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Abstract

We construct equilibrium configurations of strongly-magnetized, rotating neutron stars with mixed
poloidal and toroidal components, using an iterative numerical method. The toroidal component
contains only a small fraction of the total magnetic energy. The accuracy of the numerical solutions
is evaluated using the virial theorem and by studying the convergence to high accuracy after a
number of iterations. First, we consider a normal fluid interior, in the ideal magnetohydrodynamics
approximation (and a vacuum exterior) and verify that our code reproduces published results in the
literature with good accuracy. Next, we assume that the neutron star has two regions: the inner
core, which is modelled as a two-component fluid consisting of type-II superconducting protons
and superfluid neutrons, and the crust, a region composed of normal matter. In this case, we
find significant differences compared to the case of a normal matter core and qualitatively confirm
recently published results in the strong-field case. For magnetic field strengths typical of normal
pulsars, we find that the very weak coupling of the Grad-Shafranov equation with the equation
of hydrostatic equilibrium requires a significantly larger number of iterations, before the magnetic
field configuration relaxes to a converged solution. In this respect, we improve over previously

published results.
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Chapter 1

Introduction

In the current thesis we examine equilibrium states of strongly magnetized neutron stars that consist
of superconducting and superfluid components. Thus, in this chapter, we will briefly introduce
neutron stars, then we will describe the superconducting and superfluid properties of matter and

finally we will discuss the role of superconductivity and superfluidity in neutron stars.

1.1 Neutron stars

Neutron stars are being extensively researched, since their first discovery. Their extreme properties
demand an interdisciplinary approach, while most of the existing models attempt to synthesize the
various feauures that neutron stars are predicted to possess.

Neutron stars are stellar objects created after the collapse of massive stars (with main-sequence
mass of M 2 10Mg). Their radius is in an uncertain range of 9 km - 15 km while observed
masses are in a range of ~ 1.3 — 2M. Their high compactness suggests that general relativistic
effects are imporant. However, when including new physical effects, it is customary to first solve
the problem in a Newtonian context, in order to gain insight. Neutrons stars are the most dense
known objects, with core densities of the order of 10'%gr/em3, a value that exceeds the standard
the nuclear saturation density. Most of these stars rotate with periods that vary depending on
their age, ranging between milliseconds and seconds. Despite the fact that most of the neutron
stars exhibit a periodic rotation of extreme precision, having typical spin down of ~ 10713s/s,
sometimes they accelerate or decelerate suddenly. These phenomena are conjectured to r elate
with a structural re-organization, which is could be related to the superconducting and superfluid

properties of matter. Neutron stars are also known for their strong magnetic field, which ranges



from 108 G to about 10" G. The latter value characterizes a specific population of neutrons stars
(magnetars).

The observed braking indices imply a strong dipolar component, but the existence of internal
toroidal magnetic field components is also theorized (but there is currently no observational basis for
their relative strength). There already exists formulations that consider a mixed poloidal/toroidal
internal magnetic field, although in most of the cases (Tommimura & Eriguchi [25], Lander & Jones
[14], Lander [18]) the internal toroidal component accounts for a very small fraction of the total
magnetic energy stored in the star.

In spite of the fact that the internal composition of neutron stars has been studied for decades,
their structure is highly uncertain, as the core may consist of exotic matter. The outer core is
thought to be composed of normal electrons, as well as degenerate protons and neutrons, which
exist in a superconducting and a superfluid phase, respectively. The inner crust consists of protons
and neutrons and the outer crust is considered to be solid. The aforementioned regions are strongly
dependent (both in composition and extent) on the (largely unknown) equation of state describing
matter at extremely high densities. Finally, rapid rotation or very strong magnetic fields can deform

the shape of the equilibrium configuration away from spherical.

1.2 Superconductivity and superfluidity

Superconductivity and superfluidity are exotic properties of matter existing under specific con-
ditions. They are exotic in the sense that they happen under extreme, with respect to normal
circumstances, conditions and moreover they appear to be counterintuitive. Here, we review these
properties, providing a qualitative explanation as well as describing the conditions under which
they exist. We follow Glampedakis, Andersson & Samuelsson [8] and Annett [2].

To begin with, superconductivity and superfluidity are phenomena with the common property
that the quantum behavior of matter is apparent on macroscopic scales. Superconductivity refers to
charged systems, such as electrons in metals, while superfluidity concerns neutral systems, such as
the liquid helium *He. Such systems, when cooled to temperatures close to absolute zero (7' = 0 K)
do not convert to solids, but remain in a liquid phase (a quantum-liquid phase). This happens
because in this phase the zero energy level of the particles, as described by quantum mechanics, is
relatively large with respect to their energy through interaction. The superconducting/superfluid
properties occur as long as the system is below some temperature, the critical temperature T¢
(denoted as T) for superfluids). For most materials this temperature is relatively small and very
closeto T =0K.



The main macroscopic properties of superconductors and superfluids are the zero electrical resis-
tivity ¢ = 0 and the flow with vanishing viscosity, correspondingly. Although both superconductors
and superfluids exhibit interesting properties, we will concentrate on superconductivity since it is

related to the different nature of the magnetic force existing in our model.

1.2.1 Type-I and type-1I superconductors

Superconductors exhibit perfect diamagnetism, the so-called Meissner effect. During this phe-
nomenon a superconductor expels any externally imposed weak magnetic field, leaving zero mag-
netic field inside the material, by creating an opposite field that cancels the outer one. The main
difference between superconductive and normal perfectly conducting matter is that magnetic field
expulsion cannot be entirely explained by zero resistivity and Maxwell’s equations.

Ohm’s law

j=0E, (1.1)

for a material with infinite conductivity o, states that it is possible to have a non vanishing current

density j for a vanishing electric field E. The Maxwell-Faraday equation

0B
| D —— 1.2
vxE=-2 (12)
for a vanishing E field is
0B
— = 1.3
5 =0 (1.3)

where B is the magnetic field strength, which means that the magnetic field does not have a time
dependence.

Now, we assume a material in a superconducting phase (T' < T¢) and vanishing magnetic field.
It is obvious through (1.3) that if an external magnetic field is applied, an opposite magnetic field
will be created inside the superconductor, so that B will remain zero. In case that initially the
material was not in superconductive phase (T' > T,) and subject to an external magnetic field, there
would be an internal non-vanishing magnetic field. If the temperature was gradually lowered below
the critical, so the material would enter the superconducting phase, then the internal B field should
remain unaltered as stated by (1.3). However, the fact that the magnetic field is expelled in that
case too, implies that superconductivity is a phenomenon that cannot be described only by classical
electromagnetism. Thus, an infinitely conducting material is identified as a superconductor if it
exhibits the Meis sner effect.

Superconductors are divided into two categories, type I and type 11, depending on their behavior

when interacting with an external magnetic field. Type-I superconductors are in a superconducting



phase as long as the external field is below some critical magnetic intensity H.. Above H, super-
conductivity is destroyed and the external field penetrates the superconductor (Fig. 1.1a). On
the other hand, type-1I superconductors are characterized by two critical fields, H.; and H¢o (with
H¢. < Hc). When the external magnetic field has intensity smaller than H.j, the superconductor
has similar behavior to type I, expelling the field entirely. In the case that the external field has
intensity between H.; and Hcs, the type II superconductor retains a non-vanishing B field inside.
When the imposed field is increased beyond Hco, the material is no longer superconductive (Fig .
1.1b).

The type of superconductivity is microscopically determined by the following ratio

__t
V2A,

where & is the coherence length of the particles that consist the superconductor and A, is the

Rs

(1.4)

penetration length. Microscopically, the particles form the so-called Cooper pairs, which are formed
by particles that exist in interacting quantum states. The characteristic length at which such pairs
are broken is the coherence length. The penetration length, on the other hand, is the distance
in the superconductor beyond which the magnetic field vanishes, due to the cancellation of the
external field by the internal field. Type II superconductors are characterized by ks < 1, otherwise

we are dealing with a type I superconductor.

Typel Type I1
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> T T >
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Figure 1.1: Internal magnetic field response to an externally imposed for type-I (a) and type-II (b)
superconductors. Adapted from Annett [2].



1.3 Superconductivity and superfluidity in neutron stars

As already mentioned, neutron stars are theorized to contain superconducting and superfluid com-
ponents in their core. Although, the critical temperatures for the known laboratory superconduc-
tive/superfluid materials are a few Kelvin (with the exception of high-temperature superconduc-
tors), hot neutron stars still possess those properties. This happens because the corresponding
Fermi temperature for such dense matter (Ty ~ 10'2K) is substantially higher than typical tem-
peratures inside old neutron stars (Tks ~ 10°K). The magnetic field can thus be expected to
have been expelled from the superconducting core due to the Meissner effect. However, the pre-
dicted timescale of the expulsion is of the order of Myrs, so younger neutron stars may still be
in a metastable phase. It can be estimated (see Glampedakis, Andersson & Samuelsson [8]) that
ks for the outer core of a neutron star in equilibrium is less than one (ks < 1) and hence that
region should posses protons in a type II superconducting phase, with critical fields of He; ~ 10°G
and Hgy ~ 106G, Although metastable, the outer core is in a type II superconducting phase also
for B < H¢. The inner core, however, could exist in a type I superconducting phase, if it is of
sufficiently high density.

In the present model, we are interested in type II superconductivity only, as it has been formu-
lated in the context of magnetohydrodynamics (MHD) by Glampedakis, Andersson & Samuelsson
[8]. Following Lander [18] we use an approximation of the total set of MHD equations. The

magnetic force we use is

1 OH.,
Friag = 0 B x (V xHg) +ppV <B ap:)] , (1.5)

where py, is the density of protons. This is obtained when one neglects the coupling between protons

and neutrons and considers the star to be nonrotating.



Chapter 2

Rotating magnetized neutron stars

2.1 Introduction

First, we examine equilibrium configurations of one-component, magnetized, barotropic rotating
neutron stars, in the Newtonian framework. Since we are interested in equilibrium states, we solve
the integral form of the Euler-Lagrange equations. The implemented numerical scheme is an ex-
tension of the Hachisu Self Consistent Field method (HSCF) (Hachisu [10]), in which the magnetic
field is included. The numerical code is based on a non-magnetized version, originally written by N.
Stergioulas, which we extended here to include magnetic fields of mixed type for normal (and also
for superconducting) cores. In the last section, we present our results and compare with previously

published cases by Tomimura & Eriguchi [25].

2.2 Basic theory

2.2.1 Main equations

We assume a rotating, magnetized, axisymmetric neutron star (NS) in a stationary state. The
magnetic dipole axis is aligned with the rotational axis, which is also the axis of symmetry. We
use the ideal MHD approximation, with infinitely conducting matter. The exterior of the star is
assumed to be vacuum. The star is also assumed to exhibit equatorial symmetry. Working in the
Newtonian framework, we use a number of equation to specify the equilibrium. The first is the

equation of motion

1 L



where p is the density of the fluid, P the pressure, ®, the gravitational potential, ®, the centrifugal
potential and £ the Lorentz force (£ = j x B) with j being the current density. In a more general
context, the Lorentz force will be denoted as Fr,,s. The gravitational potential is related to the

density of the fluid through Poisson’s equation
V2®, = 4nGp, (2.2)

where G is the gravitational constant. In ideal MHD (for a vanishing electric field E), Ampere’s
law becomes

V x B = 4j. (2.3)
Gauss’ law for the magnetic field yields
V-B=0. (2.4)

Finally, an equation of state for the matter is required so that the system is closed. We assume

that the fluid is governed by a barotropic equation of state
P = P(p), (2.5)
and specifically by the polytropic relation
P=Kptw, (2.6)

where K is the polytropic constant and N is the polytropic index. Assuming rigid rotation, (all fluid
elements have the same anglular velocity €)g) the centrifugal potential in spherical polar coordinates

(with the z—axis aligned with the symmetry axis) is
1
(br — §ng27 (27)

where t = rsin 6.

Defining the enthalpy as H = [ %, the first term of (2.1) can be written as —%VP =—-VH.

2.2.2 The Grad-Shafranov equation

Applying the curl operator to (2.1) and due to the identity that the curl of the gradient is zero for

V x <£> = 0. (2.8)

any scalar, we obtain



This yields that % is equal to the gradient of some function M.

ﬁ = VM. (2.9)

In axisymmetry, a scalar quantity v will dependent only on @ and z and we can describe the

general form of the magnetic field as
1
B=—Vux es + B¢e¢, (2.10)
w
which is equivalent to writing the magnetic field as
B = B, + Bior, (2.11)

where Byo = %Vu X ey is the poloidal part (with components only along the unit vectors e and

e.) and By, = Bye, the toroidal part. Substituting in Ampere’s law (2.3) we obtain

V X (Bpol + Btor) =47 (jpol +jtor) s (212)

where similarly to the magnetic field, we assume that the current density can be decomposed into

a poloidal part, j,o1, and a toroidal part, jior. After some manipulation, we derive

1 1 (0% 1 0u 0%
VXBpOI—VX <wVUXe¢> ——; (W_waw—i_a/z?) €y,

Axu

(2.13)

and
8B¢ 1 8(wB¢) 1

- — 2.14
52 —0n e, wV (wBy) X eg. ( )
It is obvious that the right hand sides of (2.13) and (2.14) are toroidal and poloidal and hence equal

V x Btor =V x (B¢e¢) = —

€w

to 4mjior and 4mjpe respectively. The total current takes the form

. 1 1
J= —V (wB¢) X e¢ —%A*u e¢,

Ao (2.15)
jpol jtor
which describes the current density in terms of u and By.
Substituting these results in the Lorentz force, we obtain
L=jxB=
= (jpol +jtor) X (Bpol + Btor) = (216)

= jpol X Bpol +jpol X Btor +jt0r X Bpol +jtor X Btor .

~~

~
Lyor [:pol



Since all quantities in the equation of motion (2.1) are independent of ¢ (due to axisymmetry) the
same must hold for the Lorentz force and hence the toroidal component should be zero (Lo = 0).
In order to produce mixed-field configurations (i.e. a B field with both toroidal and poloidal compo-
nents) we assume that By is parallel to jpo1. If we set Bpol = 0 we obtain a purely toroidal B field.
Using jpol X Bpol = 0 and (2.10, 2.15) we obtain (see also A.1.1.1)

V (w By) x Vu = 0. (2.17)
It follows (see A.2.3.6) that w By must be a function of u

Using (2.10, 2.15, and 2.18) we decompose L, (see A.1.1.2) so that we obtain a simpler form for

the Lorentz force. The first term (jpo1 X Byor) is

. f(u) df

Jpol X Btor = _471'@2 %V s (219)
while the second term (jior X Bpol) is

. 1

Jtor X Bpol = _WA*UVU. (220)

The last term (jior X Byor) vanishes, since it is the cross product of parallel vectors
jtor X Btor = 0. (221)

Substituting (2.19, 2.20 and 2.21) into (2.16) the Lorentz force takes the following form
d 1
L= < f(w) df A*u> Vu. (2.22)

CArc?du Amoo?

Having derived a form for the Lorentz force that is directly related to u, we return to (2.9) and by
equating the two parts, we have

f(u) df 1

CArc?du Anoo?

pV M= ( Ayu) Vu, (2.23)

which implies that
pVM xVu=0. (2.24)

Using (A.2.3.6) we derive VM = %VU. Substituting in (2.23) and assuming that Vu # 0 we

finally obtain
ar _ f a1, (2.25)

*u)

du CArc?du Anoo?

9



which is the Grad-Shafranov equation.

The current density (2.15) is related to the magnetic field through

i= 77uB + pw— o, (2.26)
where we used using (2.10) and (2.25). Setting j—{L = a(u) and %L = k(u) we obtain

j= ﬁa(u)B + wpk(u)egy. (2.27)
The functions «(u) and x(u) describe the different aspects of the magnetic field. For a(u) = 0, the

field is purely poloidal (since the current is then purely toroidal).

The scalar u is related to the vector potential A as follows: It holds that
V x A =B. (2.28)

Decomposing the curl of A and equating it with the definition of B (2.10) we obtain

(1 DA, 8A¢>e L <8(wA¢) aAw> . +<8Aw aAZ>e
—_ - 5 v —_ - z (o)

w dp 0z w \ 0w o 9z 0w
1 0u 1 Ju f(u)
= e  wa o o (2.29)

Due to axisymmetry, the derivatives with respect to ¢ vanish, so the previous relation is decomposed

as
8(WA¢) _ ou
oSy (2.30)
d(wAy)  Ou
99 9m’ (2.31)
DA,  0A.\  f(w)
< 0z 8w> T ow’ (2:32)

which directly integrate to u = Agw and hence Ay contains all the information for B.

2.3 Integral form of equations

Here we convert the differential form of the main equations into integral form, which is suitable for

numerical integration.

10



2.3.1 Assumptions

A rotating barotrope with purely rotational velocity (absence of meridional currents) is symmetry
about the equatorial plane. We use spherical polar coordinates (r, 8, ¢) with the rotation axis along
z—direction. The distance to the rotation axis, is w = rm, where we set u = cosf (see
A.2.3.7).

We also assume that the function a(u) is of the following form
OL(’U,) = CL(U - umax)C 9(’“/ - umax); (233)

where ¢ and a are constants (here ¢ = 1) and 6(u) is the Heavyside step function as it is used in
Tomimura & Eriguchi [25] and Lander & Jones [14]. Here, upayx is the maximum value attained
by u on the surface of the star. The function a(u) is chosen such that it is guaranteed that there
are no currents outside the star. Since the integral of «(u) is related to the ¢—component of the

magnetic field through

u
/ a(u')du' = w By, (2.34)
0
we choose the lower bound of this integral such that By is continuous. Then
u
/ a(u)du' = a (U — Umax)* L (1 — Umax)- (2.35)
0 ¢+1

Furthermore, as a simple choice (as was done in Tomimura & Eriguchi [25] and Lander & Jones
[14]) we assume that the magnetic function k(u) is constant, so that k(u) = Kg.
2.3.2 Gravitational potential

In order to compute the gravitational potential, Poisson’s equation needs to be solved. Inverting
(2.2) for @, we yields

p(r’) 3../

®, = -G d 2.36

g / ‘I‘/ - I“ r, ( )

where the primed variables denote the source points, while the non-primed the points where the
1

field is evaluated. Using a spherical harmonics expansion for the =] Green’s function and due

to the existing symmetries, the integral takes the following form (see A.2.4)

+o00 1 +oo
Bro) = —47G [ i’ [ Y ) PP ), (23)
=0 /=0 "o
where f,,(r',r) is given by

’;’—n, r>r
fulr 1) :{ et , (2.38)

r /
7'/"+1’ r < r

where P, (u) are the Legendre polynomials.

11



2.3.3 Vector Potential

The Grad-Shafranov equation (2.25) can be rewritten in vector Poisson form using the Laplacian

operator equivalent of the A, operator (see A.2.3.5) as

A WA¢,
V2(Agsing) = — (OM/ a(u)du + drk(wAy)p(r, u)w) sin ¢, (2.39)
w 0
which, solved for A4 becomes
1 f /A/ u)du — dmi(w' Ay)p(r', 1)’
Agsing = —— / 0 : sin ¢d°r’. (2.40)
4 ]r —r|

Using, again the Green’s function spherical harmonic expansion as well as the assumed symmetries,

we derive (see A.2.4) a simpler form for (2.40)

+00
A¢<T’M)_4ﬂ/wz dr’ // Odﬂ (nz:lan 1(r ,7) (21 )P2n 1(p )P21n—1(ul>> F(T/a//),

(2.41)
where F(r', i) is the density function for the vector potential given by
alw’ A’ TAL,
GNTE 7( o) / a(u)du + k(@' Ay p(r', i)', (2.42)
A’ J
while f, is again defined by (2.38) and P/"(u) are the associated Legendre polynomials.
2.3.4 Enthalpy and the first integral of the equation of motion
Integrating the equation of motion (2.1) we obtain the enthalpy
wAdJ
H=C-%,+o, + / k(u")du', (2.43)
0

where C' is the integration constant. Combining (2.43) with (2.7) and since we chose x(u) to be

constant, we obtain the first integral form
1
H=C—®,+ 593w2 + kowAg, (2.44)

2.3.5 Density

For the polytropic equation of state it is possible to relate the enthalpy and density algebraically
(see A.1.4)

H= (1+N)]; = K(1+ N)pw, (2.45)

12



It follows that the relation between enthalpy and density is

and for polytropes all hydrodynamical variables (pressure, density and enthalpy) vanish at the

surface of the star.

2.3.6 Keplerian velocity and mass-shedding limit

Stars can rotate only up to their mass-shedding limit, when the angular velocity at the equator
reaches the Keplerian angular velocity of a free particle in circular orbit. At this limit, the pressure
gradient vanishes and the centrifugal force exactly balances the gravitational force, while the surface
develops a cusp. If the star would rotate any faster, material from the surface would be shed through
this cusp. Hence, at the mass-shedding limit, Q = Q, and the angular velocity at the equator thus
satisfies the condition 5

aég = Q%{Te’ (247)

where Qg is the Keplerian angular velocity and 7. is the equatorial radius of the star. From (2.44)

we obtain the derivative

H A
9 gy = O 2 T A0+ /1= 2000 (2.48)
or or or

and combining (2.47) and (2.48) we find

1 0H 1 0A
0 = -—— +Q%+T—A¢(re,u:1)/&0—1—\/1—,u2a—r¢

Te O |, —1 o (2.49)

re,p=1
2.3.7 Integral quantities

Here we describe various physical quantities that characterize the star. All integrals are calculated
over the volume defined by the neutron star. Since the density vanishes outside the star, we can
formally extend the integration region to all space.
The mass M is defined as
M = pdV, (2.50)

all space

where dV is the infinitesimal volume element. The moment of inertia I is similarly defined by

I :/ pw?dV, (2.51)
all space
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Furthermore, we define:

angular momentum

J =10, (2.52)
kinetic energy
1
T = 5[92, (2.53)
gravitational energy
1
W = / pPedV, (2.54)
2 all space
and internal energy
II= / PdVv. (2.55)
all space
Magnetic energy is defined as
1
Emag = — / B2dv. (2.56)
87 all space

The magnetic field extends to infinity, but in our numerical approach we use a grid of finite extent.
Implementing the above definition would thus result in a non-negligible truncation error. For this
reason, we use another definition for the magnetic energy (Lander & Jones [14]), which contains

the density p, so that the integral vanishes outside the star

Emag = / r-L£dV. (2.57)
all space

For the toroidal part of the magnetic energy we still use

tor __ i
mag ~
Ly all space

B3dvV, (2.58)

since the toroidal component of the magnetic field vanishes outside the star.

2.4 Numerical Method

Here we describe the iterative numerical method used to solve the system of integral equations
governing the magneto-hydrostationary equilibrium. We will describe the system of units, the plan

of the method and the numerical implementation.
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2.4.1 Non-dimensional units

The numerical integrations must be performed with dimensionless quantities. We choose a system
of non-dimensional units, which is derived by taking as the basis for our calculations the maximum
density pmax, the gravitational constant G and the equatorial radius r.. In this system, the length,

mass and time units are

L] = re, (2.59)
[M] = 73 pmas; (2.60)
1

[T] = (2.61)

VG Prmax .
Therefore, we use a combination of (2.59), (2.60) and (2.61) to create the units of each quantity

and divide by that combination so that all physical variables become dimensionless:

P = o (2.62)

p= prfax, (2.63)

b, = C#;gm“, (2.64)
€= GTgimax7 (2.65)
0% = G;iax’ (2.66)
7 = Ch*;m’ (2.67)
P= Gr;;%m, (2.68)
Ay = \/Efgim’ (2.69)
M = rgfnax, (2.70)



k== (2.71)

Te

.«
a=7, (2.72)

Te

. a
a= T (2.73)

\/épmaxré
Furthermore, all quantities with dimensions of energy are non-dimensionalized as

- E
EFE=——7/— 2.74
Grgpmax ( )

The main equations remain unaltered when using the dimensionless variables. For the definition of

p and for polytropic equations of state we can relate the dimensionless density p independently of

p= (HZM)N. (2.75)

the polytropic constant K as (see A.1.4)

Furthermore, for the polytropic fluid case, the polytropic equation (2.6) can be written as (see
A.1.5)

P = Pmaprl-i_%' (276)

where P ax is the maximum pressure attained inside the neutron star. Hereafter, we use only the

dimensionless variables.

2.4.2 Plan of method

Here we describe the structure of the code used to evaluate the desired quantities. To begin with,
the polytropic index N as well as the magnetic functions x(u) and «(u) have to be specified. Apart
from these quantities, the ratio of the polar r, to the equatorial radius 7. must be determined.
This ratio is the one desired to be achieved at the equilibrium state. As mentioned before (par.
2.3.5) the enthalpy vanishes at the surface of the star and hence H(rp,1) = 0 and H(re,0) = 0.
Combining this with (2.43) we can determine Q2 and C

Py (1e,0) — P (rp, 1) — KoTeAgy(re,0)

02 =2 : (2.77)

2
C = By (re,0) — 93% — KoreAy(re, 0). (2.78)

Main iteration

16



1. Assign an initial value for p (one can simply set p(r, ) = 1 inside the star).

2. Compute ®, from equation (2.37).

3. Assign an initial value for A, (one can simply set Ay (p, ) = 0 everywhere).

4. Compute through (2.41) an improved value for A, using the most recent values of Ay and p.
5. Compute Q3 and C from (2.77) and (2.78).

6. Compute the enthalpy for all points from (2.43).

7. Compute a new value for p from (2.75).

8. Return to the first step and use the new values for p and A, for the next iteration.

The iterations are repeated until the following relative differences are less than a specified value,

in the range between 10~* and 1076

AH _ Hmax,new - Hmax,old : (279)
Hmax,new
Q(% new Qg old
ST R | -
Cnew - Cold
A — | Cnew = Caa| 2.81
¢ ’ Chew (25

As a test of the global accuracy of the numerical solution, we also use the scalar virial theorem for

stationary equilibrium sotutions:

2T + Emag + 3L+ W =0, (2.82)

We divide by W to obtain a relative value which serves as an accuracy check:

12T + Emag + 31T+ W|

VC =
W]

(2.83)

2.4.3 Numerical implementation

On of the properties characterizing an equilibrium model is the ratio of the polar to the equatorial
radius rp /7. For simplicity, we set r, = 1 and thus the ratio is defined by the polar radius only. In

order to numerically solve the equations, we construct a 2D r vs. p grid with KDIV points in the

17



p-direction and NDIV points in the r-direction. The p-direction is defined between 0 and 1 while

the r-direction between 0 and ryax (initially, wet set rmax=16/15.) Hence, the two arrays will be

(j—1)
— ) 2.84
e NIV 1 (2:84)
and
(i—1)
o . 2.85
M=KDV —1 (2:85)

For the integrals, we use Simpon’s rule, which is of fourth-order accurate (see A.3.1) while for
derivatives we use a four-point or a five-point stencil, of fourth order accuracy, depending on
position (see A.3.2). Also, we calculate up to n = LM AX terms of the Legendre and associated
Legendre polynomials (although LM AX can have any integer value, we obtain accurate results by
setting LM AX = 16). Furthermore, we use extrapolation for all points on the edges of the grid
(t=1.KDIVj=1,i=1.KDIV j=NDIV,i=1j=1.NDIV,i= KDIV j=1.NDIV) to
obtain values for various quantities describing the neutron star (see A.3.4, A.3.3).

Integration of the mass density (2.37) or vector potential (2.41) is implemented in similar ways.
We represent r’ with subscript k&, r with 7, ¢/ with [ and p with 4. Subscript n is related to the
degree of the polynomials. Integrating (2.37 or 2.41) over u' we obtain

KDIV—2
W 3 1
. & 3(KDIV -1) [Pon (1) pret + 4Pon (1141) P j+1 + Pon(i2) Pieit2) (2.86)

for the mass density integration and
KDIV—2

a 1 1 1
Vin = ; 3(KDIV —1) [Pon—1 (1) Frep + 4Py (1) Fropr + Pon—1(puy2) Froav2] » (2.87)

for the vector potential, while integration over r’ gives

NDIV -2
2 _ ""max 2 (1) 2 (1)
Woi = ; 3(NDIV —1) <rkf2n(rk, T Wi + 4751 fon (e, 7)) Wil
+ 7“1%+2f2n(7“k:+2, rj)W,ﬁfz,n) ) (2.88)
for the mass density and

o) NDIV -2 . " "

2) _ max 2 1 9 1
Vn,j = kz m <ka2n—1(7“k, Tj)vk:,n + 4rk+1f2n_1(rk+1, Tj)vk—irl,n 2.59)

1
+7’]%+2f2n—1 (Tk42, Tj)vlﬁ(-‘,-)?,n) ’
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for Ag. The resulting integrals are then:

LMAX
Oij=—dr Y W Pl (2.90)
n=0
and
LMAX 1 )
Ay, =4 — V' Py 1(1i). 2.91
¢7/7] ™ 7; 2n(2n _ 1)Vn,] 2 1(:“ ) ( )

The 47 multiplication factor arises out of the ¢p—itegration.
The integration of other quantities are implemented in the following, more simple manner. Using
the previous subscript notation and assuming the integrand is a function of both (r, u) denoted by

Sk, (Sk, also contains the 72 term of the volume element) we first integrate over '

KDIV -2

1
" 3(KDIV 1) ! 2.92
k ; 3(KDIV — 1) (Sk,l + Sk,l+1 + Sk,l+2) ) ( )

creating the aforementioned quantity T}, which depends only on r’. Then, integrating over r’ we

have
NDIV -2

T'max
=4 —————— (T}, + 47T; T; . 2.
R=4r ) 3(NDIV—1)( k4T + Thyo) (2.93)

As before, the 47 factor is due to integration over ¢. The source code can be found in Appendix

C.1.

