ìti h sun�rthsh f(x, y) = Arctan(y/x) eÐnai armonik  sun�rthsh.
To Ðdio kai gia thn sun�rthsh dunamikoÔ f(x, y, z) = (1/r) = (x2 +y2 +
z2)−1/2.

9. BreÐte thn sunj kh ¸ste h sun�rthsh f(x, y) = sin(mx)sinh(ny) na
eÐnai armonik  stic dÔo diast�seic. Ed¸ m,n eÐnai akèraioi kai sinhy =
(ey − e−y)/2.
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10. ApodeÐxte to Je¸rhma tou Euler thc Ex. (3.2.4), paragwgÐzontac thn
Ex. (3.2.3) wc prìc λ. DeÐxte ìti eÐnai omogeneÐc oi parak�tw sunart -
seic

z = x3 + 3x2y + 2y3, z = (x2 + y2)e
x2+y2

2xy

DeÐxte ìti mÐa omogen c sun�rthsh bajmoÔ m ìpwc aut  thc Ex. (3.2.3)
ikanopoieÐ thn x2fxx + 2xyfxy + y2fyy = m(m− 1)f .

11. UpologÐste tic merikèc parag¸gouc wc prìc r, s twn parak�tw sunart -
sewn:

z = Arctan(x/y), x = rsins, y = rcoss

z = x2 + xy, x = rcoss, y = rsins

z = xy, x = rs, y = r/s

EpÐshc thn olik  par�gwgo wc prìc t gia tic sunart seic:

z = ln(x2 + y2), x = sint, y = cost

z = x/y, x = et, y = lnt

z = ex−2y, x = sint, y = t3

12. BreÐte thn y
′
(x) kai thn y

′′
(x) gia tic sunart seic pou orÐzontai upì thn

peplegmènh morf  F (x, y) = 0, ìpou

x2 + y2 − 3xy = a, xtany + ytanx = b

exy − x− 2y = 0, xy2 + 4xy3 + 2 = 0,

sin(xy)− exy − xy = 0

ApodeÐxte thn Ex. (3.3.3).

13. ApodeÐxte thn Ex. (3.4.2). An (x, y) → (u, v) → (r, s) eÐnai mÐa seir�
metasqhmatism¸n deÐxte ìti

D(x, y)

D(r, s)
=

D(x, y)

D(u, v)

D(u, v)

D(r, s)

14. BreÐte tic iakwbianèc orÐzousec gia touc metasqhmatismoÔc apì tic
kartesianèc stic kulindrikèc kai sfairikèc suntetagmènec antÐstoiqa.
EpalhjeÔste tic sqèseic metasqhmatismoÔ twn stoiqeiwd¸n ìgkwn.

15. DeÐxte ìti oi metablhtèc

u = u(x, y) = Arcsinx + Arcsiny, v = v(x, y) = x
√

1− y2 + y
√

1− x2

den eÐnai anex�rthtec metaxÔ touc kai breÐte thn sqèsh pou tic sundèei.

A.T.E.I Serr¸n c© Ap. KouiroukÐdhc Tm. Plhroforik c



44 KEF�ALAIO 3. PARAG�WGISH

16. Exet�ste an eÐnai anex�rthtec oi parak�tw metablhtèc kai an ìqi breÐte
thn sqèsh pou tic sundèei.

u = 3x + 4y − z

v = 2x− y + 3z

w = 6x + 8y − 2z

f1 = x + y + z

f2 = x2 + y2 + z2

f3 = xy + yz + zx

17. BreÐte to olikì diaforikì gia tic sunart seic z = tan(y/x), z = xy,
z = 1/

√
x2 + y2.

18. UpologÐste proseggistik� kai me thn bo jeia tou olikoÔ diaforikoÔ tic
timèc

(1.04)2.02,
√

27 · 3
√

1021

f(1.98, 0.015), f(x, y) = ex2sin(xy)

19. Exet�ste an oi prak�tw sqèseic eÐnai tèleia diaforik� k�poiwn sunart -
sewn f(x, y) kai an nai breÐte tic.

(ey + yex)dx + (xey + ex)dy

(excosy − eysinx)dx + (eycosx− exsiny)dy

(2xy + y2)dx + (2xy + x2)dy

(y +
1

x
)dx + (x +

1

y
)dy

20. BreÐte to polu¸numo Taylor trÐthc t�xhc gia tic parak�tw sunart seic,
sta antÐstoiqa shmeÐa.

f(x, y) =
1

1 + x + y
, P0(0, 0)

f(x, y) = ln(1 + x2 + y2), P0(0, 0)

f(x, y) =
x− y

1 + y2
, P0(1, 2)

f(x, y) =
1√

1 + x2 + y2
, P0(1, 1)
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21. ParagwgÐste me b�sh ton kanìna Leibniz to olokl rwma

f(x) =

∫ x2

0

Arctan(
t

x
)dt

UpologÐste to olokl rwma me b�sh thn
∫

Arctan(x/a) = xArctan(x/a)−
(a/2)ln(x2 + y2) kai met� paragwgÐste gia na katal xete sthn Ðdia
sqèsh.

22. ParagwgÐzontac thn sqèsh
∫ b

0
dx

1+ax
= 1

a
ln(1+ab) wc prìc a upologÐste

to olokl rwma
∫ b

0
xdx

(1+ax)2
.

23. UpologÐste me parag¸gish wc prìc thn par�metro a to olokl rwma

I(a) =

∫ ∞

0

Arctan(ax)

x(1 + x2)

lamb�nontac up' ìyin ìti I(0) = 0.

24. BreÐte to eÐdoc twn krÐsimwn shmeÐwn kai ta akrìtata gia tic sunart -
seic

z = 2x− x2 − y2 − 4y − 4,

z = 3xy − x2y − xy2,

z = xyln(x + y),

z = x3 + y3 − 9xy + 1,

z = sinx + siny + sin(x + y)

z = x2 + y2 − y(x + a), (a > 0)

z = x4 + y4 − 4xy + 1

25. BreÐte to mègisto thc par�stashc V = xyz upì thn sunj kh
x + y + z = c, (c > 0).

26. BreÐte to mègisto thc par�stashc F = xy2z3 upì thn sunj kh
x2 + y2 + z2 = δ2, (δ > 0).

27. BreÐte ta akrìtata twn snuart sewn upì tic antÐstoiqec sunj kec

z = x + y, x2 + y2 = 1

z = 6− 4x− 3y,
x2

9
+

y2

4
= 1

z = xy, x + y = 1

28. BreÐte thn el�qisth apìstash tou shmeÐou P0(0, 0) apì thn eujeÐa
x + y = a, (a > 0).
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29. BreÐte thn el�qisth apìstash tou shmeÐou P0(3, 1, 2) apì to epÐpedo
z = 2x + 4y.

30. BreÐte thn el�qisth apìstash thc eujeÐac y = x− 2 apì thn parabol 
y = x2.
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4.1 Dipl� Oloklhr¸mata

'Estw D ènac kleistìc kai fragmènoc tìpoc sto epÐpedo. Ja melet soume
to diplì olokl rwma mÐac sun�rthshc pou orÐzetai se èna tètoio tìpo gia na
apofÔgoume thn eisagwg  genikeumènwn oloklhrwm�twn pou eÐnai ektìc tou
skopoÔ twn shmei¸sewn aut¸n. 'Estw akìma f(x, y) sun�rthsh orismènh kai
fragmènh ston tìpo D. MporoÔme na qwrÐsoume ton tìpo se mikr� orjog¸nia
tm mata me eujeÐec par�llhlec proc touc �xonec Ox, Oy. An {Dk/k =
1, ..., n} eÐnai ta orjog¸nia aut� kai |Dk| to embadìn enìc tètoiou kommatioÔ
lamb�noume to ìrio

lim
n→∞

n∑

k=1

f(xk, yk)|Dk| = lim
|D|→0

n∑

k=1

f(xk, yk)|Dk|. (4.1.1)

Ed¸ Pk(xk, yk) eÐnai tuqaÐo shmeÐo pou an kei sto orjog¸nio Dk kai
|D| = max{|Dk|/k = 1, ..., n}. An up�rqei to ìrio autì, anexart twc tou
trìpou me ton opoÐo epilègoume ta mikr� aut� orjog¸nia, tìte lème ìti h
sun�rthsh eÐnai oloklhr¸simh ston tìpo D kai to ìrio autì to sumbolÐzoume
me

I =

∫ ∫

D

f(x, y)dxdy (4.1.2)

H plèon endiafèrousa kathgorÐa sunart sewn pou eÐnai oloklhr¸simec eÐnai
oi suneqeÐc sunart seic, me tic opoÐec ja asqolhjoÔme ed¸. UpenjumÐzoume
ìti mÐa suneq c sun�rthsh se èna kleistì kai fragmèno tìpo, ìpwc o D, eÐnai
kai fragmènh s' autìn. To teleutaÐo fusik� shmaÐnei ìti up�rqei stajer�
M ∈ R tètoia ¸ste |f(x, y)| ≤ M .

H gewmetrik  shmasÐa tou diploÔ oloklhr¸matoc eÐnai �mesh. An qwrÐc
periorismì thc genikìthtac upojèsoume ìti ston tìpo D, h f(x, y) ≥ 0 tìte
to diplì olokl rwma isoÔtai arijmhtik� me ton ìgko (se kubikèc mon�dec pou
orÐzontai apì tic mon�dec twn tri¸n orjokanonik¸n axìnwn) k�tw apì thn
grafik  par�stash thc f
dhl. Vf =

∫ ∫
D

f(x, y)dxdy. EpÐshc an f(x, y) = 1 tìte lamb�noume ari-
jmhtik� to embadìn tou tìpou, ED =

∫ ∫
D

dxdy.
Oi stoiqei¸deic idiìthtec tou oloklhr¸matoc sun�rthshc mÐac metablht c,

diathroÔntai kai ed¸ basik� amet�blhtec. DÔo piì shmantikèc idiìthtec eÐnai
oi akoloujec:

∣∣∣∣
∫ ∫

D

f(x, y)dxdy

∣∣∣∣ ≤
∫ ∫

D

|f(x, y)|dxdy

m|D| ≤
∫ ∫

D

f(x, y)dxdy ≤ M |D| (4.1.3)

ìpou m,M h el�qisth kai mègisth tim  thc sun�rthshc antÐstoiqa kai |D| to
embadìn tou tìpou.
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Gia na gr�youme èna algìrijmo upologismoÔ tou diploÔ oloklhr¸matoc
ja jewr soume ef' ex c kanonikoÔc tìpouc. Enac tìpoc ja eÐnai kanonikìc an
k�je eujeÐa par�llhlh prìc touc �xonec Ox, Oy tèmnei to sÔnoro tou tìpou
se dÔo to polÔ shmeÐa. K�je tìpoc mporeÐ na analujeÐ se ènwsh kanonik¸n
tìpwn. 'Enac kanonikìc tìpoc mporeÐ na grafeÐ kat� touc akìloujouc dÔo
trìpouc:

a ≤ x ≤ b

φ1(x) ≤ y ≤ φ2(x) (4.1.4)

 

c ≤ y ≤ d

g1(y) ≤ x ≤ g2(y) (4.1.5)

Tìte to diplì olok rwma upologÐzetai me èna apì touc akìloujouc dÔo isodÔ-
namouc trìpouc

I =

∫ b

x=a

dx

∫ φ2(x)

y=φ1(x)

dyf(x, y) =

∫ d

y=c

dy

∫ g2(y)

x=g1(y)

dxf(x, y) (4.1.6)

Par�deigma 4.1: Na upologisteÐ to olokl rwma I =
∫ ∫

D
(x + y)dxdy

ston tìpo pou perikleÐetai apì tic kampÔlec y = x2, y = 1
3
(4−x2) kai x = 2.

O tìpoc D mporeÐ na grafeÐ ¸c 1 ≤ x ≤ 2 kai 1
3
(4− x2) ≤ y ≤ x2. SÔmfwna

me ta parap�nw ja èqoume

I =

∫ 2

x=1

dx

[∫ x2

y= 1
3
(4−x2)

(x + y)dy

]
=

∫ 2

x=1

dx

[
xy +

y2

2

]x2

y= 1
3
(4−x2)

=

=

∫ 2

1

dx

[
4

3
x3 +

4

9
x4 +

4

9
x2 − 4

3
x− 8

9

]
' 5.88

EÐdame parap�nw dÔo basikèc efarmogèc tou diploÔ oloklhr¸matoc. Thn
qr sh tou ston upologismì ìgkou kai epif�neiac. Epiplèon aut¸n mporoÔme
na upologÐsoume kai to embadìn thc epif�neiac z = f(x, y) pou prob�lletai
p�nw ston tìpo D. DÐnetai apì thn sqèsh

Ef =

∫ ∫

D

√
1 +

(
∂f

∂x

)2

+

(
∂f

∂y

)2

dxdy (4.1.8)

Par�deigma 4.2: UpologÐste thn epif�neia thc sfaÐrac aktÐnac R. Jew-
roÔme to p�nw hmisfaÐrio pou parist�netai apì thn sun�rthsh z =

√
R2 − x2 − y2.

Tìte (∂f/∂x) = −x/
√

R2 − x2 − y2 kai paromoÐwc gia thn merik  par�gwgo
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wc prìc y. Tìte to zhtoÔmeno olokl rwma isoÔtai me

Ef =

∫ ∫

D

R√
R2 − x2 − y2

dxdy =

∫ 2π

0

∫ R

0

R√
R2 − r2

rdrdθ =

= 2π

∫ R2

0

Rdu

2
√

R2 − u
= 2πR2

ìpou o tìpoc D pou oloklhr¸same eÐnai o kÔkloc aktÐnac R sto epÐpedo
Oxy. 'Ara to embadìn thc epif�neiac thc sfaÐrac isoÔtai me 4πR2. Ed¸
sthn ousÐa sunant same èna genikeumèno olokl rwma giatÐ h oloklhrwtèa
sun�rthsh den eÐnai suneq c ston kleistì tìpo, all� par' ìla aut�, eÐdame
ìti to olokl rwma sugklÐnei.

4.2 Tripl� Oloklhr¸mata

Me an�logo trìpo orÐzetai kai to triplì olokl rwma. E�n w = f(x, y, z)
eÐnai sun�rthsh orismènh kai fragmènh ston kleistì kai fragmèno tìpo V ⊂
R3 tìte orÐzoume

I =

∫ ∫ ∫

V

f(x, y, z)dxdydz = lim
n→∞

n∑

k=1

f(xk, yk, zk)|∆Vk| =

= lim
|∆V |→0

n∑

k=1

f(xk, yk, zk)|∆Vk| (4.2.1)

Ed¸ qwrÐsame ton tìpo V se tm mata {∆Vk/k = 1, ..., n} me epÐpeda par�llh-
la prìc ta suntetagmèna epÐpeda Oxy, Oyz, Ozx kai to shmeÐo Pk(xk, yk, zk)
eÐnai opoiod pote shmeÐo tou kommatioÔ ∆Vk. Epiplèon k�noume aut  thn
diamèrish tou tìpou V leptìterh paÐrnontac to ìrio n → ∞   isodÔnama
|∆V | → 0 ìpou
|∆V | = max{|∆Vk|/k = 1, ..., n}.

E�n mÐa sun�rthsh f(x, y, z) eÐnai suneq c se kleistì kai fragmèno tìpo
eÐnai kai oloklhr¸simh, kai apoteleÐ thn plèon qr simh kl�sh sunart sewn.
Opwc kai sthn perÐptwsh tou diploÔ oloklhr¸matoc ènac kanonikìc tìpoc V
mporeÐ na grafeÐ ¸c

a ≤ x ≤ b

g1(x) ≤ y ≤ g2(x)

φ1(x, y) ≤ z ≤ φ2(x, y) (4.2.2)

kai tìte o algìrijmoc gia ton upologismì tou triploÔ oloklhr¸matoc se èna
tètoio tìpo eÐnai

I =

∫ b

x=a

dx

∫ g2(x)

y=g1(x)

dy

∫ φ2(x,y)

z=φ1(x,y)

dz f(x, y, z) (4.2.3)
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Se k�je diadoqik  olokl rwsh oi upìloipec metablhtèc jewroÔntai stajerèc
kai
xekin�me apì thn z−olokl rwsh.

