
“ I am an old man now, and when I die and

go to Heaven there are two matters on which

I hope enlightenment. One is quantum

electro-dynamics and the other is turbulence.

About the former, I am really rather

optimistic”

Sir Horace Lamb (1932)

From S. Goldstein, Ann. Rev. Fluid Mech, 1, 23 (1969)



“ What is turbulence ?

Turbulence is like pornography.

It is hard to define,

but if you see it, you recognize it

immediately”

G. K. Vallis, 1999



M100 galaxy 1023 m

Eagle nebula 1018 m

Earth’s atmosphere 107 m

Clouds 103 m

Soap film 10−1 m



The mathematical description of fluid motion

Leonhard Euler 1757

∂tu + (u ·∇)u = −∇p

∇ · u = 0

Claude L. M. H. Navier 1827

George G. Stokes 1845

∂tu + (u ·∇)u = −∇p + ν∆u

∇ · u = 0



... actually, the Navier-Barré de Saint-Venant

equations ...

Adhémar J. C. Barré de Saint-Venant (1843)



The dimensionless Navier-Stokes equations

u → u/U x → x/L t → Ut/L

∂tu + (u ·∇)u = −∇p + Re−1∆u

Fully developed turbulence

Re →∞

Typical Reynolds numbers:

Re ∼ 107 atmospheric turbulence (air)

Re ∼ 104 pipe/channel flow (water)



Turbulence in the lab

Osborne Reynolds

Phil. Trans. R. Soc., 174 935 (1883)



Transition to turbulence



The Friction Law and the Reynolds number

U ∝ ∆p laminar U ∝ (∆p)1/2 turbulent

Re = UL
ν



Averages, fluctuations

and the closure problem

u = U + u′ Reynolds’ averaging (1895)

U = 〈u〉 〈u′〉 = 0

∂tU + U ·∇U = −∇P + ν∆U −∇ · 〈u′u′〉

∂t〈u′u′〉+ (U ·∇)〈u′u′〉+ ∇ · 〈u′u′u′〉 =
ν∆〈u′u′〉 − ν〈∇u′ · (∇u)T 〉 − 〈u′u′〉 · (∇U)T

Can 〈u′u′〉 be expressed in terms of U ?

〈u′u′〉 = νe[∇U + (∇U)T ]

νe: eddy-viscosity

Joseph Boussinesq (1897)

νe = cµ
k2

ε where k = 〈|u′|2〉 and ε = ν〈|∇u′|2〉



Energy budget for the Navier-Stokes equation

E = 1
2

∫
|u(x, t)|2 dx

∫
dx {u · [∂tu + (u ·∇)u = −∇p + ν∆u]}

u · (u ·∇)u = ∇ · (1
2
|u|2u)

u ·∇p = ∇ · (pu)

u · ν∆u = −ν|∇u|2 + ∇ · (νu∇u)

dE
dt = −ε

where ε = ν
∫
|∇u|2dx

Statistically stationary turbulence → external forcing



The turbulent cascade

“ Big whorls have little whorls

That feed on their velocity,

And little whorls have lesser whorls

And so on to viscosity”

Lewis Fry Richardson (1920)



From qualitative to quantitative

Geoffrey I. Taylor

Proc. Roy. Soc. A 151, 421 (1935)

Measuring turbulent flows

hot wire/film

anemometry

Taylor’s
“frozen turbulence” hypothesis
ux(t)− ux(t− τ) = ux(x + r)− ux(x)
with r = Uτ



The Taylor’s microscale

A first definition of dissipative lengthscale

λ =

(
ε

15 ν u2
rms

)1/2

where u2
rms = 〈|u|2〉

C(r) =
〈ux(x)ux(x + r)〉

〈ux(x)2〉

C(r) ' 1− r2/λ2

for r � λ

Small-scale statistical homogeneity and isotropy

The Taylor microscale Reynolds number

Rλ =
urmsλ

ν

Velocity fluctuations

δru = ux(x + r)− ux(x)
characteristic velocity of an eddy of size r



The statistical description of turbulence

〈. . .〉 Ensemble averaging

〈O(x, t)〉 = 〈O(x, t′)〉 Statistical stationarity

〈O(x, t)〉 = 〈O(x′, t)〉 Statistical homogeneity

〈O(x, t)〉 = 〈O(Rx, t)〉 Statistical isotropy, R ∈ SO(3)

〈O(x, t)〉 = 〈O(−x, t)〉 Statistical parity invariance

Examples:

• 〈ui(x)uj(x + r)〉 = BT(r)(δij − r̂ir̂j) + BL(r)r̂ir̂j

Incompressibility imposes: BT(r) = rB′
L(r) + 2BL(r)

BL(r): Longitudinal correlation function

SL(r) = 2(BL(0)−BL(r)) = 〈{[u(x+r)−u(x)] · r̂}2〉
Longitudinal 2nd order structure function

• 〈ûi(k)ûj(k′)〉 = B̂(k)δ(k + k′)(δij − k̂ik̂j)