2.5 Results

As a first test of our numerical code, we use a = 200, kg = 0.4 and N = 1.5 to compare our results
with Tommimura & Eriguchi [25]. The detailed comparison in shown in Table 2.1. The results are
in good agreement, within ~ 1%, except the fastest rotating model, where some quantities show
larger disagreement (but notice that our models have significantly better virial tests). Comparisons
to additional models in Tommimura & Eriguchi [25] are shown in Appendix B.1.

We also provide contour plots of the gravitational potential (Fig. 2.1a), matter density (Fig.
2.1b), poloidal (Fig. 2.2a) and toroidal (Fig. 2.2b) magnetic field norms as well as enthalpy (Fig.
2.3) for a model with o = 200, kg = 0.4, N = 1.5 and r,/r. = 0.55 constructed on a 451 x 451
grid. The current configuration describes a deformed neutron star due to rapid rotation and strong
magnetic field (Table 2.1). Although the current configuration contains both poloidal and toroidal
magnetic fields, the maximum toroidal field strenght is considerably smaller than the poloidal field

strength, as the toroidal magnetic energy is about 0.2% of the total magnetic energy.
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Table 2.1: Our results compared to Tomimura & Eriguchi (TE) [25], with @ = 200, k9 = 0.4,
N = 1.5 (using a 751 x 751 grid).

Model rp/Te Emag/ |W| 311/ |W]| T/|W]| [W| Q2 C M Virial test
TE 0.589 0.146 0.285 3.53E-04 4.83E-02 1.50E-04 -0.0912 0.834 7.23E-05
current 0.589 0.144 0.285 4.07E-04 4.82E-02 1.73E-04 -0.0911 0.832 3.03E-06
TE 0.55 0.152 0.276 0.0106 4.61E-02 4.31E-03 -0.0919 0.812 7.61E-05
current 0.55 0.152 0.276 0.0105 4.61E-02 4.29E-03 -0.0919 0.812 3.04E-06
TE 0.5 0.166 0.264 0.0205 4.34E-02 7.76E-03 -0.0927 0.788 8.23E-05
current 0.499 0.166 0.264 0.0207 4.33E-02 7.82E-03 -0.0926 0.787 3.26E-06
TE 0.45 0.190 0.256 0.0220 4.02E-02 7.44E-03 -0.0922 0.764 9.23E-05
current 0.449 0.190 0.255 0.0220 4.01E-02 7.46E-03 -0.0922 0.763 3.60E-06
TE 0.4 0.222 0.252 0.0110 3.59E-02 3.20E-03 -0.0892 0.730 1.05E-04
current 0.4 0.223 0.252 0.0111 3.58E-02 3.21E-03 -0.0891 0.729 3.95E-06
TE 0.372 0.242 0.252 7.83E-04 3.32E-02 2.07E-04 -0.0866 0.707 1.15E-04
current 0.371 0.243 0.252 5.50E-04 3.31E-02 1.45E-05 -0.0865 0.706 4.28E-06
1 0.8 1 0.9
0.9 0.8
0.8 . ) 0.8
1 o7
1.1 o
0.6 - 12 0.6 -
N N 0.5
1.3 S
0.4 . 04—
1.4 0.4
— -1.5 0.3
0.2 . 0.2
16 0.2
| | [ | -1.7 | | | [ 0.1
0 02 04 06 038 0 02 04 06 038
(a) (b)

Figure 2.1: Contours of (a) the gravitational potential ®, and (b) the matter density p . The black

line represents the surface of the star.
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Figure 2.2: Contours of the function u for (a) the poloidal and (b) the toroidal magnetic field com-
ponents. The toroidal component is in the region where the poloidal component has its minimum
value and is confined inside the star. Notice that the toroidal component is significantly weaker

than the poloidal one.
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Figure 2.3: Contours of the enthalpy H (positive values), which vanishes at the surface of the star

(black line). Outside the star, the contours correspond to those of a negative effective potential.
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Chapter 3

Rotating magnetized superconducting

neutron stars

3.1 Introduction

In this part we look into equilibrium configurations of superconducting, two-component, mag-
netized, barotropic, rotating neutron stars. Initially, we describe the physical system and the
corresponding equations. As in the previous Chapter, following Lander [18], we use an iterative
method to obtain equilibria, solving the integral form of the equations of motion. Compared to the
previous Chapter, the main differences are the two-fluid composition and the different magnetic
force acting on protons. For a more general account on the theoretical description of this subject,

see Glampedakis, Andersson and Samuelsson [8].

3.2 Basic theory

3.2.1 Two-fluid description

We assume a rotating, magnetized, axisymetric neutron star in a stationary state. The axis of
symmetry is parallel to the magnetic dipole axis, as well as to the rotational axis. The star is
assumed to have only two regions: the core and the crust. The core, a region that starts at the
center and extends to roughly 90% of the radius of the star (the crust-core boundary), is assumed to

consist of superfluid neutrons and type-II superconducting protons, where the protons are subject to
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a magnetic force different from the normal ideal MHD case!. Superfluidity allows for relative flows
among these interpenetrating components. The crust, which lies between the crust-core boundary
and the surface of the star, is composed of normal matter, which is subject to the standard Lorentz
force. The crust is assumed to be in a relaxed state, without tagential stresses and can thus be
described as a single fluid. Outside the star we assume vacuum.

In the core, we need to consider two separate equations for the hydrostationary equilibrium:

Vi + V&g — V&, , =0, (3.1)
and -
Vip+ VP — VO, , = ;“ag, (3.2)
p

where [iy, fip are the neutron and proton chemical potentials, ®, is the gravitational potential and
®, ,,, P, are the rotational potentials for neutrons and protons respectively. Fi,.e is the magnetic
force acting on protons. We will discuss chemical potentials, as well as the form of the magnetic

force in the following sections.

We consider that the neutrons and protons co-rotate rigidly (Q2 = Qg = 03) and hence the
rotational potential is given by
w2}
¢)I‘,Il == @r,p == 9 0, (33)
while the gravitational field is, as before, related to the total density p through
V20 = 4nGp = 4G (py + pp)- (3.4)
We subtract (3.1) from (3.2) to find
_ . F
V(ip = fin) = —=, (3.5)
Pp

which we use along with (3.2) (instead of using (3.2) and (3.1)). The magnetic field strength B

needs to satisfy Gauss’ law for magnetism
V- -B =0, (3.6)
and in axisymmetry it is decomposed as in (2.10)
B= %Vu X ey + Byey. (3.7)

The system is closed with an equation of state in terms of an energy functional, which will be

discussed in the next section.

'For simplicity, we ignore the presence of electrons, as well as more exotic particle species that may appear at

high densities in the core.
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3.2.2 [Equation of state

In the two-fluid description, equations (3.1), (3.2) are formulated in terms of the chemical potentials

fip, fin instead of the pressure P. These quantities are related through
VP = pyVim+ ppViip, (3.8)

which is obvious if we multiply (3.1) with p, and (3.2) with p, and then add them, which results
in the form (2.1) of the equation of motion for a single fluid, if the two components are corotating.
We assume an equation of state in terms of the energy functional £(pn, pp) given by

141 1+
g — knpn An + kppp Np’ (39)
where ky, k, are constants, and IV, N, are the polytropic indices for neutrons and protons respec-
tively. The form of the equation of state is similar to the previously used polytropic for the one-fluid

case. The chemical potentials are defined through

o€ 1 £+
bp = =—| =kn <1 + ) o, 3.10a
and 5E . )
[y = — k(14— ) po™.
o D N b < + Np> Pp (3.10b)

Here we point out that in the case that the two fluids are not corotating, the energy functional will
also be a function of the relative speed between the protons and neutrons wy, = v, — v}, which

would provide a coupling between the two fluids, a form of entrainment.

3.2.3 Superconducting core

We assume type-II superconductivity for the protons in NS core. Thus, the magnetic force is no
longer the familiar Lorentz force, but is given replaced by a flux tune tension force (see Glampedakis,

Andersson and Samuelsson [8])

1 OH,
Finag = =~ [Bx (V x Ha) + ppV <B appl)] , (3.11)

where H; is the first critical field given by H.; = Hcllg and B is the unit tangent vector to the
magnetic field (B =B/B = Boes + 3¢e¢ + Bzez), with B the norm of the magnetic field. The

norm of the first critical field is given by

Hey = ho2, (3.12)
Ex
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where h. is some constant and e, is the entrainment parameter. Neglecting the coupling between
protons and neutrons, we set £, = 1 (otherwise, £, would be a function of particle densities and
there would also be a force acting on neutrons, see Glampedakis, Andersson & Lander [7]). In this

case (3.11) becomes

4 . .
fhirFmg = VB +B x (ppv x B+ Vp, x B> . (3.13)
C

Next, we define a unit current as

o N 1 ~ ~
Jj=V xB=—V(wBy) X es+ js€s,
" @Be) x e <2 (3.14)

-~

jpol Jtor

(see A.1.1.3). Substituting (3.14) in the first term of the parenthesis in (3.13) and using (3.7) to

substitute B in the second term, we obtain

4r 1 - N Vu-Vp
—EFmag = ppVB -+ ;B X [V <pPWB¢) X e¢:| + <ppj¢ — w_Bp> B x e¢. (315)
The last term is purely poloidal, since
1 - 1
B x €y = <VU X ed,) X ey + Bd)ed) X ey = ——Vu, (316)
w w

and substituting the above result in (3.15) yields (see A.1.2.2)

47 1 ~ B, - Vo, - Vu ~\ Vu
7h7Fmag =pp VB + EVU x V <ppr¢) + gV (ppr¢) + <;B — ppj¢)

c ™

(3.17)
As in the previous section, the magnetic force does not have a ¢—component, since it is the gradient
of an axisymmetric scalar function. Thus, any toroidal component in the right side of (3.17) should
vanish. The only toroidal component in this equation is the second term on the right side and
therefore

Vux V (pw@B,) =0, (3.18)

implying that either Vu is parallel to V (ppr¢) and we obtain a mixed poloidal-toroidal field,
or Vu = 0 and we obtain a purely toroidal B field. Here, we only consider the mixed-field case.
Setting

ppwBy = f, (3.19)

it follows that f = f(u) (see A.2.3.6).
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On the other hand, taking the curl of (3.5) shows that its right side should be the gradient of
a scalar M

Fma
2 — VM. (3.20)
Pp

Equation (3.17) then becomes (see A.1.2.2)

4 Bf df Vp,-Vu )\ Vu
ToM-vB= (214 Y VU L) VU ,
he (p%w du + wBpp ) = (3.21)
Setting
4
y = th + B, (3.22)

we have Vy = C Vu where C is the term in parenthesis in (3.21). Taking the cross product of
both sides with Vu yields that y = y(u) and hence

Ay BI & Y Vu s 529)
5 du w*Bpy, w

du ~ @2p
Although in the previous section we showed that M is a function of wu, this assumption does not
hold in the present context and thus we can not further specify the functional form of either M or

B. At this point we will manipulate qu in order to transform it into a more suitable form. Using
(3.7, 3.14) we have (see A.1.2.3)

1= =B |\0=? ~ wow ' 022
A,

2 2
j ! (a 19,9 >u—;VB.Vu : (3.24)

where A, is used as in the previous part. Replacing in (3.23) we obtain the equivalent of the

Grad-Shafranov equation for the superconducting matter

dy Bf df Vp,-Vu 1 1
= = - — — Ayu—=VB -Vu]|. )
du w?pZ du w?Bpp w?B YT B b (3.25)
Defining II = %, we obtain
VII- Vu dy df
Agu = ———— — @wpplI-= — I f 3.26
u i @ ppll F o (3.26)

where we moved % to the right side. Although this term could be manipulated as an operator

acting on u (since it contains Vu), moving it to the right side and regarding it as part of the source

VII.Vu
II

function results in an easier numerical implementation. If one would keep as part of the
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operator acting on u, it would be necessary to find the corresponding Green’s function. The norm

of the magnetic field can be written in terms of u using (3.7, 3.19) as (see A.1.2.4)

Y [Vl
=VvB-B=pp (3.27)

/p%WQ —f2
[V

7#732 Iz (3.28)

As in the first part, A,u can be written as a Laplacian operator (see A.2.3.5) and thus the super-

while 1T is
=

conducting Grad-Shafranov equation obtains the following form

v2 (usm¢> <VHVU — wp H@ S — df) sin ¢. (3.29)

w wll L w" d

3.2.4 Normal crust and exterior
3.2.4.1 The crust

In this section we discuss the form for the B field in the crust region. We assume normal perfectly
conducting matter and hence, the governing equations are those of the perfect MHD used in the

first part. The magnetic force is
1
Frae = e (V xB) x B. (3.30)
™

One difference though, is that u can not be decomposed into Agw. For this reason the Grad-
Shafranov equation is simply (2.26)

dMyx df N
du du

where we have denoted the functions M, f with subscript N to distinguish them from their super-

Avu = —dnw’p, (3.31)

conducting counterparts. The Grad-Shafranov equation, written in the form of a Poisson equation,

V2 (usin(b) = <—47Twp My _ defN) sin ¢. (3.32)

w P du w du

is

3.2.4.2 The exterior

The exterior of the star is assumed to be perfect vacuum as we have not assumed the presence
of a magnetosphere. Therefore, the matter density vanishes in the outer region and the equation

governing the magnetic field is

A= V2 (“Slw) = 0. (3.33)

w
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3.2.4.3 Global magnetic equations

Gathering together the equations for all regions (core, crust and exterior), we write them in piece-

wise form as follows

: d 2 L df\ .
iné Vot —wppllgh — %) sin ¢, core,
usin
v? ( w ) - —drwpy d%N - ngdé%’) sin ¢, crust, (3.34)
0, exterior.

3.3 Mathematical Manipulation

In this section we discuss the mathematical manipulation of the equations so that they can be

implemented numerically.

3.3.0.4 Crust-core boundary conditions
In order for our model to be consistent, we need to specify the boundary conditions on the crust-core
boundary. To begin with, we define the crust-core (cc) surface as

ppCC(waz) - pp(o'grgqao)a (335)

and the surface of the star by
Pp surf(wy Z) =0. (336)

The first boundary condition to be met is the continuity of the magnetic force on the crust-core
boundary

[ p(I:)oreV Msc] y — [ pcrustv MN]

o (3.37)

cc’
In the previous equation we have denoted proton density with core and crust superscripts implying
that they could have different values on the corresponding regions. The presence of this disconti-

nuity can be reasoned due to the transition from the superconducting to the normal matter region,

core

however here we will only use continuous functions for the density and hence py

equal. Substituting (3.22) in (3.37) we obtain (see A.1.3)

dy 47 pl(;rust
Bl =|[-2--—"> : .
o, - [(2- ) .
cc

As in the previous cases, Bec = Bee(u) (see A.2.3.6). Since we do not know B as a function of u

and pg™s* are

on the core-crust boundary explicitly, we will use a polynomial approximation for B.., denoted by
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Bec(u). We employ a second order formula of the following form

Bee(u) = co + cru + cou(u — uld), (3.39)
where cp, 1, co are constants and uce is the equatorial value of u on the crust-core boundary. The
constants are chosen in such a way that the polynomial values coincide with the numerical ones at
the pole and equator. Since the polynomial is of second order, we also need a third point, which

we choose to be at the middle of the # direction (6 = § or u = 0.5). Therefore, we have

co = BrO, (3.40a)
Beq — Cp
Ccl = CfuJT’ (340b)

ngid —co— clug;id
Cy = - - eqy -
ugéld (ugéld _ Ucc)

(3.40¢)

This polynomial approximation produces acceptable results, since it only induces a negligible error.
Substituting (3.39) in (3.38) we obtain
~ 4

y(u) = Bee(u) + e

crust
Pp

peore ] MN(u)’ (341)
p cC
which relates y(u) with My(u).

The second boundary condition suggests that By is continuous at the crust-core boundary (see

A1.3)
NG
cc Bcc(u) )

which relates the superconducting and normal matter f functions. It is obvious that the indepen-

fu) = foelu) = [p5] (3.42)

dent functions are now two, instead of four.
Even though (3.29) does not depend explicitly on the superconducting function M, this function
is used to obtain the equilibrium configurations, as will be shown later. The expression for My is

found be equating the left side of (3.22) with the right side of (3.41) and solving for M.

M. = — [y(u) — B]. (3.43)

3.3.1 Assumptions

As in the first part, we use spherical polar coordinates with the symmetry axis along the positive z
direction. In the previous section, we derived the relations between the superconducting magnetic

functions y, f and their normal matter counterparts My and fx. We choose the functional form of
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normal matter functions (as in Lander [18]) and define the superconducting through (3.38), (3.42)

as follows
My (u) = ru, (3.44)

and

P (u) = a(u = i) 0w = winy), (3.45)
where k, a and ¢ are some constants and iy is the largest u line which closes in the star (i.e. the
u value on the surface of the star at the equator).
3.3.2 Gravitational potential

The gravitational potential is found using the same equation as in the previous part, by inverting the
Poisson equation and using the Green’s function Legendre polynomial expansion. The integrated

density is the total density p = pp, + pn.

3.3.3 Solving for u

In order, to solve the Poisson equation (3.34) we work as in the first part, with the difference that

now can not be directly related to the vector potential. Therefore, solving for u yields,

F(r') -
- - v .
U(T7 ,u) 4r SinQb all space ‘I‘ - I'| . (z) ’ (3 46)
where F'(r) is defined through
VH YU wppﬂdy f ) sin ¢, core,
F= drwpy d%N + J;“ ng) sin ¢, crust, (3.47)
0, exterior.

Inverting (3.46) yields (see A.2.4)

+o0o 1
u(r,,u):w// . dr’// [Zan 1(r',r) (21 )P2'n, 1 (1) Popy (W)
r’'= w'=0

F(r' p'). (3.48)

3.3.4 Integral equations

Equations (3.2) and (3.5) can be written in integral form using (3.20) as

2002
w

,ap + ¢g - - M — Cp = 0, (349)
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and
fop — fin — M — Cgir = 0, (3.50)

where M is the following piecewise function, depending on the region

M { % (y(u) — B), core, (3.50)
KU, crust.
3.3.5 Keplerian Velocity
The Keplerian velocity has the same physical meaning as in the previous part, defined by
Dy = Ot (3.52)

where & is the equatorial radius of the protons (i.e. the equatorial radius of the star) and substi-

tuting (3.2) we obtain

) oM dji

~ P, = —— O2qp _ ZCP .

or g or o + Oreq or o (353)
eq eq

Hence, Q% is
1 0j 1 oM
W =—% =2 +%+5 | -
K qu or qu 0 T(Ie)q or qu (354)

3.3.6 Various physical quantities

As in the first part, we calculate some quantities that describe the equilibrium. The total mass M,
moment of inertia I, angular momentum J, kinetic energy 7', gravitational energy W are given by

equations (2.50) to (2.54). The internal energy U, for protons and U, for neutrons are given by

U, = / &, dv, (3.55)
all space
and
Uy = / En dV, (3.56)
all space
where &, &, are the two terms entering the equation of state, i.e.
1+
Ep =kppp ", (3.57)
and
I+
En = knpn ™, (3.58)
respectively. The magnetic energy is evaluated using
gmag = / r- Fmag av, (359)
all space

where F,,s is given by (3.11) for the core and by (3.30) for the crust.

32



3.4 Numerical Method

In this section we describe the implementation of the iterative method for computing the equilibrium
mdoels model. First, we describe the non-dimensional units, then the plan of the method and finally

the numerical implementation.

3.4.1 Non-dimensional Units

We define the length, mass and time units through

[L] =& (3.60)
[M} = (qu)BPmax, (3.61)
- (3.62)

V Gpmax7
where pmax = (Pp)max + (Pn)max. Using the appropriate combination of the aforementioned defini-

tions, we derive the dimensionless form of the following quantities

. r
=3, (3.63)
Teq
N Pp
Pp=—")H 3.64
P Pmax ( )
R Pn
Pn = ) 3.65
pmax ( )
A P
Py = ——5—, (3.66)
G(qu) Pmax
A C
Cp=——5—) (3.67)
G (18q)” Pmax
A Cuif
Caif ) (3.68)
G (qu)Q Pmax
2
SLINL , (3.69)
Gpmax
2 ,[]/p
) (3.70)
G (rgq)Q Pmax
S fin
Un = ——>5 (3.71)
G (qu)2 Pmax
R U
U="—"="53 (3.72)



: (3.73)

k=, (3.74)

I 3.75
\/épmax (Tcpq)4 ( )

while for all quantities with energy units the dimensionless form is

E

G(Teq) Pmax

(3.76)
Similarly to the first part, the equations are exactly the same when we use the dimensionless
quantities. Although we have defined the dimensionless densities pp, pn through (3.64) and (3.65)
we can also define them using the proton and neutron fractions, which are given by z, = %" and

Ty = % respectively and are related through z, + z, =1, or

Ty =1—xp. (3.77)

Since the maximum density is attained for both protons and neutrons at the center of the star,
the central proton and neutron fractions, denoted by z,(0) and z,(0), are related to the densities

through

2p(0) = P2 (3.78)
Pmax
and
2n(0) = 1 — mp(0) = 22, (3.79)
Pmax

Dividing the proton chemical potential with the maximum value fipmax and using (3.10a), (3.10b),
(3.78) and (3.79) we obtain

ﬁprp(0)< tr )NP, (3.80)

,ap max

and similarly

pn = (1 — 2,(0) ( fin )NP . (3.81)

,LLH max

7

As in the first part, hereafter we will use only dimensionless variables, omitting the notation ” ~”.
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3.4.2 Plan of the method

In this section we discuss the algorithm for evaluating the various quantities. We specify the
polytropic indices IN,, N, and the ratio of polarto equatorial radii for protons rgol /&, which is
simply equal to 7’5017 since the dimensionless value of 75 = 1. The equatorial radius of neutrons
Teq is determined through the definition of the crust-core surface (3.35) and coincides with the
ratio %, /réq. The constants x and a for (3.45) and (3.30) and the superconductivity parameter
he, as well as the central proton fraction x,(0) are specified. Finally, we may need to specify the
under-relaxation parameter w < 1 (see A.3.5) so that our scheme converges.

As in the first part, the proton chemical potential vanishes at the surface of the star, while the

neutron chemical potential vanishes at the crust-core surface. Evaluating fi, at réq, rgol (where
fip (18, 0) = fip(1,0) = 0, ﬂp(rgol,l) = 0 respectively) and fi, at rg, (where jiy(rg,,0) = 0) we
derive the equation for the angular velocity Qg
0 = 2[@4(1,0) = M(1,0) + M(r}, 1) = By(r8,,1)] (3.82)
and for the integration constants Cp, and Cgif
QQ
Cp = (1,0) = M(1,0) = =2, (3.83)
Cuair = ﬂp(qu, 0) — M(qu, 1). (3.84)

Therefore, the main iteration algorithm is:

Main iteration
1. Assign initial values p, =1, pp =1l and u=1.
2. Compute ®, from (2.36).
3. Calculate II from u (3.28).

4. Compute intermediate u from (3.48). Before evaluating, divide by Il and multiply again

after integration.
5. Employ under-relaxation to find the new u (A.64).

6. Evaluate the angular velocity Q2, and the proton integration constant C}, from (3.82) and
(3.83).
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7. Use the proton integral equation (3.55) to evaluate fip.
8. Evaluate the difference integration constant Cg;s from (3.84).
9. Using the difference integral equation (3.50), compute fiy,.
10. Compute new proton and neutron densities from (3.80) and (3.81).
11. Return to first step and use for the next iteration the new values of p,, pn and u.

The aforementioned algorithm is repeated until

Aﬂp _ /ij maX,Nnew - ﬂp max,old ’ (385)
Mp max,new
Aﬁn _ ‘ ,an maxlnew - [Ln max,old : (386)
Mn max,new
C, —Chold
Ac, = |22 .0 3.87
Cr Cp,new ’ ( )
Caif new — Caif old
Ac.. = ; old | 3.88
Clait C’dif,new ( )
Q(% new Qg old
Ags = | (3.89)

are all less than a specified value (usually chosen between 10~# and 1076). The scalar virial theorem

is

1d°1 U o
= =2T 4+ Ema — +3-2 3.90
572 +& g+W+3Nn+3Np (3.90)

and since the moment of inertia is constant with respect to time, the right-hand part is equal to

zero. Numerically this quantity will never vanish, so we construct the virial test quantity,

Un U,
2T+5mag+W+3m+3Wi
(W] ’

Ve = (3.91)

which provides a test for the global convergence of the algorithm.

3.4.3 Numerical implementation

The numerical implementation is the same as in the first part. We employ a 2D r versus p
grid with NDIV, KDIV points in the respective directions. The r and p points are given by
(2.84) and (2.85) and we compute n = LMAX terms of the Legendre and associated Legendre
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polynomials. The numerical evaluation of the gravitational potential is given by (2.86), (2.88)
and (2.90), while the integration of the other quantities is obtained by (2.92) and (2.93). As
before, we extrapolate quantities on points that are on the edges of the grid (i = 1..KDIV, j =1,
it=1.KDIV, j=NDIV;i=1, j=1.NDIV;i= KDIV, j =1.NDIV). We also extrapolate
the magnetic density function F(r, ) (3.47) on the crust core boundary, to obtain values for various
quantities describing the star (see A.3.4, A.3.3). The only difference is in the equation for obtaining
u. Using the sa me notation as in (2.4.3), integrating (3.46) over p’ yields
KDIV—2

(1) _ 1 Fiy+4P) F

+ Py, 1 (pug2) Frois2)

while integration over r’ gives

NDIV -2

9 T'max 1 !
UT(L,]) = Z ?)(]VTE;/—D (Tl%fén—l(rk? TJ)Uliﬁ)L +4 T]2€+1 f2n_1(7ﬂk+l’ Tj)UliJr)lv” (3 93)
k=1 ‘

1
+r,%+2f2n—1(7’k+2, Tj>Ul§+)2,n) :

Then, u is given by

LMAX

1
o , 2 } : I §{C) ,
e H n—1 o2n(2n —1) ™ Pop—1(pa)- (3.94)

The full source code of the implementation of the numerical scheme can be found in (C.2).

3.5 Results

We focus on nonrotating equilibria and provide contours of the proton and neutron densities pp, pn,
chemical potentials fip, fin, gravitational field ®, as well as of the norms of the poloidal and toroidal
magnetic field components, together with along with contours of the function u. The qualitative
behavior of the magnetic field lines is dependent on the strength of the magnetic field, so we have
”strong field”, "medium field” and ”weak field” configurations. In all three cases, the stars has
Pmax = 108 gr/em?®, 7, = 15km, N, =1, a =200, ¢ =1, a central proton fraction z,(0) = 0.15
and a superconductivity constant of A, = 0.1. Notice that the toroidal component is much weaker

than the poloidal one.
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3.5.1 Strong field case

The strong field configuration is the one most similar to the normal matter configurations. The
neutron polytropic index is NV, = 0.9 and « = 0.03. Chemical potentials are shown in Fig. 3.1a,
while Fig. 3.1b. displays proton and neutron densities. The chemical potential fi;, vanishes at the
surface of the star while i, vanishes at the crust core boundary. The gravitational field is shown in
Fig. 3.2. Since all quantities in Fig. 3.1, 3.2 exhibit symmetry with respect to 6 we show the various
quantities at § = 45°. D The norms of the poloidal and toroidal magnetic field components are
shown as density plots in Fig. 3.3, which also displays contours of the function u. The contours are
smoot h. The norm of the magnetic field at the pole is 1.09 x 10'5 G. A numerical grid of 481 x 481
was used, with an under-relaxation parameter w = 0.023 and the computation was stopped after
238 iterations, when all five accuracy measures (3.85)-(3.89) became less than 107°. A similar case

is shown in Fig. 3 in Lander [18]. The virial test for this configuration is 3.53 x 1076,
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Figure 3.1: (a) Chemical potential of protons, fi,, (blue) and of neutrons fi,, at # = 45°. The surface
of the star is at 7 = 1 while the assumed crust-core boundary is at » = 0.9. (b) Proton density py,

(blue) and neutron density p, (red).
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Figure 3.2: Gravitational potential ®g.
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Figure 3.3: (a) Density plot of the norm of the poloidal magnetic field component and (b) of the
norm of the toroidal field component. The black lines are contours of the function u. The crust-core

boundary is not shown in these plots.
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3.5.2 Medium field case

For a medium field configurations, we choose a neutron polytropic index N, = 1 and & = 0.007,
which gives Bpgle = 1.39 X 10 G. Fig. 3.4 shows density plots of the norms of the poloidal and
toroidal magnetic field components. The region of closed field lines is displaced towards the surface
of the star, compared to the strong field case. A numerical grid of 481 x 481 was used, with an
under-relaxation parameter w = 0.17 and the computation was stopped after 47 iterations, when
all five accuracy measures (3.85)-(3.89) became less than 1075 while the virial test is 3.85 x 1076,
In this case, one can clearly notice kinks in the contours of u. A similar case is shown in Fig. 3 in
Lander [18].
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Figure 3.4: (a) Density plot of the norm of the poloidal magnetic field component and (b) of the
norm of the toroidal field component, for the medium field case. The black lines are contours of the
function u. The region of closed field lines is displaced towards the surface of the star, compared
to the strong field case. When the computation is stopped at 47 iterations, noticeable kinks are

present in the contours of u. The crust-core boundary is not shown in these plots.