E�n epilèxoume f(x, y, z) = 1 tìte to triplì olokl rwma sumpÐptei ari-
jmhtik� me ton ìgko tou tìpou V , ìpwc eÔkola mporoÔme na antilhfjoÔme.

Par�deigma 4.3: UpologÐste ton ìgko tou tetraèdrou pou orÐzetai apì
ta suntetagmèna epÐpeda Oxy, Oyz kai Ozx kai to epÐpedo me exÐswsh x +
y + z = 1. Ed¸ o tìpoc V mporeÐ na ekfrasteÐ wc akoloÔjwc

0 ≤ x ≤ 1

0 ≤ y ≤ 1− x

0 ≤ z ≤ 1− x− y

ìpwc mporoÔme eÔkola na diapist¸soume. 'Ara o zhtoÔmenoc ìgkoc eÐnai

I =

∫ 1

x=0

dx

∫ 1−x

y=0

dy

∫ 1−x−y

z=0

dz =

∫ 1

x=0

dx

∫ 1−x

y=0

dy(1− x− y) =

=

∫ 1

x=0

dx

[
(1− x)y − y2

2

]y=1−x

y=0

=

∫ 1

x=0

dx

[
(1− x)2 − (1− x)2

2

]
=

=
1

2

∫ 1

x=0

dx(1− x)2 =
1

6

4.3 Allag  Metablht¸n se Pollapl� Oloklhr¸-
mata

Pollèc forèc o upologismìc enìc pollaploÔ oloklhr¸matoc eÐnai dÔskoloc
se k�poio sÔsthma suntetagmènwn (x, y, z). Endèqetai ìmwc an to metatrèy-
oume se èna olokl rwma wc prìc k�poiec nèec metablhtèc, na upologÐzetai
polÔ eukolìtera. H metatrop  aut  gÐnetai mèsw twn Iakwbian¸n orizous¸n.
'Estw

I =

∫ ∫

D

f(x, y)dxdy (4.3.1)

kai x = x(u, v), y = y(u, v) o metasqhmatismìc pou mac p�ei apì ton tìpo D
ston opoÐo orÐzetai to olokl rwma, se èna �llo tìpo D

′ tou epipèdou (u, v).
MporoÔme tìte na upologÐsoume to olokl rwma wc

I =

∫ ∫

D
′
f [x(u, v), y(u, v)]

D(x, y)

D(u, v)
dudv =

∫ ∫

D
′
F (u, v)dudv (4.3.2)

ìpou h nèa sun�rthsh prokÔptei apì ton metasqhmatismì ìlwn twn sunart -
sewn tou pr¸tou oloklhr¸matoc sto epÐpedo (u, v).
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OmoÐwc e�n

I =

∫ ∫ ∫

V

f(x, y, z)dxdydz (4.3.3)

eÐnai èna triplì olokl rwma kai x = x(u, v, w), y = y(u, v, w) kai z =
z(u, v, w) ènac metasqhmatismìc pou mac p�ei apì ton tìpo V se èna tìpo V

′ ,
tìte

I =

∫ ∫ ∫

V
′
f [x(u, v, w), y(u, v, w), z(u, v, w)]

D(x, y, z)

D(u, v, w)
dudvdw =

=

∫ ∫ ∫

V ′
F (u, v, w)dudvdw (4.3.4)

Par�deigma 4.4: Na upologÐsete to olokl rwma I =
∫ ∫

D
(x2+y2)dxdy

ìpou o tìpoc D eÐnai o kÔkloc aktÐnac R. Ed¸ aplopoioÔntai ta pr�gmata
an p�me stic sntetagmènec (r, θ) ìpou x = rcosθ, y = rsinθ. Tìte o neìc
tìpoc D

′ ja eÐnai o
D
′
: 0 ≤ r ≤ R, 0 ≤ θ ≤ 2π. Sunep¸c ja èqoume

I =

∫ ∫

D′
r2D(x, y)

D(r, θ)
drdθ =

∫ 2π

θ=0

∫ R

r=0

r3drdθ =
πR4

2

4.4 Efarmogèc: Kèntra M�zac kai Ropèc Adr�neiac

Ektìc apì tic kajar� gewmetrikèc efarmogèc twn pollapl¸n oloklhrwm�twn
pou eÐdame parap�nw, up�rqoun kai shmantikèc efarmogèc pou proèrqontai
apì thn Fusik . 'Estw D ènac epÐpedoc tìpoc, pou prosomoi�zei èna ulikì
epÐpedo antikeÐmeno me epifaneiak  puknìthta m�zac σ(x, y) (se opoiesd pote
mon�dec, èstw gr/cm2). Tìte h sunolik  tou m�za kai thn jèsh tou kèntrou
m�zac tou (x̄, ȳ) dÐnontai apì tic

M =

∫ ∫

D

σ(x, y)dxdy

x̄ =
1

M

∫ ∫

D

xσ(x, y)dxdy

ȳ =
1

M

∫ ∫

D

yσ(x, y)dxdy (4.4.1)

EpÐshc oi ropèc adr�neiac tou wc prìc ton �xona Oz kai touc �xonec Ox kai
Oy dÐnontai apì tic sqèseic

I0 =

∫ ∫

D

(x2 + y2)σ(x, y)dxdy

Ix =

∫ ∫

D

y2σ(x, y)dxdy
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Iy =

∫ ∫

D

x2σ(x, y)dxdy (4.4.2)

Par�deigma 4.5: UpologÐste th jèsh tou kèntrou m�zac kai tic ropèc
adr�neiac gia èna orjog¸nio m�zac M me pleurèc a, b. Upojètoume omogen 
katanom  m�zac, opìte ja èqoume σ(x, y) = M/ab. Tìte gia to kèntro m�zac
èqoume

x̄ =
1

M

∫ ∫

D

x
M

ab
dxdy =

1

ab

∫ a

0

xdx

∫ b

0

dy =
a

2

ȳ =
1

M

∫ ∫

D

x
M

ab
dxdy =

1

ab

∫ a

0

dx

∫ b

0

ydy =
b

2

Gia thn rop  adr�neiac ja èqoume

Ix =

∫ ∫

D

M

ab
y2dxdy =

M

ab

∫ a

0

dx

∫ b

0

y2dy =
1

3
Mb2

OmoÐwc brÐskoume ìti Iy = 1
3
Ma2 kai I0 = 1

3
M(a2 + b2).

Gia thn perÐptwsh swm�twn ston q¸ro, pou h puknìthta m�zac touc dÐnetai
apì thn ρ(x, y, z) (se opoiesd pote mon�dec, èstw gr/cm3) ja èqoume tic
antÐstoiqec genikeÔseic

M =

∫ ∫ ∫

V

ρ(x, y, z)dxdydz

x̄ =
1

M

∫ ∫ ∫

V

xρ(x, y, z)dxdydz

ȳ =
1

M

∫ ∫ ∫

V

yρ(x, y, z)dxdydz

z̄ =
1

M

∫ ∫ ∫

V

zρ(x, y, z)dxdydz (4.4.3)

H rop  adr�neiac wc prìc ton �xona Oz ja dÐnetai apì thn

Iz =

∫ ∫ ∫

V

(x2 + y2)ρ(x, y, z)dxdydz (4.4.4)

kai apì antÐstoiqec sqèseic gia touc �llouc dÔo �xonec, me kuklik  enallag 
twn anex�rthtwn metablht¸n (x, y, z).

Par�deigma 4.6: UpologÐste thn rop  adr�neiac mÐac sfaÐrac aktÐnac R
kai m�zac M wc prìc ton �xona Oz. Upojètontac omogen  sfaÐra ja èqoume
ρ(x, y, z) = ρ̄ = 3M/4πR3. Tìte

Iz = ρ̄

∫ ∫
(x2 + y2)dxdy

∫ z=+
√

R2−(x2+y2)

z=−
√

R2−(x2+y2)

dz =
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= 2ρ̄

∫ ∫
(x2 + y2)

√
R2 − (x2 + y2)dxdy =

= 4πρ̄

∫ R

0

r2
√

R2 − r2rdr =

= 2πρ̄

∫ R2

0

u
√

R2 − udu =
2

5
MR2

4.5 Ask seic

1. UpologÐste ta parak�tw dipl� oloklhr¸mata stouc antÐstoiqouc tìpouc
D.

∫ ∫

D

(x2 + 2y)dxdy, D = {(x, y)/0 ≤ x ≤ 1, 0 ≤ y ≤ 1}
∫ ∫

D

x2

y2
dxdy, D = {(x, y)/1 ≤ x ≤ 2,

1

x
≤ y ≤ x}

∫ ∫

D

xydxdy, D = {(x, y)/y2 ≤ x, x2 ≤ y}
∫ ∫

D

exdxdy, D = {(x, y)/0 ≤ x ≤ 1, 0 ≤ y ≤ x}
∫ ∫

D

√
R2 − x2 − y2dxdy, D = {(x, y)/x2 + y2 ≤ R2}

2. Na upologÐsete to olokl rwma
∫ ∫

D

(a− x− y)dxdy,

ston tìpo D pou periorÐzetai apì tic kampÔlec 3x + y = a, 3
2
x + y = a

kai y = 0.

3. OmoÐwc to

I =

∫ ∫

D

dxdy,

ston tìpo pou periorÐzetai apì tic kampÔlec x+y = a kai x2 +y2 = a2.

4. Na upologÐsete to

I =

∫ 4

3

dx

∫ 2

1

dy

(x + y)2
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5. Na upologÐsete to olokl rwma

I =

∫ ∫ ∫

V

xyzdxdydz

ìpou o tìpoc V periorÐzetai apì ta suntetagmèna epÐpeda Oxy, Oyz,
Ozx kai to epÐpedo x + y + z = 1.

6. Na upologÐsete to olokl rwma

I =

∫ ∫ ∫

V

√
x2 + y2 + z2dxdydz

entìc thc sfaÐrac aktÐnac R.

7. Na upologÐsete to

I =

∫ 1

0

∫ 1

0

∫ 1

0

dxdydz√
x + y + z + 1

8. UpologÐste ton ìgko tou stereoÔ pou fr�ssetai apì to suntetagmèno
epÐpedo Oxy, ton kÔlindro x2+y2 = a2 kai to paraboloeidèc z = x2+y2.

9. UpologÐste ton ìgko tou stereoÔ an�mesa sta epÐpeda y = 0, z = 0,
y = x kai ton kÔlindro x2 + z2 = a2.

10. OmoÐwc ton ìgko pou periorÐzetai apì ta epÐpeda x+y+z = a, 3x+y =
a, 3

2
x + y = a kai ta sunetagmèna epÐpeda y = 0, z = 0.

11. UpologÐste me kat�llhlh allag  metablht¸n to

I =

∫ ∫

D

(x2 + y2)dxdy

ìpou o tìpoc D periorÐzetai apì tic kampÔlec x2− y2 = 1, x2− y2 = 9,
xy = 2 kai xy = 4.

12. UpologÐste to zhtoÔmeno thc 'Askhshc 9 me kat�llhlh allag  metabl-
ht¸n sto epÐpedo Oxz.

13. UpologÐste me kat�llhlh allag  metablht¸n touc ìgkouc thc sfaÐrac
kai tou elleiyoeidoÔc.

14. OmoÐwc to

I =

∫ ∫

D

√
x2 + y2dxdy

mèsa ston kÔklo x2 + y2 = R2.
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15. UpologÐste to embadìn thc èlleiyhc.

16. BreÐte to embadìn pou apokìptoun ta suntetagmèna epÐpeda Oxy, Oyz,
Ozx apì to epÐpedo x

a
+ y

b
+ z

c
= 1.

17. BreÐte to embadìn thc epif�neiac z = 1− x2 − y2 p�nw apì to epÐpedo
Oxy.

18. BreÐte to embadìn tou kulÐndrou x2 + y2 = 2ax metaxÔ tou epipèdou
Oxy kai tou k¸nou z2 = x2 + y2.

19. UpologÐste thn rop  adr�neiac gia r�bdo m kouc L kai m�zac M pou
peristrèfetai gÔrw apì �xona k�jeto sto èna �kro thc.

20. UpologÐste thn jèsh tou kèntrou m�zac tou tìpou D pou periorÐzetai
apì tic kampÔlec y2 ≤ 4x, y2 ≤ 5 − x, y ≥ 0. Upojèste omogen 
katanom  m�zac.

21. UpologÐste tic ropèc adr�neiac enìc orjogwnÐou m�zac M kai pleur¸n
a, b wc prìc touc treÐc �xonec.

22. UpologÐste ta kèntra m�zac twn tìpwn pou periorÐzontai apì tic akìlou-
jec kampÔlec: D1 : x + y = a, x2 + y2 = a2 kai D2 : y = x2, y =

√
x.

23. UpologÐste th jèsh tou kèntrou m�zac kai tic ropèc adr�neiac gia kuk-
likì tomèa aktÐnac R kai gwnÐac 2Φ me epifaneiak  puknìthta σ = kr,
ìpou k stajer� kai r h aktinik  apìstash sto epÐpedo.
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5.1 Dianusmatikèc sunart seic mÐac metabl-
ht c

MÐa sqèsh thc morf c

~a(t) = a1(t)x̂ + a2(t)ŷ + a3(t)ẑ = (a1(t), a2(t), a3(t)) (5.1.1)

orÐzei gia k�je tim  thc pragmatik c metablht c t ∈ [a, b] èna di�nusma ston
q¸ro. OrÐzetai ètsi mÐa dianusmatik  sun�rthsh mÐac metablht c. Kaj¸c to
t metab�lletai, genik� to �kro tou dianÔsmatoc diagr�fei ston q¸ro mÐa kam-
pÔlh C. MporoÔme na efarmìsoume ìlec tic gnwstèc pr�xeic pou aforoÔn se
sunart seic mÐac metablht c, epÐshc kai se mÐa dianusmatik  sun�rthsh. 'Etsi
mporoÔme na prosjèsoume kai na afairèsoume dÔo tètoiec sunart seic, kaj¸c
kai na paragwgÐsoume kai na oloklhr¸soume dianusmatikèc sunart seic. Wc
par�deigma

~v(t) =
d~a(t)

dt
=

da1(t)

dt
x̂ +

da2(t)

dt
ŷ +

da3(t)

dt
ẑ (5.1.2)

To di�nusma ~v(t) èqei thn idìthta na eÐnai efaptìmeno se k�je shmeÐo thc
kampÔlhc C kai onom�zetai di�nusma thc taqÔthtac. Epeid  to stoiqei¸dec
m koc thc kampÔlhc, ìpwc autì metriètai me b�sh k�poio aujaÐreto shmeÐo
ekkÐnhshc, eÐnai

ds =

√(
da1

dt

)2

+

(
da2

dt

)2

+

(
da3

dt

)2

dt (5.1.3)

prokÔptei ìti

~v(t) =
d~a(t)

dt
=

d~a

ds

ds(t)

dt
= v̂(s)

ds(t)

dt
(5.1.4)

ìpou to v̂(s) = d~a/ds eÐnai to monadiaÐo efaptomenikì di�nusma (dianusmatikì
pedÐo) se tuqaÐo shmeÐo thc kampÔlhc kai ds(t)

dt
eÐnai to mètro thc taqÔthtac.

Par�deigma 5.1: 'Estw kinhtì p�nw se kÔklo aktÐnac R pou perifèretai
me gwniak  taqÔthta ω. Tìte h dianusmatik  sun�rthsh pou parakoloujeÐ
to kinhtì se k�je shmeÐo thc troqi�c tou eÐnai

~a(t) = Rcos(ωt)x̂ + Rsin(ωt)ŷ

ìpou ed¸ h par�metrìc mac t eÐnai o qrìnoc, kai θ = ωt h gwnÐa pou sqhmatÐzei
h aktÐna tou kÔklou pou parakoloujeÐ to kinhtì me ton �xona x. Tìte h
taqÔthta eÐnai

~v(t) =
d~a(t)

dt
= −Rωsin(ωt)x̂ + Rωcos(ωt)ŷ
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To mètro thc taqÔthtac eÐnai |~v(t)| = (ds(t)/dt) = Rω ìpwc autì prokÔptei
apì thn parap�nw sqèsh. Pr�gmati autì epibebai¸netai kai apì to gegonìc
ìti to m koc tou tìxou p�nw se kÔklo aktÐnac R eÐnai s = Rθ = Rωt opìte
(ds/dt) = Rω. To monadiaÐo efaptìmeno di�nusma, ìpwc prokÔptei apì thn
Ðdia sqèsh eÐnai

v̂(t) =
~v(t)

|~v(t)| = −sin(ωt)x̂ + cos(ωt)ŷ

kai me antikat�stash prokÔptei �mesa ìti ikanopoieÐtai h Ex. (5.1.4).
To di�nusma

~γ(t) =
d~v(t)

dt
=

d2~a(t)

dt2
(5.1.5)

onom�zetai di�nusma epit�qunshc. Sqetikì me ta dianusmatik� pedÐa mÐac
kampÔlhc C, eÐnai to trÐakmo Frenet (Par�rthma II).