E(k) = 4πk2B̂(k): Energy spectrum



Statistical theories of turbulence: Closures

∂t〈ûû〉+ ik〈ûûû〉 = −νk2〈ûû〉+ 〈f̂ û〉
∂t〈ûûû〉+ ik〈ûûûû〉 = −νk2〈ûûû〉+ 〈f̂ ûû〉

and so ad infinitum

Quasi-normal approximation

〈ûaûbûcûd〉 =
〈ûaûb〉〈ûcûd〉+ 〈ûaûc〉〈ûbûd〉+ 〈ûaûd〉〈ûbûc〉

M. D. Millionschikov (1939)

P. Y. Chou (1940)



Kolmogorov’s phenomenological theory

Andrei N. Kolmogorov (1941a)

SL(r) = 〈{[u(x + r)− u(x)] · r̂}2〉 ∼ Cε
2
3 r

2
3

E(k) = C′ε
2
3 k−

5
3



Kolmogorov’s 4/5ths law (1941b)

Kármán

(1937)

A. N. K.

(1941)



Other derivations of the Kolmogorov spectrum

L. Onsager (1945)

W. Heisenberg (1945)

C. von Weizsacker (1945)

Early remarks to Kolmogorov’s theory

L. D. Landau (1941)



The dissemination of Kolmogorov theory

G. K. Batchelor (1947)
Kolmogorov’s theory of locally

isotropic turbulence

Proc. Camb. Phil. Soc. 43 533 (1947)



A closer look to Kolmogorov’s

phenomenology

Energy flux ε = energy
time ∼ U2

L/U
∼ (U3/L) ∼ (δru)3/r

Viscous dissipation ν (δru)2

r2

Kolmogorov scale η =
(

ν3

ε

)1/4

Reynolds number Re = UL
ν
∼ ε1/3L4/3

ν
∼ (L

η
)4/3

Number of active degrees of freedom N ≈ (L
η
)3 ∼ Re9/4

Taylor vs Kolmogorov scales λ
η
∼ L

η

1/3 ∼ Re1/4

Taylor microscale Reynolds number Reλ ∼ Re1/2



Experimental verification of the Kolmogorov

spectrum

Turbulence spectra from a tidal channel

Grant H.L., Stewart R.W., and Moilliet A. (1962)



Extensions of Kolmogorov’s theory

Passive scalar turbulence

〈(δrθ)2〉 ∼ ε−1/3 χ r2/3

A. M. Obukhov (1949)

A. Yaglom (1949)

S. Corrsin (1951)



In between Navier-Stokes and Kolmogorov

(1950-1970)

DIA, LHDIA, TFM, LET, EDQNM, and the like

R. H. Kraichnan

J. Herring

S. Orszag

... and Wyld, Edwards, Mc Comb etc. etc.



A first glimpse at intermittency

〈(∂nu
∂xn)4〉

〈(∂nu
∂xn)2〉2

vs Re

G. K. Batchelor A. A. Townsend

Proc. Roy. Soc. Lond. A bf 199, 238 (1949)



Intermittency in full glory

P (δru)

small scales

large scales

δru

〈(δru)2〉1/2



Kolmogorov-Obukhov theory of intermittency (1962)

Fluctuations of the energy dissipation rate

The Refined Similarity Hypothesis
(Marseille 1961)

δru ∼ (εrr)
1/3

Volume-averaged dissipation εr = 1
4

3
πr3

∫
Sr

ν|∇u|2dV

Moments of velocity differences

〈(δru)n〉 ∼ 〈εn/3
r 〉rn/3

For n = 3: 〈εr〉 = ε

For n 6= 3: 〈εn/3
r 〉 6= εn/3

If the distribution of εr is very broad, then 〈εn/3
r 〉 � εn/3 for n > 3

The width of the distribution of εr increases with decreasing r



The log-normal assumption

P (ln εr) = 1√
2πσr

e
−(ln εr−mr)2

2σ2
r

where mr = 〈ln εr〉 = ln〈ε〉 − σ2
r

2

and σr = 〈(ln εr)2〉 − 〈ln εr〉2 = A + µ ln(L/r)

〈εn/3
r 〉 =

∫
e

n

3
ln εrP (ln εr)d ln εr

= An〈ε〉n/3
(

L
r

)µn(n−3)
18

Scaling exponents

〈(δru)n〉 ∼ 〈εn/3
r 〉rn/3 ∼ r

n

3
−µn(n−3)

18

〈ε(x)ε(x + r)〉 ∼
(

L

r

)µ

〈
(

∂u
∂x

)4〉
〈
(

∂u
∂x

)2〉2 ∼ 〈ε2〉
〈ε〉2

∼
(

L

η

)µ

∼ Re3µ/4

µ: the intermittency exponent

µ = 0.25± 0.05

Sreenivasan and Kailasnath, Phys. Fluids A 5 512 (1993).



Multiplicative models of the turbulent cascade

NS64
At each step of the cascade, the dissipation is
randomly partitioned over M cubes out of N

At scale r/L = N−k/D we have

〈εj
r〉 = εj

0

(
N
M

)kj (M
N

)k
= 〈ε〉j(L

r
)3(j−1)(1−logN M)

Y66
At each step of the cascade, the dissipation is a
random fraction of dissipation at the upper scale

εk = wkεk−1, with wk i.i.d. r. v. (of unit mean)

〈εj
r〉 = εj

0〈wj〉k = 〈ε〉j
(

L
r

)3 logN〈wj〉



Fractals ...