3.5.3 Weak field case

For a weak field configuration, we choose N,, = 0.9 and x = 0.005, which gives By, = 3.32 x 10 G.
A numerical grid of 511 x 511 was used, with an under-relaxation parameter w = 0.25 and the
computation was stopped after 31 iterations, when all five accuracy measures (3.85)-(3.89) became
less than 1075, In this case, Fig. 3.5 shows very strong kinks in the contours of u. Here the virial

test value is 4.53 x 1079, A similar case is shown in Fig. 3 in Lander [18].

42



0.0003
1.6e-10
0.0002 0.8 1.4e-10
0.0002 1.2e-10
0.6~ 1e-10
0.0001 ge-11
0.4~
0.0001 6e-11
de-11
2+
5e-05 0
2e-11
0 0 0

Figure 3.5: (a) Density plot of the norm of the poloidal magnetic field component and (b) of the
norm of the toroidal field component, for the weak field case. The black lines are contours of the
function u. The region of closed field lines is displaced towards the surface of the star, compared to
the strong field case. When the computation is stopped at 31 iterations, strong kinks are present

in the contours of u. The crust-core boundary is not shown in these plots.

3.6 Convergence Tests

Here we examine the convergence properties of the numerical scheme. Although the virial test pro-
vides a good measure of the global accuracy of the numerical solution, it can hide non-convergence
of the magnetic field, in the case that the magnetic energy is much smaller than the other energies
involved in the virial theorem. Here we provide two additional tests, specific to the magnetic field,
that can uncover potential inaccuracies of the numerical solution.

A first test is provided by the violation of the divergence-free constraint V - B = 0. The finite
numerical precision produces a non-zero result (which can be initially quite large at some grid
points), which would correspond to the existence of a "magnetic charge” density. Using (2.10) and
(A.30) we obtain

1 [ 0%u 0%u
V-B=—=|— - =4t 3.95
72 <8u8r 87‘8u> TPmag (3.95)
Integrating (3.95) within the computational grid, we obtain the total numerical ”magnetic charge”

B as )
1 RMAX aQu aQu

num __ _ dr dpu, 3.96
e /u_o /r_o <8M3T 57‘3M> e ( )

num

mag SO that very small deviations from zero become apparent. The magnetic

and we examine log
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charge units are the same as the magnetic flux units ®g. The magnetic flux through an open

@B:// B - dS. (3.97)
surface

We calculate the magnetic flux on upper hemisphere of the star in order to compare it with the

surface is given by

total magnetic charge. ®p through the upper hemisphere surface of the star is (see A.3.6)

1
op = 27T/ By (re, p)dp. (3.98)
n=0

The relations between the dimensionless and the physical units are

num

Anum mag
mam ___fmag 3.99
a8 \/épmaxrg ( )
« dp
bgp= ——7—. 3.100
\/épmaxrg ( )

As a second test, we use the function u, which is the fundamental quantity describing the magnetic

field. We test its convergence between consecutive iterations by computing the measure

KDIV NDIV

! 2
v\ NDIV -KDIV ZZ_; ; (i g new — Uijold)”, (3.101)

which is motivated by the definition of the usual standard deviation. The deviation of the above
measure from zero is a strong indication for the convergence of the magnetic part of the numerical
solution.

3.6.1 Higher convergence results

Here we focus on the weak field case, which was stopped at 31 iterations in Section 3.6 and show

the dependence of the new tests s and Qy 5z on the number of iterations. We also show the log ®p
together with log Qiag. Fig. 3.6a shows that the integrated numerical "magnetic charge” Quag

decreases rapidly with increasing number of iterations and reaches a plateau (set by the finite

accuracy of the grid spacing) at extremely small values within a few iterations. Also, it is apparent

num

that ®p is about four orders of magnitude larger and thus the Qg

is negligible. This shows that
the divergence-free property is strongly enforced by the iterative scheme and is preserved during a
large number of iterations.

Fig. 3.6b shows the convergence of the logarithm of the ”standard deviation” o, with increasing
number of iterations. Its value decreases as a power law while the least square line fit for underre-

laxation parameter w = 0.25 is log o, = —0.494 — 0.124 n, where n is the number of iterations. The
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slope of the least square line is related to the underrelaxation parameter since it becomes steeper i.e.
the algorithm converges faster, when the underrelaxation parameter is increased until it reaches
a plateau at around 40 iterations. This indicates that the accuracy criteria used in Section 3.6
(which concerned the matter fields) terminated the computation at 31 iterations, while there was
still room for improving the accuracy of the solution and in particular its magnetic part (the matter
fields are only weakly coupled to the magnetic field in the weak field case). Because the matter
fields have already converged to sufficient accuracy after 31 iterations and are weakly coupled to
the magnetic field, we freeze the matter fields at that iteration number and continue to iterate only
the equation for the magnetic field for ten more iterations. At 41 iterations the magnitude of the

magnetic field at the pole is Bpge = 3.88 X 10'3 G, somewhat higher than before.
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Figure 3.6: (a)Logarithm of numerical "magnetic charge” Qpg (blue) and logarithm of total upper

hemisphere magnetic flux ®p (red). (b) Logarithm of standard deviation-like quantity o,,.
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Figure 3.7: Contours of the poloidal (a) and the toroidal (b) field along with the u contours (black

lines) for the higher convergence weak field case.
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The resulting magnetic field structure is shown in Fig. 3.7. It is obvious that the additional
iterations have smoothed out the kinks that were present in the contours of u in the numerical
solution shown in Fig. 3.5. In addition, the toroidal field region has now moved entirely inside
the crust region. This demonstrates that in the weak field case the magnetic field (and especially
its toroidal part) needs additional iterations to relazx to a converged solution, compare to the matter
fields.

For the converged weak field case, we expand the numerical grid to RMAX = 37r.. Thre
resulting external vacuum configuration has a usual dipole-like character, as in the ideal MHD case
(Fig. 3.8).

Furthermore, we provide convergence results for the magnetic field for the strong field case, for
three different grids (Table. 3.1), while the mass of the neutron star is 1.81 My. Even for the
fields that are considered as realistically strong, the total magnetic energy is still several orders
of magnitude smaller than the gravitational binding energy. As a result, very high resolution is

required in order to reach convergence of the magnetic part.

Table 3.1: Convergence test for the strong magnetic field case, using three different grids , N, =1,
N, =09, =200, ¢ =1, 2,(0) =0.15, K = 0.03, he = 0.1, w = 0.02.

Grid dimensions Emag/ |W| Mass 0w min Virial test
301x 301 1.52E-05 1.06 1.44E-07 1.31E-05
601x 601 1.19E-05 1.07 5.26E-07 1.41E-05
1201x 1201 1.32E-05 1.07 2.76E-07 2.84E-06
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Figure 3.8: The weak field configuration calculated for RMAX = 37¢q.
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Chapter 4

Discussion

In the current thesis we constructed equilibrium configurations of magnetized neutron stars. In
the first part, we constructed rotating normal matter magnetized models reproducing the results
in Tomimura & Eriguchi [25] with high accuracy. In the second, part we constructed models with
a superconducting core and a normal matter crust, reproducing the qualitative behavior of the
results shown in Lander [18]. Although the algorithm in the second part is constructed in such way
that rotation is included, we focused here on non-rotating models and studied the influence of the
number of iterations on the accuracy of the numerical solutions. We find that especially for weak
magnetic fields it is not sufficient to terminate the iterative procedure when the matter fields have
converged to a desired accuracy. The reason is that in this limit, matter is weakly coupled to the
magnetic field, so that the latter needs an additional number of iterations i n order to converge
to an accurate solution. In particular, we show that kinks in the magnetic field configuration are
smoothed out if one allows for a larger number of iterations, until the cumulative numerical errors
reach a plateau.

The next step to be done is to include realistic equations of state instead of polytropes as
well as to assume a nonconstant entrainment parameter e,, which would imply, as mentioned in
Glampedakis, Andersson & Lander [7], the presence of a force acting on neutrons. The numerical

code can also easily be extended to include a magnetosphere as well as differential rotation.
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Appendix A

Mathematical tools

A.1 Mathematical derivations

In this section we provide more details about the derivation of various equations in Ch. 2 and Ch.

3.

A.1.1 The normal MHD case

A.1.1.1 The j,, and B, cross product

jpol X Bpol =0,

<1V (de,) X e¢> X <1VU X e¢> = 0,
w

dmwo

<1V (wBy) - <;Vu X e¢>> es =0, (A1)

Ao
1

A2

(ep - (V (wBy) x Vu))eg =0,

V (@ By) x Vu = 0.
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A.1.1.2 The decomposition of L

The first term (jpo1 X Byor) is

Jpol X Bior = (41Vf(u) X e¢> X
)

f(u)
T w i

- (4771wVf(“) : j‘z(;%) ey — (% : f;u)%> ﬁvf(“)

) S )

A2

fw) df o

T 4ro?du

The second term (jior X Bpol) is

. 1 1
Jtor X Bpol = _EA*U €y X <wV’U, X e¢>

1 1 1 1
= (-mA*Ue¢ . e¢> EVU/ — (_WA*UG¢ . qu) e¢
1
The last term (jior X Bior) vanishes, since it is the cross product of parallel vectors.
(u)

w

. 1
Jtor X Bior = _;A*’UJ ey X €y = 0.

A.1.1.3 The j and B relation

The current density (2.15) is related to the magnetic field through (using (2.10), (2.25))

.1 df dM (u) df B
1= 477w@vu X ept (pw du * Arwdu ) * T
ardu P du ?

A.1.2 The superconducting case
A.1.2.1 The unit current definition

We define a unit current j =V x B. The right hand side of the definition is

X B B, B B. 0B,
VxB:—(.?;ﬁew—l—(M—i—‘ﬁ)ez—l—(a 9 )e¢
w

9z Ow

1 A A
*V(WB(z,) X €4 +j¢e¢ .
N~

g

jpol jtor

o1

(A.2)

(A.4)

(A.5)



A.1.2.2 The superconducting magnetic force manipulation

4 1 N A
—ijag = ppVB + B x [pp ( v (WB¢> X €4 + j¢e¢>

he @
+Vpp, x ! Vuxey+ B
— VU e e
Pp wB @ ®C
1 A . A
=pp VB + B x [wppv (de)) X €4 + B¢Vpp X €y + JoPp€o

1
“F@Vpp X (VU X e¢):|
(A7)

1 .\ .
= ppVB + B x |: (ppV (wB¢) X ey + ’WB¢Vpp X e¢)
w

. 1
topjoes — —5 (Vu-Vpy) %]

]. 2 ~ VU * Vp
=pp VB + B x [wV (ppr¢> X €y + PpJp€s — 7" e¢]

1 . - Vu-Vp
— o, VB+—B (V ( B ) ) o — —— VP ) B e,
ppVE+ —B X Pp@Bg | X € ) + | Pplo = X €
Using the definition of B yields that the last term is purely poloidal

1 . 1
B xes= <qu X e¢> X es + Bgey X ey = —;VU- (A.8)
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Expanding B in (A.7) and substituting the aforementioned result we obtain

_ZFmag = pp VB + % (;Vu X ey + B¢e¢> X (V (PPWB¢> X e¢>

" Vu-Vp,\ V
(e T)

wB w

= ppVB + (Vu X eg) X (V (ppwé(ﬁ) X e¢)

N Vp . VU ~ VU
L (5 ) ) ()

= ppVB Vu - (e¢ X e¢) \Y% (ppw3¢,> —Vu- (e¢ x V (ppw3¢>> ed)]
+ B¢>e¢> X ( (ﬂpras) X %) + <VP;BVU - pp§'¢>> %
=ppVB — (Vu ey e¢ x V (ppr¢)> (A.9)

+ (ep - €4) (V (ppwl%) X Vu) + eV (ppw3¢> (Vu x ey)

0

B, . 5
+ ; (e¢ . e¢) v (ppr¢> — qu -V (,0pr¢) e¢

b (Mo Vu s ) Ve
wB Pplo

0

w
1 -\ By .
= pp VDB + EVU x V <ppr¢> + ;V (ppr¢>
Vp - Vu ~\ Vu
" (wB %) @

Since f(u) = ppwé¢, the aforementioned equation becomes

4 B, Vo, Vu ~\ Vu
M = Ze YPp ¥V =
e —pmpV ppV B+ —Vf(u) + ( B Prio ) —
4 B Vo, -V N
_TYM VB = ¢dfvu+<ppu_j¢>Vu’
he pp@ du wBpy w (A.10)
47 Bf df Vp,-Vu .\ Vu '
TYM-VB= 9 ) Y
he <p12)w du wBpp o)

4dr _(Bfdf Vp,-Vu .\ Vu
V( M B>_<p%wdu+ wBp, ) @
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Using
y=—M+ B, (A.11)

and since y = y(u), we can further derive

dyvu_l(def Vop - Vu A')Vu

_ i —J
du w \ piw du wBp
P b (A.12)
dy __ B df _Vpp-Vu s
du w?p2 du w@?Bp, w
A.1.2.3 The qu decomposition
Using (3.7, 3.14) we obtain
Jo = (V X ]:3)) ey
B
(v (&) =
—l(VxB) es + leB e
"B ¢ B ?
1 1 1
§<VX (B¢e¢))-e¢+§(Vu><e¢)-e¢—?(VBXB)-%
1 1 1
=5 By (V xey)-ey+ (VBy x ey) - e¢+gVu(V ceg) ey — (eq - ey) <V. (qu>)
=0 =0 5
1 1 1
+ (e - V) ;Vu ey — ;V’U,'V e | €y —ﬁ(VBXB)-%)
=0
1 1 [(0%u O%u 1 Ou 1
=B [‘w <3w2+52> +wzaw} tepYe v
1 2 10 0 1
= —— _— _— _ — B .
wB (8w2 w8w+8z2>u BV Vil
A
(A.13)

where A, is given by (A.35).
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A.1.2.4 The norm of B.

Using (3.7, 3.19) the norm of the magnetic field B in terms of u is

1 ou ou ou ou 1/2
= .B = 2, - (2= - == == A4
B=vB B {5 L |(Jhea+ 5 ) xea | (Fmeat ) xee] b A
Squaring both sides yields
2
1
B? = ]; SB? + — |V,
w?p3 w
IVl (A.15)
B = p, .
pRew? — f2

A.1.3 The boundary conditions

At the crust core boundary, the first condition yields
dMy

core hC crust
) Vi1 =l | (.
dy 471' pcrust dMN
[duV“ - VB] e !p] [ du ] [Vtks (4.16)

dy A7 pcrust
[VB]CC = df — hf iore VU .
Y ¢ Pp cc
while the second condition suggests that

cc

[; (pfrefscw) - fN<u>> =0 (A.17)

P

[B((]:Sore _ B((;:SruSt] — 0’

— __ _core fN(u)
f(u) = foc(u) = py BCC(U)‘

A.1.4 Dimensionless density and enthalpy relation

Starting with (2.6) we have
(A.18)
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Differentiating both sides of (2.6), integrating after dividing by p and using the definition H = [ %,

we obtain N1
1
dP = K——p~N
N pN7

dP N+1 1
— =K— d
p N /pN P,

P
H=K(N+1)py =(N+1)—.
P

Inverting the aforementioned equation (using the left and middle parts) yields

Dividing this result by ppax we obtain

p=L = 1 Np’l
Pmax K(N+ 1) A

= (xovs 1>>N (ngmfn)]v

H N
()

A.1.5 Dimensionless density and pressure relation

b

Dividing (2.6) by Ppax we obtain

P Kp1+%
Pmax N Pmax ’
P Kp1+%

= T
Prax Kprln—;;cv

< p )1%*&,_ P
Pmax -Pmax7

Al L
P = Pmapo_N-

A.1.6 Dimensionless density and chemical potential relation

(A.19)

(A.20)

(A.21)

(A.22)

In order to relate the density to the chemical potential we divide fi, with maximum value fip max

and using (3.10a), (3.10b), (3.78) and (3.79) we obtain
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~ 1
Hp < Pp > Np
ﬁp max Pp max ’

~ Np
Pp_ _ < Hp >
Pp max /]p max ’

- Ny
Pp  Ppmax _ Pp max ( Up > (A23)

Hp max
~ Np
Pp_ _ Ppmax < Hp )
Pmax Pmax ,ap max ’

o = p(0) (ffp)Np .

Hp max

Pp max Pmax Pmax

A.2 Mathematical formulas

A.2.1 The Heavyside Step function

The heavyside step function is defined by

1 >
9(33—1;0)2{ N i;io . (A.24)
) 0

A.2.2 Parity of Legendre polynomials
The parity of Legendre polynomials is even for n even and odd for odd n

Pa(=11) = (=1)" Pa(p). (A.25)
The parity of associate Legendre polynomials is

P (=) = (1) B (). (4.26)

A.2.3 Vector calculus identities

Here we show some of the vector calculus identities and definitions in cylindrical (w, ¢, z) and

spherical polar (7,0, ¢) coordinates.

A.2.3.1 Gradient of a scalar

The gradient of a scalar f in cylindrical coordinates is given by

_of, . 1of  Of
Vf= awew—i— —|—azez,

= 8¢e¢ (A27)
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while in spherical polar coordinates by

of . 10f 1 of

Vf:@ ety 39 +rsin9%e¢'

A.2.3.2 Divergence of a vector

The divergence of a vector A is cylindrical coordinates is

1 0(wAs) 104,  OA,

VA= e =00

and )

1 9(r*A,) 1 O(Apsinb) 1 04,
A=

v r2  Or + rsind 00 + rsing 0¢ ’

in spherical polar coordinates.

A.2.3.3 Curl of a vector

The curl of a vector A is

104, 04,
w O 0z

- DA,  0A, 1 (O(wAy) DA
VXA‘( w+<az aw)e¢+w< = a¢)e

in cylindrical coordinates and

oA L <8(A¢sin9) 6A9) 1< 1 04, a(rA¢)>e9+i<M

o0 Y sinf 99  or or

rsin 6

in spherical polar coordinates.

A.2.3.4 Laplacian of a scalar

The Laplacian operator of a scalar f is

b LD (LI, 1P 5
Vii= 2o \Ton) T 2200 T a2

in cylindrical and coordinates and

o 1001 1 0 (o 1
Vf_ﬂ@r or +7‘28in989 89 +r25in2«93¢2’

in spherical polar coordinates.
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(A.29)

(A.30)

(A.31)

0A,
a6 )
(A.32)

(A.33)
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A.2.3.5 The A, operator

When deriving the Grad-Shafranov equation, we encounter the A, operator given by

? 10 0
O0w? wliw 022

We show that this operator can be written as a Laplacian operator. Let u be an arbitrary function.

Then
T o2 usin ¢ _
sin ¢ w
w [1 0 ( 0 (using +i872 usin ¢ +i2 using\|
sin¢ |w 0w “ 9w w w? 2 w 022 w )]

. 2 b
o[ (e (12 o)) Do 2
w w

A, = (A.35)

sing | wdw w 0w w? 822: (A.36)
© [sng (w0 (u))_ u g, smod)
sing | w \0w? Ow \w w3 w 02|
0%u 1 Ou U U 0%u

0w? wiw w?2 w?2 022

A.2.3.6 Identities of gradients

Consider two arbitrary axisymmetric functions A(w, z) and B(w, z). Assuming that
VA=c¢VB, (A.37)

holds, where ¢ is a proportionallity constant, we show that A = A(B) and hence

dA
A=-""VB. A.38
VA= 5V (A.38)

Starting with (A.37) we have

VA =cVB,
VB XxVA=cVBx VB,

VB x VA=0,
0A0B 0AO0B
DAOB 9ADB
9z 0w Ow 0z
D(A,B)|
‘D(wv Z)
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D(A,B)
D(w,z)

theorem A = A(B) and so we have

where is the determinant of the Jacobian matrix. Thus, according to the implicit function

dA
A .40
VA= 7 VB ( )

A.2.3.7 0 and p transformations

Instead of using 6 we use p = cosf. It follows that

dpy = —sinfdf = —/1 — u2de, (A.41)

and hence the derivative operator % is

0 0
= _ — 2
20 1—p o (A.42)

A.2.4 Solution of the Poisson equation

We solve the Poisson equation by inverting it using the appropriate Green’s function. In general,

for arbitrary functions ¥ and ¢ we have

V2¥(r) = ®(r
(A.43)

Ir’ - r|

One Way of calculating the integral on the right side is by using the spherical harmonic expansion
of s

(r', 0", ¢").

Here, r refers to an arbitrary observing point (r, 6, ¢) while r’ to an arbitrary source point

In the general case, we have

! _{ Yo Palcosy) g, 2 (Add)

' —r| Yoo Pa(cosy) = T, <1

where P, are the Legendre polynomials and v is the angle between the source and the point of

observation. The Legendre polynomials can be decomposed (through the addition theorem) into

(A.45)

1 { DD DA~ M V(0" )] Y (
|I‘/ - I‘| Zn 0 Zm—fn 2n+1 [an(9/7¢/)]* Yr:n( 7¢)7«/77;ﬁ7 r < T/
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where Y,7"(6, ¢) are the spherical harmonics. The aforementioned equation in terms of the associated

Legendre functions is written as

Yoo (Pa(cos )Py (cos 0’)
I +25 (ZJFE P (cos0) P (cos ") cos (m(¢p — ¢')) rﬁl) , or>r
v —x| Yoy (Pn(cos®)Py(cos 0’)
+253 = ?(ZJFZ P (cos 0) P (cos ') cos (m(p — ¢')) ,n+1), r<r
(A.46)

Assuming specific symmetries for the source function ®(r), (A.46) attains a simpler form. Here, we

will examine the case of symmetry around the z axis (i.e. the source function being independent of
@) as well as symmetry around the z axis but with a multiplicative dependence on sin ¢ (integrating
®(r,0) sin ¢ as source). Substituting (A.46) into (A.43) and due to axisymmetry the integral with
respect to ¢ can be separated from the r, 8 integrals. The source function is also symmetric with

respect to the equator. This is expressed through
O (r,cos ) = ®[r, cos(m — 0)], (A.47)
while working with u = cos @ instead of 6 it is
O(r,pu) = O(r, —p). (A.48)

The ¢ part of the Green’s function is cos [m(¢ — ¢')] , m = 1..n. Therefore

/27r cos [m(¢ — ¢)]d¢’ =0, m=1.n, (A.49)
0

for the purely axisymmetric case. Hence, the Green’s function expansion is dependent only on r,

(m =0) and can be simplified as follows

m

1 > omeo Pu(cos0)Py(cost)) o, r2>1'
v — 1| S0y Pu(cos ) Py(cos0) oy, 7 <1

(A.50)

The parity of the Legendre polynomials (A.2.2) along with the symmetry property (A.48) results in
only even degree polynomials surviving the integration, while those of odd degree vanish. Therefore,

the Green’s function for an axisymmetric and equatorially symmetric source function is

2n
1 _ Z?Olo:l) PQn(M)PQH(M/)Tgnﬁ7 r> r' (A 51)
v — 1| 520 Pon(i) Pon (1) homer, 7 < 1"



For the axisymmetric case with additional sin ¢’ dependence we have

2w
/ sin ¢'d¢’ = 0, (A.52)
0
and
2 . . . .
/ sin ¢ cos [m(¢ B qﬁ’)} i = 2sin [m(¢ Q—ir)l] sin(mm) _ { 7 sin ¢, m=1 (As3)
0 m 0, m=2.n

where the first integral (A.52) refers to the P, (cos 0) P, (cos ') part of (A.46) while the second (A.53)
to the rest of it. It is obvious, that integration eliminates Legendre polynomials (i.e. P,(cos#))
as well as all Legendre associate polynomials with order higher than one (i.e. P/*(cosf), m > 2).
According to the parity (A.2.2), first order associate Legendre polynomials are even if their degree
is odd and odd when the degree is even. Since the source function ®(r) is equatorially symmetric

(i.e. even with respect to ), only odd degree polynomials survive in the Green’s function expansion

and hence
12n—1
1 )2 Yoy mpgnﬂ(mpgn—l(ﬂl) cos (¢ — ¢) ey 7 20 (A.54)
- = 2n—1 ? .
|I‘, B I" 2 Z;L.O::[ mpgn—l(u)PQIn—l(:u/) CoS <¢ - ¢/) rr’2" » T< !

which is the Green’s function polynomial expansion for an axisymmetric and equatorially symmetric

source with additional sin ¢ dependence.

A.3 Numerical schemes

A.3.1 Numerical integration

Simpson’s formula for integrating a function f(z) over the interval (zg, z,) using grid spacing h is

given by

Zn n—2 .
/ o = ’;kzzo () + 4 (@rn) + fonsa)] = B0 F©,  (A55)

where z; is the ith grid point and f(*(¢) is the 4th derivative of f(z) at some point g < £ < Zy,.
The last term —2a20p? F@(€) is the total error of the method which is of local 5th order and
global 4th order.
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A.3.2 Numerical differentiation

The four-point central differencing formula for differentiating a function f(z) using grid spacing h
is given by

/(@) = 1 [F(im) = 8 (i) + 87 (win1) = f(wis2)] +O(KY), (4.56)
where O(h*) denotes that the formula is of 4th order accuracy. Similarly, at the edges we use a

forwards and backwards differencing scheme for the first two and last two grid points respectively

Fla) = [-fgm AP (@) 3 (wea) + 3 F (i) - if<xi+4>] Loy, i=12. (A5T)
fla) = [igm ~ 4f (i) + 3 (@i2) — 3 Flwis) + }lf@ci_@] +OY, i=nn—1.

(A.58)

A.3.3 Extrapolation

On the edges of the grid, division of small numbers may occur, producing highly inaccurate results.
To prevent, this we resort to extrapolation from interior points, using a Lagrange polynomial of

2nd order

(@i — @ig1) (@i — Tiys)

_ (@i mige) (@i — miys) A ,
f(xZ) B ($z+1 55i+2)(35i+1 - $i+3) f(xhq) " (fCi+2 - $i+1)($i+2 - l’z’+3) f(37@+2) (A 59)
(i — mig1) (@i — Tiyo) A '
+ f(wz+3)7
(i13 — Tiy1)(Tit3 — Tiy2)

where ¢ = 1. To use the formula for points ¢ = n we change z; into x;_.

A.3.4 Interpolation

In order to find the surface value of a quantity we use linear a interpolation formula and the fact
that enthalpy H (or chemical potential fi;,) vanishes at the surface of the star. Assuming that the
desired surface value is denoted with subscript s, while subscripts [ and [ + 1 denote the last value
inside the star and the first value outside the star, respectively, we have for a function F

Fioq1 — F
F, = F (l“’) (rs — 7). (A.60)
Ti4+1 — T
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For the enthalpy, it holds (and in case of the model in Ch. 3 we use the proton chemical potential
instead of the enthaply)

H H
H5:0:Hl-|—( bl l)(Ts—’l”l),
Ti41 — T
) (A.61)
0=a(rs —r)
H
Te = —— + 1y,
a
where ry is the distance to surface. Combining (A.60) and (A.61) we have
H Fi 1 — F
Fy=F——t 241
2 Z“ " (A.62)
l
Fs=F— ——F(F111 — F).
s l Hl+1 — Hl( +1 l)

Also, a 3rd order Lagrange polynomial is used in the case that a grid point attains infinite or

not-a-number value (NaN)

(5 — i) (T — Tiy3) (@i — Tiga)
(Tit1 — ig2) (Tit1 — Ti13) (Tip1 — Tita)

f(xi) = f(@it1)

(i — @iv1) (@i — @ig3) (T — Tiga) ‘
" (Tiyo — mig1)(Tipo — Tig3)(Tigo — $z+4)f(xz+2) (A.63)
4 (i — @iv1) (@ — Tit2) (@i — Tiya) F(ziss) '
(Tits — Tit1)(Tit3 — Tig2)(Tigs — Tita) "
(331 - xz—i—l)(ajz - -TH—Z)(:CZ - -’Ez+3) )
" (Tita — Tit1)(Tita — Tig2)(Tiga — $i+3)f(xz+4)

where ¢ = 2..n — 4. This formula can be also written using the previous grid points, if we change

Zit+k into x;_j where ¢ =5..n — 1.