Par�deigma 5.2: 'Estw ~a(t) = 2costx̂ + 2sintŷ + 3tẑ. BreÐte ta dianÔs-
mata taqÔthtac kai epit�qunshc kaj¸c kai ta mètra touc. Ja èqoume

~v(t) = −2sintx̂ + 2costŷ + 3ẑ

~γ(t) = −2costx̂ + 2sintŷ

|~v(t)| =
√

13

|~γ(t)| = 2

5.2 Dianusmatikèc sunart seic poll¸n metabl-
ht¸n

'Opwc kai prohgoumènwc mÐa sqèsh thc morf c

~F (x, y) = P (x, y)x̂ + Q(x, y)ŷ (5.2.1)

ìpou oi anex�rthtec metablhtèc (x, y) orÐzontai se k�poio tìpo D ⊂ R2 orÐzei
mÐa dianusmatik  sun�rthsh dÔo metablht¸n sto epÐpedo. EpÐshc h sqèsh

~V (x, y, z) = V1(x, y, z)x̂ + V2(x, y, z)ŷ + V3(x, y, z)ẑ (5.2.2)

orÐzei mÐa dianusmatik  sun�rthsh ston trisdi�stato q¸ro ìpou oi anex�rthtec
metablhtèc orÐzontai genik� se k�poio tìpo V ⊂ R3.

Par�deigma 5.3: To hlektrikì pedÐo enìc shmeiakoÔ fortÐou Q pou
brÐsketai sthn arq  twn axìnwn dÐnetai apì thn sqèsh

~E(x, y, z) =
Q

r3
~r =

Q

(x2 + y2 + z2)3/2
[xx̂ + yŷ + zẑ]
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Aut  eÐnai mÐa dianusmatik  sun�rthsh tri¸n metablht¸n ston q¸ro. Ed¸
èqoume

V1(x, y, z) =
Qx

(x2 + y2 + z2)3/2

kai parìmoiec sqèseic gia tic upìloipec dÔo suntetagmènec sunart seic isqÔ-
oun.

An se k�je shmeÐo enìc dianusmatikoÔ pedÐou, kinhjoÔme kat� m koc tou
dianÔsmatoc, ìpwc orÐzetai se ekeÐnh th jèsh, diagr�foume genik� ston q¸ro
mÐa kampÔlh. Aut  thn kampÔlh thn onom�zoume dunamik  gramm  tou di-
anusmatikoÔ pedÐou. AntÐstrofa k�je shmeÐo tou pedÐou orismoÔ enìc di-
anusmatikoÔ pedÐou pern�ei mÐa dunamik  gramm , me thn idiìthta se k�je
shmeÐo thc, to di�nusma tou pedÐou na eÐnai efaptìmeno s' aut n.

5.3 KlÐsh, Apìklish, Strof 

'Eqontac orÐsei ta dianusmatik� pedÐa ston q¸ro, ìpwc kai tic sunart seic
poll¸n metablht¸n, mporoÔme na melet soume thn diafìris  touc genik�.
Aut  gÐnetai me thn eisagwg  tou telest  an�delta

∇ =

(
∂

∂x
,

∂

∂y
,

∂

∂z

)
(5.3.1)

Genik� ènac telest c sta majhmatik� den èqei apì mìnoc tou nìhma. An�loga
ìmwc se poiì majhmatikì antikeÐmeno dr� par�gei kai k�poio apotèlesma kai
tìte èqoume san exagìmeno ena �llo antikeÐmeno. An loipìn w = f(x, y, z)
eÐnai mÐa sun�rthsh tri¸n metablht¸n tìte h klÐsh thc orÐzetai wc

∇f =
∂f(x, y, z)

∂x
x̂ +

∂f(x, y, z)

∂y
ŷ +

∂f(x, y, z)

∂z
ẑ (5.3.2)

kai ètsi h dr�sh tou telest  an�delta p�nw se sunart seic, par�gei (mac
dÐnei) dianusmatik� pedÐa ston q¸ro. H klÐsh mÐac arijmhtik c sun�rthshc
èqei pollèc efarmogèc. An f(x, y, z) = 0 eÐnai mÐa epif�neia ston q¸ro twn
tri¸n diast�sewn, tìte to

n̂ =
∇f

|∇f | (5.3.2)

eÐnai to monadiaÐo k�jeto dianusmatikì pedÐo p�nw sthn epif�neia aut .
Par�deigma 5.4: 'Estw f(x, y, z) = x2 + y2 + z2 − R2 = 0 h epif�neia

thc sfaÐrac aktÐnac R. Tìte ∇f = xx̂ + yŷ + zẑ kai

n̂ =
∇f

|∇f | =
xx̂ + yŷ + zẑ√

x2 + y2 + z2
=

=
1

R
[xx̂ + yŷ + zẑ] = r̂
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Epibebai¸noume dhlad  ìti to monadiaÐo k�jeto dianusmatikì pedÐo p�nw sthn
sfaÐra sumpÐptei me to monadiaÐo aktinikì di�nusma r̂.

Epeid  h klÐsh eÐnai k�jeth se mÐa epif�neia, ja eÐnai kai k�jeth sto
efaptìmeno epÐpedì thc, se k�poio shmeÐo P0(x0, y0, z0). PaÐrnontac loipìn
to eswterikì ginomeno thc klÐshc me kat�llhlo di�nusma èqoume thn exÐswsh
tou efaptìmenou epipèdou thc f(x, y, z) = 0 sto parap�nw shmeÐo. Aut  den
eÐnai �llh apì thn

(
∂f

∂x

)

0

(x− x0) +

(
∂f

∂y

)

0

(y − y0) +

(
∂f

∂z

)

0

(z − z0) = 0 (5.3.2)

Par�deigma 5.5: An jewr soume thn epif�neia thc sfaÐrac ìpwc para-
p�nw, tìte sto shmeÐo thc P0(0, 0, R) h sqèsh gia to efaptìmeno epÐpedo thc
gr�fetai

2R(z −R) = 0

dhl. z = R.
H teleutaÐa shmantik  idiìthta thc klÐshc eÐnai ìti mac dÐnei thn kata

kateÔjunsh par�gwgo mÐac sun�rthshc. 'Estw w = f(x, y, z) mÐa sun�rthsh
kai èstw mÐa dieÔjunsh sto q¸ro pou prosdiorÐzetai apì to monadiaÐo di�nus-
ma t̂. Tìte an s eÐnai mÐa stoiqei¸dhc metatìpish kat� m koc aut c thc dieÔ-
junshc ja èqoume

df

ds
= (∇f) · t̂ (5.3.2)

Par�deigma 5.6: 'Estw g(x, y) = r =
√

x2 + y2 h sun�rthsh thc ak-
tinik c apìstashc sto epÐpedo. Tìte

∇g =

(
x√

x2 + y2
,

y√
x2 + y2

)

Tìte kat� m koc thc aktinik c dieÔjunshc t̂ = r̂ = (xx̂ + yŷ)/
√

x2 + y2 ja
èqoume

(∇g) · t̂ =

(
x√

x2 + y2

)2

+

(
y√

x2 + y2

)2

= 1 =
dg(r)

dr

pou eÐnai orjì diìti g = r. Kat� m koc thc efaptomenik c dieÔjunshc
t̂ = (−yx̂ + xŷ)/

√
x2 + y2 ja èqoume

(∇g) · t̂ =

(
x√

x2 + y2

)(
−y√

x2 + y2

)
+

(
y√

x2 + y2

)(
x√

x2 + y2

)
=

= 0 =
dg(s)

ds
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pou eÐnai akribèc diìti kat� thn efaptomenik  dieÔjunsh h sun�rthsh g paramènei
stajer !

Erqìmaste t¸ra sthn deÔterh qr sh tou telest  an�delta. SÔmfwna me
aut n o telest c dr� p�nw se dianusmatikì pedÐo kai par�gei sun�rthsh. An
èqoume èna dianusmatikì pedÐo ìpwc autì thc Ex. (5.2.2) tìte h apìklis  tou
orÐzetai wc

∇ · ~V =
∂V1

∂x
+

∂V2

∂y
+

∂V3

∂z
(5.3.2)

H ousiastik  shmasÐa thc apìklishc enìc dianusmatikoÔ pedÐou eÐnai h
akìloujh: E�n se èna shmeÐo P0(x0, y0, z0) tou pedÐou orismoÔ tou èqoume
(∇ · ~V )P0 = 0 tìte lème ìti to dianusmatikì pedÐo (pou mporeÐ na perigr�fei
to pedÐo taqut twn enìc reustoÔ gia par�deigma) eÐnai asumpÐesto. Autì
shmaÐnei ìti sto shmeÐo ekeÐno den up�rqei oÔte phg  (apì thn opoÐa na x-
ekinoÔn) all� oÔte kai katabìjra sthn opoÐa na katal goun dunamikèc gram-
mèc tou pedÐou.

Par�deigma 5.7: Ac jewr soume to hlektrikì pedÐo enìc shmeiakoÔ
fortÐou, ìpwc autì faÐnetai sto Par�deigma 5.3. Tìte h apìklis  tou eÐnai

∇ · ~E = Q

[
3

(x2 + y2 + z2)3/2
− 3(x2 + y2 + z2)

(x2 + y2 + z2)5/2

]
= 0

Aut  h sqèsh isqÔei gia ìla ta shmeÐa tou q¸rou ektìc thc arq c O(0, 0, 0)
ìpou brÐsketai to fortÐo. 'Ara poujen� den up�rqoun phgèc twn hlektrik¸n
dunamik¸n gramm¸n (  katabìjrec) ektìc apì thn arq . Autì mporoÔme na
to katal�boume an jumhjoÔme kai thn pr¸th exÐswsh tou Maxwell

∇ · ~E = 4πρ

Sta shmeÐa pou up�rqei puknìthta hlektrikoÔ fortÐou, h apìklish tou hlek-
trikoÔ pedÐou eÐnai m -mhdenik  kai èqoume kat�lhxh   afethrÐa dunamik¸n
gramm¸n.

Erqìmaste t¸ra sthn trÐth qr sh tou telest  an�delta, h opoÐa onom�ze-
tai strof  dianusmatikoÔ pedÐou. Apì èna dianusmatikì pedÐo, ìpwc autì thc
Ex. (5.2.2) par�getai èna �llo sÔmfwna me thn sqèsh

∇× ~V =

∣∣∣∣∣∣

x̂, ŷ, ẑ
∂x, ∂y, ∂z

V1, V2, V3

∣∣∣∣∣∣
= x̂

(
∂V3

∂y
− ∂V2

∂z

)
+

+ ŷ

(
∂V1

∂z
− ∂V3

∂x

)
+

+ ẑ

(
∂V2

∂x
− ∂V1

∂y

)
(5.3.2)
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H shmasÐa thc strof c eÐnai h akìloujh: An se èna shmeÐo P0 h strof  eÐnai
mhdèn shmaÐnei ìti to pedÐo eÐnai ekeÐ astrìbilo, dhl. dèn up�rqei dunamik 
gramm  tou pedÐou pou na peristrèfetai kai na eÐnai kleist , gÔrw apì autì
to shmeÐo.

Par�deigma 5.8: 'Estw ~V = xx̂ + yŷ to dianusmatikì pedÐo tou dianÔs-
matoc jèshc sto epÐpedo (sqedi�ste to!). Ja èqoume

∇× ~V =

∣∣∣∣∣∣

x̂, ŷ, ẑ
∂x, ∂y, ∂z

x, y, 0

∣∣∣∣∣∣
= x̂

∂y

∂z
− ŷ

∂x

∂z
+ ẑ0 = 0

To pedÐo autì eÐnai astrìbilo pantoÔ. Se opoiod pote shmeÐo tou epipèdou
kai na stajeÐte den ja breÐte dunamik  gramm  pou na perifèretai kai na eÐnai
kleist  perÐ to shmeÐo autì!

Par�deigma 5.9: 'Estw ~V = −yx̂ + xŷ dianusmatikì pedÐo sto epÐpedo
(sqedi�ste to!). Ja èqoume

∇× ~V =

∣∣∣∣∣∣

x̂, ŷ, ẑ
∂x, ∂y, ∂z

−y, x, 0

∣∣∣∣∣∣
= x̂0 + ŷ0 +

+ ẑ

(
∂x

∂x
+

∂y

∂y

)
= 2ẑ 6= 0

Autì to pedÐo èqei strobolismì. Se opoiod pote shmeÐo tou epipèdou kai an
stajeÐte up�rqei dunamik  gramm  pou eÐnai kleist  kai perifèretai gÔrw apì
to shmeÐo autì!

Tèloc gia mÐa sun�rthsh w = f(x, y, z) mporoÔme na orÐsoume thn Laplasian 
thc wc

∇ · (∇f) := ∇2f =
∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2
(5.3.3)

Aut  h sun�rthsh prokÔptei se probl mata dunamikoÔ, sth Fusik .

5.4 EpikampÔlia kai Epiepif�neia Oloklhr¸-
mata

'Estw h kampÔlh C pou orÐzetai apo to dianusmatikì pedÐo thc Ex. (5.1.1).
'Estw epÐshc to dianusmatikì pedÐo thc Ex. (5.2.2). OrÐzoume wc epikampÔlio
olokl rwma tou deÔterou dianusmatikoÔ pedÐou ep�nw sthn kampÔlh C apì
to shmeÐo A(a1(t1), a2(t1), a3(t1)) (pou antistoiqeÐ sthn tim  thc paramètrou
t = t1) èwc to shmeÐo B(a1(t2), a2(t2), a3(t2)) (pou antistoiqeÐ sthn tim  thc
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paramètrou t = t2) thn posìthta

IC =

∮ B

A

~V · d~a =

∫ t2

t1

[
V1(a1(t), a2(t), a3(t))

da1

dt
+

+ V2(a1(t), a2(t), a3(t))
da2

dt
+ V3(a1(t), a2(t), a3(t))

da3

dt

]
dt(5.4.1)

Parathr¸ntac thn sqèsh aut  antilambanìmaste amèswc ìti se k�je shmeÐo
lamb�noume to eswterikì ginìmeno tou dianusmatikoÔ pedÐou ~V (upologis-
mènou sto shmeÐo ekeÐno) me to efaptìmeno di�nusma thc kampÔlhc C (pou
antistoiqeÐ epÐshc sto shmeÐo ekeÐno) kai ajroÐzoume ìlec tic suneisforèc.
E�n to ~V eÐnai pedÐo dun�mewn pou askeÐtai p�nw se kinhtì s¸ma, pou kineÐtai
kat� m koc thc kampÔlhc C tìte to IC den eÐnai tÐpote �llo apì to èrgo thc
dÔnamhc ep�nw sto kinhtì!

Gia ton upologismì tou epikampulÐou oloklhr¸matoc prèpei na mac dÐne-
tai to pedÐo ~V (x, y, z) kai h kampÔlh ston q¸ro. Epeid  mÐa kampÔlh sto
q¸ro mporeÐ na dojeÐ genik� ¸c tom  dÔo epifanei¸n (dhl. G1(x, y, z) =
0, G2(x, y, z) = 0) ja prèpei na thn gr�youme pr¸ta se kat�llhlh parametrik 
morf  (ìpwc aut  thc Ex. (5.1.1) ) kai met� to epikampÔlio olokl rwma meta-
trèpetai se aplì olokl rwma wc prìc thn metablht  t.