Probability of finding a black point in a box of size r = 2−k:

P =
(
2
4

)k
= r = rD−DF DF = 1

P =
(
3
4

)k
= rlog2

4

3 = rD−DF DF = 2− log2
4
3
≈ 1.585

... and multifractals



The multifractal model of intermittency

For inertial-range separations the Navier-Stokes
equations admit the rescaling

x → λx u → λhu t → λ1−ht

δru = u(x + r
2
)− u(x− r

2
) ∼ rh for all points x ∈ Sh

where Sh is a set of dimension D(h)

〈(δru)n〉 ∼
∫

rnhrD−D(h)dh ∼ rinfh[nh+D−D(h)]

D(h) = 3 for h = 1/3 and D(h) = 0 elsewhere : K41

D(h) = 3−
[

9
2µ

(
h− 1

3

)2 − 3
2

(
h− 1

3

)
+ µ

8

]
: KO62



The advent of Direct Numerical Simulations

Fast Fourier Transforms and Pseudo-spectral methods

˙̂u(k, t) = −ikβ(δαγ−kαkγ)
∑

p

ûβ(p, t)ûγ(k−p, t)−νk2û(k, t)

Convolutions cost (N3)2 operations !

Since
∑

p ûβ(p, t)ûγ(k − p, t) = ûβuγ(k, t)

use FFT forth and back: cost of FFT N3 logN

In 1971 643 points (Reλ ≈ 35) on NCAR CDC6600
computer took 30 sec/step

In 2003 10243 points (Reλ ≈ 300) on CINECA IBM

SP-Power4 take 90 sec/step



Turbulence in flatland

vorticity ω = ∇× u

∂tω + u ·∇ω = ω ·∇u + ν∆ω

For planar flows

u = (ux(x, y, t), uy(x, y, t),0) ω = (0,0, ω(x, y, t))

∂tω + u ·∇ω = ν∆ω

Two inviscid invariants:
energy E =

∫
|u|2dx =

∫
E(k)dk

enstrophy Z =
∫

ω2dx =
∫

k2E(k)dk

The double cascade

R. Kraichnan, Phys. Fluids 10, 1417 (1967)



Phenomenological arguments

E(k) ∼ ε2/3k−5/3 for k � kf

E(k) ∼ ζ2/3k−3 for k � kf

Exact relations

〈(δru)3〉 =
3

2
εr

〈δru(δrω)2〉 = −2ζr

Is there intermittency in the inverse cascade ?

And in the direct cascade ?



Experiments

Numerics



Passive scalar turbulence

∂tθ + u ·∇θ = κ∆θ + f

〈(δrθ)n〉 ∼ rσn

Strong intermittency
of passive scalar

Ramps and cliffs



The Kraichnan model

∂tθ + u ·∇θ = κ∆θ + f

• u Gaussian, statistically stationary, homogeneous,
isotropic

• 〈u〉 = 0

• 〈ui(x, t)uj(x+r, t′)〉 =
{

D0δij − D
2
rξ [(d− 1 + ξ)δij − ξr̂ir̂j]

}
δ(t− t′)

• f Gaussian, statistically stationary, homogeneous,
isotropic

• 〈f〉 = 0

• 〈f(x, t)f(x + r, t′)〉 = F (r/Lθ)

Closed p.d.e.’s for scalar correlations

Cn(x1, . . . , xn) = 〈θ(x1, t) · · · θ(xn, t)〉

∂tCn +MnCn = F ⊗ Cn−2

Mn =
n∑

a<b

S(xa − xb)
∂

∂xi
a

∂

∂xj
b



The theory of passive scalar intermittency

From correlations to structure functions

〈(δrθ)4〉=
C(0,0,0,0)− 4C(r,0,0,0) + 6C(r,r,0,0)− 4C(r,r,r,0) + C(r,r,r,r)

A dead end road ?

MnCn = F ⊗ Cn−2

[Mn] = lengthξ−2 ⇒ [Cn] = lengthn(1− ξ

2
)

Anomalous scaling and homogeneous solutions

Cn = Cinhom
n + Chom

n MnChom
n = 0

• Scaling exponents can be computed from first principles
(in some limiting cases)

• Universality of scaling exponents

• Extension to realistic velocity fields via the Lagrangian inter-
pretation

Gawȩdzki and A. Kupiainen, Phys. Rev. Lett. 75, 3834 (1995)
M. Chertkov et al Phys. Rev. E 52, 4924 (1995)

B.I. Shraiman and E.D. Siggia, C. R. A. S. II 321, 279 (1995)
O. Gat and R. Zeitak, Phys. Rev. E 57, 5511 (1998)

D. Bernard et al, J. Stat. Phys. 90, 519 (1998)
A. C. and M. Vergassola, Phys. Rev. Lett. 86, 424 (2001)
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