A.3.5 Under-relaxation

When the iterative scheme used to evaluate u throughout the star does not converge, we resort to
under-relaxation. Assuming that in the nth iteration we substitute w, in the right side of (3.34),

after integration we obtain u). Then, the fully updated u (i.e. up41) is given by
Up+1 = (1 — w)uy, + wul, (A.64)

where w < 1 is the under-relaxation parameter. If w = 1, we have the usual iterative scheme where

— %
Un+1 = Uy
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A.3.6 Magnetic Flux

The magnetic flux ®p is given by (3.97). To evaluate ®p at the surface of the star we work as follows.
The integrated surface is the surface of the star and since we examine non rotating equilibria it
is constant and thus r = r(0,¢) = 1. The surface element in spherical polar coordinates for the
specific case is

dS = r%sin 0dfde e,. (A.65)

Thus the flux one the surface is

@B:// B-dS
surface

w/2 2w
= / B, (1 (0,¢),0)r(0,$)sin 6 dode
6=0 J¢=0

21T

w/2
_ / B, (1,6) sin 6 dode (A.66)
[}
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Appendix B

Results

In this section we provide some additional results for our models.

B.1

First part models

Table B.1: Comparison between our results and Tomimura & Eriguchi (TE) [25], o = 200, ko = 0.3,

N = 1.5 for a 401 x 401 grid.

Model rp/Te Emag/ |W| 311/ |W]| T/ |W]| W] Q2 C M Virial test
TE 0.806 0.0548 0.315 5.70E-04 3.52E-02 2.50E-04 -0.0657 0.709 4.61E-05
current  0.805 0.0548 0.315 6.27E-04 3.52E-02 2.75E-04 -0.0657 0.709 8.48E-06
TE 0.8 0.0548 0.314 2.09E-03 3.48E-02 9.09E-04 -0.0654 0.703 4.60E-05
current 0.8 0.0548 0.314 2.08E-03 3.47E-02 9.08E-04 -0.0654 0.703 8.51E-06
TE 0.75 0.0542 0.305 0.0161 3.00E-02 6.73E-03 -0.0633 0.647 4.73E-05
current  0.749 0.0542 0.304 0.0163 3.00E-02 6.81E-03 -0.0632 0.646 8.9E-06
TE 0.7 0.0532 0.295 0.0308 2.53E-02 1.23E-02 -0.0605 0.586 4.96E-05
current 0.699 0.0531 0.295 0.0312 2.52E-02 1.24E-02 -0.0604 0.584 9.49E-06
TE 0.65 0.0513 0.286 0.0460 2.05E-02 1.74E-02 -0.0567 0.519 5.28E-05
current  0.651 0.0513 0.286 0.0458 2.06E-02 1.73E-02 -0.067 0.520 1.01E-05
TE 0.6 0.0479 0.277 0.0609 1.54E-02 2.18E-02 -0.0513 0.440 5.68E-05
0.6 0.0479 0.277 0.0609 1.54E-02 2.18E-02 -0.0513 0.440 1.09E-05
TE 0.55 0.0411 0.271 0.0725 9.92E-03 2.47E-02 -0.0431 0.340 6.37E-05
current  0.549 0.0410 0.271 0.0726 9.85E-03 2.47E-02 -0.0429 0.339 1.25E-05
TE 0.522 0.0346 0.273 0.0735 6.74E-03 2.49E-02 -0.0364 0.270 7.07E-05
current  0.523 0.0347 0.273 0.0735 6.79E-03 2.49E-02 -0.0365 0.272 1.09E-05
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Table B.2: Comparison between our results and Tomimura & Eriguchi (TE) [25], o = 200, ko =
0.35, N = 1.5 for a 401 x 401 grid.

Model  rp/7e Emag/ |W| 3/ |W| T/|W| |[W| Q2 c M Virial test
TE 0.722 0.0846 0.304 1.24E-03  3.81E-02  5.33E-04  -0.0729 0.736 5.44E-05
current  0.720 0.0846 0.304 1.92E-03  3.97E-02  8.24E-04  -0.0728 0.734 9.40E-06
TE 0.7 0.0847 0.300 8.24E-03  3.60E-02  3.48E-03  -0.0721 0.713 5.49E-05
current  0.699 0.0848 0.299 8.65E-03  3.59E-02  3.65E-03  -0.0721 0.712 9.63E-06
TE 0.65 0.0847 0.289 0.0248 3.14E-02  9.99E-03  -0.0702 0.658 5.76E-05
current  0.651 0.0847 0.289 0.0245 3.14E-02  9.90E-03  -0.0702 0.659 1.01E-05
TE 0.6 0.0839 0.277 0.0426 2.65E-02  1.63E-02  -0.0673 0.598 6.06E-05
current 0.6 0.0839 0.277 0.0426 2.65E-02  1.63E-02  -0.0673 0.598 1.07E-05
TE 0.55 0.0811 0.265 0.0618 2.11E-02  2.22E-02  -0.0627 0.524 6.43E-05
current  0.549 0.0811 0.265 0.0620 2.10E-02  2.23E-02  -0.0627 0.522 1.15E-05
TE 0.5 0.0707 0.255 0.0816 1.33E-02  2.71E-02  -0.0523 0.403 6.99E-05
current  0.499 0.0701 0.255 0.0821 1.31E-02  2.72E-02  -0.0520 0.398 1.28E-05
TE 0.478 0.0519 0.261 0.0823 6.96E-03  2.69E-02  -0.0388 0.275 7.85E-05
current  0.477 0.0513 0.262 0.0820 6.82E-03  2.68E-02  -0.0384 0.272 7.59E-06

Table B.3: Comparison between our results and Tomimura & Eriguchi (TE) [25], o = 200, ko =
0.41, N = 1.5 for a 401 x 401 grid.

Model  rp/7e Emag/ |W| 3/ |W| T/|W| |[W| Q2 c M Virial test
TE 0.517 0.180 0.273 5.53E-04  4.71E-02  2.13E-04  -0.0950 0.823 8.44E-05
current  0.517 0.180 0.273 3.80E-04  4.72E-02  1.46E-04  -0.0950 0.828 1.26E-05
TE 0.5 0.186 0.270 2.04E-03  4.58E-02  T7.60E-04  -0.0949 0.817 8.72E-05
current  0.499 0.187 0.270 2.02E-03  4.58E-02  7.50E-04  -0.0949 0.817 1.29E-05
TE 0.45 0.212 0.263 1.70E-04  4.15E-02  5.59E-05  -0.0931 0.782 9.77E-05
current  0.451 0.212 0.263 1.50E-04  4.16E-02  4.96E-05  -0.0932 0.783 1.41E-05
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Appendix C

Source Code

C.1 Rotating magnetized normal matter neutron stars

© 00 = O Ot s W N =

NN NN N R e e e e e e
TR W N = O © 00~ O Ul kW N = O

[ 3 skt ok sk sk ok sk sk sk ok s sk sk ok sk ok sk ok sk sk ok K sk sk ok Rk sk ok sk sk ok sk ok ok Rk koK Rk sk ok Rk sk ok R ok sk ok sk sk ok Kk skok ok sk ok sk ok ok /

/ * NMAGI11a.C
/%
/* Newtonian models
/ *

/* Author: K.Palapanidis

of magnetized rotating

/* (based on an earlier nonmagnetized version by N.
/x 1993)

/* Date: Winter 2014

/ *

/* Usage: nmaglla —N n_index —r r_ratio

/ *

polytropic

/
/

stars. * /
/

*/

Stergioulas , * /
*/

*/

/

*/

«/

/*******************************************************************/

#include <stdio.h>
#include <string.h>
#include <math.h>

#define KDIV 451 /%

#define NDIV 451 /* grid points
#define RMAX 1.06666666666666666 /* multiply r
#define IMAX 16 /* 1/2 of max.
#define PI 3.141592653589793

#define Sqrt_4PI 3.5449077018110318
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grid points in mu-direction x/

in r—direction x/

by 16.0/15.0 %/

term in Legendre poly.x/




26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63

64
65

int n_ra,
counter=0,
point [KDIV+1],

max_count=0;

double rho [KDIV+1][NDIV+1],
mu [KDIV+1],
r [NDIV+1],
theta [KDIV+41],
f2n [LMAX+1][NDIV+1][NDIV+1],
p2n [LMAX+1][KDIV+1],
phi [KDIV+1][NDIV+1],
n_index ,
omega_02,
h_max,
p-max,
h[KDIV+1][NDIV+1],

pres [KDIV+1][NDIV+1],
pint ,
vt,

omega_k2 ,

Aphi [KDIV+1][NDIV +1],

£2n_1 [LMAX+1][NDIV + 1] [NDIV+1]

pl_2n_1[IMAX+1][KDIV+1],

Emag,

Emagtor,

k0=0.4%xSqrt_4PI |

alpha_c=200.0/Sqrt_4PI,
/

F[KDIV+1][NDIV+1],

zeta=1.0,

//4.5,//4.5,

/% grid position of r_a=1.0 %/

/* density x/
/* grid points in mu-direction x/

/* grid points in r—direction */

/* function f_2n x/
/% function p_2n x/
/* gravitational
/* index N in polytropic EOS x/
/* omega_0"2 x/

/* H_max =/

potential x/

/* maximum pressure x/

/* enthalpy H x/

/* volume x/

/* mass x/

/* moment of inertia x/
/* angular momentum x/

/* kinetic energy x/

/% gravitational energy x*/
/* pressure x/

/% integral of pressure x*/
/* Virial test = | 2THWH3Pi | / |W| x/
/* omega_Kepler 2 x/

/* Phi component of vector Potential A x/
/% function f_2n-1 %/

/* Assoc Legendre P"1_2n-1 x/
/* Magnetic Energy */

/* k(u)=k0 functionsx/

/+ alpha constant

/* Aphi density */
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66 dAphi2 [[MAX+1][NDIV+1],

67 dAphil [NDIV+1][LMAX+1],

68 r_boundl [KDIV+1],

69 c,

70 B_pol_norm [KDIV+1][NDIV+1],

71 B_tor_norm [KDIV+1][NDIV+1],

72 x [KDIV + 1] [NDIV+1]

73 z [KDIV+1][NDIV+1],

74 df_du [KDIV+1][NDIV+1],

75 mag_f [KDIV+1][NDIV+1],

76 kfun [KDIV41][NDIV+1];

7

78

79

80

81

82 // Heavyside step function

83 double unit_step (double x, double x0)

84

85 {

86 if (x>=x0) return 1.0;

87 else return 0.0;

88 }

89

90 /***************************************************************************/
91 /* A first guess for the density distribution is stored in the array * /
92 /* rho[i][j]. It corresponds to a uniform—density nonrotating sphere. * /

94 void guess_density (void)

95 {

96 int i,

97 is

98

99 for (j=1;j<=NDIV; j++)

100 ({

101 if(j<=n_ra) rho[1][j]=1.0; /% First find rho for mu=0 %/
102 else

103 rho[1][j]=0.0;

104

105 for (i=1;i<=KDIV;i++) rho[i][j]=rho[1][j];
106 }
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07}

108

110 /x A first guess for the density distribution is stored in the array * /
111 /* Aphi[i][j]. It corresponds to a uniform—density nonrotating sphere. */
113 void guess_Aphi(void)

114 {

115 int i,

116 i

117

118 for (j=1;j<=NDIV; j++)

119 {

120 for (i=1;i<=KDIV;i++) Aphi[i][j]=0.0;

121 }

122 }

123

124 [ R R R R R KRR R KRR R R KRR R R R R R R R R R R R R R R ok
125 /+ Create the grid points where everything is evaluated. * /
126 /% The points in the mu-direction are stored in the array mu[i]. */
127 /* The points in the r—direction are stored in the array r[j]. x/
128 [ 3k s o o KRk o o KK KK SR R KKK R SR R K KKK SR R KKK R SR R S KK KK SR R R KKK Rk KKk sk ok ok ok /
129 void make_grid (void)

130 {

131 int i,

132 i

133

134 for (i=1;i<=KDIV;i++) mu[i]=(i—1.0)/(KDIV—1.0);

135

136 for (j=1;j<=NDIV;j++) r[j]=RMAXx(j—1.0)/(NDIV—-1.0);

137 }

138

139 [ 3 sk sk o ok KR ok s o KK KK SR R KKK R SR R KK KK SR R KKK R SR R KK KK SR R R KKK SR Rk KK Kk sk ok ok
140 /% Returns the Legendre polynomial of degree n, evaluated at x. */
141 3R R KRR R R KRR KRR KRR R KRR R R R R R R R R R R R R R k[
142 double legendre( int n, double x )

143 {

144 int i;

145

146 double p, /% Legendre polynomial of order n x/

147 p-1, / % 7 7 7 K n—1x/
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148 p-2; /% v 7 v 7 n—2 x/

149

150

151 p.2=1.0;

152 p-1=x;

153

154 if (n>=2)

155 { for(i=2;i<=n;i++)

156 {

157 p=(x#%(2.0%xi—1.0)*p_-1 — (i—1.0)*p-2)/1;

158 p-2=p-1;

159 p-1=p;

160 }

161 return p;

162 } else

163 { if (n==1) return p_1;

164 else return p_2;

165 }

166}

167

169 /* Returns the Associated Legendre polynomial P.n"'m m=1, evaluated at x. * /
171

172 double Assoc_legendre( int n, double x )

173 {

174 int i;

175

176 double p, /+*Assoc. Legendre polynomial P_171 %/
177 p-1, / % K ” 7P (1-1)"1%x/
178 p-2; /% K 7 7O P(1-2)"1 %/
179

180

181 p-2=—pow( (1.0—pow(x,2.0) ),0.5);

182 p-1==3*xxpow( (1.0—pow(x,2.0) ) ,0.5);

183

184 if (n>=3)

185 { for (i=3;i<=n;i++)

186 {

187 p=( (2.0%i—-1.0)/(i—1.0) ) = x * p-1 — ((i) /(i—=1.0) ) *p.2;
188 p-2=p_1;
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189
190
191
192
193
194
195
196
197
198
199

200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228

p-1=p;
}
return p;
} else
{ if (n==1) return p.2;

else return p_1;

[ 3 K K K K K K K K K K K K K K K K K K K K K K K K K K K K K K K K K k% /
/* Computing the radial component f_n(r,r’)xr’ of the polynomial expansion of 1/|r—r’]|
*/
[ OR ORI ROR R Rk
/* n=degree of the Legendre polynomials x/
double f_n(int n, double vec_r [NDIV+1],int k,int j)
{

double f;
if (k<j) f=pow(vec_r[k],n+2.0)/pow(vec_r[j],n+1.0)
else
{ if( j==1) £=0;
else f=pow(vec_r[j],n)/pow(vec.r[k],n—1.0);
}
return f;

[ 3R R KRR KRR KRR KRR KRR KRR KRR KRR SRR SR KKK K K K K K K K K K K oK oK oK oK oK oK oK oK oK ok ok
/% Since the grid points are fixed, we can compute the functions */
/* fon(r’,r)*r’"2 and P_2n(mu) once at the beginning. */
e e e e e ey

void comp_f_2n_p_2n(void)

{

int m,n, /* 2n=degree of the Legendre polynomials x/
k, /+ counter for r’ x/
i, /* counter for r x/
i /% counter for P _2nx/

double vec_r [NDIV+1];
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229

230 for (n=0;n<=MAX;n++)

231 {

232 for (k=1;k<=NDIV;k++)

233 {

234 for (j=1;j<=NDIV; j++)

235 {

236 f2n[n][k][j]=f-n(2%n,r,k,j);

237 f2n_1[n][k][j]=f-n(2%xn—1,r ,k,j);

238 }

239 }

240 }

241

242 for (i=1;i<=KDIV; i++)

243 {

244 for (n=0;n<MAX;n++) { p2n[n][i] = legendre(2xn,mufi]);
245 pl2n_1[n][i] = Assoc_legendre( 2+n—1, mu[i]);
246 }

247

248 }

249}

250

252 /* Returns the maximum value in a KDIV x NDIV array . * /
253 /*************************************************************************/
254 double max(double array [KDIV+1][NDIV+1])

255 {

256 int i, /% counter x/

257 i /* counter x/

258 double max_val; /* intermediate max. value x/

259

260 max_val=array [1][1];

261

262 for (i=1;i<=KDIV; i++)

263 {

264 for (j=1;j<=NDIV; j++)

265 {

266 if (array[i][j]>max_val) max_val=array[i][j];

267 }

268 }

269 return max._val;
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270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310

/*>I<>I<>I<>I<>I<*>k>k>k*************>?<**>I<>I<>I<>I<>Z<>Z<>I<>I<>I<>I<*:k:k:k:k**************/

/* Find surface maximum for rxAphi x/

[ ok ok kKR ok KKk ok R R K Kk R R R Ok K R R ok R Kk R R R K KRR R R Rk Kk ok o/
double surf_max(void)

{
int i,
Js
j-b;

double maximum,
r_bound [KDIV+1],
Aphisur [KDIV+1],
max_check [KDIV+1],
alpha;

maximum=—1.0e+10;

/* Boundary x/

for (i=1;i<=KDIV; i++)
{
=L
r_bound[i]=0.0;
while (h[i][j]>=0)
{
j-b=j; /* find find last point j_b inside star x/
i+
}

alpha= (NDIV—-1)/RMAX«*(h[i][j-b+1]-h[i][j-b]); /* slope x/
r-bound [i]=r[j-b]-h[i][j-b]/alpha; /% linear interpolation x/

Aphisur [i]=Aphi[i][j-b]—(h[i][j-b]/(h[i][j-b+1]-h[i][j-b]))*(Aphi[i][j-b+1]-Aphi[i][j-b]);

max_check [i]=r_bound[i]*pow (1.0 —mu[i]|*mu[i],0.5)*Aphisur[i];

}

75




311

312

313 for (i=1;i<KDIV;i++) {

314 if (maximum<max_check[i]) {
315 maximum=max_check [i];

316

317 }

318 }

319

320 return maximum;

321 }

322

323

324 [ 3 skt sk sk ok sk ok ok sk ok ok ok ok Kk oKk R R R KR K KRR KoK R R K KR K KR KoK R Kok Rk KK Rk ok K Kok R oK oK Ok ok .w:/

325 /* Find the density—like function for Aphi x/
326 [ ok ok k ok
327 void Aphi_dens(void)

328 {

329

330 int i,

331 i

332

333 double max;

334

335 max=surf_max () ;

336

337 for (i=1;i<=KDIV; i++)

338 {

339 for (j=1;j<=NDIV; j++)

340 {

341

342

343 df_du[i][j]= alpha_cxpow( (r[j]*pow(l.0—mu[i]+*mu[i],0.5)«Aphi[i][j]—max),zeta)=x
344 unit_step (r[j]*pow(l.0—mu[i]*mu[i],0.5)«Aphi[i][]j],max);

345

346 mag_f[i][]] (alpha_c/(zeta+1.0) )=

347 pow( (r[j]*pow(1l.0—mu[i]*mu[i],0.5)*Aphi[i][j]—max),zeta+1.0)x

k sk sk ok ok % K K ok K Kk ok K Kk ok K Kk oK K K kK 3 stk sk ok ok ok ok ok ok ok /

348 unit_step (r[j]*pow(l.0—mu[i]*muf[i],0.5)*Aphi[i][j],max);
349

350 kfun[i][j]= kO ;

351

76




352
353
354
355
356
357
358
359
360
361
362
363
364

365
366
367

368
369
370
371
372
373
374
375

376

377

378

379

380

381

382

Fli][j]=(1.0/(4.0«PI) )% (1.0/(r]

j]
df . du[i][jl*magf[i][j] +
(1.0—mu[i]*mu[i],0.5)*rho[i][j];

kfun [i][j]*r[]j]*pow

for (i=1;i<=KDIV; i++){

C (r[1] =r[3])*(r[1]

}
for (j=1;j<=NDIV; j++){

FIKDIV][j]=  ( (mu[KDIV]

xpow (1.0 —mu[i]*mu[i],0.5)

) ) ox

—r[4]) ) = (F[i][2] )/

( (r2]=r[3])*(x[2]=x[4]) ) +

C (c[1] —r2D)«(c[1] —r[4]) ) = (F[i][3]
)/

( (rB]=r[2])*(x[B]-r[4]) ) +

C (e[t =r[2])«(r[1] —r[3]) ) = (F[i][4]
)/

—mu [KDIV—2]) % (mu[KDIV]

-mu[KDIV-3]) ) * (F[KDIV-1][j] )/
(
(mu [KDIV—1]—mu [KDIV—2]) * (mu [ KDIV—1]—mu [ KDIV —3])
) +
( (mu[KDIV] —mu[KDIV—1])*(mu[KDIV]
—mu[KDIV-3]) ) * (F[KDIV-2][j] )/
(
(mu [KDIV—2]—mu [KDIV—1] ) * (mu [ KDIV—2] —mu [ KDIV —3])
) +
( (mu[KDIV] —mu[KDIV—1])*(mu|[KDIV]
“mu[KDIV—-2]) ) # (F[KDIV—3][j] )/
(

(mu [KDIV—3]—mu[KDIV—1]) * (mu[ KDIV—3] —mu [ KDIV—2])
)
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383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423

[ 3 o Kok ok o o KK KK oK oK o KK KK SR R KKK SR SR K KK KR SR R K K KKK SR R KKK SR R K KKK R Rk KK Kk sk ok ok ok
/% Main iteration routine. */
[ K KK KRR KRR R KRR R R R KRR R R R KRR KRR KRR R R R R R R R R R R ok
void iterate( int n_rb, double n_index )

{

int i,

iter; * counter
7

double d1[NDIV+1][LMAX+1], /+ function D"(1)_{k,n} =/
d2 [IMAX+1][NDIV+1], /+ function D™ (2) {n,j} =/
s=0.0, /* term in sum x/
sum=0.0, /* intermediate sum x/

/* constant C x/

c_old=0.0, /* C in previous cycle x/
omega_02_0ld=0.0, /* omega_0"2 in previous cycle x/
h_max_old , /* H.max in previous cycle x/
difl=1.0, /* | h_max_old — h.max | =/
dif2=1.0, /* | omega_02_0ld — omega_02 | x/
dif3=1.0; /*x | c_old — ¢ | %/

while( (difl >1.0e—6) || (dif2>1.0e—6) || (dif3 >1.0e—6) )

// for(iter=1;iter <70;iter++) // for specifies iterations
{
counter-+-+;
/% Gravitational Potential x/
for (k=1;k<=NDIV; k++)

{
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424 for (n=0;n<=LMAX; n++)

425 {

426 for (i=1;i<=KDIV—2;i+=2)

427 {

428 s= (1.0/(3.0%(KDIV—1.0)))*(p2n[n][i]*rho[i][k]
429 + 4.0xp2n[n][i+1]*rho[i+1][k]
430 + p2n[n][i4+2]*rho[i+2][k]);
431 sum+=s ;

432 }

433 dl[k][n]=sum;

434 sum=0.0;

435 }

436 }

437

438

439 sum=0.0;

440 for (j=1;j<=NDIV; j++)

441 {

442 for (n=0;n<=IMAX; n++)

443 {

444 for (k=1;k<=NDIV—2;k+=2)

445 {

446 s=RMAX/ (3.0 (NDIV—1))*( f2n[n][k][j]*d1l[k][n]
447 + 4.0«f2n [n][k+1][j]*dl[k+1][n]
448 + f2n[n][k+2][j]*dl[k+2][n]);
449 SuUm+=s ;

450 }

451 d2[n][j]=sum;

452 sum=0.0;

453 }

454 }

455

456

457 sum=0.0;

458 for (i=1;i<=KDIV;i++)

459 {

460 for (j=1;j<=NDIV; j++)

461 {

462 for (n=0;n<=LMAX; n++)

463 {

464 s= —4.0xPIxd2[n][j]*p2n[n][i];
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465

466 sum+=s ;

467 }

468 phi[i][j]=sum;

469 sum=0.0;

470 }

471 }

472

473

474 for (i=1;i<=KDIV;i++) phi[i][l]=phi[i][2]; /* Correct sing. at r=0. =/
475 /* Introduced error is * /
476 /+* mnegligible. *
477

478 /* Vector Potential Aphi x/

479

480 Aphi_dens () ;

481

482 sum=0.0;

483 for (k=1;k<=NDIV; k++)

484 {

485 for (n=1;n<MAX; n++)

486 {

487 for (i=1;i<=KDIV-2;i+=2)

488 {

489 s= (1.0/(3.0%(KDIV—1.0)) )=

490 (pl2n_1[n][i]*F[i][k]

491 + 4.0%pl2n_1[n][i+1]*F[i+1][k]
492 + pl2n_1[n][i4+2]xF[i+2][k] );
493 Sum+=s ;

494 }

495 dAphil [k][n]=sum;

496 sum=0.0;

497 }

498 }

499

500 sum=0.0;

501 for (j=1;j<=NDIV; j++)

502 {

503 for (n=1;n<=MAX; n++)

504 {

505 for (k=1;k<=NDIV—2;k+=2)
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506 {

507 s=RMAX/ (3.0« (NDIV—1))*( f2n_1[n][k][j]*dAphil[k][n]

508 + 4.0%xf2n_1[n)[k+1][j]*dAphil[k+1][n]

509 + f2n_1[n][k+2][j]*dAphil [k+2][n] );

510 sum—+=s ;

511 }

512 dAphi2 [n][j]=sum;

513 sum=0.0;

514 }

515 }

516

517 sum=0.0;

518 for (i=1;i<=KDIV;i++)

519 {

520 for (j=1;j<=NDIV; j++)

521 {

522 for (n=1;n<=LMAX; n++)

523 {

524 s= 4.0xPIxdAphi2[n][j]*pl-2n-1[n][i]*(1.0/(2.0%xnx(2.0xn—1.0)));
525

526 Sum+=s ;

527 }

528 Aphi[i][]j]=sum;

529 sum=0.0;

530 }

531 }

532

533

534 for (i=1;i<=KDIV;i++) Aphi[i][1]=Aphi[i][2]; /+ Correct sing. at r=0. x/
535 /+ Introduced error is * /
536 /% megligible . * /
537

538

539 /* omega_02 and c x/

540

541 omega_02 = 2.0x(phi[l][n-ra]—phi [KDIV][n_-rb]—kOxAphi[l][n_ra]);
542

543 c=phi[1l][n_ra]—0.5%xomega_02—k0xAphi[1l][n_ra];

544

545 /* Enthalpy x/

546
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547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
LY
578
579
580
581
582
583
584
585
586
587

for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++) h[i][j]=c—phi[i][j]+0.5%xomega_02x*r[j]|*r[]]
#*(1.0—mufi]*muf[i])4r[j]*pow((1—mul[i]*mu[i]) ,0.5)«Aphi[i][j]*kO;

h_max = max(h);

/* New density x/

for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)
{
if(h[i][j]>=0)

if(n_index==0.0) rho[i][j]=1.0;
else
rho[i][j]=pow(h[i][]j]/h-max ,n_index);
}

else rho[i][j]=0.0;

difl=fabs (h_max_old — h_max);
dif2=fabs (omega_02_old — omega_02);
dif3=fabs(c-old — c¢);

h_max_old=h_max;
omega_02_old=omega_02;

c_old=c;

/*>I<>I<>I<>I<>I<>I<*3I<3I<2’<31<31<3‘#*>‘F>k>k>k>k>k>k>k>k>k>k>k***********************>‘v<*>1¢>‘v¢>l¢>§¢>§¢>§¢>l<>}<>l<>l<>l<>}<>i<>}<>ﬁ<>ﬁ<>ﬁ<>l<>l<>l<*/

/* Compute various quantities.

ok ok ok ok ok ok sk ok ok Kk ok ok Kk ok ok Kk ok ok K oK ok kK oK oK kK ok K Kk ok K Kk ok Kk ok K KOk K

82




588 void comp ()

589 {

590 int i,

591 js

592 j-b; /* last point inside star =/

593

594 double s=0.0, /* individual term in sum x/

595 sum=0.0, /* intermediate sum x/

596

597 dvl [NDIV+1], /* integrated quantity in volume x/

598 dml [KDIV+1], /* integrated quantity in mass x/

599 dmil [KDIV+1], /* integrated quantity in moment of inertia x/
600 dwl [KDIV+1], /* integrated quantity in potential energy x/
601 dpl [NDIV+1], /* integrated quantity in \Pi x/