Par�deigma 5.10: 'Estw to dianusmatikì pedÐo ~V (x2−2xy, 2xy+y2) kai
h kampÔlh C pou eÐnai h parabol  y = x2 sto epÐpedo. Na upologÐsoume to
epikampÔlio olokl rwma tou parap�nw dianusmatikoÔ pedÐou apì to shmeÐo
A(0, 0) èwc to B(1, 1). Gia thn kampÔlh aut  mporoÔme eÔkola na gr�youme
thn parametrik  thc morf  wc (t, t2) me arqikì shmeÐo to A (pou antistoiqeÐ
sthn tim  thc paramètrou t = 0) kai telikì shmeÐo to B (pou antistoiqeÐ sthn
tim  thc paramètrou t = 1). 'Ara ja èqoume

IC =

∫ 1

0

[
(t2 − 2t3)

dt

dt
+ (2t3 + t4)

d(t2)

dt

]
dt =

=

∫ 1

0

[
(t2 − 2t3) + 2t(2t3 + t4)

]
dt =

29

30

Erqìmaste t¸ra sthn melèth twn epiepif�neiwn oloklhrwm�twn. Aut�
eÐnai sthn ousÐa dipl� oloklhr¸mata sunart sewn pou orÐzontai p�nw se mÐa
epif�neia par� se èna uposÔnolo tou epipèdou Oxy. Ja jewr soume mìno
omalèc epif�neiec
S : F (x, y, z) = 0 pou shmaÐnei ìti p�nta mporoÔme na epilÔsoume wc prìc z
kai na tic gr�youme sthn morf  z = f(x, y)/(x, y) ∈ D ⊂ R2. Epiplèon gia
mÐa tètoia epif�neia jewroÔme ìti opoiad pote eujeÐa par�llhlh ston �xona
Oz tèmnei thn epif�neia se to polÔ dÔo shmeÐa. To epiepif�neio olokl rwma
mÐac sun�rthshc w = g(x, y, z) orÐzetai wc to ìrio

I =

∫ ∫

S

g(x, y, z)dS = lim
n→∞

n∑
i=1

g(xi, yi, zi)∆Si (5.4.2)
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ìpou lamb�noume mikr� tm mata thc epif�neiac, ∆Si kai ajroÐzoume to ginìmenì
touc me thn tim  thc sun�rthshc se shmeÐo entìc tou kommatioÔ.

To epiepif�neio olokl rwma mporoÔme p�nta (gia tic peript¸seic pou mac
endiafèroun) na to metetrèyoume se diplì olokl rwma p�nw ston tìpo D gia
kat�llhlh sun�rthsh z = f(x, y) kai na to upologÐsoume. Ja eÐnai

I =

∫ ∫

S

g(x, y, z)dS =

=

∫ ∫

D

g(x, y, z = f(x, y))

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy (5.4.3)

E�n l�boume g(x, y, z) = 1 tìte apì thn Ex. (5.4.2) èqoume to embadìn thc
epif�neiac S, sqèsh h opoÐa mac eÐnai  dh gnwst .

To epiepif�neio olokl rwma mporeÐ na oristeÐ kai gia èna dianusmatikì
pedÐo ìpwc autì thc Ex.(5.2.2), opìte sthn perÐptwsh aut  mac dÐnei thn
legìmenh ro  tou pedÐou autoÔ pou dièrqetai apì thn epif�neia. An kai p�li
h epif�neia eÐnai h S : F (x, y, z) = 0 kai mporeÐ na grafeÐ sthn morf 
z = f(x, y)/(x, y) ∈ D ⊂ R2 (toul�qiston èna komm�ti thc) tìte to monadiaÐo
k�jeto dianusmatikì pedÐo eÐnai to

n̂ = ± ∇F

|∇F | = ±zxx̂ + zyŷ − ẑ√
1 + z2

x + z2
y

. (5.4.4)

Prokeimènou gia kleist  epif�neia to prìshmo epilègetai ¸ste to k�jeto
di�nusma na eÐnai proc ta èxw tou perikleiomènou ìgkou. OrÐzoume tìte to
epiepif�neio olokl rwma tou ~V (x, y, z) wc

I =

∫ ∫

S

~V · n̂dS =

= ±
∫ ∫

D

[zxV1(x, y, z) + zyV2(x, y, z)− V3(x, y, z)] dxdy (5.4.4)

ìpou z = f(x, y) ('Askhsh 15, 16).

5.5 Ta Jewr mata Green kai Gauss

To je¸rhma Green sto epÐpedo sundèei to epikampÔlio olokl rwma enìc
dianusmatikoÔ pedÐou ~F (x, y) = P (x, y)x̂ + Q(x, y)ŷ me to epiepif�neio olok-
l rwma thc strof c tou. JewroÔme ìti h kampÔlh C eÐnai kleist  kampÔlh
pou den tèmnei ton eautì thc kai perikleÐei èna tìpo D pou eÐnai sunaf c,
kanonikìc kai qwrÐc trÔpec. Tìte

∮

C

~F · d~s =

∮

C

P (x, y)dx + Q(x, y)dy =
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=

∫ ∫

D

(∇× ~F ) · ẑdxdy =

∫ ∫

D

(
∂Q

∂x
− ∂P

∂y

)
dxdy (5.5.1)

To epikampÔlio olokl rwma lamb�netai me thn dexiìstrofh for� (kanìnac
tou dexioÔ qerioÔ me ton antÐqeira sthn jetik  z−dieÔjunsh).

Par�deigma 5.11: 'Estw to dianusmatikì pedÐo ~F = −yx̂ + xŷ sto
epÐpedo. Na epalhjeÔsoume to je¸rhma Green gia ton kÔklo aktÐnac R. H
parametrik  morf  thc kampÔlhc aut c (apì thn opoÐa mporeÐ �mesa na grafeÐ
kai h dianusmatik  parametrik  thc èkfrash) eÐnai x(t) = Rcost, y(t) =
Rsint. Tìte h sqèsh upologismoÔ tou epikampulÐou oloklhr¸matoc Ex.
(5.4.1) gÐnetai

IC =

∫ 2π

t=0

[−Rsint · (−Rsint) + Rcost · (Rcost)] = 2πR2

Jèloume t¸ra na upologÐsoume kai to dexiì mèloc thc Ex. (5.5.1). ja eÐnai

ID =

∫ ∫

D

(
∂x

∂x
− ∂(−y)

∂y

)
dxdy =

∫ ∫

D

2dxdy = 2πR2

epeid  to embadìn tou kÔklou eÐnai πR2. 'Ara epibebai¸same ìti isqÔei to
je¸rhma Green.

To je¸rhma Gauss afor� èna tìpo V ⊂ R3 pou periorÐzetai apì mÐa
kleist  epif�neia S thn opoÐa lamb�noume na eÐnai omal , ìpwc aut  pou
qrhsimopoi same ston orismì tou epiepif�neiou oloklhr¸matoc. Tìte h ro 
enìc dianusmatikoÔ pedÐou ~F mèsw thc epif�neiac aut c isoÔtai me to triplì
olokl rwma thc apìklishc tou pedÐou ston tìpo V

∫ ∫

S

~F · n̂dS =

∫ ∫ ∫

V

∇ · ~FdV (5.5.2)

Par�deigma 5.12: 'Estw to pedÐo ~V (x, y, z) = Eẑ ìpou E eÐnai stajer�.
Jèloume na upologÐsoume thn ro  (epiepif�neio olokl rwma) pou dièrqetai
apì to �nw hmisfaÐrio aktÐnac R. H exÐswsh thc sfaÐrac eÐnai F (x, y, z) =
x2 + y2 + z2 − R2 = 0 kai to �nw hmisfaÐrio gr�fetai wc z = f(x, y) =√

R2 − x2 − y2. Tìte to k�jeto monadiaÐo dianusmatikì pedÐo ja eÐnai to

n̂1 =
∇F

|∇F | =
xx̂ + yŷ + zẑ√

x2 + y2 + z2
=

=
1

R
[xx̂ + yŷ + zẑ]

'Ara ja èqoume

I1 =

∫ ∫

S

~V · n̂dS =

∫ ∫

D

Ez

R

R√
R2 − x2 − y2

dxdy =

= πR2E
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ìpou o tìpoc D sto epÐpedo Oxy eÐnai o kÔkloc aktÐnac R. An t¸ra up-
ologÐzame to Ðdio olokl rwma gia to k�tw hmisfaÐrio, ìpou to monadiaÐo
k�jeto dianusmatikì pedÐo n̂2 = −n̂1 ja eÐqame wc apotèlesma I2 = −I1.
Sunep¸c h sunolik  ro  I = I1 +I2 = 0. Autì eÐnai anamenìmeno apotèlesma
diìti sÔmfwna kai me to je¸rhma Gauss h ro  isoÔtai me to triplì olokl rw-
ma, mèsa ston ìgko thc sfaÐrac, thc apìklishc tou pedÐou. All� ∇ · ~V = 0.
To dianusmatikì autì pedÐo eÐnai Ðdio me èna omogenèc hlektrikì pedÐo, tou
opoÐou h ro  mèsa apì kleist  epif�neia isoÔtai me mhdèn.

Par�deigma 5.13: 'Estw t¸ra to hlektrikì pedÐo tou paradeÐgmatoc
5.3. Tìte h ro  tou mèsa apì thn Ðdia epif�neia (thc sfaÐrac aktÐnac R) ja
eÐnai

I =

∫ ∫

S

~E · n̂dS =
Q

R3
[xx̂ + yŷ + zẑ] · 1

R
[xx̂ + yŷ + zẑ]dS =

=

∫ ∫

S

Q

R4
R2dS = 4πQ

diìti p�nw sthn sfaÐra èqoume x2 + y2 + z2 = R2. EpÐshc apì ton pr¸to
nìmo tou Maxwell èqoume ìti h apìklish tou hlektrikoÔ pedÐou isoÔtai me
thn puknìthta fortÐou, dhl. ∇ · ~E = 4πρ. Oloklhr¸nontac thn sqèsh aut 
gia thn perÐptwsh tou shmeiakoÔ fortÐou pou to èqoume topojet sei sthn
arq  tou sust matoc suntetagmènwn, ston q¸ro thc sfaÐrac èqoume

I =

∫ ∫ ∫

V

∇ · ~EdV =

∫ ∫ ∫

V

4πρdV = 4πQ

Sunep¸c epeid  ta dexi� mèlh twn dÔo parap�nw sqèsewn eÐnai Ðsa, èqoume
akìma mÐa epibebaÐwsh tou jewr matoc Gauss.

Par�deigma 5.14: Me qr sh tou jewr matoc Green sto epÐpedo ja
ex�goume apì ton trÐto nìmo tou Maxwell, ton kanìna tou Ampere,   an-
tÐstrofa h gn¸sh aut c thc isodunamÐac ja mac d¸sei mÐa akìma epibebaÐwsh
tou jewr matoc. H trÐth exÐswsh tou Maxwell sundèei to magnhtikì pedÐo ~B

me thn puknìthta reÔmatoc ~J mèsw thc sqèshc

∇× ~B = µ0
~J

ìpou µ0 eÐnai h magnhtik  diaperatìthta tou kenoÔ. Jewr¸ntac sto epÐpedo
èna kÔklo aktÐnac R (C : x2 + y2 = R2) efarmìzoume to je¸rhma Green,
gia èna katakìrufo reumatofìro agwgì pou dièrqetai apì to kèntro tou kai
diarèetai apì reÔma I. 'Eqoume∮

C

~B · d~l =

∫ ∫

D

(∇× ~B) · ẑdxdy =

∫ ∫

D

µ0
~J · ẑdxdy

UpologÐzontac ìmwc kai ta dÔo mèlh thc parap�nw exÐswshc èqoume

B2πR = µ0JzπR2 =⇒ B =
µ0

2π

I

R
pou eÐnai o nìmoc tou Ampere.
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5.6 Ask seic

1. Na brejeÐ h taqÔthta, to monadiaÐo efaptìmeno di�nusma kai h epit�qun-
sh gia ta parak�tw dianusmatik� pedÐa ~r(t):

(1 + e−t, t2 − 2t, t + sint)

(Rcost, Rsint, Ct),

(acost, bsint, Ct),

(e−tcost, e−tsint, e−t)

(1 + 2t− 3t2, 2− 3t2, 1− t + 2t2)

2. Na brejoÔn h klÐsh∇f , h apìklish∇·~V , h strof ∇×~V , h Laplasian 
∇2f , h apìklish ∇·(f ~V ) kai h strof  ∇×(f ~V ) gia ta parak�tw zeÔgh

f = xy + yz + zx, ~V (x, y2, xz)

f =
1√

x2 + y2 + z2
, ~V (x, y, z)

f = x2yz, ~V (xy, x2, y + z)

3. Na brejeÐ h kat� kateÔjunsh par�gwgoc gia thn sun�rthsh z = f(x, y) =
x2−xy−2y2 sto shmeÐo P (1, 2) kai kat� thn kateÔjunsh pou sqhmatÐzei
gwnÐa 60o me ton jetikì x−�xona.

4. OmoÐwc na brejeÐ h kat� kateÔjunsh par�gwgoc gia thn u = xy+yz+zx
sto shmeÐo M(1, 1, 2) kai kat� thn dieÔjunsh pou sunant�me to shmeÐo
N(−11, 4, 6).

5. Na upologisteÐ to epikampÔlio olokl rwma

I =

∫

AGB

exy[y2dx + (1 + xy)dy]

ìpou AGB tuqaÐa kampÔlh pou sundèei to A(1, 0), B(2, 0) kai to tuqaÐo
shmeÐo G tou �nw hmiepipèdou.

6. EpalhjeÔste to je¸rhma Green gia to epikampÔlio olokl rwma
∮

C

[(2xy − x2)dx + (x + y2)dy]

ìpou C h kleist  kampÔlh pou perib�llei ton tìpo D pou perikleÐetai
apì tic y = x2, x = y2.
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7. UpologÐste to

I =

∫

C

[(3x2 − 6y)dx + (2y2 + 3x)dy]

ìpou h kampÔlh C sundèei ta shmeÐa O(0, 0) kai A(1, 1) kat� m koc a)
thc y = x2, b) thc eujeÐac pou en¸nei ta shmeÐa kai g) thc tejlasmènhc
OBCA me B(1, 0) kai C(0, 1).

8. EpalhjeÔste to je¸rhma Green gia to epikampÔlio olokl rwma

I =

∮

C

[(x + y)dx + (−x + y)dy]

ìpou C to tetr�gwno pou orÐzetai apì ta shmeÐa O(0, 0), A(1, 0), B(0, 1)
kai C(1, 1).

9. UpologÐste to epikampÔlio olokl rwma

I

∫

AB

(x3 + xy)ds

ìpou h kampÔlh AB eÐnai h y = x2 me A(0, 0) kai B(2, 4). UpenjumÐzoume
ìti gia mÐa sun�rthsh y = f(x) to stoiqei¸dec m koc p�nw sthn grafik 
thc par�stash dÐnetai apì thn ds =

√
1 + (f ′)2dx.

10. UpologÐste ta epikampÔlia oloklhr¸mata kat� m koc twn upodeiknuìmen-
wn kampul¸n:

I1 =

∫

AB

(x + y)dx

me A(0, 1), B(0,−1) p�nw ston kÔklo y = ±√1− x2 kai 0 ≤ x ≤ 1.

I2 =

∫

C

xy(x2dx + y2dy)

p�nw sto pr¸to tetarthmìrio thc èlleiyhc me hmi�xonec a, b.

11. Me thn bo jeia tou jewr matoc Green upologÐste to epikampÔlio olok-
l rwma

I =

∮

C

(exy + 2xcosy)dx + (exy − x2siny)dy

p�nw ston kÔklo aktÐnac R.
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12. OmoÐwc gia to olokl rwma

I =

∮

C

(xy + x + y)dx + (xy + x− y)dy

p�nw sthn èlleiyh me hmi�xonec a, b kai p�nw ston kÔklo x2 + y2 = ax.

13. ApodeÐxte to je¸rhma Green gia to olokl rwma

I =

∮

C

(x3 − x2y)dx + xy2dy

kai h kampÔlh C periorÐzei ton tìpo D pou perib�lletai apì touc kÔk-
louc x2 + y2 = 4, x2 + y2 = 16.

14. BreÐte to embadìn tou paraboloeidoÔc z = x2 + y2 pou periorÐzetai apì
tic sqèseic x ≥ 0, y ≥ 0 kai 0 ≤ z ≤ 1. UpologÐste to epiepif�neio
olokl rwma p�nw sto Ðdio tm ma thc epif�neiac, tou dianusmatikoÔ
pedÐou ~V (0, 0,−1).

15. UpologÐste to epiepif�neio olokl rwma gia to pedÐo ~V (xy,−x2, x + z)
p�nw sthn epif�neia (epÐpedo) 2x + 2y + z− 6 = 0 pou periorÐzetai apì
tic sqèseic x, y, z ≥ 0.