602 alpha /* slope of line in interpolation for boundary x/
603

604 Aphiderr [KDIV41][NDIV+1], /* Aphi derivative with respect to r x/
605 dmagl [KDIV+1], /* integrated quantity in Magnetic Energy x/
606 dmag2 [KDIV+1], /+ integrated quantity in Magnetic Energy =/

607 Emagl=0.0, /% part of sum in Magnetic energy x/

608 Emag2=0.0;

609

610 /% Initialize variables x/

611

612 m=0.0;

613 v=0.0;

614 mi=0.0;

615 am=0.0;

616 ke=0.0;

617 w=0.0;

618 pint =0.0;

619

620

621

622 /* Maximum pressure x*/

623

624 p-max=h_max/(1.04+n_index);

625

626

627 /* Boundary x/

628
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629 for (i=1;i<=KDIV; i++)

630 (

631 P=1;

632 r_bound1[i]=0.0;

633 while (h[i][j]>=0)

634 {

635 j-b=j; /* last point j_b inside star =/
636 j++;

637 }

638

639 alpha= (KDIV—1)/RMAXx«(h[i][j-b+1]-h[i][]j-b]); /* slope %/
640 r_boundl[i]=r[j_-b]-h[i][j-b]/alpha; /% linear interpolation x/
641 }

642

643

644 /* CORRECT DENSITY OUTSIDE STAR x/

645

646 for (i=1;i<=KDIV; i ++)

647 for (j=1;j<=NDIV; j++) {

648 if(r[j]>r-boundl[i]) {

649 rho[i][j]=0.0;

650 }

651 }

652

653

654 /* Volume x/

655

656 for (i=1;i<=KDIV—2;i+=2)

657 {

658 s= (4.0/9.0)*«PIs«(mu[i+1]-muli]) *(pow(r_-boundl[i],3.0)
659 +4.0%pow(r_boundl[i+1],3.0)+pow(r_boundl [i+2],3.0));
660 v4=s ;

661 }

662

663

664 /* Mass =/

665

666 if (n.index==0.0) m=v;

667 else

668 {

669 for (j=1;j<=NDIV; j++)
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670 {

671 for (i=1;i<=KDIV—2;i+=2)

672 {

673 s=((mu[i4+1]-muf[i]) /3.0)*(rho[i][j]+4*rho[i+1][j]4+rho[i+2][]]);
674 sum+=s ;

675 }

676 dml|[ j]=sum;

677 sum=0.0;

678 }

679

680 for (j=1;j<=NDIV-2;j+=2)

681 {

682 $s=(4.0/3.0)*PI«(r[j+1]—r[j])*(r[j]*r[j]*dml[j]

683 +4.0%r [j+1]*r[j+1]*dml[j+1]
684 +r[j+2]*r [j+2]*dml[j+2]);
685 mH=s ;

686 }

687 }

688

689

690 /* Moment of inertia */

691

692 for (j=1;j<=NDIV; j++)

693 {

694 for (i=1;i<=KDIV-2;i+=2)

695 {

696 s=((mu[i4+1]-mu[i]) /3.0)*( (1.0—mu[i]*mu[i])=*rho[i][]j]

697 +4.0%(1.0—mu[i+1]*mu[i+1])*rho[i+1][j]
698 +(1.0—mu[i+2]*mu[i+2])*rho[i+2][j]);
699 sum+=s ;

700 }

701 dmil [ j]=sum;

702 sum=0.0;

703 }

704

705

706 for (j=1;j<=NDIV—2; j +=2)

707 {

708 s=(4.0/3.0)«PI«(r[j+1]—-r[j]) *(pow(r[j],4.0)«dmil[]]

709 +4.0xpow(r[j+1],4.0)*«dmil[j+1]
710 +pow(r[j+2],4.0)*dmil[j+2]);
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711 mi+=s ;

712 }

713

714

715 /* Angular momentum s/

716

717 am=mi*pow (omega_02 ,0.5) ;

718

719

720 /* Kinetic energy x/

721

722 ke=0.5*mixomega_02;

723

724

725 /* Gravitational energy =/

726

727 for (j=1;j<=KDIV; j++)

728 {

729 for (i=1;i<=KDIV-2;i+=2)

730 {

731 s=((mu[i4+1]-muf[i]) /3.0)*(rho[i][j]*phi[i]]j]
732 +4.0xrho [i+1][j]*phi[i+1][j]
733 +rho [1+2][j]*phi[i+2][j]);
734 Sum+=s ;

735 }

736 dwl[j]=sum;

737 sum=0.0;

738 }

739

740

741 for (j=1;j<=NDIV-2;j+=2)

742 {

743 s=(2.0/3.0)*«PI*(r [j+1]—r[j]) *(r[j]*r[j]*dwl[]]
744 +4.0xr [j+1]*r[j+1]xdwl[j+1]
745 Hr[j+2]*r [j+2]xdwl[j+2]);
746 WH=S ;

47 }

748

749

750 /* pressure x/

751
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752 if (n_index==0.0)

753

754 for (j=1;j<=NDILV; j++)

755 {

756 for (i=1;i<=KDIV; i ++)
757 {

758 P (h[1]05]>0.0) pres[i][jl=h[i][j];
759 else

760 pres[i][]j]=0.0;

761 }

762 }

763 }

764 else

765 {

766 for (j=1;j<=NDIV; j++)

767 {

768 for (i=1;i<=KDIV;i++)
769 {

770 pres[i][j]=pow(rho[i][j],1.0+1.0/n_index)*p_-max;
771 }

72 }

773 }

774

775

776 /* Integral of pressure x*/
T

778 for (j=1;j<=NDIV; j++)

779 {

780 for (i=1;i<=KDIV—2;i+=2)
781 {

782 s=((mu[i+1]-mul[i]) /3.0)*(pres[i][j]+4*pres[i+1][j]+pres[i+2][j]);
783 Sum+=s ;

784 }

785 dpl[j]=sum;

786 sum=0.0;

787 }

788

789

790 for (j=1;j<=NDIV-2;j+=2)
791 {

792 s=(4.0/3.0)«PI*(r [j+1]—r[j]) *(r[j]l*r[j]*dpl[j]
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793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833

+ 4.0xr[jH+1]*r[j+1]*dpl[j+1] 4+ r[j+2]*r[j+2]xdpl[j+2]);
pint+=s;

/* Magnetic Energy x*/
/* Aphi der r x/

for (i=1;i<=KDIV; i++)
{
for (j=3;j<=NDIV—2; j++)
{
Aphiderr [i][j]= ((NDIV—1)/(RMAX) ) (1.0/12.0) «(Aphi[i][j—2]-8.0«Aphi[i][]j—1]
+ 8.0xAphi[i][j+1] — Aphi[i][j+2]);
}

Aphiderr[i][1]=((NDIV-1) /(RMAX) ) *((—25.0/12.0)*Aphi[i][1]+4.0% Aphi[i][2] —3.0xAphi[i][3]
+(4.0/3.0)xAphi[i][4] —(1.0/4.0)«Aphi[i][5] );

Aphiderr[i][2]=((NDIV-1) /(RMAX) ) *((—25.0/12.0)«*Aphi[i][2]+4.0% Aphi[i][3] —3.0xAphi[i][4]
+(4.0/3.0)%Aphi[i][5] —(1.0/4.0)*Aphi[i][6]) ;

Aphiderr [i][NDIV—1]=((NDIV—1) /(RMAX) ) % ((25.0/12.0) *Aphi [ i ] [KDIV—1]
—4.0%Aphi[i][NDIV—2]+3.0%Aphi[i][NDIV-3]
—(4.0/3.0)*Aphi[i] [NDIV—4]+(1.0/4.0)*Aphi[i ] [NDIV-5]);

Aphiderr [i][NDIV]=((NDIV-1) /(RMAX) ) x((25.0/12.0) xAphi[i ] [NDIV]
—4.0%Aphi[i][NDIV—1]+3.0%Aphi[i ] [NDIV—2]
—(4.0/3.0)*Aphi[i ] [NDIV—3]+(1.0/4.0)«Aphi[i ] [NDIV—4]);
}
sum=0.0;
for (j=1;j<=NDIV; j++)
{
for (i=1;i<=KDIV-2;i+=2)
{

88




834 s=((mu[i+1]-mul[i]) /3.0)*(pow((1—mu[i]*mu[i]) ,0.5)*rho[i][j]*Aphi[i][]]
835 +4.0xpow((1—muli+1]*mu[i+1]) ,0.5)*rho[i+1][j]*Aphi[i+1][j]
836 +pow ((1—muli+2]*muf[i+2]),0.5)*rho[i+2][j]+«Aphi[i+2][j]);
837 sumH=s ;

838 }

839 dmagl [ j]=sum;

840 sum=0.0;

841 }

842

843

844 for (j=1;j<=NDIV-2;j+=2)

845 {

846 $s=(4.0/3.0)«PI*(r[j+1]—r[j]) *(pow(r[j],3.0)*dmagl[j]

847 +4.0xpow(r[j+1],3.0)*dmagl[j+1]

848 +pow (r[j+2],3.0)*dmagl[j+2]);

849 Emagl4=s;

850 }

851 sum=0.0;

852 F e —— *

853 for (j=1;j<=NDIV; j++)

854 (

855 for (i=1;i<=KDIV-2;i+=2)

856 {

857 s=((mu[i+1]-mu[i]) /3.0)*(pow((l—mu[i]*mu[i]) ,0.5)*rho[i][j]*Aphiderr[i][j]
858 +4.0xpow((1—mu[i+1]*mu[i+1]) ,0.5)«rho[i+1][j]* Aphiderr [i+1][]]
859 +pow ((1—mu[i+2]*muf[i+2]),0.5)*rho[i+2][j]* Aphiderr[i+2][j]);
860 sum+=s ;

861 }

862 dmag?2 [ j]=sum;

863 sum=0.0;

864 }

865

866

867 for (j=1;j<=NDIV—2; j +=2)

868 {

869 s=(4.0/3.0)*«PI«(r[j+1]-r[]j]) *(pow(r[j],4.0)*dmag2[]]

870 +4.0%pow(r[j+1],4.0)*dmag2[j+1]

871 +pow (r[j+2],4.0)*dmag2[j+2]);

872 Emag24=s;

873 }

874
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875

876 Emag=(Emagl+Emag2) k0 ;

877

878

879 /* Keplerian angular velocity =/
880

881 omega_k2 = —((NDIV—-1) /(12.0«RMAX) )*(h[1][n_ra —2]—8.0%h[1][n_ra —1]
882 + 8.0%h[1][n_ra+1] — h[1][n_ra+2])
883 + omega_02

884 +k0*(Aphi[1][n-ra]+Aphiderr [1][n_ra] );
885

886

887

888

889

890

891 /* Virial test x/

892

893 vt=fabs (2xke+w+3xpint+Emag) /fabs (w) ;
894

895

896

897

898

899  }

900

901

902 void compute_B(void)

903 {

904

905 int i,

906 i

907 k;

908

909 double Aphiderr [KDIV+1][NDIV+1],
910 Aphidermu [KDIV+1][NDIV+1],

911 Br [KDIV+1][NDIV+1],
912 Btheta [KDIV+1][NDIV+1],
913 Bphi [KDIV41][NDIV+1],

914 max,

915 S,
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916
917
918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956

sum,
Emtor [KDIV+1];

max=surf_max () ;

/* Aphi der r x/

for (i=1;i<=KDIV; i++)
{
for (j=3;j<=NDIV—2;j++)
{
Aphiderr [i][j]= ((NDIV—1)/(RMAX))*(1.0/12.0) *(Aphi[i][j—2]—8.0xAphi[i][j—1]
+ 8.0%Aphi[i][j+1] — Aphi[i][j+2]);
}

Aphiderr [i][1]=((NDIV—1)/(RMAX) ) *(( —25.0/12.0)*Aphi[i][1]+4.0% Aphi[i][2] —3.0% Aphi[i][3]
+(4.0/3.0)*Aphi[i][4] —(1.0/4.0)«Aphi[i][5] );

Aphiderr[i][2]=((NDIV-1) /(RMAX) ) *((—25.0/12.0)«*Aphi[i][2]+4.0% Aphi[i][3] —3.0xAphi[i][4]
4+(4.0/3.0)*Aphi[i][5] —(1.0/4.0) «Aphi[i][6]) ;

Aphiderr [i][NDIV—1]=((NDIV—1) /(RMAX) ) % ((25.0/12.0) *Aphi[i ] [NDIV—1]
—4.0%Aphi[i ] [NDIV—2]+3.0% Aphi[i ] [NDIV—3]
—(4.0/3.0)Aphi[i][NDIV—4]+(1.0/4.0)«Aphi[i][NDIV—5]);

Aphiderr [ i ] [NDIV]=((NDIV—1) /(RMAX) ) * ((25.0/12.0) *Aphi[i ] [NDIV]
—4.0%Aphi[i ] [NDIV—1]+3.0%Aphi[i][NDIV—2]
—(4.0/3.0)*Aphi[i][NDIV—3]+(1.0/4.0)«Aphi[i][NDIV—4]);

}

/* Aphi der mu x/

for (j=1;j<=NDIV; j++)
{
for (i=3;i<=KDIV-2;i++)

{
Aphidermu[i][j]= ((KDIV—1)/(1.0))%(1.0/12.0)+(Aphi[i—2][j]—8.0%xAphi[i—1][j]
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957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997

+ 8.0« Aphi[i+1][j] — Aphi[i+2][j]);
}

Aphidermu [1][j]=((KDIV-=1)/(1.0) ) *((—25.0/12.0)«Aphi[1][j]+4.0xAphi[2][]]
+(4.0/3.0)«xAphi[4][j]—(1.0/4.0)«xAphi[5][j] );

Aphidermu [2][j]=((KDIV-1)/(1.0) ) *((—25.0/12.0)*Aphi[2]
[J ]

j]+4.0%Aphi [3][j] —
(4.0/3.0)«Aphi[5][j] —(1.0/4.0)«Aphi[6][]]

[

s

Aphidermu [KDIV—1][j]=((KDIV—=1) /(1.0) ) *((25.0/12.0) *Aphi [KDIV—1][j ]
—4.0%Aphi [KDIV—2][j]|+3.0% Aphi [KDIV—3][j ]
—(4.0/3.0)xAphi [KDIV—4][j]+(1.0/4.0) *Aphi [KDIV-5][j]) ;

Aphidermu [KDIV] [ j]=((KDIV=1) /(1.0) ) %((25.0/12.0) *Aphi [KDIV][j]
—4.0%Aphi [KDIV—1][j]+3.0% Aphi [KDIV—2][j ]

—(4.0/3.0)*Aphi [KDIV—-3][j]+(1.0/4.0) *Aphi [KDIV—-4][j]) ;

for (j=1;j<=NDIV; j++)

{

for (i=1;i<=KDIV;i++)

{
Brli][j]= ( (mu[i]«Aphi[i][j])/(r[j]*pow(1.0-—mu[i]*mul[i],0.5)) )

—(pow(1.0—mu[i]*mu[i],0.5)/r[]j])+Aphidermul[i][]];

Btheta[i][j]=—Aphi[i][]j]/r[j] —Aphiderr[i][j];
Bphi[i][j]=mag-f[i][j]/(r[j]*pow(1.0—mu[i]*mul[i],0.5));

}
}

/* Br extrapolation x/
for (i=1;i<=KDIV; i++){

3])*( (1] —r[4]) ) = (Br[i][2] )/
]

—
*
—
E
|
—
S~
—
—
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3.0xAphi[4][]

]

]




998

999
1000
1001
1002
1003
1004
1005
1006

1007
1008
1009

1010
1011
1012

1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035

( (eBl=r[2])«(r[3]=r[4]) ) +
C (e[1] —r2])«(c[1] —r[3]) ) = (Br[i][4] )/
( (rf4]=r2])«(r[4]=r[3]) );
}
for (j=1;j<=NDIV; j++){
Br [KDIV—-4][j]= ( (mu[KDIV—4] —mu[KDIV—2—4])%(mu[KDIV—4] —mu[KDIV—-3-4])

(Br[KDIV-1-4][j] )/

( (mu[KDIV—1—4]—mu[KDIV—2—4]) % (mu[KDIV—1—4]—mu [ KDIV—-3 —4])

( (mu[KDIV—4] —mu[KDIV—1—4])x*(mu[KDIV—4

(Br[KDIV-2—-4][j] )/

—mu [KDIV—3—4])

( (mu[KDIV—2—4]—mu[KDIV—1—4]) % (mu [ KDIV—2—4]—mu [KDIV—3 —4])

( (mu[KDIV—4] —mu[KDIV—1—4]) % (mu[KDIV—4

(Br [KDIV—-3—-4][j] )/

—mu[KDIV—-2—4])

( (mu[KDIV—3—4]—mu[KDIV—1—4]) x (mu [ KDIV—3—4]—mu [KDIV—2 —4])

Br[KDIV—3][j]=Br [KDIV—4][j];
Br[KDIV—2][j]= Br[KDIV—4][j];
Br[KDIV—1][j]= Br[KDIV—4][j];
Br[KDIV][j]= Br[KDIV—4][j];

/* Btheta extrapolation x/

for (i=1;i<=KDIV; i++){

Btheta[i][1]=( (

—

(1] —r[3]) *(r[1]

—r[4])

( (r2]=r[B])*(x[2]-r[4]) ) +

C (r[1] =r[2])*(r[1]
( (eB]=r[2])*(x[B]-r[4]) ) +

C (r[1] =r[2])*(r[1]
( (r[a]=r[2])=(x[4] =1 [3]) );
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—r[4])

-r[3])

) * (Btheta[i][2]

) % (Btheta[i][4]

)/

)/

)

)

)

)
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1036
1037
1038
1039
1040

1041
1042
1043

1044
1045
1046

1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073

}
for (j=1;j<=NDIV; j++){
Btheta [KDIV—4][j]=  ( (mu[KDIV—4] —mu[KDIV—2—4])(mu[KDIV—4] —mu[KDIV—3—4])
(Btheta [KDIV-1—4][j] )/

( (mu[KDIV—1—4]—mu [KDIV—2 —4]) % (mu [KDIV—1—4]—mu [KDIV—3—4]) ) +

( (mu[KDIV—4] —mu[KDIV—1—4])%(mu[KDIV—4] —mu[KDIV-3-4]) ) =
(Btheta [KDIV-2—4][j] )/

( (mu[KDIV—2—4]—mu[KDIV—1—4]) % (mu[ KDIV—2—4]—mu [KDIV-3—-4]) ) +

( (mu[KDIV—4] —mu[KDIV—1—4])*(mu[KDIV—4] —mu[KDIV—-2-4]) ) =x
(Btheta [KDIV—3—4][j] )/

( (mu[KDIV-3—4]—mu[KDIV—1—4]) % (mu[KDIV—3—4]—mu [KDIV-2—-4]) );

Btheta [KDIV—3][j]=Btheta [KDIV—4][j ]
Btheta [KDIV—2][j]= Btheta [KDIV—4][j];
Btheta [KDIV—1][j]= Btheta [KDIV—4][j];
Btheta [KDIV][j]= Btheta [KDIV—4][j];

’

/* Bphi extrapolation x/

for (i=1;i<=KDIV; i++){

Bphi[i][1]=( (r[1]-r
( (e[2]=r[3])*(r[2] =r [4]) #(r[2] =r [5]) ) +

( (r[]=r[2])*(r[1]=rx[4]) *(x[1]=x[5]) ) * (Bphi[i][3]
( (eB]=r[2])*(x[B] =r[4]) *(x[3] =1 [5]) ) +
C (e[ =r[2])*(c[1] =2 [3]) *(r[1] =2 [5]) ) = (Bphil[i][4]
( (r[a]=r[2]) #(x[4] =1 [3]) #(x[4] =2 [5]) ) +
C (e[ =r[2])*(c[1] =2 [3]) *(r[1] =1 [4]) ) = (Bphi[i][5]
( (e[B]=r[2]) *(x[5] =1 [3]) *(x[5] = [4]) )
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[3]) #(r[1]=x[4]) «(x[1]=x [5]) ) = (Bphi[i][2] )/




1074
1075
1076
1077
1078
1079

1080
1081
1082
1083

1084
1085
1086
1087

1088
1089
1090
1091

1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106

}
for (j=1;j<=NDIV; j++){

Bphi [KDIV][j]= ( (mu[KDIV]—mu[KDIV—2]) % (mu[KDIV] —mu[KDIV—3]) % (mu[KDIV] —mu[KDIV—4]) )
*(Bphi [KDIV-1][j] )/
(
(mu [KDIV—1]—mu [KDIV —2]) * (mu [ KDIV—1]—mu [ KDIV — 3] ) * (mu [KDIV—1]—mu [KDIV—4])
)+

( (mu[KDIV]—mu[KDIV—1]) * (mu [ KDIV] —mu [ KDIV — 3] ) * (mu [ KDIV] —mu [KDIV—4]) )
*(Bphi [KDIV=2][j] )/
(
(mu [KDIV—2]—mu [KDIV—1]) * (mu [ KDIV—2] —mu [ KDIV — 3] ) * (mu [ KDIV—2]—mu [KDIV—4])
)+

( (mu[KDIV]—mu[KDIV—1]) * (mu [ KDIV] —mu [ KDIV —2] ) % (mu [ KDIV] —mu [ KDIV—4]) )
+(Bphi [KDIV-3][j] )/
(
(mu [KDIV—3]—mu [KDIV—1]) * (mu [ KDIV—3] —mu [ KDIV — 2] ) * (mu [ KDIV—3]—mu [ KDIV—4])
)+

( (mu[KDIV]—mu[KDIV—1]) * (mu[ KDIV] —mu [ KDIV—2] ) % (mu [ KDIV] —mu [KDIV—3]) )
+(Bphi [KDIV-4][j] )/
(
(mu [KDIV—4]—mu [KDIV—1]) * (mu [ KDIV—4] —mu [ KDIV —2]) % (mu [ KDIV—4] —mu [KDIV —3])
)

for (j=1;j<=NDIV; j++)
{
for (i=1;i<=KDIV; i++)

{
B_pol.norm[i][j]= pow( (Br[i][j]*Br[i][]j]+Btheta[i][]j]*Btheta[i][j]) ,0.5);
B_tor_norm[i][j]=fabs(Bphi[i][j]);
}

}

// Magnetic toroidal energy
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1107 s=0.0;

1108 sum=0.0;

1109 Emagtor=0.0;

1110 for (j=1;j<=NDIV; j++)

1111 {

1112 for (i=1;i<=KDIV—2;i+=2)

1113 {

1114 s=((mu[i4+1]-mul[i]) /3.0) *(pow(B_tor_norm[i][j],2.0)
1115 +4.0xpow(B_tor_norm [i+1][j],2.0)
1116 +pow (B_tor_norm [i+2][j],2.0) );
1117 sum+=s ;

1118 }

1119 Emtor [ j]=sum;

1120 sum=0.0;

1121 }

1122

1123 for (j=1;j<=NDIV—2;j+=2)

1124 {

1125 s=(4.0/3.0)*PI«(r[j+1]—r[j])*(r[j]*r[j]*Emtor[j]

1126 +4.0%r [j+1]*r [j+1]*Emtor[j+1]
1127 +r[j+2]*r [j+2]*Emtor [j+2]);
1128 Emagtor4+=s;

1129 }

1130 Emagtor=Emagtor /(8.0 PI) ;

1131

132}

1133

1134 void compute_xz(void)

1135

1136 { int i,

1137 i

1138

1139

1140 for (j=1;j<=NDIV; j++)

1141 {

1142 for (i=1;i<=KDIV;i++)

1143 {

1144 x[i][j]=r[j]*pow(l.0 —mufi]*mu[i],0.5);

1145 2[i]]]=r [j]mu[i];

1146 }

1147 }
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1148
1149
1150
1151
1152
1153
1154
1155
1156
1157
1158
1159
1160
1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176
1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187
1188

void compute_theta(void)

{

int

i;

for (i=1;i<=KDIV; i++)

{

theta[i]=acos(mu[i]);

sk sk ok sk sk sk ok s ok sk ok sk sk ok sk sk sk ok ok sk ok s ok ok ok sk sk ok Kk sk ok Kk sk ok sk ok ok R sk sk ok Kk sk ok sk ok sk ok sk sk ok ok sk ok ok ok /

/* Print header for table of results * /

/*************************************************************************/

void print_header (void)

{

printf ("POLYTROPES (rigid rotation)\n”);

printf (” 75
printf (” \n” ) ;

printf ("N=%2.1f \n” ,n_index);

printf (” 75
printf (” \n” ) ;

printf(” r_B | 0.0"2 | OK"2 | M | \Y% | J | T/W|
printf(” Virial \n | Pmax | 3U/[W| | Emag/[W]| [7) 5

printf (” 75
printf (” \n”) ;

void print_header2(void)
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1189 {

1190

1191

1192 printf(”\n\n”);

1193 printf ("N=%2.1f \n” ,n_index);

1194 printf (” 7Y
1195 printf (” \n” ) ;

1196 printf(” r_B | Emag/[W|| U/[W| | T/|W | W | Omega”2 |
1197 printf(” Virial \n kO | c | Omega_02/Omega K27 ) ;
1198 printf (” 7y
1199 printf (” \n” ) ;

1200

1201

1202

1203 }

1204

1205

1207 main(int argc, char xxargv)

1208 {int i, /* counter x/

1209 n_rb; /* grid position of pole x/

1210

1211 double r_ratio; /* axes ratio x/

1212

1213

1214 /* MAKE GRID x/

1215

1216 make_grid () ;

1217

1218

1219 /* DEFAULT VALUES x/

1220

1221 n_index=1.0;

1222 r.ratio=1.0;

1223

1224

1225 /* READ OPTIONS x/

1226

1227 for (i=1l;i<argc;i++)

1228 if (argv[i][0]=="-"){

1229 switch (argv[i][1]){
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1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241
1242
1243
1244
1245
1246
1247
1248
1249
1250
1251
1252
1253
1254
1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270

case 'N’:
sscanf (argv [i+1],”%1lf” &n_index) ;
break;

case 'r’:

sscanf (argv [1+1],”%1f” &r_ratio);
break;

/* GRID POSITION OF EQUATOR, x*/

n_ra=(NDIV—1) /RMAX+1;

/* GRID POSITION OF POLE x/

n_rb=r_ratioxn_ra;

printf (”"%d %d\n” ,n_ra,n_rb);

/* COMPUTE SPHERICAL EQUILIBRIUM MODEL */

guess_density () ;
guess_Aphi();

/* COMPUTE NECESSARY FUNCTIONS FOR INTEGRALS x/

comp-f_2n_p_2n () ;

/% PRINT HEADER. s/

FILE *fres;

fres = fopen(”"res.txt”, 7

b} .
w5
int numb,numbl, ii ;

char ch;
/* MAIN LOOP x*/

99




1271
1272
1273
1274
1275
1276
1277
1278
1279
1280
1281
1282
1283
1284
1285
1286
1287
1288
1289
1290
1291
1292

1293
1294
1295
1296
1297
1298
1299
1300
1301
1302
1303
1304
1305

1306
1307
1308
1309

iterate (n.rb, n_index);

comp () ;
compute_B () ;

if(r_ratio !=1.0) {
print_header () ;

printf(”%3.2¢ %3.2¢ %3.2¢ %3.2e¢e %3.2¢e %3.2¢ %3.2e¢ %3.2e %3.2¢ %3.2¢ %3.2e¢ %d\n”,
r{n.rb], omega_02/(4.0«PI), omega_k2/(4.0«PI), m, v, am, ke/fabs(w),
vt, p-max,pint/fabs(w),Emag/fabs(w),counter);

printf(”\n\n”);
print_header2();
printf(”%3.2e %3.2¢ %3.2e %3.2¢e %3.2¢ %3.2e %3.2e %3.2¢ %3.2¢ %3.2¢ %3.2e¢e \n”

r[n_rb],Emag/fabs(w),pint/fabs(w) ,ke/fabs(w), fabs(w)/(4.0«PI),
omega_02/(4.0«PI) m,vt,k0/(pow(4.0xPI,0.5)),c/(4.0xPI) omega_02/omega_k2);

fprintf(fres,”%3.2e %3.2e %3.2e %3.2e %3.2e %3.2¢e %3.2¢e %3.2e %3.2¢ %3.2¢ %3.2e

n
r[n._rb],Emag/fabs(w),pint/fabs(w) ,ke/fabs(w), fabs(w)/(4.0«PI),
omega_02/(4.0«PI) m,vt,k0/(pow(4.0«PI,0.5)),c/(4.0«PI), omega_02/omega_k2);
printf(”iterations %d” ,counter) ;

printf(”\n\n”);

printf(” Emag_tor/Emag %f 7 ,Emagtor /Emag) ;
printf(”\n\n”);

}

else {

printf(”%3.2e %3.2e %3.2e %3.2e %3.2e %3.2e
%3.2e \n”,

r{n.rb], m, v, am, vt, p.max,Emag/fabs(w));

printf (”\n\n");
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1310
1311
1312
1313
1314
1315
1316
1317
1318
1319
1320
1321
1322
1323
1324
1325
1326
1327
1328
1329
1330
1331
1332
1333
1334
1335
1336
1337
1338
1339
1340
1341
1342
1343
1344
1345
1346
1347
1348
1349
1350

print_header2();

printf(”%3.2e %3.2e %3.2¢ %3.2e %3.2e %3.2¢ %3.2¢ %3.2e \n”,
r[n_rb],Emag/fabs(w),n_index*pint/fabs(w) ,ke/fabs(w),fabs(w),omega_02 ,m, vt);

fprintf (fres ,”%3.2e %3.2¢ %3.2e %3.2e¢ %3.2¢ %3.2¢ %3.2¢ %3.2¢ %3.2¢ %3.2e¢ \n”,
r[n_rb],Emag/fabs(w),pint/fabs(w) ,ke/fabs(w), fabs(w)/(4.0«PI),
omega_02/(4.0%PI) m, vt ,k0/(pow(4.0%xPI,0.5)),c/(4.0%xPI));

printf(”\n”);
printf(”iterations %d” ,counter) ;
printf(”\n\n”);

compute_B () ;
compute_xz () ;
compute_theta () ;
//fclose (fres);

/* Export in files x/
FILE xfr ,«fmu,*frho ,xfh ,xfAphi,xfrbound ,* fphi ,xfBpol ,xfBtor ,xfx xfz ,xftheta;

fr = fopen("r.txt”, "w’);
fmu = fopen ("mu.txt”, "w”);
frho = fopen (”rho.txt”, "w”);

fh = fopen("h.txt”, 7w”);

fAphi = fopen (” Aphi.txt”, "w”);
frbound = fopen (”rbound. txt”, "w”);
fphi=fopen (” phi.txt” ,”w”);
fBpol=fopen (”Bpol. txt” ,”w”);
fBtor=fopen (” Btor. txt” ,”w”);
fx=fopen ("x.txt” ,”w");

fz=fopen ("z.txt” ,”w”);

ftheta=fopen (" theta.txt” ,”w”);

for (numb=1;numb<=KDIV ; numb++){
for (numbl=1;numbl<=NDIV; numbl++){
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1351 fprintf (frho,” %f ” ,rho [numb] [numbl]) ;

1352 fprintf(fh,” %f ” ,h[numb][numbl])

1353 fprintf (fAphi,” %f ” ,Aphi[numb] [numbl]) ;

1354 fprintf(fphi,” %f 7 ,phi[numb][numbl]) ;

1355 fprintf (fBpol,” %f ” ,B_pol_-norm [numb][numbl]) ;

1356 fprintf (fBtor,” %f ” ,B_tor_norm [numb][numbl]) ;

1357 fprintf(fx,” %f 7 ,x[numb][numbl]) ;

1358 fprintf(fz ,” %f 7 ,z[numb][numbl]) ;

1359

1360

1361 } fprintf(frho,”\n”);

1362 fprintf (fh,”\n"”);

1363 fprintf (fAphi,”\n”);

1364 fprintf (fphi,”\n”);

1365 fprintf (fBpol,”\n”);

1366 fprintf (fBtor,”\n");

1367 fprintf (fx,”\n”);

1368 fprintf (fz ,”\n”);

1369}

1370

1371 for (numb=1;numb<=NDIV ;numb++) fprintf(fr,” %f \n” ,r[numb]) ;
1372 for (numb=1;numb<=NDIV; numb++) fprintf (frbound,” %f \n” ,r_boundl [numb]) ;
1373 for (numb=1;numb<=KDIV;numb++) fprintf (fmu,” %f \n” ,mu[numb]) ;
1374 for (numb=1;numb<=KDIV ;numb++) fprintf(ftheta ,” %f \n” ,theta [numb]) ;
1375

1376 fclose
1377 fclose

(fr);
(fmu) ;
1378 fclose (frho);
1379 fclose (fh);
1380 fclose (fAphi);
1381 fclose (frbound);
1382 fclose (fphi);
1383 fclose (fBpol);
1384 fclose (fBtor);
(fx);
(fz);
(

ftheta);

1385 fclose
1386 fclose
1387 fclose
1388 }

Listing C.1: Source code for rotating single fluid magnetized neutron stars (normal MHD)
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C.2 Rotating magnetized superconductive neutron stars

© 00 g O Ut kW N =

W W W W W W W W W W N N NN NDDDNDNNI LD = = = = = = =
© 00 N O O WD O © 0O Ut kReWNHE O ©W 0NN OOt WD = O

/% NSCONT231a.C */
/+ /
/% Newtonian models of SC MHD two fluid * /
/ * rotating polytropic neutron stars. x/
/+ o
/% Author : K.Palapanidis *
/* (based on an earlier nonmagnetized version by N. Stergioulas, x/
/* 1993) */
/% */
/+ Date ¢ July 2014 */

[ ok sk skt s sk sk ok sk sk sk ok sk skt sk sk sk ok sk sk ok R sk ok R Kok K R koK R kR K R KR R Kok R R Kk K sk Rk sk Rk ok Rk sk o ok /

// Wherever CC is mentioned it is assumed that the values are * /
// from the core side of the boudary (last point in core) */
// except for those situations where we Y
// interpolate to find a closer to the exact value. *
/% */
/* Usage: mnscont23la —N Np_index —r r_ratio * /

#include <stdio.h>
#include <string.h>
#include <math.h>

#define KDIV 511 /* grid points in mu-direction =/
#define NDIV 511 /* grid points in r—direction x/
//#define RMAX 3.0 // greater area integration

#define RMAX 1.06666666666666666 /* multiply r by 16.0/15.0 %/
//#define IMAX 16 // greater area integration better accuracy
#define IMAX 16 /* 1/2 of max. term in Legendre poly.=x/

#define PI 3.141592653589793
#define Sqrt_4PI 3.5449077018110318

FILE x«fdata ,
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40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80

xfconv |
xfconvcce
xfconvQ ,
xfmagcharge
*fFlux ;

int n_ra,

/* grid position of r.a=1.0 x/

cc_ra , // Grid position of neutron equatiorial radius n_n_ra=0.9%xn_.ra
counter=0,

point [KDIV+1], /* testersx/

last_r_p [KDIV+1], // last point j inside protons (star) (KDIV in total)
last_mu_p [NDIV+1], // last point i inside protons (star) (NDIV in total)
last_r_n [KDIV+1], // last point j inside neutrons (KDIV in total)
last_mu_n [NDIV+1], // last point i1 inside neutrons (NDIV in total)
last_r_cc [KDIV+1], // last point j inside core (KDIV in total)
last_mu_cc [NDIV+1], // last point i1 inside core (NDIV in total)

max_count =0,
counterl=0,

counter2=0;

double eps1=0.0,
mu[KDIV+1],
r [NDIV+1],

varpi [KDIV+1][NDIV+1],

£2n [IMAX+ 1] [NDIV+1][NDIV+1]
p2n [LMAX+1][KDIV+1],
£2n_1 [LMAX+ 1] [NDIV+1][NDIV+1],
pl_2n_1 [LMAX+1][KDIV+1],

rho_p [KDIV+1][NDIV+1]
rho_n [KDIV+1][NDIV+1],

rho [KDIV+1][NDIV+1]

phi [KDIV+1][NDIV+1],
u[KDIV+1][NDIV+1] ,
u_new_star [KDIV+1][NDIV+1],
check_u [KDIV+1][NDIV+1],

/* grid points in mu-direction =/
/% grid points in r—direction x/

// rxsin (theta)=r*x(l-mu~2)"(1/2)

/* function f_2n %/
* function p_2n =

I
/* function f_2n-1 %/

/* Assoc Legendre P"1_2n—1 x/

/xproton density x/
/*proton density x*/
/* gravitational potential x/
/* streamfunction u x/

// intermediate value for u
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81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100

101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119

F[KDIV+1][NDIV+1],
chem_p [KDIV+1][NDIV+1],
chem_n [KDIV+1][NDIV+1],
p-ener [KDIV+1][NDIV+1],
n_ener [KDIV+1][NDIV+1],
Pi_fun [KDIV+1][NDIV+1],

mag_f_N [KDIV+1][NDIV+1],
N[KDIV+1][NDIV+1],
df_N_ du[KDIV+1][NDIV+1],
dM_N_du [KDIV+ 1] [NDIV +1],
mag_f [KDIV+1][NDIV+1],
v [KDIV+1][NDIV+1],
M_SC [KDIV+1][NDIV+1],
df_du [KDIV+1][NDIV+1],
dy_du [KDIV+1][NDIV+1],
Bee [KDIV+1],
dB_du_cc [KDIV+1],
rcc_0 [KDIV+1][NDIV+1],

/* streamfunction integrated valuex/
/«xchemical potential for protons x/
/*chemical
/*EOS for
/% EOS for

/% Pi function of Magnetic

potential for neutrons x/
protons x/
neutrons x/
field =/

/% Magnetic superconductivity function y(u) =/

derivative with

/] Bce

// Crust—core boundary

respect to u

values with no interpolation.

Derived by r[last_r_cc[i]]

M[KDIV+1][NDIV+1],

motion
dB_du [KDIV+1][NDIV+1],
checkQ [KDIV+1][NDIV+1],
divB [KDIV+1][NDIV+1],
BFlux_surf,

r_bound [KDIV+1],
r_neutron [KDIV+1],
r_cc [KDIV+1],

Np.index ,
Nn_index ,
x_p-0,
chem_p_max,

chem_n_max ,

omega_02,

// B flux at the

// Piece wise M function for the integral equations

surface of the star

Surface

// Star

// Neutron surface

// Crust—core boundary surface

EOS for
/% index N in polytropic EOS for
X_p(0)

/% Proton chemical potential max x/

/* index N in polytropic protons x/
protons x/
// rho_p_max (in paper

/% Neutron chemical potential max */

* omega_0"2 *
S

105

of




120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160

C_ broton integration constant
b I o

C_dif, // difference Euler integration constant
undrlx_c, // underrelaxation parameter omega
v, /* volume x/

m, /* mass x/

mi, /* moment of inertia x/

am, /* angular momentum s/

ke, /* kinetic energy =/

w, /% gravitational energy x*/

Pi_p, /* proton internal energy x/
Pi_n, // mneutron internal energy
Emag, /* Magnetic Energy */
Emagtor=0.0, // Toroidal Magnetic energy

magratio ,

magcharge ,

vt /% Virial test = | 2THW+3(U._n+U_p)+E_mag |
omega_k2 | /* omega_Kepler 2 x/

kO, /% k(u)=k0 functionsx/

alpha_c, /+ alpha constant =/

zeta , // magnetic function constant

h_c, // superconductivity constant

eps,

conv=0.0, // u convergence parameter

conv_cc=0.0,
convQ=0.0,
convFlux=0.0,
BFlux_surf_check=0.0,

grad_u_r [KDIV+1][NDIV+1],
grad_u_theta [KDIV+1][NDIV+1],

grad_u_norm [KDIV+1][NDIV+1],

grad_Pi_r [KDIV+1][NDIV+1]
grad_Pi_theta [KDIV+1][NDIV+1],

Br [KDIV+1] [NDIV+1],

106

/

W]

/




161 Btheta [KDIV+1][NDIV+1],

162 Bphi [KDIV+1][NDIV+1],

163 B_pol_norm [KDIV+1][NDIV+1],

164 B_tor_norm [KDIV+1][NDIV+1],

165 B[KDIV+1][NDIV+1];

166

167

168 / /888K

170 // Functions

172

173 [ ] 3k sk sk ok ok stk sk sk sk sk ok Rk sk sk sk ROk R KK SRR R R KRR KR SRR SK KKKk ROk sk kokoR R ok kookkkok Unit Step function
174 double unit_step (double x, double x0)

175 {

176 if (x>=x0) return 1.0;

177 else return 0.0;

178 }

179

180 [/ skt ks sk sk skt ok sk sk sk sk sk skt ok Kk sk sk sk stk ok kK Rk sk stk KRRk sk ok Rk sk sk ook skoRokokoskkokokkokokkk - Grid initialization
181 void make_grid (void)

182 {

183 int i, /* counter in mu-direction x/

184 i /* counter in r—direction x/

185

186 for (i=1;i<=KDIV;i++) mul[i]=(i—1.0)/(KDIV-1.0);

187 for (j=1;j<=NDIV;j++) r[j]=RMAX«*(j—1.0) /(NDIV—1.0);
188

189 for (i=1;i<=KDIV; i++)

190 {

191 for (j=1;j<=NDIV; j++)

192 {

193 varpi[1][j]= r[j]*pow(1.0—mu[i]*mu[i],0.5);
194 }

195 }

196

197 }

198

199 [/ oK KRR KRR KRR KRRk Rk kR koo ok ok koo ok ok okokk Adding densities

200 // rho=rho_p+rho_n
201 void total_density (void)
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202 {

203 int i,

204 i

205

206 for (i=1;i<=KDIV; i++)

207 {

208 for (j=1;j<=NDIV; j++)

209 {

210 rho[i][j]= rho_p[i][j]+rhoon[i][]];
211 }

212 }

213 }

214

215

216 //>I<>I<>I<>I<>I<>I<>‘.<****>k>k>k>k>k>k*>k*>k**>k>k>k***>0<>0<>0<>0<>0<>k>k>k*************************** Densities

initialization

217 void guess_density (void)

218 {

219 int i,

220 i

221

222

223 for (j=1;j<=NDIV; j++) // Proton density. evaluated until surface of star
224 {

225 if(j<=n_ra) rho_p[1][j]=1.0; /% First find rho for mu=0 %/
226 else

227 rho_p [1][j]=0.0;

228

229 for (i=1;i<=KDIV;i++) rho_p[i][j]=rho_p[1][j];

230 }

231

232 //Evaluate spherical cc throught 0.9r_a compute rho_n

233

234 for (j=1;j<=NDILV; j++) // Neutron density. evaluated until cc boundary
235 {

236 if(j<=cc_ra) rhon[1][j]=1.0;

237 else

238 rho_n[1][j]=0.0;

239

240 for (i=1;i<=KDIV;i++) rhon[i][j]=rhon[1][]j];

241 }
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242
243
244
245

246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281

[/ s sk otk sk sk sk skt skt sk sk sk kR kR Rk sk kR R RR KKk RRSK RSk ROk Rk skokoR R kokokkkkx - Initialization of
chemical potentials

//The chemical potentials are initialized so that we have an

//initial boundary for the neutrons and protons

void guess_last_points (void){

int i,
i
for (j=1;j<=NDIV; j++) // Proton density. evaluated until surface
{
if (j<=n_ra) chem_p[1][j]=1.0; /* First find rho for mu=0 */
else

chem p[1][j]=-1.0;

for (i=1;i<=KDIV;i++) chem_p[i][j]=chem_p[1][j];
}

//Evaluate spherical neutron surface throught 0.9r_a compute rho_n

for (j=1;j<=NDIV; j++) // Neutron density. evaluated until neutron

{
if (j<=cc_ra) chem.n[1][j]=1.0;
else
chemn[1][j]=—-1.0;

for (i=1;i<=KDIV;i++) chem.-n[i][j]=chem.n[1][]];
}

// we initialize the cc boundary to be the same as the neutrons boundary

// later it can deviate from the neutron surface

for (i=1;i<=KDIV; i++)
{

last_r_cc[i]=cc.ra;
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282

283 for (j=1;j<=NDIV; j++)

284 {

285 if (j<=cc_ra) last_mu_cc[j]=KDIV;

286 else last_mu_cc[j]=0;

287 }

288

289 for (i=1;i<=KDIV; i++)

290 {

291 last_r_p[i]=n_ra;

292 }

293

294 for (j=1;j<=NDIV; j++)

295 {

296 if(j<=n_ra) last_mu_p [j]=KDIV;

297 else last_mu.p[j]=0;

298 }

299

300

301

302 }

303

305 /* A first guess for the density distribution is stored in the array * /
306 /* Aphi[i][j]. It corresponds to a uniform—density nonrotating sphere. *
307 /************************************************>0<>0<>0<>0<>0<>0<>0<>k>0<>k*>k***>}<>]<>}<>}<>f<>:<>f<>:<>:<>:<>:<*/

308 void guess_u(void)

309 {

310 int i, /* counter x/
311 i /% counter x/
312

313 for (j=1;j<=KDIV; j++)

314 {

315 for (i=1;i<=NDIV;i++) {

316 uli][j]=1.0;

317 check_u[i][j]=1.0;

318 }

319 }

320

321

322
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323}

324

325

327 // Returns the Legendre polynomial of degree n, evaluated at x.
329 double legendre( int n, double x )

330 {

331 int i; /* counter x/

332

333 double p, /% Legendre polynomial of order n x/
334 p-1, /% 7 ” 7 7 n—1x/
335 p-2; /% 7 7 7 7 n—2 %/
336

337

338 p-2=1.0;

339 p-1=x;

340

341 if (n>=2)

342 { for(i=2;i<=n;i++)

343 {

344 p=(x%(2.0%x1i—1.0)*xp_-1 — (i—1.0)xp-2)/1i;

345 p-2=p_1;

346 p-1=p;

347 }

348 return p;

349 } else

350 { if (n==1) return p_1;

351 else return p_2;

352 }

353 }

354

356 // Returns the Associated Legendre polynomial P.n"m m=1, evaluated at x.
358

359 double Assoc_legendre( int n, double x )

360 {

361 int i; /* counter x/

362

363 double p, /+xAssoc. Legendre polynomial P_171 %/
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364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389

390
391
392
393
394
395
396
397
398
399
400
401
402
403

p-1, /x " P_(1-1)"1%/
p-2; /* ? P_(1-2)"1 %/

p-2=-pow( (1.0—pow(x,2.0) ),0.5);
p-1=—3*x*pow( (1.0—pow(x,2.0) ),0.5);

if (n>=3)
{ for(i=3;i<=n;i++)
{
p=( (2.0%xi—-1.0)/(i—1.0) ) * x % p_-1 — ((i) /(i—1.0) ) *p_2;
p-2=p-1;
p-1=p;
}
return p;
} else
{ if (n==1) return p_2;

else return p_1;

[ 3 3 ok sk sk ok kKK ok s ok KKK K ok oK oK KK KK K R KKK KK ok R KKK KR R KoK KK KK R R KKK KK K sk KKK KK ok sk oK KK KK R sk KKK KKK SRR KR Ok ok
// Computing the radial component f_n(r,r’)*r’ of the polynomial expansion of 1/|r—r 7|

[ 3 sk ok ok sk sk ok sk sk sk ok sk sk ok ok sk sk ok sk sk ok sk ok ok R sk sk ok R ok sk ok sk ok ok R sk sk ok sk sk ok sk ok ok R sk sk ok sk sk ok sk ok ok K sk kR Sk sk ok s ok ok sk sk skok Kk sk ok sk ok ok sk k skok ok ok /

double f_n(int n, double vec_r [NDIV+1],int k,int j) /% n=degree of the Legendre

polynomials x/

/% k counter for r’ x/

/* j counter for r x/

double f;

if (k<j) f=pow(vec_r[k],n+2.0)/pow(vec_r[j],n+1.0) ;
else
{if( j==1) 1=0;
else f=pow(vec.r[j],n)/pow(vec.r[k],n—1.0);

}

return f;
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404 }

405
407 // Since the grid points are fixed, we can compute the functions
408 /* fon(r’,r)*r’"2 and P_2n(mu) once at the beginning. */

410 void comp_f_2n_p_2n(void)

411 {

412

413 int m,n, /* 2n=degree of the Legendre polynomials x/
414 k, /* counter for r’ x/

415 i, /% counter for r x/

416 i /+ counter for P_2nx/

417 double vec_r [NDIV+1];

418 /* temporary storage of f_2n x/

419

420 // for (m=1;n<=NDIV;mt++){ vec_r [m|=r [m];

421 //  printf(” aaa %f”,r[m]);

22 /)

423

424 for (n=0;n<=MAX;n++)

425 {

426 for (k=1;k<=NDIV;k++)

427 {

428 for (j=1;j<=NDIV; j++)

429 {

430 2n[n][k][j]=f-n(2*n,r,k,j);

431 f2n_1[n][k][j]=f-n(2%xn—1,r ,k,j);
432 }

433 }

434 }

435

436 for (i=1;i<=KDIV; i ++)

437 {

438 for (n=0;n<IMAX;n++) { p2n[n][i] = legendre(2xn,mufi]);
439 pl-2n_1[n][i] = Assoc_legendre( 2*n—1, mu[i]);
440 }

441

442 }

443}

444
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445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485

// Returns the maximum value in a KDIV x NDIV array.
double max(double array [KDIV+1][NDIV+1])
{
int i,
i
double max_val; /* intermediate max. value x/

max_val=array [1][1];

for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)
{
if (array[i][j]>max_val) max_val=array[i][j];
}
}

return max_val;

}

/ /Selebelebelebolebolebelebolebelebebebebobebobbobebolbofebolebolebolebebebebebebobebebebebebolebofebobebelebobebebebeebeebbebebebebobebolebelebebebelebebebede

[ ] sk sk skt ok sk ko sk ok skt ok sk ok skokskok ok R ok skosk kot ok kkokokokskokkkkokokkkx Calculate roderivative in star

double deriv_r (double array [KDIV4+1][NDIV+1], int i0, int jO){

int i,
s
i_last ,
j-last
i_cc,
j-cc;

double deriv;

i_last = last_mu_p[jO];
j-last = last_r_p[i0];
i_cc = last_mu_cc[j0];
jocc = last_r_cc[i0];
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486

487 / L /L /L /L / mi mi /L /L L /L / / mi ui /L
U 1177 1177 U U U U U U U 1177 1177 U U U T U

488 if ((jo<=j-cc)&&(i0<=i-cc)) // Point inside the core

489

490 {

491

492

493 if(j_cc==1) // If the point is the only one in that mu then the derivative is equal

to the previous mu derivative. (j remains the same)

494 {

495 deriv=deriv_r (array ,i0 —1,j0);

496

497 }

498

499 else if (j_cc<6) // If the last point in star is less than 6 points from the core
then use less accurate (less points) formulas

500 {

501

502 if ((Jo==1)]](j0==2)) {

503 deriv=((NDIV—1)/(RMAX) ) «((—1.0)*array [i0 ][ jO]+1.0xarray [i0 ][ jO+1] );

504 }

505

506 else if ((jo=j.cc—-1)||(jOo=j-cc)){

507

508 deriv=((NDIV—1)/(RMAX) ) «((1.0)*array [i0 ][ jO] —1.0%array [i0 ][jO —1] );

509 }

510

511 else {

512 deriv=((NDIV—1)/(RMAX) ) x(—0.5%array [10 ][ jO —1]+0.5*%array [10 ][ jO+1] );

513 }

514

515 }

516

517

518

519 else //If the last point is more than 6 points then use the normal formulas

520 {

521

522 it ((j0==1)](j0==2)

523 { deriv=((NDIV-1) /(RMAX) ) #(( —25.0/12.0) xarray [i0 ] [jO]

524 +4.0xarray [10 ][ jO+1]—3.0xarray [10 ][jO+2]
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525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549

550
551
552
553
554
555
556
557

558
559
560
561
562
563

+(4.0/3.0)*array [i0][jO+3]—(1.0/4.0)*array [10][jO+4] );
}

else if ((jo=j_cc—-1)||(j0=j_cc))
{ deriv=((NDIV-1)/(BRMAX) ) *((25.0/12.0) xarray [i0 ][ jO]
—4.0xarray [i0][jO —1]+3.0%array [i0][jO —2]
—(4.0/3.0)*array [10][j0 —3]4+(1.0/4.0)*array [i0][jO —4]);

else { deriv= ((NDIV—1)/(RMAX) ) *(1.0/12.0) *(array [i0][jO —2]—8.0xarray [i0][jO —1]
+ 8.0xarray [i0][jO+1] — array[i0][jO0+2]);

}
}
}
[ ] ok sk sk ok s sk ok ok sk sk ok ok sk sk ok sk ok ok sk ok R Rk S R sk R K kR R Rk Kk Rk Rk kR R Kok R koK kKR koK R koK ok

else if(chem_p[i0][jO0]>=0.0) // Point inside the crust

{

if ((j-last —j_cc)==1) // If the point is the only one in that mu then the derivative

is equal to the previous mu derivative. (j remains the same)

{
if(i0>1)

deriv=deriv_r (array ,i0 —1,j0);

else deriv=deriv_r (array ,i0,j0—1);

else if ((j.-last—j_cc)<6) // If the last point in star is less than 6 points from
the core then use less accurate (less points) formulas

{

if ((jo=j-cc+1)[[(j0=j-cc+2)) {
deriv=((NDIV—1)/(RMAX) ) «((—1.0)*array [i0 ][ jO]+1.0xarray [i0 ][ jO+1] );
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564 else if ((jo=j_last —1)||(jOo=j_last)){

565

566 deriv=((NDIV—1)/(RMAX) ) «((1.0)*array [i0 ][ jO] —1.0%array [i0 ][jO —1] );
567 }

568

569 else {

570 deriv=((NDIV—1)/(RMAX) ) x(—0.5%array [10 ][ jO —1]+0.5*%array [10 ][ jO+1] );
571 }

572

573 }

574

575

576 else //If the last point is more than 6 points then use the normal formulas

577 {

578

579 if ((jo=j-cc+1)||(jo=j-cc+2))

580 { deriv=((NDIV—1) /(RMAX) ) *((—25.0/12.0) xarray [i0 ][ jO]

581 +4.0xarray [10 ][ jO+1]—3.0xarray [i0 ][ j0+2]

582 +(4.0/3.0)xarray [i0][jO+3]—(1.0/4.0)xarray [i0][jO+4] );

583 }

584

585 else if ((jo=j-last —1)]||(jo=j_-last))

586 { deriv=((NDIV—1) /(RMAX) ) *((25.0/12.0) xarray [i0][jO]

587 —4.0xarray [10][jO —1]+3.0xarray [i0][jO —2]

588 —(4.0/3.0)+array [i0][jO —3]+(1.0/4.0)*array [i0][jO —4]);

589 }

590

591

592 else { deriv= ((NDIV—1)/(RMAX))*(1.0/12.0) *(array[i0][jO0 —2]—8.0xarray [i0][jO —1]

593 + 8.0xarray [i0][jO+1] — array[i0][jO0+2]);

594 }

595

596 }

597

598 }

599 /
600 else // Point outside the star

601 {

602

603 if ( (NDIV—j_last)==1) // If the point is the only one in that mu then the derivative
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604

605
606
607
608
609
610
611
612
613

614

615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641

// is equal to the previous mu derivative. (j remains the
same )

{

if (i0>1)

deriv=deriv_r (array ,i0 —1,j0);

// printf(”Last point in r direction is j=17);

// printf(”r %d”,counterl++);

else deriv=deriv_r (array,i0,jo—1);

}

else if ( (NDIV—j_last)<6) // If the last point in star is less than 6 points from
the outer
// boundary then use less accurate (less points)

formulas

if ((jo==(j-last+1)) [[ (jo==(j-last+2)) ) {
deriv=((NDIV—-1)/(RMAX) ) «((—1.0)*array [i0 ][ jO]+1.0%xarray [i0 ][ jO+1] );

else if ((jO=NDIV—1)||(jO=NDIV)){

deriv=((NDIV—1)/(RMAX) ) *((1.0)*array [i0 ][ jO] —1.0%xarray [i0][jO —1] );

else {
deriv=((NDIV—1)/(RMAX) ) x(—0.5%array [10 ][ jO —1]+0.5*%array [i0 ][ jO+1] );

else //If the last point is more than 6 points then use the normal formulas

{
it ((jo==(j_last+1)) || (jo==(j_last+2)) )
{ deriv=((NDIV-1) /(RMAX) ) *(( —25.0/12.0) xarray [i0][jO]
+4.0xarray [i0 ][ jO+1]—3.0%array [i0 ][ j0+2]
+(4.0/3.0)*array [i0][jO+3]—(1.0/4.0)*array [10][jO+4] );

}
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642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682

else if ((jO=NDIV—1)||(jo=NDIV))
{ deriv=((NDIV—1) /(RMAX) ) *((25.0/12.0) xarray [i0 ][jO]
—4.0xarray [i0][jO —1]4+3.0xarray [i0][jO —2]
—(4.0/3.0)«xarray [i0][jO —3]+(1.0/4.0)xarray [i0][jO —4]);

else { deriv= ((NDIV—1)/(RMAX) ) *(1.0/12.0) *(array [i0][jO0 —2]—8.0xarray [i0][jO —1]
+ 8.0xarray [i0][jO+1] — array[i0][jO0+2]);

if (fabs(deriv)<=epsl) deriv=0.0;

return deriv ;

double deriv_mu(double array [KDIV4+1][NDIV+1], int i0, int jO){

int i,

s
i_last ,
j-last
i_cc,

j-cc;

double deriv;

i_last = last_mu_p[jO];
j-last = last_r_p[i0];
i_cc = last_mu_cc[j0];
jocc = last_r_cc[i0];
/
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683