16. OmoÐwc gia to pedÐo ~V (x, z,−y) gia to �nw kai k�tw hmisfaÐrio thc
monadiaÐac sfaÐrac. Poi� h sunolik  ro  tou pedÐou mèsa apì thn k-
leist  epif�neia;

17. Me thn bo jeia tou jewr matoc Gauss upologÐste to epipeif�neio olok-
l rwma gia to ~V (x2, y2, z2) p�nw sthn sfaÐra aktÐnac R.

18. To Ðdio gia to ~V (x3, x2y, x2z) p�nw ston kÔlindro x2 + y2 = a2, kai ta
epÐpeda z = 0, z = b.
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6.1 Eisagwg  stic Diaforikèc exis¸seic

Se melètec pou aforoÔn biologikoÔc plhjusmoÔc, dhmografik� probl -
mata   �llou eÐdouc diakrit� metr sima megèjh sun jwc prosomoi�zoume ton
plhjusmì se k�poia qronik  stigm  me mÐa sun�rthsh N(t). 'Estw loipìn ìti
parathr same pwc o rujmìc aÔxhshc tou plhjusmoÔ eÐnai an�logoc me ton
 dh up�rqonta. Tìte mèsa se èna qronikì di�sthma ∆t èqoume

N(t + ∆t)−N(t) = ∆N = kN(t)∆t

ìpou k eÐnai mÐa dedomènh stajer�. Diair¸ntac me ∆t kai lamb�nontac to ìrio
∆t → 0 èqoume

dN(t)

dt
= kN(t)

ParathroÔme ìti h sun�rthsh N(t) ikanopoieÐ mÐa exÐswsh pou perilamb�nei
ektìc apì thn Ðdia thn sun�rthsh kai parag¸gouc thc. Aut  eÐnai mÐa sun jhc
diaforik  exÐswsh (S.D.E).

MporoÔme na deÐxoume ìti h N(t) = Cekt eÐnai lÔsh thc parap�nw exÐsw-
shc, apl� brÐskontac thn par�gwgo kai antikajist¸ntac. ParathroÔme ìti
aut  h lÔsh exart�tai apì mÐa aujaÐreth stajer� olokl rwshc, thn C. ApoteleÐ
loipìn aut  h lÔsh thn genik  lÔsh thc S.D.E. Apì aut  thn monoparametrik 
oikogèneia lÔsewn mporoÔme na epilèxoume mÐa merik  lÔsh h opoÐa na ikanopoieÐ
sugkekrimènec arqikèc sunj kec. An dhlad  thn arqik  qronik  stigm  t =
0 o plhjusmìc isoÔtai me sugkekrimènh, dosmènh tim  N(t = 0) = C =
N0 =dedomènh, tìte lamb�noume thn merik  lÔsh pou ikanopoieÐ ta zhtoÔmena
tou probl matìc mac kai eÐnai

N(t) = N0e
kt

Ac exet�soume kai èna deÔtero par�deigma. S¸ma ektoxeÔetai apì to
èdafoc, katakìrufa prìc ta p�nw me arqik  taqÔthta u0. EpizhtoÔme na
melet soume thn kÐnhs  tou. Ja prèpei na katastr¸soume thn D.E. pou
ikanopoieÐ h kÐnhsh tou s¸matoc kai na thn epilÔsoume. GnwrÐzoume ìti isqÔei
o deÔteroc nìmoc tou NeÔtwna,
M�za × Epit�qunsh=DÔnamh. All� h epit�qunsh eÐnai h par�gwgoc thc
sun�rthshc thc taqÔthtac u(t), kai h dÔnamh den eÐnai �llh apì to b�roc tou
s¸matoc −mg, ìpou g h epit�qunsh thc barÔthtac. 'Ara h D.E. thc kÐnhshc
tou s¸matoc eÐnai

m
du(t)

dt
= −mg =⇒ du(t)

dt
= −g (6.1.0)
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To na epilÔsoume mÐa D.E. shmaÐnei na thn oloklhr¸soume. Ed¸ h olokl rw-
sh dÐnei

u(t) = C1 − gt

ìpou C1 eÐnai h aujaÐreth stajer� olokl rwshc, pou qarakthrÐzei thn oikogèneia
thc genik c lÔshc gia thn D.E. 'Omwc gnwrÐzoume ìti u(t = 0) = C1 = u0,
�ra h lÔsh pou anazhtoÔme eÐnai u(t) = u0−gt kai o qrìnoc kÐnhshc,   anìdou
prokÔptei ìtan mhdenisteÐ h taqÔthta, dhl. tmax = (u0/g).

GnwrÐzoume ìmwc ìti kai h taqÔthta eÐnai h par�gwgoc thc sun�rthshc
thc jèshc

u(t) =
dz(t)

dt
= u0 − gt

Aut  eÐnai epÐshc mÐa D.E. pou ikanopoieÐ h sun�rthsh thc jèshc tou s¸matìc
mac. Oloklhr¸nontac èqoume thn genik  lÔsh wc z(t) = C2 + u0t − 1

2
gt2

ìpou C2 eÐnai h aujaÐreth stajer� olokl rwshc pou qarakthrÐzei aut  thn
oikogèneia thc genik c lÔshc. Epeid  ìmwc gia t = 0 èqoume z(t = 0) = 0
(arqik  sunj kh) ja èqoume C2 = 0. H zhtoÔmenh merik  lÔsh eÐnai z(t) =
u0t− 1

2
gt2 kai to mègisto Ôyoc anìdou prokÔptei gia t = tmax dhl.

zmax =
u2

0

2g

Erqìmaste t¸ra na d¸soume èna orismì. MÐa sqèsh thc morf c

F (x, y, y
′
, ..., y(n)) = 0 (6.1.1)

onom�zetai sun jhc diaforik  exÐswsh gia thn �gnwsth sun�rthsh y = y(x).
O akèraioc n pou eÐnai h t�xh thc mègisthc parag¸gou pou emfanÐzetai, kaleÐ-
tai t�xh thc D.E. H genik  lÔsh thc S.D.E. dÐnetai se sun�rthsh me n to
pl joc aujaÐretec stajerèc olokl rwshc, wc

y = y(x; C1, ..., Cn) (6.1.2)

Pragmatik� paragwgÐzontac thn sqèsh aut  n forèc katal goume stic n−to
pl joc sqèseic

y
′
= y

′
(x; C1, ..., Cn)

....................................

....................................

y(n) = y(n)(x; C1, ..., Cn)

Autèc tic sqèseic mporoÔme (kat' arq n toul�qiston) na tic epilÔsoume wc
prìc tic stajerèc

Ci = Ci(x, y, y
′
, ..., y(n)), (i = 1, 2, ...n)
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Antikajist¸ntac tic sthn genik  lÔsh, Ex. (6.1.2) prokÔptei pr�gmati mÐa
sqèsh thc morf c thc Ex. (6.1.1). Gia na epilèxoume mÐa sugkekrimènh lÔsh
prèpei na kajorÐsoume arqikèc sunj kec. Gia mÐa D.E. t�xhc n qrei�zetai na
kajorÐsoume gia k�poia arqik  tim  x = x0 tic timèc thc sun�rthshc kai twn
parag¸gwn thc mèqri t�xhc (n − 1). Dhlad  prèpei na kajorÐsoume touc n

to pl joc arijmoÔc y0, y
′
0, ...., y

(n−1)
0 . Tìte

y(x0) = y(x0; C1, ...., Cn) = y0

y
′
(x0) = y

′
(x0; C1, ...., Cn) = y

′
0

..............................................

...............................................

y(n−1)(x0) = y(n−1)(x0; C1, ...., Cn) = y
(n−1)
0

Tìte èqontac prokajorÐsei touc n arijmoÔc sta dexi� mèlh aut¸n twn ex-
is¸sewn mporoÔme na tic epilÔsoume wc prìc Ci = Ci(x0, y0, ..., y

(n−1)
0 ), i =

1, ..., n. Antikat�stash sthn Ex. (6.1.2) èqoume thn zhtoÔmenh merik  lÔsh
y = y(x; x0, y0, ..., y

(n−1)
0 ).

Efarmog  1. 'Estw mÐa D.E. pr¸thc t�xhc. H genik  thc morf  eÐnai
F (x, y, y

′
) = 0. H genik  thc lÔsh eÐnai thc morf c y = y(x; C) kai exart�tai

apì mÐa aujaÐreth stajer� olokl rwshc. Gia na epilèxoume apì thn genik 
lÔsh thn merik  lÔsh pou mac endiafèrei prèpei na kajorÐsoume thn arqik 
sunj kh, p.q. y(x0) = y0 =dosmèno. Dhlad  zht�me thn merik  lÔsh pou
dièrqetai apì sugkekrimèno shmeÐo tou epipèdou P0(x0, y0). Tìte ja èqoume
y(x0; C) = y0, sqèsh thn opoÐa prèpei na epilÔsoume wc prìc C = C(x0, y0)
kai h merik  lÔsh pou anazhtoÔme ja eÐnai h y = y(x; x0, y0).

Par�deigma 6.1: 'Estw h D.E. y
′
= x + 1. Tìte me olokl rwsh lam-

b�noume thn genik  lÔsh y = 1
2
x2 + x + C. An jèloume thn merik  lÔsh pou

pern�ei apì to shmeÐo P0(0, 1) tìte C = 1, opìte ja èqoume y = 1
2
x2 + x + 1.

Efarmog  2. 'Estw mÐa D.E. deÔterhc t�xhc. H genik  thc morf  eÐnai
F (x, y, y

′
, y

′′
) = 0. H genik  thc lÔsh eÐnai thc morf c y = y(x; C1, C2)

kai exart�tai apì dÔo aujaÐretec stajerèc olokl rwshc. Gia na epilèx-
oume mÐa merik  lÔsh prèpei na kajorÐsoume arqik  sunj kh, p.q. y(x0) =
y0 =dosmèno kai y

′
(x0) = y

′
0 = dosmèno. 'Ara prèpei na kajorÐsoume to

shmeÐo tou epipèdou P0(x0, y0) apì to opoÐo dièrqetai h merik  lÔsh, kaj¸c
kai thn tim  thc parag¸gou thc (klÐsh) sto shmeÐo autì. Tìte ja èqoume
genik� Ci = Ci(x0, y0, y

′
0), i = 1, 2 kai �ra h merik  lÔsh ja eÐnai thc morf c

y = y(x; x0, y0, y
′
0).

Par�deigma 6.2: 'Estw h D.E. deÔterhc t�xhc y
′′ − 3y

′
+ 2y = 0. H

genik  thc lÔsh eÐnai thc morf c y(x) = C1e
x+C2e

2x ìpwc mporeÐte eÔkola na
diapist¸sete me ap' eujeÐac antikat�stash sthn D.E. T¸ra an zht soume thn
merik  lÔsh pou dièrqetai apì thn arq  O(0, 0) kai sqhmatÐzei gwnÐa 45o me
ton x−�xona ja èqoume C1 +C2 = 0, C1 +2C2 = 1. EpilÔontac to sÔsthma
autì èqoume C1 = −1, C2 = 1 kai �ra h merik  lÔsh eÐnai y(x) = −ex + e2x.
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6.2 Diaforikèc Exis¸seic Qwrizomènwn Metabl-
ht¸n

MÐa D.E. pr¸thc ja lème ìti eÐnai qwrizomènwn metablht¸n ìtan eÐnai thc
morf c

y
′
=

dy

dx
= F1(x)F2(y) (6.2.1)

Tìte aut  mporeÐ na grafeÐ

dy

F2(y)
= F1(x)dx =⇒

∫
dy

F2(y)
=

∫
F1(x)dx + C

kai me olokl rwsh èqoume thn genik  lÔsh G2(y) = G1(x)+C. Shmei¸noume
ìti mporeÐ h lÔsh na emfanÐzetai se peplegmènh morf , dhl. mporeÐ na m n
eÐnai dunat  h rht  epÐlush thc wc prìc y = y(x; C).

Par�deigma 6.3: 'Estw h D.E. y
′
= xy. Tìte

dy

y
= xdx =⇒ ln|y| = 1

2
x2 + C =⇒ y(x) = C1e

1
2
x2

ìpou C1 h aujaÐreth stajer� olokl rwshc. An jèloume thn merik  lÔsh pou
dièrqetai apì to P0(0, 1) tìte brÐskoume C1 = 1, dhl. y = e

1
2
x2 .

Par�deigma 6.4: 'Estw h D.E. y
′

= (1 + 1
x
)/(1 + 1

y
). Aut  eÐnai

qwrizomènwn metablht¸n kai gr�fetai
(

1 +
1

y

)
dy =

(
1 +

1

x

)
dx

Oloklhr¸nontac ja èqoume thn genik  lÔsh upì thn morf  y + ln|y| = x +
ln|x|+ C, ìpou C aujaÐreth stajer�. ParathroÔme ed¸ ìti h lÔsh eÐnai upì
peplegmènh morf  kai den eÐnai dunat  h rht  thc epÐlush oÔte wc prìc y,
oÔte wc prìc x.

6.3 OmogeneÐc D.E. pr¸thc t�xhc

Onom�zoume omogen  D.E. pr¸thc t�xhc k�je exÐswsh thc morf c

y
′
=

dy

dx
=

F (x, y)

G(x, y)
(6.3.1)

ìpou oi sunart seic

F (λx, λy) = λνF (x, y)

G(λx, λy) = λνG(x, y) (6.3.2)
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eÐnai omogeneÐc bajmoÔ ν. An F (x, y) = F (x) kai G(x, y) = G(y) tìte metapÐp-
toume se D.E. qwrizomènwn metablht¸n, ìpwc prohgoumènwc. Gia na broÔme
thn genik  lÔsh k�noume thn antikat�stash y(x) = xω(x) kai h D.E. wc prìc
thn kainoÔrgia sun�rthsh ω(x) gÐnetai (apodeÐxte to)

x
dω(x)

dx
=

F (1, ω)

G(1, ω)
− ω (6.3.3)

Aut  eÐnai plèon D.E. qwrizomènwn metablht¸n kai lÔnetai sÔmfwna me ta
prohgoÔmena.

Par�deigma 6.4: 'Estw h omogen c D.E. x2y
′
= x2+y2+3xy. K�nontac

thn antikat�stash y = xω kai ektel¸ntac tic pr�xeic (prìkeitai gia omogen 
D.E. bajmoÔ omogèneiac 2) brÐskoume

x
dω

dx
= 1 + ω2 + 2ω = (1 + ω)2 =⇒ dω

(1 + ω)2
=

dx

x

K�nontac thn olokl rwsh ja èqoume ω(x) = −1− 1
ln|Cx| ìpou C h aujaÐreth

stajer� olokl rwshc. Sunep¸c h genik  lÔsh eÐnai

y(x) = xω(x) = −x

(
1 +

1

ln|Cx|
)

6.4 Grammikèc D.E. pr¸thc t�xhc

H genik  morf  thc grammik c D.E. pr¸thc t�xhc eÐnai thc morf c
dy(x)

dx
+ P (x)y(x) = Q(x) (6.4.1)

EpiqeiroÔme na broÔme thn genik  lÔsh k�nontac thn antikat�stash y(x) =
z(x)e−

R
Pdx ìpou z(x) eÐnai h kainoÔrgia sun�rthsh. Me parag¸gish kai

antikat�stash sthn D.E. èqoume (apodeÐxte to)

z
′
= Qe

R
Pdx =⇒ z = [C +

∫
Qe

R
Pdxdx]

Sunep¸c h genik  lÔsh thc grammik c D.E. pou exart�tai apì thn aujaÐreth
stajer� olokl rwshc C eÐnai

y(x) =

[
C +

∫
Qe

R
Pdxdx

]
e−

R
Pdx (6.4.2)

Par�deigma 6.5: 'Estw h D.E. xy
′− y−x2 = 0. Aut  eÐnai grammik  me

P (x) = −1/x kai Q(x) = x. 'Ara
∫

Pdx = −ln|x| kai h genik  lÔsh eÐnai

y = [C +

∫
xe−ln|x|dx]eln|x| = [C +

∫
dx]x = Cx + x2

H merik  lÔsh pou dièrqetai apì to shmeÐo P0(1, 2) ja dÐnetai apì thn y =
x + x2 (gia C = 1).
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6.5 Grammikèc D.E. deÔterhc t�xhc

'Estw h D.E. deÔterhc t�xhc

y
′′

+ a1y
′
+ a2y = f(x). (6.5.1)

Aut  eÐnai h genik  morf  thc grammik c diaforik c exÐswshc deÔterhc t�xhc
me stajeroÔc suntelestèc, pou ja melet soume ed¸. An f(x) = 0 èqoume thn
omogen  exÐswsh. H genik  lÔsh aut c thc D.E. apoteleÐtai apì to �jroisma
thc genik c lÔshc thc antÐstoiqhc omogenoÔc, me mÐa sugkekrimènh (merik )
lÔsh gia thn pl rh (m -omogen ).