684 if ((jo<=j-cc)&&(i0<=i_-cc)) // Point inside the core

685 {

686

687 if(i_cc==1) // If the point is the only one in that r then the derivative is equal

to the previous r derivative. (i remains the same)

688 {

689 if (jo>1)

690 deriv=deriv_mu (array ,i0,j0 —1);

691

692 else deriv=deriv_mu (array ,i0 —1,j0);

693 }

694

695 else if (i_cc<6) // If the last point in star is less than 6 points from the
boundary then use less accurate (less points) formulas

696 {

697

698 if ((i0==1)]](i0==2)) {

699 deriv=_((KDIV-1)/(1.0))*((—1.0)*array [i0][jO]+1.0xarray [i0+1][j0] );

700 }

701

702 else if ((i0==(i-cc—1))||(i0==i-cc)){

703 deriv=((KDIV-1)/(1.0) ) *((1.0)xarray [i0][jO]—1.0%xarray [i0 —1][jO]

)5

704 }

705

706 else {

707 deriv=((KDIV—-1) /(1.0) )*(—0.5%array [i0 —1][jO]4+0.5%xarray [i0+1][jO] );

708 }

709

710 }

711

712

713

714 else //If the last point is more than 6 points then use the normal formulas

715 {

716

17 if ((i0==1)|](i0==2))

718 { deriv=((KDIV—1)/(1.0) ) *((—25.0/12.0)xarray [i0][jO]

719 +4.0xarray [i04+1][jO0] —3.0xarray [i0 +2][jO]

720 +(4.0/3.0)*array [10+3][jO0] —(1.0/4.0)*array [104+4][jO] );
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721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754

755
756
757
758
759
760

else if ((i0==i_-cc —1)||(i0==i-cc))
{ deriv=((KDIV—1)/(1.0))*((25.0/12.0)*array[i0][jO]
—4.0xarray [10 —1][jO0]+3.0*xarray [i0 —2][j0]
—(4.0/3.0)*array [i0 —3][jO]+(1.0/4.0) xarray [i0 —4][jO0]) ;

}
else { deriv=((KDIV-1) /(1.0) ) *(1.0/12.0) *(array [i0 —2][jO0] —8.0xarray [i0 —1][jO]
+ 8.0xarray [i0+1][jO0] — array[i0+2][jO]);
}
}
}

else if(chem_p[i0][jO]>=0.0) // Point inside the star

{

if ((i-last—i_cc)==1) // If the point is the only one in that r then the derivative
// is equal to the previous r derivative. (i1 remains the same)
{
if (jo>1)
deriv=deriv_mu (array ,i0,j0—1);
//  printf("mu %d”,counter2++);
else deriv=deriv_.mu(array ,i0 —1,j0);

}

else if ((i-last—i_cc)<6) // If the last point in star is less than 6 points
// from the boundary then use less accurate (less points)

formulas

if ((i0==(i-cc+1))||(i0==(i-cc+2))) {
)

deriv=((KDIV—1)/(1.0) ) *((—1.0)*array [i0 ][ jO]4+1.0xarray [i0+1][jO]
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762

763
764
765
766
767
768
769
770
771
772
e
774
775
776
T
778
779
780
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782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800

else if ((i0==i_last —1)||(i0==i_last)){
deriv=((KDIV—-1) /(1.0) ) *((1.0)*xarray [i0][jO] —1.0%xarray [i0 —1][jO]
)

else {
deriv=((KDIV—1) /(1.0) )*(—0.5%array [i0 —1][jO]4+0.5«xarray [10+1][jO] );

else //If the last point is more than 6 points then use the normal formulas

{

if ((i0==(i-cc+1))[|(i0==(i-cc+2)))
{ deriv=((KDIV-1)/(1.0))*((—25.0/12.0)xarray [i0 ][jO]
+4.0xarray [104+1][jO0] —3.0*array [10+2][jO]
+(4.0/3.0)*array [i0+3][jO] —(1.0/4.0) xarray [i0 +4][jO0] );

else if ((i0==(i_last —1))||(i0==i_last))
{ deriv=((KDIV-1) /(1.0) ) *((25.0/12.0) xarray [i0][jO]
—4.0xarray [i0 —1][jO]4+3.0xarray [i0 —2][j0]
—(4.0/3.0)xarray [i0 —3][jO]+(1.0/4.0) xarray [i0 —4][jO0]) ;

}
else { deriv=((KDIV—-1) /(1.0) ) *(1.0/12.0) *(array [i0 —2][j0] —8.0xarray [i0 —1][jO]
+ 8.0xarray [i0+1][jO0] — array[i0+2][jO]);
}
}
}

else // Point outside the star

{

if ( (KDIV—i_last)==1) // If the point is the only one in that mu then
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801 //the derivative is equal to the previous mu derivative.
(j remains the same)

802 {

803 deriv=deriv_mu (array ,i0,j0—1);

804 }

805

806 else if ( (KDIV—i_last)<6) // If the last point in star is less than 6 points

807 // from the outer boundary then use less accurate (less
points) formulas

808 {

809

810 if ( (i0==(i-last+1)) || (i0==(i-last+2)) ) {

811 deriv=((KDIV—-1) /(1.0) ) *((—1.0)*array [i0][jO]+1.0xarray [i0+1][jO] );

812 }

813

814 else if ((10=KDIV-1)||(i0=KDIV)){

815

816 deriv=((KDIV—1) /(1.0) ) *((1.0)*array [i0][jO] —1.0%xarray [i0 —1][jO] );

817 }

818

819 else {

820 deriv=((KDIV-1)/(1.0))x(—0.5xarray [i0 —1][jO]+0.5«array [i0 +1][j0] );

821 }

822

823 }

824

825

826

827 else //If the last point is more than 6 points then use the normal formulas

828 {

829

830 if ( (i0==(i-last+1)) || (i0==(i-last+2)) )

831 { deriv=((KDIV—1)/(1.0) ) *((—25.0/12.0)xarray [i0][jO]

832 +4.0xarray [104+1][jO0] —3.0%array [10+2][jO]

833 +(4.0/3.0)xarray [i0+3][jO0] —(1.0/4.0) xarray [i0+4][jO0] );

834 }

835

836 else if ((10=KDIV-1)||(i0=KDIV))

837 { deriv=((KDIV—1)/(1.0)) *((25.0/12.0)*xarray [i0][jO]

838 —4.0xarray [i0 —1][jO]+3.0xarray [i0 —2][jO0]

839 —(4.0/3.0)xarray [i0 —3][jO]+(1.0/4.0)*xarray [i0 —4][jO]) ;
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840 }

841

842

843 else { deriv=((KDIV—-1)/(1.0) ) *(1.0/12.0) *(array [i0 —2][jO0] —8.0*array [i0 —1][jO]

844 + 8.0xarray[i0+1][jO0] — array[i0+2][jO]);

845 }

846

847 }

848

849

850 }

851

852 if (fabs(deriv)<=epsl) deriv=0.0;

853 return deriv ;

854

855

856

857

858 double interpolate (double array [KDIV+41][NDIV+1],int i0, int jO){ // higher order core
crust out

859

860

861

862 int i,

863 i,

864 i_last , //refering to the last point inside surface of the star

865 j-last |

866

867 i_cc, // refering to the last point inside cc

868 j-cc;

869

870 double interp;

871

872 j-last=last_r_p [i0];

873 i_last=last_mu_p[jO];

874

875 j_cc=last_r_cc[i0];

876 i_cc=last_mu_cc[j0];

877

878

879
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880 /

881 if ((jo<=j-cc)&&(i0<=i_-cc)){ //Point inside core

882

883 // The cormners of the grid (1,1) (KDIV,1)

884 if ((i0==1)&&(j0==1)) interp=array[i0][jO0+1];

885

886 else if ( (10=KDIV)&&(j0==1) ) interp=array[i0 —1][jO];

887

888 // Calculate values for j=1. mu axis. centre of the star

889 else if (jo==1){

890

891 if (j-cc==1) // If the point is the only one in that mu then the
892 // value is equal to the previous mu value. (] remains

the same)

893 {

894 interp=array [10 —1][jO0];

895

896 }

897 else if(j_cc==2) {

898 interp=array [i0][jO+1];

899 }

900

901 else { // Use 3 points formula

902

903 interp=( (r[jO0] —-r[jO+2])*(r[jO] —-r[jO+3]) ) * (array[iO][jO+1] )/

904 ( (r[jO+1]—r[jo+2])*(r[jO+1]—r[jO+3]) ) +

905

906 ( («[jO] —r[jO+1])*(r [JO] —r[jO+3]) ) *
(array [10][j0+2] )/

907 ( (r[jo+2]—=r[jO+1])*(r[jO+2]-r[jO+3]) ) +

908

909 ( (x[§0] —r[j0+1])«(r[j0] —rl[jo+2]) ) x
(array [10][jO+3] )/

910 ( (r[jO+3]—r[jO+1])*(r[jO+3]-r[j0o+2]) );

911

912 }

913 }

914

915 // Calculate values for i=1. r axis. equatorial plane

916 else if (i0==1) {

917
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918 if(i_.cc==1) // If the point is the only one in that r then the value is

equal to the previous r value. (i remains the same)

919 {

920 interp=array [i0][j0 —1];

921

922 }

923 else if (i_cc==2) interp=array[i0+1][jO]; //if the last point is 2

points from the r axis then give it the next value.

924

925

926 else { // Use 2 points formula

927

928 interp= ( (mu[i0] —mu[i0+2])*(mu[i0] -—-mu[i0+3])

) * (array[i0O+1][jO] )/

929 ( (mu[i0+1]—mu[i0+2])*(mu[i0+1]-mu[i0+3]) )
+

930

931 ( (mu[i0] —mu[i0+1])*(mu[i0] -—-mu[i0+3]) )
x (array [10+2][jO] )/

932 ( (mu[i0+2]—mu[i0+1])*(mu[i0+2]—-mu[i0+3]) )
+

933

934 ( (mu[i0] —mu[i0+1])*(mu[i0] -—-mu[i0+2]) )
« (array [10+3](§0] )/

935 ( (mu[i043]-mu[i0+1])*(mu[i0+3]-mu[i0+2]) );

936

937 }

938 }

939

940 // Calculate values for i=KDIV. r (polar) axis. No search for other

possibilities is needed.

941 else if (i0=KDIV) {

942

943 interp= ( (mu[i0] —mu[i0 —2])*(mu[i0] -mu[i0 —3]) ) =*

(array [10 -1][j0] )/

944 ( (mu[i0 —1]-mu[i0 —2]) *(mu[i0 —1]-mu[i0 —3]) )
+

945

946 ( (mu[i0] —mu[i0—1])*(mu[i0] -mu[i0—3]) )

x (array[10 —2][jO] )/
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947

948
949

950
951
952
953
954
955
956
957
958

959
960
961
962
963

964
965
966
967
968

969
970
971

972
973
974

975
976
977

978
979

( (mu[i0 —2]—mu[i0 —1]) *(mu[i0 —2]—mu[i0 —3]) )

+

( (mu[i0] —mu[i0

—1])*(mu[i0] -—mu[i0—2]) )
* (array [10 =3][jO] )/
( (mu[i0—3]-mu[i0 —1])*(mu[i0 —3]-mu[i0 —2]) );

// Calculate values on the cc boundary from the inside.

// Calculate for the other points
else {
if(j-cc==1) // If the point is the only one in

equal to the previous mu value. (] remains

{

interp=array [i0 —1][jO ];
}

else if (j_cc==2) interp=array[i0][jO0 —1];

points from the mu axis then give it

else { // Use 2 points formula

interp=( (r[jO] —r[jO+2])*(r[jO] —r[jO+3])*(r

(array [10][jO+1] )/

( (r[JO+1]=r[JO+2]) *(r [jO+1]=r [jO+3])*(r

( (r[J0] —r[jO+1])*(x[jO] —r[jO+3])*(r

(array [i0][jO+2] )/

( (r[jO+2]—r[jO+1])*(r [jO+2]—r[jO+3])*(r

( («[JO] —r[JO+1])*(r[JO] —r[jO+2])*(r

(array [i0][j0+3] )/

( (r[jO43]—r[jO+1])*(r [jO+3]—r[jO+2])*(r

( (r[30] —r[JO+1D*(r[JO] —r[jO+2])*(r

(array [i0][jO+4] )/

( (r[JO+4]=r [JO+1])*(r [jO+4]=r [jO+2])*(r
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//if the last

the next wvalue.

[j0]  —r[jO+4])

[jO+1]—r[jO+4])

[j0]  —r[j0+4])

[jO+2]—r[jO+4])

[j0]  —r[jO+4])

[jO+3]—r[jO+4])

[j0]  —r[j0+3])

[jO4+4]—1r[jO+3])

value is

point is 2




980 }
981 }
982
983
984 }
985
986 else if(chem_p[i0][jO0]>=0.0) // Point inside the crust
987 {
988 // The corners of the crust area
989 if ((i0==1)&&(j0==n_.ra)) interp=array[i0][j0 —1];
990
991 else if ((i0=KDIV)&&(j0==(j_-cc+1)) ) interp=array[i0][jO —1];
992
993 // Calculate values for i=1. r axis. equatorial plane
994 else if (i0==1) {
995
996 if(i-last==1) // If the point is the only one in that r then
997 // the value is equal to the previous r value. (i
remains the same)
998 {
999 interp=array [i0][j0 —1];
1000
1001 }
1002 else if (i_last==2) interp=array[i0+1][jO]; //if the last point is
2 points from the r axis then give it the next value.
1003
1004
1005 else { // Use 2 points formula
1006
1007 interp= ( (mu[i0] —mu[i0+2])*(mu[i0] -mu[i0+3]) )
* (array [10+1][jO] )/
1008 ( (mu[i0+1]-mu[i0+2])* (mu[i0+1]—mu[i0+3])
+
1009
1010 ( (mu[i0] -—mu[i0+1])*(mu[i0] —mul[i0+3])
« (array [10+2](j0] )/
1011 ( (mu[i0+2]—mu[i0+1])*(mu[i0+2]—mu[i0+3])
+
1012
1013 ( (mu[i0] —mu[i0+1])*(mu[i0] —mu[i0+2])
* (array [10+3][jO] )/
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1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024

1025
1026
1027
1028
1029
1030

1031
1032
1033
1034
1035

1036

1037
1038

1039

1040
1041

1042
1043
1044
1045
1046
1047

( (mu[i0+3]-mu[i0+1])*(mu[i0+3]-mul[i0+2]) );

// Calculate values for i=KDIV. r (polar) axis.
else if (i10=KDIV) {

if (KDIV=i_cc)==1) // If the point is the only one in that
// r then the value is equal to the previous r

value. (i remains the same)

interp=array [i0][jO0 —1];
// printf(”r %d”,counterl+4+);

}
else if ((KDIV—i_cc)==2) interp=array[i0 —1][jO]; //if the last

point is 2 points from the r axis then give it the previous value.

else { // Use 2 points formula

interp= ( (mu[i0] —mu[i0 —2])*(mu[i0] -mu[i0—3]) )
* (array[10 —1][jO] )/
( (mu[i0 —1]—mu[i0 —2]) * (mu[i0 —1]—mu[i0 —3]) )
+

( (mu[i0] -—mu[i0 —1])*(mu[i0] -—-mu[i0 —3]) )
x (array[i0 —2][jO] )/

( (mu[i0—2]—mu[i0 —1])*(mu[i0 —2]—mu[i0 —3]) )
+

( (mu[i0] —mu[i0 —1])*(mu[i0] -mu[i0 —2]) )

x (array[i0 —3][jO] )/
( (mu[i0—3]-mu[i0 —1])*(mu[i0 —3]-mu[i0 —2]) );
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1048
1049
1050
1051

1052
1053
1054
1055
1056

1057
1058
1059
1060

1061
1062
1063

1064
1065
1066

1067
1068
1069
1070
1071
1072
1073
1074

1075
1076
1077
1078
1079

else if (jo=j_last){ // Calculate values on the surface from the inside.

if ((j-last —j.cc)==1) // If the point is the only one in
that mu then the value is equal to the previous mu
value. (j remains the same)

interp=array [i0 —1][jO ];

else if ((j-last—j_cc)==2) interp=array[i0][jO—1]; //if
the last point is 2 points from the mu axis then give it

the previous value.

else { // Use 2 points formula
interp= ( (r[j0] —r[j0=2D)*(r[jO] —r[j0=3]) ) = (array[i0][jO—1]
)/

( (r[J0=1=r[j0=2])*(r[jO-1]=r[jO=3]) ) +
( («[jO] —r[j0O=1])=(r[jO] —r[jO=3]) ) *

(array [i0][jo—2] )/
( (r[J0=2]=r[jO -1 *(r[jO=2]-r[jO=3]) ) +
( (r[J0] —r[j0-1])=(r[jO] —r[jO=2]) ) =

(array [i0][jO=3] )/
( (r[J0=3]=r[j0—=1])*(r[jO=3]-r[jO-2]) );

}
}
else { // Calculate for the other points

if ((j-last—j_cc)==1) // If the point is the only one in that mu then the

value is equal to the previous mu value. (j remains the same)

{

interp=array [i0 —1][j0 ];
}

else if ((j-last—j_cc)==2) interp=array[i0][jO+1]; //if the last

point is 2 points from the mu axis then give it the next value.
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1080
1081
1082
1083
1084

1085
1086
1087

1088
1089
1090

1091
1092
1093

1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105

1106
1107
1108
1109
1110
1111

1112
1113
1114

else

interp=

{ // Use 2 points formula

( (r[30] —r[jo+2D)*(r[jO] —r[jO+3])

(array [10][jO+1] )/

( (r[JO+1]=r[jO+2])*(r [jO+1]=r [jO+3])

( (r[jo] —r[jo+1])*(r[jO] —r[jO+3])
(array [i0][jO0+42] )/
( (r[jo+2]—r[jO+1])*(r[jO+2]—r[jO+3])

( (r[jo] —r[jo+1])*(r[jO] —r[jOo+2])
(array [i0][jO+3] )/
( (r[j0+3]=r[jO+1])*(r[jO+3]-1[jO+2])

( (r[jo] —r[jo+1])*(r[jO] —r[jO+2])
(array [i0][j0+4] )/
( (r[jO+4]—r[jO+1])*(r[jO+4]—r[jO+2])

#(r[jo]  —r[jo+4]) )

#(r[j0+1]=r[jo+4]) ) +

#(r[jo]  —r[jo+4]) ) =«

*(r[jO+2]—-1[jO+4]) ) +

#(r[j0] —r[jo+4]) )

*(r[jO+3]—-1[jOo+4]) ) +

#(r[jo]  —r[jO+3]) ) *

#(r[jO+4]-r [jO+3]) );

}
}
}
else // Point outside the star
{

if  ((10==1)&&(jO=NDIV)) interp=array [i0][jO —1]; // The corners of the grid
(1,NDIV) (KDIV,NDIV)

else if ((10=KDIV)&&(jO=NDIV)) interp=array[i0 —1][jO0];

else if (jO=NDIV){ // Calculate values for j=NDIV. far mu axis.

if ((NDIV—j_last)==1) // If the point is the only

value

is

equal to the previous mu value. (]

{

interp=array [i0 —1][jO0 ];
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1115
1116
1117

1118
1119
1120
1121
1122
1123
1124
1125

1126
1127
1128

1129
1130
1131
1132
1133
1134
1135
1136
1137
1138
1139
1140

1141

1142
1143

1144

1145
1146

}
else if ((NDIV—j_last)==2) interp=array[i0][jO —1]; //if the last
point is 2 points from the far mu axis then give it the previous

value .

else { // Use 2 points formula

interp= ( (e[jO] —r[jo=2])*(r[jO] —r[jO=3]) ) * (array[i0][jO—1] )/
( (r[J0=1]=r[j0=2])*(r [jO-1]=r[jO=3]) ) +

( (r[30] —r[j0O—-1D*(r[jO] —r[jO=3]) ) =
(array [i0][jO—-2] )/
( (r[J0=2]=r[jO—1])*(r [jO=2]=r[jO=3]) ) +

( («[jO] —r[j0—-1])*(r[jO] —r[jO=2]) ) «
(array [10][jO—3] )/
( (r[30=3]=r[j0—1])*(r[jO=3]-r[jO=2]) );

else if (i0==1) { // Calculate values for i=1. r axis. equatorial plane

// Use 2 points formula

interp= ( (mu[i0] —mu[i0+42])*(mu[i0] -mu[i0+3]) )
* (array[10+1][jO] )/
( (mu[i0+1]-mu[i0+2])*(mu[i0+1]-mu[i0+3]) )
+

( (mu[i0] —mu[i0+1])*(mu[i0] -mu[i0+3]) )
« (array [10+2][j0] )/

( (mu[i0+2]—mu[i0+1])*(mu[i0+2]—mu[i0+3]) )
+

( (mu[i0] —mu[i0+1])*(mu[i0] -—-mu[i0+2]) )
x (array [10+3][jO] )/

132




1147
1148
1149
1150
1151
1152
1153
1154
1155

1156
1157
1158
1159
1160

1161
1162
1163
1164
1165

1166

1167
1168

1169

1170
1171

1172
1173
1174
1175
1176
1177
1178
1179

( (mu[i0+3]-mu[i0+1])*(mu[i0+3]-mul[i0+2]) );

else if (10=KDIV) {
// Calculate values for i=KDIV. r axis.

if ((KDIV—i_last)==1) // If the point is the only one in that r then the
value is equal to the previous r value. (i remains the same)

{

interp=array [i0][j0 —1];

}
else if ((KDIV—i_last)==2) interp=array[i0 —1][jO]; //if the last

point is 2 points from the r axis then give it the previous value.

else { // Use 2 points formula

interp= ( (mu[i0] —mu[i0 —2])*(mu[i0] -mu[i0—3]) )
* (array [0 —1][jO] )/
( (mu[i0—1]-mu[i0 —2])*(mu[i0 —1]—mu[i0 —3]) )
+

( (mu[i0] —mu[i0 —1])*(mu[i0] -mu[i0—3]) )
x (array[i0 —2][jO] )/

( (mu[i0—2]-mu[i0 —1])*(mu[i0 —2]—mu[i0 —3]) )
_|_

( (mu[i0] —mu[i0 —1])*(mu[i0] -—-mu[i0 —2]) )

* (array[i0 —=3][jO] )/
( (mu[i0 —3]-mu[i0 —1]) *(mu[i0 —3]—mu[i0 —2]) );

else if ((jo0—j-last)==1){ // Calculate values on the boundary from the outside.

if ((NDIV—j_last )==1) // If the point is the only one in

that mu then the value is equal to the previous mu
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1180
1181
1182
1183
1184
1185

1186
1187
1188
1189
1190

1191
1192
1193

1194
1195
1196

1197
1198
1199
1200
1201
1202
1203
1204

1205
1206
1207
1208
1209

1210
1211
1212

value .

{

interp=array [i0 —1][jO ];

(j remains the same)

else if ((NDIV—j_last)==2) interp=array[i0][jO—1]; //if

the la

give i

else {

interp=

( (r[jo]
(array [10][jO+1] )/

st point is 2 points from the far mu axis then

t the next value.

// Use 2 points formula

—r[jO+2])+(r[jO]  —r[jO+3]) ) =*
( (r[J0+1]=r[jO+2]) *(r [jO+1]=r [jO+3]) ) +
( (r[30] —r[jO+1D)*(r[jO] —r[jO+3]) ) =

(array [i0][jO+2] )/

( (r[JO+2]=r [JO+1]) *(r [jO+2]=r [jO+3]) ) +
( (r[30] —r[jO+1D)*(r[jO] —r[jO+2]) ) x

(array [i0][jO+3] )/
( (r[JO+3]=r [JO+1])*(r [jO+3]-r [jO+2]) );

else { // Calculate for the other points

if ((NDIV—j_last)==1) //
value is equal to the

{

interp=array [10 —1][j0];

}

I[f the point is the only one in that mu then the

previous mu value. (] remains the same)

else if ((NDIV—j_last)==2) interp=array[i0][jO —1]; //if the last

point is 2 points from the mu axis then give it the next value.

else { // Use 2 points formula
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1213
1214

1215

1216
1217

1218

1219
1220

1221

1222
1223

1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241
1242
1243
1244
1245
1246

interp= ( (x[j0] —r[jo—2])x(x[j0] —r[j0—3)=(r[j0] —r[j0—4])
x (array[i0][jO0—1] )/
( (r[j0=1]=r[jOo—=2])*(r[jO—1]=1 [jO —=3])*(r [jO—-1]—r [jO —4])
J’_

( (r[J0] —r[j0-1])*(r[jO] —r[j0=3D)*(r[jO] —r[jO—4])
* (array [10][j0—-2] )/

( (r[J0=2]=r[jO—1])*(r [jO—=2]=r [jO =3])*(r [j0—2]-r [jO —4])
+

( (r[j0] —r[§0—1])x(r[j0] —r[j0—2D)*(r[jO] —r[j0—4])
« (array[i0][j0-3] )/

( (r[§0=8)=r[j0—1])#(r [j0 3|1 [j0 =2]) *(x [j0 3] [§0 —4])
_|_

( (x[J0] —r[jO—1])=(r[j0O] —r[jo—2))=(r[j0] —r[j0-3])
« (array [10][j0—4] )/

( (r[0—=4]=r[j0=1])*(r [jO—4]=r[jO =2])*(r [jO—4]-r [j0 —3])

}

return interp ;

}

void fix_grid (double array [KDIV4+1][NDIV+1]){ //fixing the points close to r=0

int i,j,j0;

double value;

j0=10;

for (i=1;i<=KDIV; i++){

value=interpolate (array ,i,j0);

for (j=1;j<=j0;j++) array[i][j]=value;
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1247
1248 }

1249

1250

1251}

1252

1254

1255 [ ] 3 sk sk sk stk ok stk sk sk skt ok sk sk sk sk sk skt ok sk sk sk sk sk stk ok sk ok sk stk Kk kok skt ok KRRk kot R SRRk kst ok R Rk ok ok kokokk - Star Surface
1256 void star_surface (void)

1257 {

1258

1259 int i,

1260 Js

1261 j-b;

1262

1263 double alpha;

1264

1265 // Last r in protons

1266 for (i=1;i<=KDIV; i++)

1267 {

1268 j-b=1;

1269 for (j=1;j<=NDIV; j++)

1270 {

1271 if (chem_p[i][j]>=0.0) j-b=j;

1272

1273 alpha= (NDIV—1)/RMAXx(chem_p[i][j-b+1]—chem_p[i][j-b]); /* slope x/
1274 r-bound [i]=r[j-b]—chem_p[i][j-b]/alpha; /% linear interpolation x/
1275 }

1276

1277 }

1278

1279 [ ] ok sk sk ok s sk ok ok sk ok sk sk sk ok sk sk ok Kok ok Rk R kK S KRR SRRk kRO KRR KK R Rk RSk skoR ok oR Rk ok okkokkokkk. Neutron

Surface

1280 void neutron_surface (void)
1281 {

1282

1283 int i,

1284 i,

1285 j_b;

1286
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1287
1288
1289
1290
1291
1292
1293
1294
1295
1296
1297
1298
1299
1300
1301
1302
1303
1304
1305
1306
1307
1308
1309
1310
1311
1312
1313
1314
1315
1316
1317
1318
1319
1320
1321
1322
1323
1324
1325
1326
1327

double alpha;

// Last r in neutrons
for (i=1;i<=KDIV; i++)
{
j-b=1;

for (j=1;j<=NDIV; j++)

{
if (chemn[i][j]>=0.0) j_b=j;

alpha= (NDIV—1)/RMAXx*(chem_n[i][j_-b+1]—chem n[i][j-b]); /* slope x/
r_neutron [i]=r[j-b]—chem.n[i][j-b]/alpha; /* linear interpolation x/
}
}
void cc_surface (void)
{
int i,

is
j-bj

double alpha;

for (i=1;i<=KDIV; i++)
{
j-b=0;
for (j=1;j<=NDIV; j++)
{

if (rho_p [i][j]>=rho-p[1][cc-ra]) j-b=j;

alpha= (NDIV—1)/RMAX*(rho_p[i][j-b+1]—tho-p[i][j-b]);
r_cc[i]=r[j-b]+(—rho_p[i][j-b]+rho_p[1l][cc.ra])/alpha;

void compute_last_points(void){
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1328 i_b,

1329 i_b;