'Estw h omogen c D.E. SqhmatÐzoume to qarakthristikì polu¸numo pou
antistoiqeÐ s' aut n, to opoÐo eÐnai

Π(ρ) = ρ2 + a1ρ + a2 = 0 (6.5.2)

kai anazhtoÔme tic rÐzec tou. An ∆ eÐnai h diakrÐnous� tou èqoume tic perip-
t¸seic:

a) ∆ > 0. Tìte up�rqoun dÔo pragmatikèc rÐzec kai m�lista ρ1 6= ρ2.
Tìte h genik  lÔsh ja eÐnai

y(x) = C1e
ρ1x + C2e

ρ2x (6.5.3)

b) ∆ = 0. Tìte up�rqei mÐa pragmatik  dipl  rÐza ρ kai h genik  lÔsh ja
eÐnai

y(x) = C1e
ρx + C2xeρx (6.5.4)

g) ∆ < 0. Tìte up�rqoun oi migadikèc suzugeÐc rÐzec ρ1,2 = R ± iI ìpou
R to paragmatikì mèroc kai I to fantastikì mèroc twn dÔo riz¸n. Tìte h
genik  lÔsh ja eÐnai

y(x) = C1e
Rxcos(Ix) + C2e

Rxsin(Ix) (6.5.5)

Gia na broÔme t¸ra mÐa merik  lÔsh gia thn pl rh (m -omogen ) exÐswsh,
sun jwc dokim�zoume mÐa lÔsh an�loga me thn morf  thc f(x).

Par�deigma 6.6: 'Estw h D.E. y
′′ − 3y

′
+ 2y = x. To qarakthristikì

polu¸numo gia thn omogen  D.E. eÐnai Π(ρ) = ρ2 − 3ρ + 2 = 0 kai èqei rÐzec
ρ1 = 1 kai ρ2 = 2. 'Ara h genik  lÔsh thc omogenoÔc eÐnai

y(x) = C1e
x + C2e

2x

ParathroÔme ìti f(x) = x. Gia na prosdiorÐsoume mÐa merik  lÔsh gia thn
pl rh (m -omogen ) exÐswsh, dokim�zoume na antikatast soume sthn D.E. mÐa
lÔsh thc morf c y(x) = ax + b. BrÐskoume tìte ìti prèpei a = 1

2
kai b = 3

4
.

'Ara h genik  lÔsh gia thn dosmènh exÐswsh eÐnai

y(x) = C1e
x + C2e

2x +
1

2
x +

3

4
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6.6 Arijmhtik  lÔsh D.E. pr¸thc t�xhc

'Estw h D.E. y
′
(x) = F (x, y) = 1/(x2 +y2 +1). Aut  ìpwc kai h suntrip-

tik  pleioyhfÐa twn D.E. pou mporoÔme na gr�youme den empÐptei se kamÐa
apì tic kathgorÐec ekeÐnec pou mporoÔme na èqoume thn genik  lÔsh thc, upì
analutik  morf  (ìpwc parap�nw). E�n jèloume na èqoume mÐa eikìna gia
thn sumperifor� thc lÔshc se dosmèno di�sthma thc anex�rththc metabl-
ht c x, tìte prèpei na katafÔgoume se arijmhtikèc mejìdouc epÐlushc. 'Estw
loipìn ìti zht�me thn merik  lÔsh thc parap�nw exÐswshc pou dièrqetai apì
to shmeÐo P0(0, 0) kai jèloume na thn melet soume kai parast soume grafik�
sto di�sthma 0 ≤ x ≤ 5.

H mèjodoc sunÐstatai sto na diakritopoi soume to di�sthma autì qwrÐ-
zontac to se mikr� komm�tia kai na antikatast soume thn D.E. me mÐa exÐswsh
diafor¸n. An loipìn qwrÐsoume to di�sthma autì se N = 100 isom kh kom-
m�tia tìte tìte to kajèna ja èqei stoiqei¸dec m koc

h =
(xf − x0)

N
=

5− 0

100
= 0.05 (6.6.1)

kai ta shmeÐa tou pedÐou orismoÔ sta opoÐa ja upologÐsoume tic timèc thc
sun�rthshc kai twn parag¸gwn thc ja eÐnai ta

xk = x0 + (k − 1)h, (k = 1, ..., N + 1) (6.6.2)

me xN+1 = xf . Me tic arijmhtikèc mejìdouc loipìn sqhmatÐzoume mÐa exÐswsh
diafor¸n, apì thn opoÐa mèsw anadromik c efarmog c, xekin¸ntac apì tic ar-
qikèc sunj kec paÐrnoume tic timèc thc zhtoÔmenhc sun�rthshc sta parap�nw
shmeÐa

yk = y(xk), (k = 1, ..., N + 1) (6.6.3)
H plèon apl  mèjodoc eÐnai tou Euler, ìpou h par�gwgoc sthn jèsh x = xk

proseggÐzetai apì thn

y
′
k := y

′
(xk) =

yk+1 − yk

h
(6.6.4)

'Ara antikajist¸ntac sthn parap�nw D.E. èqoume thn anadromik  sqèsh

yk+1 = yk + hF (xk, yk), (k = 0, ...., N) (6.6.5)

EÐnai faner� ta parak�tw:

• 'Oso mikrìtero eÐnai to b ma h tìso piì akrib c eÐnai h mèjodoc.

• 'Oso piì meg�lh eÐnai h tim  thc parag¸gou se èna shmeÐo, y′k = F (xk, yk)
tìso mikrìtero ja prèpei na eÐnai to b ma (sthn perÐptwsh pou èqoume
problèyei gia metablhtì b ma) ètsi ¸ste na apofÔgoume meg�la sf�l-
mata.
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• O upologismìc tou epìmenou shmeÐou gia thn �gnwsth sun�rths  mac
(xk+1, yk+1) sthrÐzetai apokleistik� sto prohgoÔmeno (xk, yk), kai brÐske-
tai an kinhjoÔme kat� mhkoc thc efaptomènhc sto teleutaÐo shmeÐo, kat�
orizìntio di�sthma h.

'Enac algìrijmoc grammènoc se yeudok¸dika, pou ja mporoÔse na ulopoi-
hjeÐ se k�poia an¸terh gl¸ssa programmatismoÔ (p.q. Fortran, C ++) eÐnai
o akìloujoc:

DhmioÔrghse dÔo pÐnakec x(N), y(N)
DhmÐourghse arqeÐo gia apoj keush tim¸n (xk, yk)

Kajìrise arqikèc timèc x(1) = x0, y(1) = y0

K�ne apì k = 0 èwc N − 1 me b ma 1
y(k + 1) = y(k) + h ∗ F (x(k), y(k))

Gr�ye sto arqeÐo to zeÔgoc (x(k), y(k))
Sunèqise

KleÐse to arqeÐo
Tèloc

PÐnakac 6.1: Yeudok¸dikac gia thn mèjodo Euler

MÐa beltÐwsh thc mejìdou Euler eÐnai h mèjodoc Runge-Kutta deÔterhc
t�xhc, ìpou h Ex. (6.6.5) antikajÐstatai apì thn

yk+1 = yk + h

(
K1 + K2

2

)

K1 = f(xk, yk)

K2 = f(xk + h, xk + hK1) (6.6.6)

Sthn mèjodo aut  h tim  thc klÐshc sthn arq  tou diast matoc
(xk, xk+1 = xk + h) upologÐzetai arqik�. Katìpin h tim  thc klÐshc sto dexiì
�kro tou diast matoc upologÐzetai kai telik� gia thn prìbleyh thc tim c
yk+1 = y(xk+1) qrhsimopoioÔme ¸c klÐsh ton mèso ìro twn dÔo prohgoumènwc
upologismènwn tim¸n.

6.7 Diaforikèc exis¸seic me merikèc parag¸-
gouc
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'Estw h sun�rthsh dÔo metablht¸n z = z(x, y) = x3f(y/x), ìpou f eÐnai
aujaÐreth sun�rthsh tou upodeiknuìmenou orÐsmatoc. Ja èqoume

∂z

∂x
= 3x2f(

y

x
)− xyf

′
(
y

x
)

∂z

∂y
= x2f

′
(
y

x
)

ParathroÔme sunep¸c ìti h sun�rthsh z ikanopoieÐ thn sqèsh

x
∂z

∂x
+ y

∂z

∂y
= 3z

H sqèsh aut  apoteleÐ par�deigma diaforik c exÐswshc me merikèc parag¸-
gouc
(D.E.M.P) thn opoÐa ikanopoieÐ h sun�rthsh pou proanafèrame. ParathroÔme
ìti h t�xh thc megalÔterhc parag¸gou eÐnai 1, kai kat' analogÐa me tic
sun jeic D.E. thn onom�zoume t�xh thc D.E.M.P. H sun�rthsh pou ex-
et�same apoteleÐ thn genik  lÔsh thc exÐswshc kai exart�tai apì mÐa au-
jaÐreth sun�rthsh, kat� pl rh analogÐa me tic sun jeic exis¸seic ìpou è-
qoume tic aujaÐretec stajerèc olokl rwshc.

Genik� mÐa D.E.M.P pr¸thc t�xhc eÐnai thc morf c

F (x, y, z, p, q) = 0 (6.7.1)

ìpou p = ∂z
∂x

kai q = ∂z
∂y

. OmoÐwc mÐa sqèsh thc morf c

G(x, y, z, p, q, r, s, t) = 0 (6.7.2)

apoteleÐ thn genik  morf  mÐac D.E.M.P. deÔterhc t�xhc. Ed¸ r = ∂2z
∂x2 ,

s = ∂2z
∂x∂y

kai t = ∂2z
∂y2 . H genik  lÔsh mÐac D.E.M.P t�xhc n exart�tai apì

n sto pl joc aujaÐretec sunart seic olokl rwshc, kat� pl rh analogÐa me
tic sun jeic D.E., ìpou èqoume aujaÐretec stajerèc. Gia na epilèxoume mÐa
merik  lÔsh prèpei na kajorÐsoume, sthn perÐptwsh D.E.M.P, tic legìmenec
sunoriakèc sunj kec.

Par�deigma 6.7: 'Estw h D.E.M.P. (∂2z/∂x∂y) = 0. H genik  lÔsh thc
eÐnai z = f(x) + g(y) ìpou f, g eÐnai aujaÐretec sunart seic twn antÐstoiqwn
orism�twn, ìpwc eÔkola mporeÐte na diapist¸sete.

Erqìmaste t¸ra stic grammikèc D.E.M.P. pr¸thc t�xhc. MÐa tètoia
exÐswsh mporeÐ na grafeÐ wc

P (x, y, z)p + Q(x, y, z)q = R(x, y, z) (6.7.3)

H genik  lÔsh thc dÐnetai apì thn

F (c1, c2) = 0

u(x, y, z) = c1

v(x, y, z) = c2 (6.7.4)
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ìpou oi sunart seic u, v eÐnai oi genikèc lÔseic twn exis¸sewn

dx

P
=

dy

Q
=

dz

R
(6.7.5)

Par�deigma 6.8: 'Estw h D.E.M.P. −xyp + x2q = yz. Ja èqoume

dx

−xy
=

dy

x2
=

dz

yz

H pr¸th apì tic dÔo exis¸seic gr�fetai xdx+ydy = 0 kai �ra oloklhr¸non-
tac ja èqoume u(x, y, z) = x2 + y2 = c1. H isìthta tou pr¸tou kai trÐtou
ìrou dÐnoun zdx + xdz = 0 kai oloklhr¸nontac èqoume v(x, y, z) = xy = c2.
'Ara h genik  lÔsh eÐnai

F (xz, x2 + y2) = 0 =⇒ z =
1

x
F (x2 + y2)

MporeÐte na to epibebai¸sete me ap' eujeÐac antikat�stash.
Ja kleÐsoume aut  thn sÔntomh enìthta me tic grammikèc D.E.M.P. deÔter-

hc t�xhc, oi opoÐec empÐptoun se mÐa apì tic treÐc parak�tw genikèc kath-
gorÐec:
1. ElleiptikoÔ tÔpou: An w = w(x, y, z) eÐnai mÐa sun�rthsh tri¸n metabl-
htwn tìte h genik  morf  mÐac D.E.M.P. autoÔ tou tÔpou dÐnetai apì thn
(exÐswsh Laplace)

∂2w

∂x2
+

∂2w

∂y2
+

∂2w

∂z2
= 0 (6.7.6)

Par�deigma sun�rthshc h opoÐa ikanopoieÐ tètoia exÐswsh, apoteloÔn oi sunart -
seic dunamikoÔ, ìpwc to hlektrikì dunamikì enìc shmeiakoÔ fortÐou w =

1/
√

x2 + y2 + z2.
2. ParabolikoÔ tÔpou: An w = w(x, y, z, t) eÐnai mÐa sun�rthsh twn up-
odeiknuìmenwn metablht¸n, tìte h genik  morf  autoÔ tou tÔpou D.E.M.P.
dÐnetai apì thn (exÐswsh jermìthtac)

k(
∂2w

∂x2
+

∂2w

∂y2
+

∂2w

∂z2
) =

∂w

∂t
, (k > 0). (6.7.7)

An perioristoÔme stic dÔo metablhtèc z = f(x, t) tìte èqoume thn exÐswsh

∂f

∂t
= k

∂2f

∂x2
, (k > 0)

An h f(x, t) perigr�fei thn katanom  jermokrasÐac se mÐa di�stash x, tìte
aut  h exÐswsh apoteleÐ thn exÐswsh di�qushc (met�doshc) jermìthtac. MÐa
lÔsh thc (ìpwc mporeÐte na diapist¸sete) eÐnai h

f(x, t) = e−km2t(C1cos(mx) + C2sin(mx))
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3. UperbolikoÔ tÔpou: Stic treÐc diast�seic h genik  morf  thc D.E.M.P
autoÔ tou tÔpou dÐnetai apì thn (exÐswsh kÔmatoc)

(
∂2w

∂x2
+

∂2w

∂y2
+

∂2w

∂z2
)− 1

c2

∂2w

∂t2
= 0 (6.7.8)

ìpou c eÐnai h taqÔthta di�doshc tou kÔmatoc. Gnwstèc lÔseic thc eÐnai to
epÐpedo kÔma

w = Aei(ωt−~k·~r),
~k = (kx, ky, kz),

~r = (x, y, z) (6.7.9)

ìpou ~k eÐnai to kumatikì di�nusma, ω h kuklik  suqnìthta, kai A to pl�toc
tou kÔmatoc. EpÐshc i eÐnai h fantastik  mon�da (dèc epìmeno kef�laio) kai
ω = c|~k|. 'Allh gnwst  lÔsh eÐnai to sfairikì kÔma

w =
A

r
ei(ωt−|~k|r). (6.7.10)

me r =
√

x2 + y2 + z2. An perioristoÔme sthn mÐa di�stash x, tìte h exÐswsh
kÔmatoc

∂2z

∂x2
− 1

c2

∂2z

∂t2
= 0 (6.7.11)

èqei genik  lÔsh thn

z = F1(x− ct) + F2(x + ct) (6.7.12)

kai parist�nei dÔo kum�nseic pou diadÐdontai kat� tic dÔo dieujÔnseic (±x)
me taqÔthta c.

6.8 Ask seic

1. 'Ena s¸ma m�zac m eÐnai prosdedemèno se idanikì elat rio stajer�c k
(h metabol  tou m kouc tou eÐnai an�logh thc efarmozìmenhc dÔnamhc
F = −kx). Gr�yte thn D.E. thc kÐnhshc tou s¸matoc kai deÐxte ìti
autì ekteleÐ armonik  tal�ntwsh me suqnìthta ω2 = k/m.

2. Na genikeÔsete to prohgoÔmeno prìblhma sthn perÐptwsh pou up�rqei
trib  ep�nw sto s¸ma, an�logh thc taqÔtht�c tou, FT = −bu, ìpou
FT h dÔnamh trib c p�nw sto s¸ma, u h taqÔtht� tou kai b stajer�.
Se pìso qrìno to pl�toc thc tal�ntwshc upodiplasi�zetai;
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3. Se èna plhjusmì pou arqik� eÐqe N0 = 10 �toma, eÐqame thn aÔxhsh sta
N2 = 14 �toma se dÔo qrìnia. Se poiìn arijmì ja ft�sei o plhjusmìc
se tèssera qrìnia e�n h aÔxhs  tou k�je stigm  eÐnai an�logh tou  dh
up�rqonta plhjusmoÔ;

4. Logistik  ExÐswsh: Se èna plhjusmì oi genn seic kat� �tomo eÐnai
(Genn seic/N) = 2 − 2N , ìpou N h tim  tou plhjusmoÔ thn dedomènh
qronik  stgm . EpÐshc oi j�natoi dÐnontai apì thn sqèsh (J�natoi/N) =
1+N . Poiìc ja eÐnai o plhjusmìc se sun�rthsh tou qrìnou an arqik�
N = N0 =dedomèno. Sqedi�ste thn grafik  par�stash gia di�forec,
epilegmènec arqikèc sunj kec.

5. Na lujeÐ h D.E. x(1− y2)dx + y(1− x2)dy = 0.

6. Na lujeÐ h D.E. y
′
= (x3 + y3)/xy2.

7. Na brejeÐ h lÔsh thc D.E.

y
′
+

1− 2x

x2
y − 1 = 0, (x > 0)

pou dièrqetai apì to shmeÐo P0(1, 1 + e).

8. Na melet sete thn fìrtish puknwt  qwrhtikìthtac C pou sundèetai se
seir� me antÐstash R, apì phg  suneqoÔc t�shc E. Poi� h t�sh sta
�kra tou puknwt  se qrìno Ðso me τ = RC (stajer� qrìnou kukl¸ma-
toc RC);

9. S¸ma ektoxeÔetai prìc ta p�nw me arqik  taqÔthta u = u0 kai h an-
tÐstash tou aèra eÐnai an�logh thc taqÔtht�c tou R = −au, ìpou a
eÐnai stajer�. Na breÐte thn sun�rthsh thc taqÔtht�c tou u(t) kai tou
Ôyouc z(t) gia k�je qronik  stigm . Poiìc o mègistoc qrìnoc kÐnhshc
(qrìnoc anìdou) kai poiì to mègisto Ôyoc; Elègxte ta apotelèsmat�
sac ìtan a → 0.

10. BreÐte thn genik  lÔsh twn parak�tw D.E. deÔterhc t�xhc: y
′′ − 6y

′
+

9y = x2, y
′′ − 4y

′
+ 3y = 2x, y

′′ − 4y
′
+ 13y = x + x2.

11. H periektikìthta se CO2 tou aèra enìc dwmatÐou ìgkou 7200m3 eÐnai
0.2%. Pìsa m3 kajaroÔ aèra prèpei na mpaÐnoun sto dwm�tio k�je
leptì, ¸ste h periektikìtht� tou na gÐnei 0.1% se 15 lept�;.

12. Dexamen  èqei 300litr almurì nerì periektikìthtac 0.4Kg/litr se al�ti.
Almurì nerì apì �llh dexamen  periektikìthtac 0.6Kg/litr qÔnetai
sthn pr¸th dexamen  me taqÔthta u = 10litr/min, en¸ apì �llo shmeÐo
ekrèei di�luma me thn Ðdia taqÔthta. Pìte ja up�rqoun 150kg al�ti mè-
sa sthn dexamen ;
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13. Poi� h lÔsh thc

y
′
=

1

2

(
1 +

y2

x2

)

pou dièrqetai apì to shmeÐo P0(1,−1);

14. Plhjusmìc ikanopoieÐ thn D.E. dN/dt = kN(A− lnN) ìpou k,N eÐnai
dedomènec stajerèc. Na breÐte thn lÔsh ìtan N(t = 0) = N0 =dedomèno.

15. Na lujoÔn oi exis¸seic

y
′

=
y

x
−

√
1 +

y2

x2

y
′

=
y

x
+

√
y

x

x2y
′ − xy − x4ex = 0

xy
′ − 2y + x = 0, P0(1, 0)

ìpou sthn teleutaÐa exÐswsh zht�me thn lÔsh pou dièrqetai apì to
upodeiknuìmeno shmeÐo.

16. EpilÔste arijmhtik� me thn mèjodo tou Euler thn D.E. x2y
′−xy−x4ex =

0 me arqik  sunj kh P0(x0, y0) = (1, 1), mèqri to shmeÐo me x = 2 kai
me b ma h = 0.1.

17. OmoÐwc thn y
′

= 2ysinxcosx + e−cos2x me arqik  sunj kh to shmeÐo
P0(x0, y0) = (0, 1) mèqri to x = 10 kai me b ma h = 0.2.

18. OmoÐwc me Runge-Kutta thn D.E. y
′
= exy − 1 me (x0, y0) = (0, 0) mèqri

to x = 5 kai b ma h = 0.1.

19. EpilÔste kai parast ste grafik� tic lÔseic twn D.E. pou emfanÐzontai
sta prohgoÔmena probl mata, me tic dÔo mejìdouc kai sugkrÐnete ta
apotelèsmata.
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7.1 Eisagwg  stouc MigadikoÔc ArijmoÔc

EÐnai gnwstì ìti den eÐnai dunatìn na epilujoÔn ìlec oi exis¸seic mèsa sto
s¸ma twn pragmatik¸n arijm¸n. Gia par�deigma den up�rqei pragmatikìc ari-
jmìc x ∈ R tètoioc ¸ste x2+1 = 0. Qrei�zetai sunep¸c kai autì apodeÐqjhke
idiaÐtera wfèlimo, na epektajeÐ to s¸ma twn paragmatik¸n arijm¸n ètsi ¸ste
na èqoun lÔsh ìlec oi poluwnumikèc exis¸seic, sto kainoÔrgio autì sÔnolo
pou onom�zetai s¸ma twn migadik¸n arijm¸n. Autì ègine me thn eisagwg 
thc fantastik c mon�dac, h opoÐa ikanopoieÐ thn parap�nw exÐswsh, dhl.

i =
√−1 =⇒ i2 = −1 (7.1.1)

'An kai h pr¸th exÐswsh den èqei nìhma sta plaÐsia twn pragmatik¸n ari-
jm¸n, entoÔtoic h deÔterh exÐswsh mporeÐ na lhfjeÐ wc exÐswsh orismoÔ thc
fantastik c mon�dac. 'Olec oi peraitèrw idiìthtèc thc prokÔptoun apì autìn
ton orismì. Ja èqoume p.q., i3 = −i, i4 = 1 kai genikìtera

i2n = (−1)n,

i2n+1 = (−1)ni, (n = 0, 1, 2, ...) (7.1.2)

Par�deigma 7.1: Ja èqoume i8 = (−1)4 = 1. OmoÐwc i586 = −1 kai
i587 = −i.

'Opwc eÐnai gnwstì oi pragmatikoÐ arijmoÐ mporoÔn na antistoiqijoÔn
monos manta me ta shmeÐa mÐac eujeÐac, thc legìmenhc pragmatik c eujeÐac.
MporoÔme tìte na epekteÐnoume to s¸ma twn pragmatik¸n arijm¸n, an se k�-
je shmeÐo tou epipèdou, me kartesianèc suntetagmènec (x, y), antistoiqÐsoume
ton arijmì

z = x + iy ⇐⇒ (x, y) ∈ R2 (7.1.3)

DhmiourgeÐtai sunep¸c mÐa monos manth antistoiqÐa metaxÔ twn shmeÐwn tou
epipèdou, me to kainoÔrgio sÔnolo arijm¸n, pou touc onom�zoume migadikoÔc
arijmoÔc kai touc sumbolÐzoume me C. Ja èqoume loipìn

C = {z = x + iy/x, y ∈ R} (7.1.4)

DÔo migadikoÐ arijmoÐ z1 = x1 + iy1 kai z2 = x2 + iy2 ja jewroÔntai Ðsoi
an

z1 = z2 ⇐⇒ x1 = x2, y1 = y2 (7.1.5)

dhl. mìno ìtan tautÐzontai ta pragmatik� kai fantastik� mèrh touc, ìpou gia
ton migadikì z = x + iy onom�zoume pragmatikì mèroc to x = Re(z). OmoÐwc
fantastikì mèroc tou onom�zetai to y = Im(z).

ParathroÔme ìti an y = 0 tìte z = x dhl. oi pragmatikoÐ arijmoÐ eÐnai oi
migadikoÐ twn opoÐwn to fantastikì mèroc mhdenÐzetai. Sunep¸c sto karte-
sianì epÐpedo antistoiqoÔn sta shmeÐa tou orizìntiou �xona. EpÐshc an x = 0
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tìte èqoume z = iy. Oi migadikoÐ arijmoÐ twn opoÐwn to pragmatikì tm ma
mhdenÐzetai onom�zontai fantastikoÐ arijmoÐ kai antistoiqoÔn sta shmeÐa tou
katakìrufou �xona, sto epÐpedo.

O antÐjetoc enìc migadikoÔ arijmoÔ z = x + iy eÐnai o (−z) = −x − iy
kai sto epÐpedo antistoiqeÐ sto summetrikì shmeÐo tou z, wc prìc thn arq 
O(0, 0). H arq  O(0, 0) tou kartesianoÔ sust matoc axìnwn antistoiqeÐ sto
mhdèn (z = 0+ i0 = 0). O suzug c enìc migadikoÔ arijmoÔ z = x+ iy orÐzetai
wc o migadikìc

z̄ = x− iy (7.1.6)
kai sto migadikì epÐpedo antistoiqeÐ sto summetrikì shmeÐo tou z, wc prìc ton
orizìntio �xona x. Tèloc o antÐjetoc tou suzugoÔc enìc migadikoÔ apeikonÐze-
tai sto summetrikì, wc prìc ton �xona y, shmeÐo. Ta tèssera aut� shmeÐa
brÐskontai stic korufèc orjogwnÐou me kèntro thn arq .

To mètro tou migadikoÔ arijmoÔ z = x + iy orÐzetai wc o pragmatikìc
arijmìc

|z| =
√

x2 + y2 (7.1.7)
Par�deigma 7.2: BreÐte to mètro tou migadikoÔ z = 4 + 8i. Ja èqoume

|z| = √
16 + 64 = 4

√
5.

Oi pr�xeic sto nèo autì sÔnolo twn migadik¸n arijm¸n, orÐzontai wc ex c:
An èqoume dÔo migadikoÔc arijmoÔc z1 = x1+iy1 kai z2 = x2+iy2 h prìsjesh
kai h afaÐresh dÐnontai apì tic

z1 ± z2 = (x1 ± x2) + i(y1 ± y2) (7.1.8)

O pollaplasiasmìc orÐzetai wc

z1 · z2 = (x1 + iy1) · (x2 + iy2) =

= (x1x2 − y1y2) + i(x1y2 + x2y1) (7.1.9)

ParathroÔme ìti aut  h sqèsh mporeÐ na prokÔyei �mesa me efarmog  thc
epimeristik c idiìthtac tou pollaplasiasmoÔ pragmatik¸n arijm¸n kai qr sh
thc Ex. (7.1.1). Wc par�deigma tou orismoÔ tou pollaplasiasmoÔ, ja èqoume
thn shmantik  idiìthta

zz̄ = x2 + y2 = |z|2 (7.1.10)
H diaÐresh orÐzetai wc

z1

z2

=
x1 + iy1

x2 + iy2

=

=
(x1x2 + y1y2) + i(y1x2 − x1y2)

x2
2 + y2

2

(7.1.11)

H sqèsh aut  prokÔptei an pollaplasi�soume kai ta dÔo mèlh tou kl�smatoc
me ton suzug  tou paronomast  kai ektelèsoume tic pr�xeic.

Par�deigma 7.3: 'Estw oi migadikoÐ arijmoÐ z1 = 5 + 3i kai z2 = 1 − i.
Ja èqoume z1 + z2 = 6 + 2i, z1 − z2 = 4 + 4i, z1z2 = 8− 2i kai z1

z2
= 1 + 4i.
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7.2 Polik  kai Trigwnometrik  Morf 

An èqoume ton migadikì arijmì z = x + iy ìpwc eÐdame mporoÔme na ton
tautÐsoume me to shmeÐo tou kartesianoÔ epipèdou me suntetagmènec (x, y).
'Omwc gnwrÐzoume ìti èna shmeÐo tou epipèdou mporeÐ na kajoristeÐ kai mèsw
twn polik¸n suntetagmènwn tou (r, θ) ìpou x = rcosθ, y = rsinθ kai 0 ≤ r,
0 ≤ θ < 2π. To zeÔgoc twn metablht¸n (r, θ) apoteloÔn thn polik  morf 
tou migadikoÔ. ProkÔptei profan¸c kai h legìmenh trigwnometrik  morf 
pou eÐnai

z = r(cosθ + isinθ) (7.2.1)

Ja apodeÐxoume t¸ra to je¸rhma De-Moivre pou dÐnei mÐa trÐth morf  gia
èna migadikì arijmì, thn legìmenh ekjetik  tou morf . Jumìmaste ìti oi
parak�tw sunart seic mporoÔn na ekfrastoÔn upì thn morf  apeiroseir¸n
wc akoloÔjwc:

eu =
∞∑

k=0

uk

k!

cosu =
∞∑

k=0

(−1)k u2k

(2k)!

sinu =
∞∑

k=0

(−1)k u2k+1

(2k + 1)!

Ja èqoume t¸ra

eiθ =
∞∑

k=0

(iθ)k

k!
=

∞∑

k=0

(iθ)2k

(2k)!
+

∞∑

k=0

(iθ)2k+1

(2k + 1)!
=

=
∞∑

k=0

(−1)k (θ)2k

(2k)!
+ i

∞∑

k=0

(−1)l (θ)2k+1

(2k + 1)!
=

= cosθ + isinθ (7.2.2)

Me thn bo jeia kai thc Ex. (7.2.1) ja èqoume telik� tic treÐc isodÔnamec
morfèc enìc migadikoÔ, pou eÐnai

z = x + iy = r(cosθ + isinθ) = reiθ (7.2.3)

To r eÐnai to gnwstì mètro tou migadikoÔ arijmoÔ, en¸ h gwnÐa 0 ≤ θ < 2π
onom�zetai prwteÔon ìrisma tou migadikoÔ kai sumbolÐzetai me θ = Arg(z).

Par�deigma 7.4: 'Estw o migadikìc arijmìc z = 1 + i. Ja eÐnai r =
|z| = √

2 kai cosθ = sinθ =
√

2/2. 'Ara θ = π/4 opìte h trigwnometrik  tou
morf  eÐnai z =

√
2[cos(π

4
) + isin(π

4
)] kai h polik  tou morf  z =

√
2eiπ/4.
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Me thn ekjetik  morf  tou migadikoÔ aplousteÔnontai oi pr�xeic tou pol-
laplasiasmoÔ kai diaÐreshc twn migadik¸n. Pr�gmati ja èqoume

z1z2 = (r1e
iθ1)(r2e

iθ2) = r1r2e
i(θ1+θ2)

z1

z2

=
r1e

iθ1

r2eiθ2
=

r1

r2

ei(θ1−θ2) (7.2.4)

Par�deigma 7.5: 'Estw oi migadikoÐ arijmoÐ z1 = 5 + 5i kai z2 = 1 − i.
BreÐte to phlÐko kai to ginìmenì touc ap' eujeÐac kai afoÔ touc metatrèyete
sthn polik  touc morf . Ja èqoume

5 + i5

1− i
=

(5 + 5i)(1 + i)

(1− i)(1 + i)
= 5i

(5 + 5i)(1− i) = 10

z1 = 5
√

2[cos(
π

4
) + isin(

π

4
)] = 5

√
2ei π

4

z2 =
√

2[cos(−π

4
) + isin(−π

4
)] =

√
2e−i π

4

All� tìte ja èqoume

z1

z2

=
5
√

2√
2

ei π
2 = 5i

z1z2 = 10ei0 = 10

opìte èqoume epibebaÐwsh twn apotelesm�twn pou l�bame me thn ap' eujeÐac
mèjodo.

7.3 RÐzec Migadik¸n Arijm¸n

'Opwc eÐpame sthn arq  tou kefalaÐou, genik� oi poluwnumikèc exis¸seic
den
mporoÔn na epilujoÔn sto sÔnolo twn pragmatik¸n arijm¸n. 'Omwc mÐa
poluwnumik  exÐswsh bajmoÔ n epilÔetai pl rwc sto sÔnolo twn migadik¸n
arijm¸n kai m�lista èqei p�ntote n sto pl joc rÐzec. 'Esti h plèon apl 
poluwnumik  exÐswsh eÐnai h

ρn = z (7.3.1)
ìpou z = x + iy = reiθ eÐnai dosmènoc migadikìc arijmìc. Oi rÐzec aut c thc
poluwnumik c exÐswshc bajmoÔ n mac dÐnoun, ìpwc eÐnai fanerì, tic legìmenec
n-t�xhc rÐzec tou migadikoÔ. Autèc dÐnontai apì thn sqèsh

ρk = n
√

rei θ+2kπ
n =

= n
√

r

[
cos

(
θ + 2kπ

n

)
+ i sin

(
θ + 2kπ

n

)]
(7.3.2)
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ìpou k = 0, 1, ..., (n− 1). 'Eqoume dhl. n−to pl joc rÐzec pou katanèmontai
wc shmeÐa sto migadikì epièpdo p�nw se kÔklo aktÐnac n

√
r. Ta orÐsmat�

touc aux�noun kat� (2π/n) apì to (θ/n), ìpou θ to ìrisma tou migadikoÔ
arijmoÔ z.

Par�deigma 7.6: BreÐte thn
√

4 + i3. Ed¸ ja èqoume |z| = 5 kai cosθ =
(4/5), sinθ = (3/5). 'Ara θ ' 36.86o se moÐrec. Ja èqoume dÔo rÐzec kai
sÔmfwna me thn parap�nw sqèsh

ρ1,2 =
√

5

[
cos

(
θ + 2kπ

2

)
+ i sin

(
θ + 2kπ

2

)]
(k = 0, 1)

'Ara oi dÔo rÐzec eÐnai

ρ1 =
√

5[cos

(
θ

2

)
+ isin

(
θ

2

)
] '

√
5[0.948 + i0.316] (k = 0)

ρ2 =
√

5[cos

(
θ

2
+ π

)
+ isin

(
θ

2
+ π

)
] '

√
5[−0.948− i0.316] = −ρ1 (k = 1)

Par�deigma 7.7: BreÐte tic trÐtec rÐzec tou z = 27ei120o . Ja eÐnai
z = 27[−1

2
+ i

√
3

2
]. Oi trÐtec rÐzec ja dÐnontai apì thn sqèsh

ρ1,2,3 = 3
√

27ei 120o+2kπ
3 , (k = 0, 1, 2)

'Ara ja èqoume

ρ1 = 3ei40o ' 3[0.766 + i0.642]

ρ2 = 3ei160o ' 3[−0.939 + i0.342]

ρ3 = 3ei280o ' 3[0.173− i0.984]

7.4 Migadik� strefìmena dianÔsmata

'Opwc eÐnai  dh gnwstì ènac migadikìc arijmìc z = x + iy antistoiqeÐ
monos manta sto shmeÐo tou epipèdou P (x, y)   isodÔnama sto di�nusma ~OP me
arq  thn arq  twn axìnwn kai pèrac to shmeÐo. Epiplèon pollèc forèc di�fo-
ra fusik� megèjh metab�llontai me ton qrìno kai mporeÐ na apoteloÔn thn
pragmatik    fantastik  sunist¸sa k�poiou migadikoÔ arijmoÔ. MporoÔme
tìte na parast soume kai na parakolouj soume thn qronik  exèlixh tou megè-
jouc me èna migadikì strefìmeno di�nusma sto epÐpedo. 'Etsi h stigmiaÐa tim 
tou megèjouc ja antistoiqeÐ sthn stigmiaÐa probol  tou strefìmenou dianÔs-
matoc p�nw se k�poion apì touc dÔo �xonec.

Klasikì par�deigma apoteleÐ h enallassìmenh hmitonoeid c t�sh pou e-
farmìzetai se èna kÔklwma kaj¸c kai h apìkrish tou kukl¸matoc, dhl. to
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enallassìmeno reÔma pou to diarèei. An ω eÐnai h suqnìthta thc t�shc,
mporoÔme na thn parast soume wc ton migadikì

V (t) = Vmeiωt = Vm[cos(ωt) + isin(ωt)]

ìpou Vm to pl�toc thc t�shc se V olts. Tìte h pragmatik  efarmozìmenh
t�sh sto kÔklwma mporeÐ na lhfjeÐ wc to pragmatikì   fantastikì mèroc

Re[Vmeiωt] = Vmcos(ωt)

Im[Vmeiωt] = Vmsin(ωt)

tou migadikoÔ, strefìmenou dianÔsmatoc. Sta grammik� hlektrik� kukl¸mata
mporoÔme na douleÔoume me thn ekjetik  morf  tou migadikoÔ (pou eÐnai polÔ
pio eÔkolh) kai ana p�sa stigm  na paÐrnoume apotelèsmata sto pragmatikì
�xona.

Par�deigma 7.8: 'Estw to kÔklwma RL, dhl. wmik  antÐstash R kai
phnÐo autepagwg c L se seir�, pou trofodoteÐtai me thn parap�nw t�sh.
An i(t) eÐnai to stigmiaÐo reÔma tìte h pt¸sh t�shc sta �kra thc wmik c
antÐstashc eÐnai Ri kai sta �kra tou phnÐou L(di/dt). Apì ton deÔtero
kanìna tou Kirchoff ja èqoume

L
di

dt
+ Ri = V (t) =⇒ di(t)

dt
+

R

L
i(t) =

Vm

L
eiωt

H genik  lÔsh aut c thc D.E. eÐnai

i(t) = Ce−
R
L

t +
Vm

R + iLω
eiωt

ìpou C aujaÐreth stajer�. O ìroc pou perièqei aut  thn stajer� antistoiqeÐ
se metabatikì ìro (pou mhdenÐzetai gr gora me thn p�rodo tou qrìnou) kai
ofeÐletai sta fainìmena autepagwg c sto phnÐo. O deÔteroc ìroc apoteleÐ
thn apìkrish tou kukl¸matoc sthn efarmozìmenh t�sh. ParathroÔme ìti an
orÐsoume thn sÔnjeth antÐstash

Z =
V (t)

i(t)
= R + iLω

tìte lamb�noume �mesa thn apìkrish (reÔma) tou kukl¸matoc an diairèsoume
thn efarmozìmenh (migadik ) t�sh me thn (migadik ) sÔnjeth antÐstash. Autì
apoteleÐ shmantik  eukolÐa! H sÔnjeth antÐstash eÐnai migadikìc arijmìc me
Re[Z] = R, Im[z] = Lω, |Z| =

√
R2 + L2ω2 kai sqhmatÐzei gwnÐa φ me ton

orizìntio �xona, ìpou tanφ = (Lω/R) > 0. Ja èqoume tìte

i(t) =
Vm√

R2 + L2ω2
ei(ωt−φ) = Imei(ωt−φ)

Dhlad  to reÔma ustereÐ se f�sh thc t�shc, se kÔklwma RL. DÔo akraÐec
peript¸seic èqoun endiafèron.
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• 'Otan L = 0, dhl. èqoume mìno wmik  antÐstash tìte φ = 0 kai �ra stic
wmikèc antist�seic h t�sh kai to reÔma eÐnai se f�sh.

• 'Otan t¸ra R = 0, dhl. se kajar  autepagwg  prokÔptei φ = π/2
opìte h t�sh prohgeÐtai tou reÔmatoc kat� π/2.

To genikì sumpèrasma eÐnai ìti e�n se grammik� hlektrik� kukl¸mata
gr�youme thn sÔnjeth antÐstash kai thn efarmozìmenh t�sh se ekjetik 
migadik  morf , tìte h apìkrish tou kukl¸matoc (to reÔma) mporeÐ na brejeÐ
�mesa (kai eÔkola!) ¸c to wmikì phlÐko touc. MporoÔme tìte na p�roume
kai thn pragmatik  morf  tou reÔmatoc, wc to pragmatikì   to fantastikì
tm ma tou phlÐkou autoÔ.

7.5 Ask seic

1. Na upologÐsete tic timèc i258, i4583 kai i30001.

2. Na topojet sete sto kartesianì migadikì epÐpedo touc arijmoÔc 2−2i,
3+ i8, −5+ i3, −4− i4, 5+ i0, 6i, −4, −i5, kaj¸c kai touc antÐjetouc
kai touc suzugeÐc touc.

3. Na breÐte to mètro twn parap�nw migadik¸n arijm¸n.

4. Na k�nete tic pr�xeic z1 + z2, z1− z2, z1z2 kai z1

z2
ìpou ta zeÔgh (z1, z2)

eÐnai

(1 + i, 1− i), (−5 + i3,−4− i4), (−i5, 4)

(5 + i,−3 + i4), (2− i2, 3 + i8)

5. BreÐte thn trigwnometrik  kai ekjetik  morf  twn migadik¸n 2 − i2,
−1 + i

√
3, 5 + i0, 6i, −12 + i16, −2 + i4, −2.5− i2.5

√
3.

6. Na metatrèyete se kartesian  morf  touc arijmoÔc 15eiπ/4, 5e−i2π/3,
−4ei5π/6, −2e−iπ/2 kai −i8e−i3π/2.

7. Na deÐxete ìti

Re[z] =
1

2
(z + z̄)

Im[z] =
1

2i
(z − z̄)
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8. Na gÐnoun oi pr�xeic

zz̄, z = 3− i4

zz̄, z = 10e−i40o

z + z̄, z = 20ei53.1o

z − z̄, z = 2 + i8
z

z̄
, z = 9ei30o

ìpou orismènec gwnÐec dÐnontai se moÐrec.

9. Na brejoÔn oi rÐzec trÐthc, tètarthc kai pèmpthc t�xhc thc mon�dac.

10. Na breÐte tic rÐzec
√

5 + i8,
√

150e−i60o , (6.93− i4)1/3, 3
√

27ei3π/2.

11. Na breÐte ta ajroÐsmata kai tic diaforèc

10ei53.1o

+ (4 + i2)

10ei90o

+ (8− i2)

(−4− i6) + (2 + i4)

2.83ei45o − (2− i8)

(2− i10)− (1− i10)

12. Na k�nete ap' eujeÐac tic pr�xeic. Met� na metatrèyete se polik  morf 
kai na xanak�nete tic pr�xeic, epalhjeÔontac ta apotelèsmata.

(3− i2)(1− i4), (2 + i0)(3− i3),

(−1− i1)(1 + i1), (2 + i2)(2− i2)

13. Na k�nete ap' eujeÐac tic pr�xeic. Met� na metatrèyete se polik  morf 
kai na xanak�nete tic pr�xeic, epalhjeÔontac ta apotelèsmata.

5 + i5

1− i
,

5− 10i

3 + i4
,

3 + i3

2 + i2
,

4− i8

2 + i2
,

8 + i12

i2

14. Na anapar�gete pl rwc ta apotelèsmata thc paragr�fou 7.4 gia èna
kÔklwma RC se seir�. UpenjumÐzoume ìti h t�sh V (t) sta �kra enìc
puknwt  kai to reÔma pou ton diarèei i(t) sundèontai me

i(t) = C
dV (t)

dt

15. OmoÐwc gia èna kÔklwma RLC se seir�.
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PAR�ARTHMA Aþ. KAMPUL�OGRAMMA SUST�HMATA

SUNTETAGM�ENWN

Blèpoume parak�tw mÐa grafik  apeikìnish tou kulindrikoÔ sust matoc
suntetagmènwn (r, θ, z). MazÐ faÐnontai kai ta monadiaÐa dianÔsmata (r̂, θ̂, ẑ),
ìpwc aut� dÐnontai apì thn Ex. (1.1.12), se sqèsh me ta monadiaÐa dianÔsmata
(x̂, ŷ, ẑ) tou kartesianoÔ sust matoc suntetagmènwn.

6

-
¡

¡
¡¡ª

HHH

6
HHj
©©*

x

θ

y

z

r

z

ẑ

θ̂

r̂

Sq ma Aþ.1: SÔsthma Kulindrik¸n Suntetagmènwn

H stoiqei¸dhc epif�neia ep�nw sthn par�pleurh epif�neia enìc kulindrou
aktÐnac r dÐnetai apì thn dS = rdθdz, en¸ o stoiqei¸dhc ìgkoc dÐnetai apì
thn sqèsh
dV = rdrdθdz.

Blèpoume parak�tw mÐa grafik  apeikìnish tou sust matoc sfairik¸n
suntetagmènwn (r, θ, φ). MazÐ faÐnontai kai ta monadiaÐa dianÔsmata (r̂, θ̂, φ̂),
ìpwc aut� dÐnontai apì thn Ex. (1.1.15), se sqèsh me ta monadiaÐa dianÔsmata
(x̂, ŷ, ẑ) tou kartesianoÔ sust matoc suntetagmènwn.

6

-
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¡¡ª
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x

φ

y

z

θ

φ̂
r̂

θ̂

Sq ma Aþ.2: SÔsthma Sfairik¸n Suntetagmènwn. H apìstash apì thn arq 
twn kartesian¸n axìnwn, èwc to shmeÐo pou faÐnontai ta monadiaÐa dianÔsmata
eÐnai Ðsh me r.
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H stoiqei¸dhc epif�neia, ep�nw sthn epif�neia sfaÐrac aktÐnac r, dÐnetai
apì thn dS = r2sinθdθdφ, en¸ o stoiqei¸dhc ìgkoc dÐnetai apì thn sqèsh
dV = r2sinθdrdθdφ.
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PAR�ARTHMA Aþ. KAMPUL�OGRAMMA SUST�HMATA

SUNTETAGM�ENWN
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Ac jewr soume mÐa kampÔlh C ston q¸ro pou perigr�fetai apì thn di-
anusmatik  sun�rthsh

~r = ~r(u) = (f(u), g(u), h(u)) (Bþ.0.1)

ìpou u ∈ R eÐnai h pragmatik  par�metroc kat� m koc thc kampÔlhc. Tìte
tì m koc thc kampÔlhc ìpwc to metr�me apì mÐa aujaÐreth arq , ìpou u = 0,
dÐnetai apì thn

s =

∫ u

0

ds =

∫ u

0

√
[f ′(u)]2 + [g′(u)]2 + [h′(u)]2du (Bþ.0.2)

An t¸ra epilèxoume ¸c par�metro kat� m koc thc kampÔlhc, to Ðdio to m koc
s, ja èqoume genik� ìti

~r = ~r(s) = (x(s), y(s), z(s)) (Bþ.0.3)

Tìte to monadiaÐo efaptìmeno di�nusma kat� m koc thc kampÔlhc dÐnetai apì
thn

t =
d~r

ds
= (ẋ, ẏ, ż) (Bþ.0.4)

ìpou h teleÐa dhl¸nei parag¸gish wc prìc s. Autì eÐnai suggrammikì me to
di�nusma thc taqÔthtac pou orÐsame prÐn. EpÐshc to di�nusma

n =
~̈r

|~̈r| (Bþ.0.5)

onom�zetai monadiaÐo di�nusma thc pr¸thc kajètou kai eÐnai suggrammikì me
to di�nusma thc epit�qunshc, ìpwc autì orÐsthke prÐn. Tèloc to monadiaÐo
di�nusma thc deÔterhc kajètou orÐzetai wc

b = t× n (Bþ.0.6)

Ta trÐa dianÔsmata (t,n,b) apoteloÔn to legìmeno trÐakmo tou Frenet. To
epÐpedo pou orÐzoun ta dianÔsmata t,n kaleÐtai eggÔtato epÐpedo thc kampÔl-
hc C. IsqÔoun oi ex c sqèseic, kaloÔmenec kai exis¸seic Frenet,

ṫ =
1

ρ
n

ṅ = −1

ρ
t +

1

τ
b

ḃ = −1

τ
n (Bþ.0.7)

ìpou
1

ρ
= |~̈r|

1

τ
= ~̇n · b (Bþ.0.8)

eÐnai h kampulìthta kai h strèyh antÐstoiqa.
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