1330

1331 // Last r in protons

1332 for (i=1;i<=KDIV; i++)
1333 {

1334 j-b=0;

1335 for (j=1;j<=NDIV; j++)
1336 {

1337 if (chem_p[i][j]>=0.0) j_b=j;
1338

1339 last_r_p[i]=j_-b;

1340 }

1341

1342 // Last r in neutrons

1343 for (i=1;i<=KDIV; i++)
1344 {

1345 j-b=0;

1346 for (j=1;j<=NDIV; j++)
1347 {

1348 if(chemn[i][j]>=0.0) j_b=j;
1349

1350 last_r_n[i]=j_b;

1351 }

1352

1353 // Last r point in core (CC boundary from the core side)
1354

1355 for (i=1;i<=KDIV; i++)
1356 {

1357 j-b=0;

1358 for (j=1;j<=NDIV; j++)
1359 {

1360 if(rho_p[i][j]>=rho_p[1l][cc_ra]) j-b=j;
1361

1362 last_r_cc[i]=j-b;

1363 }

1364

1365

1366 //***************31<*31‘**3‘#*******************************************************
1367 // Last mu in protons

1368 for (j=1;j<=NDIV; j++)
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1369
1370
1371
1372
1373
1374
1375
1376
1377
1378
1379
1380
1381
1382
1383
1384
1385
1386
1387
1388
1389
1390
1391
1392
1393
1394
1395
1396
1397
1398
1399
1400
1401
1402
1403
1404
1405
1406
1407
1408
1409

{
i_b=0;
for (i=1;i<=KDIV; i++)
if(chem_p[i][j]>=0.0) i_b=i;
last_mu_p [j]=i-b;

// Last mu in neutrons

for (j=1;j<=NDIV; j++)

{
i_b=0;
for (i=1;i<=KDIV; i++)
{
if(chemn[i][j]>=0.0) i_b=i;
}
last_mu_n [j]=i-b;
}

// Last mu point in core (CC boundary from the core

for (j=1;j<=NDIV; j++)

{
i_b=0;
for (i=1;i<=KDIV;i++)
{
if (rho_p[i][j]>=rho_p[1l][cc_ra]) i_b=i;
}
last_mu_cc[j]=i_-b;
}

if (counter==1) {
for (i=1;i<=KDIV; i++)
{

last_r_cc[i]=cc.ra;

for (j=1;j<=NDIV; j++)
{
if(j<=cc_ra) last_mu_cc[j]=KDIV;

else last_mu_cc[j]=0;
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1410 }

1411

1412 for (i=1;i<=KDIV; i++)

1413 {

1414 last_r_p[i]=n_ra;

1415 }

1416

1417 for (j=1;j<=NDIV; j++)

1418 {

1419 if(j<=n_ra) last_-mu_p[j]=KDIV;
1420 else last_mu_p[j]=0;

1421 }
1422 }
1423

1424

1425}

1426

1427 / |TTTT
1428

1429 /] #ksokkooxkkokkokokkokxxk k% CC boundary for B with polynomial approxiamation

TITS 7% TITTS

VOIS

VI

1430 void compute_Bcee(void)

1431 {

1432 int i,

1433 i

1434

1435 double c0,cl,c2,ucc_eq,Bcc_eq,Bcc_pol,Bcc_mid,ucc_.mid;
1436

1437

1438 counterl=0;

1439 Bce.eq = B[1][last_r_cc [1]];

1440 ucc_eq u[l][last-r_cc[1]];

1441

1442 Bee.mid = B[(KDIV+1) /2][last_r_cc [(KDIV+1) /2]];
1443 ucc.mid = u[(KDIV+1)/2][last_r_cc [(KDIV+1) /2]];
1444

1445 Bcce-pol = B[KDIV]|[last_r_cc [KDIV]];

1446

1447 c0=Bcc_pol;

1448 cl=(Bcc_eq—c0)/ucc_eq;

1449 c2=(Bcc.mid—cO0—clxucc.mid)/ (ucc.mid*(ucc.mid—ucc_eq ) );
1450
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1451
1452
1453
1454
1455
1456
1457
1458
1459

1460
1461
1462
1463
1464
1465
1466
1467

1468
1469
1470
1471
1472
1473
1474
1475
1476
1477
1478
1479
1480
1481
1482
1483
1484
1485
1486
1487
1488
1489

for (i=1;i<=KDIV;i++)

{
if (counter==1){
Bee[i] = 0.0;
dB_du_cc[i] = 0.0;
}
else {

Bee[i] =
cO+clsuli][last_r_cc[i]]+c2*«ufi][last_r_cc[i]]*(u[i][last_r_cc[i]]—ucc_eq);
dB_du_cc[i] = cl+c2x*(2.0%xuf[i][last-r_cc[i]]—ucc_eq );

}
if ((isnan (Bec[i])==1)]||(isinf(Bcc[i])==1)) counterl++;
}
printf(”Bcc  %d\n” ,counterl);
}
[ ] s stk sk sk ok sk sk sk ok sk ok sk ok sk sk ok sk sk skok sk sk sk ok sk skok sk sk skok ok stk skok sk ok skskok sksk ko ok ko skokok ok kR ok sk skokokkokkokkokk Calculate

Grad of u

void compute_grad_u(void)

counterl=0;
for (i=1;i<=KDIV; i++)

{
for (j=1;j<=NDIV; j++)
{
grad_u_r[i][]]= deriv_r(u,i,j);
grad_u-theta[i][j]= —-pow(1l.0—mu[i]*mul[i],0.5)xderiv.mu(u,i,j)/r[j];
}
}

fix_grid(grad_u_r);
fix_grid (grad_u_theta);

// counterl=0;

// Grad_u_r extrapolation
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1490
1491
1492
1493
1494
1495
1496
1497
1498
1499
1500
1501
1502
1503
1504
1505
1506
1507
1508
1509

1510
1511
1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528

for (i=1;i<=KDIV; i++){

grad_u_r[i][l]=interpolate(grad_u_.r ,i,1);
grad_u_r [i][NDIV]=interpolate (grad_u_r ,i ,NDIV);

for (j=1;j<=NDIV; j++){

grad_u_r [KDIV][j]=interpolate (grad_u_r ,KDIV,j);
grad_u_r [1][j]=interpolate(grad_u_.r,1,j);

}

for (i=1;i<=KDIV; i++){
for (j=1;j<=NDIV; j++){
if( (isnan(grad_u_r[i][j])==1)||(isinf(grad_u_r[i][j])==1) ) {

Pf (
(isnan (interpolate (grad_u_r ,i,j))==0)&&(isinf (interpolate (grad_u.r ,i,j))==0)

)

grad_u_r[i][j]=interpolate(grad_u.r ,i,j);
else {
grad_u_r[i][j]=0.0;

counterl++;

}

// Grad_u_theta extrapolation

for (i=1;i<=KDIV; i++){

grad_u_theta[i][l]=interpolate(grad_u_theta ,i,1);
grad_u_theta[i][NDIV]=interpolate (grad_u_theta ,i ,NDIV);

}
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1529 for (j=1;j<=NDIV; j++){

1530

1531 grad_u_theta [KDIV][j]=interpolate (grad_u-theta ,KDIV,j);

1532 grad_u_theta[1][j]=interpolate(grad_u_theta ,1,j);

1533 }

1534

1535 for (i=1;i<=KDIV; i++){

1536 for (j=1;j<=NDIV; j++){

1537

1538

1539

1540 if( (isnan(grad_u_theta[i][j])==1)||(isinf(grad_u_theta[i][]j])==1) ) {

1541

1542 if (
(isnan(interpolate (grad_u_theta ,i,j))==0)&&(isinf (interpolate (grad_u_theta ,i,j))==0)
)

1543 grad_u.r[i][j]=interpolate (grad_u_theta ,i,j);

1544

1545 else {

1546 grad_u_theta[i][j]=0.0;

1547 }

1548 }

1549 }

1550 }

1551

1552

1553

1554 for (i=1;i<=KDIV; i++)

1555 {

1556 for (j=1;j<=NDIV; j++)

1557 {

1558 grad_u_norm [i][j]= pow( ( pow(grad_u_r[i][j],2.0) + pow(grad_u_theta[i][j],2.0)

),0.5);

1559 }

1560 }

1561

1562 printf(”grad u fixed %d \n”,counterl);

1563

1564}

1565
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1566

1567
1568
1569
1570
1571
1572
1573
1574
1575
1576
1577
1578
1579
1580
1581
1582
1583

1584
1585
1586
1587
1588
1589
1590
1591
1592
1593
1594
1595
1596
1597
1598
1599
1600
1601
1602
1603
1604

//>I<>I<>I<>I<>I<>I<>I<>I<>l<>l<>l<>1<>1<>1<>1<>€<**>k**************>k>k>k>k>k>k****>0<>0<>0<>0<>0<>0<>0<>0<*>0<**************>.‘<>I<>I<>I<>I<>I<>I<

B field norm

void compute_B_field (void)

{

int i,

counterl=0;
for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)
{

if ((j<=last_r_cc[i])&&(i<=last_mu_cc[]j])){

Bli][jl= rhop[i][j] * Pifun[i][j];

}
else if(chem_p[i][j]>=0) { // If the point is inside crust use the
Bphi
Bli][j]=(1.0/varpi[i][]j])*pow(grad_u_norm[i][j]*grad_u_norm[i][j]
+mag f N[i][j]*magfN[i][j] ,0.5);

}

else { BJ[i][j]=(1.0/varpi[i][j])=grad_u_norm[i][]];

}

}
}

fix_grid (B);
//Extrapolation
for (i=1;i<=KDIV; i++){
B[i][l]=interpolate(B,i,1);

B[i][NDIV]=interpolate (B,i ,NDIV);
}

for (j=1;j<=NDIV; j++){
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1605 B[KDIV][j]=interpolate (B,KDIV,j);

1606 B[1l][j]=interpolate(B,1,j);

1607 }

1608

1609 for (i=1;i<=KDIV; i +-+){

1610 for (j=1;j<=NDIV; j++){

1611

1612

1613 i£( (isnan(B[i][j])==1)||(isinf(B[i][j])==1) ) {

1614

1615 if ( (isnan(interpolate(B,i,j))==0)&&(isinf(interpolate(B,i,j))==0) )
1616 Bli][j]=interpolate (B,i,j);

1617

1618 else { B[i][j]=0.0;

1619 counterl—++;

1620

1621 }

1622 }

1623 }

1624 }

1625

1626 printf ("B %d \n”,counterl);

1627

1628 }

1629
1630
1631

ok ok ok ok ok ok ok ok ok ok ok o ok Rk ok ok ok ok ok ok ok ok ok ok Rk Rk Rk ok ok ok sk kR kR kR Rk ok ok ok ok ok kkk ok ok ok kkok ok ok ok k- Calculate B

field components
1632 void compute_B_field_components(void)
1633 {
1634
1635 int i,
1636 i
1637
1638 for (i=1;i<=KDIV; i++)
1639 {
1640 for (j=1;j<=NDIV; j++)
1641 {
1642 Br[i][j]= — (1.0/ (r[j]*r[j]) )*derivimu(u,i,j);
1643 Btheta[i][j]= —(1.0/varpi[i][j] )xderiv_r(u,i,j);
1644
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1645

1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1671
1672
1673
1674
1675
1676
1677

1678
1679
1680
1681
1682
1683

if ((j<=last_r_cc[i])&&(i<=last_mu_cc[]j]))
Bphi[i][j]=(magf[i][j]*B[i][j])/(varpi[i][j]*rhop[i][j]);

else if(chem_p[i][j]>=0.0) Bphi[i][j]=mag f N[i][j]/varpi[i][]];
else Bphi[i][]j]=0.0;

}

fix_grid (Br);
fix_grid (Btheta);
fix_grid (Bphi);

/* Br extrapolation x/
for (i=1;i<=KDIV; i++){
Br[i][l]=interpolate (Br,i,1);
Br[i][NDIV]=interpolate (Br,i ,NDIV);
}
for (j=1;j<=NDIV; j++){
Br [KDIV][j]=interpolate (Br,KDIV,j);

Br[1][j]=interpolate (Br,1,j);

}

for (i=1;i<=KDIV; i++){
for (j=1;j<=NDIV; j++){

if( (isnan(Br[i][j])==1)|(isinf (Br[i][j])==1) ) {

if( (isnan(interpolate(Br,i,j))==0)&&(isinf(interpolate(Br,i,j))
Br[i][j]=interpolate(Br,i,j);

else Br[i][j]=0.0;
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1684

1685

1686

1687 /* Btheta extrapolation x/

1688

1689 for (i=1;i<=KDIV; i ++){

1690

1691 Btheta[i][l]=interpolate (Btheta,i, 1);

1692 Btheta[i][NDIV]=interpolate (Btheta,i ,NDIV);

1693 }

1694

1695 for (j=1;j<=NDIV; j++){

1696

1697 Btheta [KDIV][j]=interpolate (Btheta ,KDIV,j);

1698 Btheta [1][j]=interpolate (Btheta,l,j);

1699 }

1700

1701 for (i=1;i<=KDIV; i++){

1702 for (j=1;j<=NDIV; j++){

1703

1704 if ( (isnan(Btheta[i][j])==1)||(isinf(Bthetal[i][]j])==1) ) {

1705

1706 if (
(isnan(interpolate (Btheta,i,j))==0)&&(isinf (interpolate (Btheta,i,j))==0)
) B[i][j]=interpolate (Btheta,i,j);

1707

1708 else Btheta[i][j]=0.0;

1709 }

1710 }

1711 }

1712

1713

1714 /* Bphi extrapolation x/

1715

1716

1717 for (i=1;i<=KDIV; i++){

1718

1719 Bphi[i][l]=interpolate (Bphi,i,1);

1720 Bphi[i][NDIV]=interpolate (Bphi,i ,NDIV);

1721 }

1722
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1723
1724
1725
1726
1727
1728
1729
1730
1731
1732
1733
1734

1735
1736
1737
1738
1739
1740
1741
1742
1743
1744
1745
1746
1747
1748
1749
1750
1751
1752

1753
1754
1755
1756
1757
1758
1759
1760
1761

for (j=1;j<=NDIV; j++){

Bphi [KDIV][j]=interpolate (Bphi,KDIV,j);
Bphi[1l][j]=interpolate (Bphi,1,j);

}

for (i=1;i<=KDIV; i++){
for (j=1;j<=NDIV; j++){

if( (isnan(Bphi[i][j])==1)||(isinf(Bphi[i][j])==1) ) {

if( (isnan(interpolate(Bphi,i,j))==0)&&(isinf(interpolate (Bphi,i,j))==0)
) Bphi[i][j]=interpolate (Bphi,i,j);

else Bphi[i][j]=0.0;

for (j=1;j<=NDIV; j++)
{
for (i=1;i<=KDIV; i++)
{
B_pol.norm [i][j]= pow( (Br[i][j]*Br[i][j]+Btheta[i][j]*Btheta[i][]j]) ,0.5);
B_tor_norm[i][j]=fabs(Bphi[i][j]);
}

/] %% % % * % «x Calculate Pi

fun

void compute_Pi_fun(void)

counterl=0;
for (i=1;i<=KDIV; i++)
{
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1762
1763
1764
1765
1766
1767
1768
1769
1770
1771
1772
1773
1774
1775
1776
1777
1778
1779
1780
1781
1782
1783
1784
1785
1786
1787
1788
1789
1790
1791
1792
1793
1794

1795
1796
1797
1798
1799
1800

for (j=1;j<=NDIV; j++)
{

if ((j<=last_r_cc[i])&&(i<=last_mu_cc[j]))

Pi_fun[i][j]=grad_-u_norm [i][j]/pow(varpi[i][j]*varpi[i][j]*rho_p[i][j]*rho_p[i][]]
—mag f[i][j]«mag f[i][j],0.5);

else Pi_fun[i][j]=0.0;

}

fix_grid (Pi_fun);

// Extrapolation
for (i=1;i<=KDIV; i++){

Pi_fun[i][l]=interpolate (Pi-fun,i,1);
Pi_fun[i][NDIV]=interpolate (Pi_fun ,i ,NDIV);

}
for (j=1;j<=NDIV; j++){

Pi_fun [KDIV][j]=interpolate (Pi_fun ,KDIV,j);
Pi_fun [1][j]=interpolate (Pi_fun,1,j);

}

for (i=1;i<=KDIV; i++){
for (j=1;j<=NDIV; j++){

if ( (isnan(Pifun[i][j])==1)||(isinf(Pi-fun[i][j])==1) ) {

if(
(isnan (interpolate (Pi_fun,i,j))==0)&&(isinf (interpolate (Pi_fun ,i,j))==0)
)
Pi_fun[i][j]=interpolate (Pi_fun,i,j);
else {
Pi_fun[i][j]=0.0;
counterl++;
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1801
1802
1803
1804
1805
1806
1807
1808
1809

1810
1811
1812
1813
1814
1815
1816
1817
1818
1819
1820
1821
1822
1823
1824
1825
1826
1827
1828
1829
1830
1831
1832
1833
1834
1835
1836
1837
1838
1839
1840

/]

}

printf (”Pi_fun %d \n”,counterl);
// counterl=0;

Calculate Grad

od PI_fun

void compute_grad_PI(void)

{

counterl=0;
for (i=1;i<=KDIV; i++)

{
for (j=1;j<=NDIV; j++)
{
grad_Pi_r[i][]]= deriv_r (Pi_fun,i,j);
grad_Pi_theta[i][j]= —pow (1.0 —mu[i]*mu[i],0.5)«deriv.mu(Pi_fun,i,j)/r[j];
}
}

fix_grid (grad_-Pi_r);
fix_grid (grad_Pi_theta);

// Grad_Pi.r extrapolation

for (i=1;i<=KDIV; i++){
grad_Pi_r[i][l]=interpolate(grad_-Pi_r ,i,1);

grad_Pi_r[i][NDIV]=interpolate (grad_Pi_r ,i ,NDIV);
}

for (j=1;j<=NDIV; j++){

grad_Pi_r [KDIV][j]=interpolate (grad_Pi_r ,KDIV,j);
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1841
1842
1843
1844
1845
1846
1847
1848
1849
1850

1851
1852
1853
1854
1855
1856
1857
1858
1859
1860
1861
1862
1863
1864
1865
1866
1867
1868
1869
1870
1871
1872
1873
1874
1875
1876
1877
1878

grad_Pi_r [1][j]=interpolate (grad_Pi_r ,1,j);

}

for (i=1;i<=KDIV; i++){
for (j=1;j<=NDIV; j++){

if( (isnman(grad_Pi_r[i][j])==1]]|(isinf(grad_-Pi_r[i][j])==1) ) {

if (

(isnan(interpolate(grad_Pi_r ,i,j))==0)&&(isinf (interpolate (grad_Pi_r ,i,j))==

)

grad_Pi_r[i][j]=interpolate(grad_-Pi.r ,i,j);

else {grad_Pi_r[i][j]=0.0;
printf(”grad_Pi_r %d %d\n” ,i,j);
}

// Grad_Pi_theta extrapolation

for (i=1;i<=KDIV;i++){

grad_Pi_theta[i][l]=interpolate (grad_Pi_theta ,i,1);
grad_Pi_theta[i][NDIV]=interpolate (grad_Pi_theta ,i ,NDIV);

}
for (j=1;j<=NDIV; j++){

grad_Pi_theta [KDIV]|[j]=interpolate (grad_Pi_theta ,KDIV,j);
grad_Pi_theta[l][j]=interpolate(grad_Pi_theta ,1,j);

}

for (i=1;i<=KDIV; i++){
for (j=1;j<=NDIV; j++){

if ( (isnan(grad_-Pi_theta[i][j])==1)]|(isinf(grad_-Pi_theta[i][j])==1) ) {
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1879

1880
1881
1882
1883
1884
1885
1886
1887
1888
1889
1890
1891
1892
1893

1894
1895
1896
1897
1898
1899
1900
1901
1902
1903
1904
1905
1906
1907
1908
1909
1910

1911

1912

1913

1914

if(
(isnan (interpolate (grad_Pi_theta ,i,j))==0)&&(isinf(interpolate (grad_Pi_theta ,i,j))

)

grad_Pi_theta[i][j]=interpolate(grad_Pi_theta ,i,j);

else {grad_Pi_theta[i][j]=0.0;
}

printf(”Grad-Pi.r %d \n”,counterl);

[ ] 3k sk sk stk ok sk sk sk sk sk sk ok sk sk sk sk sk sk sk ok sk sk sk sk sk skt ok kK sk sk sk stk Kk Kk sk sk stk kKR k sk sk ok o koRskokskok ok ok okokok kook Compute the
magnetic functions
void compute_magnetic_functions (void)

{

int i,
Js
double maxl, testl;

maxl= u[l][n_.ral]; // Superconductivity
counterl=0;
for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)
{

//Normal MHD
mag_f N[i][j] = (alpha_c )sxpow(
ul[i][j]-maxl,zeta+1.0)xunit_step (uf[i][j],maxl);
MN[i][j] = kO*u[i][j];
//Derivatives
df _N_du[i][]j] = alpha_cx (zeta+1.0) % pow( u[i][j]—maxl
,zeta)xunit_step (u[i][j],maxl) ;
dM_N_du[i][j] = kO;
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1915
1916
1917
1918
1919

1920
1921
1922
1923
1924

1925

1926
1927
1928
1929
1930
1931
1932
1933
1934
1935
1936
1937
1938
1939
1940
1941
1942
1943
1944
1945
1946
1947
1948
1949
1950
1951

// SC MHD

mag f[i][j] = rho_p[i][last_r_cc[i]]*mag f N[i][j]/Becc[i];
y[i][j] = Bec[i]+ (4.0xPI/h_c) =«
(rho-p[i][last-r_cc[i]]/rho-p[i][last_r_cc[i]4+1]) * MN[i][]j];

MSC[i][jl= ( hc/(4.0«PT) ) «( y[i][j] — rhop[i][j]«Pifun[i][j] );

//Derivatives
df_du[i][j] =
rhop[i][last_r_cc[i]]*(df_N_du[i][j]*Becc[i]-mag f N[i][j]*
dB_du_cc[i]) /(Bcc[i]*Bec[i]);
dy_du[i][j] = dB_du-cc[i]+ (4.0%PI/h_c) =x
(rho_p[i][last_r_cc[i]]/rho_p[i][last_r_cc[i]+1]) x dAM_Ndu[i][]j];

// Fix mag_f and df_-du =0 for the first iteration
if (counter==1){
mag _f[1][j] = 0.0;
df_du[i][j] = 0.0;
}

// Piecewise M function
if ((j<=last_r_cc[i])&&(i<=last-mu_cc[j])) M[i][j]=MSC[i][]j];
else

M[i][j]= MN[i][j];

testlzzrnagff[i][j]§
if (((isnan(testl)==1)||(isinf(testl)==1))) {
counterl4+;

}

}

printf(”Mag functions %d \n”,counterl);

}

[ 3 s sk sk sk ook otk sk sk sk otk KR R ok sk sk ok KRR SR R SR Kok KRR SR R Sk KRR SR R SRR SR R K Sk KR SRR K K sk Rk ok ok ok ok /

/* Find the density—like function for Aphi x/
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1952 /*>:<>:<>I<7I<7‘.<7‘.<7‘.<71<>1<******************************>1<>.‘<>I<>I<>I<>f<>:<>:<>:<>:<>:<>:<>:<7:<7l<7‘.<71<71<>1\'>k******/

1953 void compute_u_density (void)

1954 {

1955

1956 int i,

1957 i

1958

1959 double Pi_max;

1960

1961

1962 if (counter==1) Pi_max=1.0;

1963 else

1964 Pi_max=fabs (max(Pi_-fun));

1965 // Pi_max=1.0;

1966 // printf(”%f \n”,Pimax);

1967

1968 for (i=1;i<=KDIV; i++)

1969 {

1970 for (j=1;j<=NDIV; j++)

1971 {

1972

1973 if (counter==1) F[i][j]=0.00001;

1974

1975 else if ((j<=last_r_cc[i])&&(i<=last_-mu_cc[j]))

1976

1977 // SC MHD F(u)

1978

1979 Rl [§]=( —(
grad_Pi_r[i][j]*xgrad_u.r[i][j]+grad_Pi_theta[i][j]*grad_u_theta[i][]]
)/ ( Pi_tun[i][j]xvarpi[i][j] )+

1980 varpi [i][j]*rho.p[i][j]*Pi-fun[i][j]*dy-du[i][j]+

1981 Pifun[i][j]*Pifun[i][j]*magf[i][j]*xdf_duli][j]/varpi[i][j] );

1982

1983

1984 else if(chem_p[i][j]>=0.0){

1985 // Normal MHD

1986 Fli][j]= (1.0/(r[j]*pow(1.0—mu[i]*mu[i],0.5) )
Yxdf N_du[i][]j]*mag f N[i][j] +

1987 4.0%«PI«dM_N_.du[i][j]*r[j]*pow(1l.0—mu[i]*mu[i],0.5)«rho_p[i][j];

1988

1989 }
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1990

1991 else F[i][j]=0.0;

1992

1993 Fli][j]=F[i][j]/Piimax; //divide by Pi_fun_max as instructed

1994

1995 }

1996 }

1997 //Extrapolation

1998 counterl=0;

1999

2000

2001 fix_grid (F);

2002

2003 for (i=1;i<=KDIV; i ++){

2004

2005 F[i][l]=interpolate (F,i,1);

2006 F[i][NDIV]=interpolate (F,i ,NDIV);

2007 Fl[i][last_r_cc[i]]=interpolate (F,i,last_r_cc[i]);

2008 }

2009

2010 for (j=1;j<=NDIV; j++){

2011

2012 F[KDIV][j]=interpolate (F,KDIV,j);

2013 F[1][j]=interpolate (F,1,j);

2014 }

2015

2016 for (i=1;i<=KDIV; i++){

2017 for (j=1;j<=NDIV; j++){

2018

2019 i£( (isnan(F[i][j])==1)||Cisinf (F[i][j])==1) ) {

2020

2021 if( (isnan(interpolate(F,i,j))==0)&&(isinf (interpolate (F,i,j))==0) )
F[i][j]=interpolate (F,i,j);

2022

2023 else {F[i][j]=0.0;

2024 counterl—++;

2025 }

2026 }

2027 }

2028 }

2029
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2030
2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
2045
2046
2047
2048
2049
2050
2051
2052
2053
2054
2055
2056
2057
2058
2059
2060
2061
2062
2063
2064
2065
2066
2067
2068
2069
2070

printf ("F %d \n” ,counterl);

[ ] ok sk kot sk skok sk ok ok Ok ok ok ok ok

void compute_PHI(void){

stk ok ok ok ok ok Ok oK

int i,

double d1[NDIV+1][IMAX+1], /+
d2 [IMAX+1][NDIV+1], /+
$=0.0, /*
sum=0.0; /*

/* Gravitational Potential x/

for (k=1;k<=NDIV; k++)

{
for (n=0;n<=MAX; n++)
{
for (i=1;i<=KDIV—2;i+=2)
{
s= (1.0/(3.0%(KDIV—1.0)
+ 4.0xp2n[n][i+1]=
+ p2n[n][i+2]*rho]
sum+=s ;
}
d1[k][n]=sum;
sum=0.0;
}
}
sum=0.0;
for (j=1;j<=NDIV; j++)
{

Kk ok K ok oK K KOk K K

+x Compute gravitational

function D" (1) _{k,n} =/
function D" (2) _{n,j} =/
term in sum */

intermediate sum */

))*(p2n[n][i]*rho[i][k]
rho[i+1][k]
i+2][k]);
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2071
2072
2073
2074
2075
2076
2077
2078
2079
2080
2081
2082
2083
2084
2085
2086
2087
2088
2089
2090
2091
2092
2093
2094
2095
2096
2097
2098
2099
2100
2101
2102
2103
2104
2105
2106
2107
2108

2109
2110

for (n=0;n<=IMAX; n++)

at

{
for (k=1;k<=NDIV—-2;k+=2)
{
s=RMAX/ (3.0« (NDIV—=1))*( f2n[n][k][j]*dl[k][n]
+ 4.0%f2n[n][k+1][j]*dl[k+1][n]
+ 20 [n][k+2][j]+dl[k+2][n]);
sum-+=s ;
}
a2 [n ][ j]=sum;
sum=0.0;
}
}
sum=0.0;
for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)
{
for (n=0;n<=LMAX; n++)
{
s= —4.0xPIxd2[n][j]*p2n[n][i];
sum+=s ;
}
phi[i][]j]=sum;
sum=0.0;
}
}
for (i=1;i<=KDIV;i++) phi[i][l]=phi[i][2]; /+ Correct sing.
/+ Introduced error
/+* megligible .
}
[ ] 3 3k sk sk ok okt s sk sk sk ok KKk sk sk sk KK KR K K SR SR KK KR K K R SRR K KR K SR KKK KR R K SR KKK KKK K oK oK K

poisson equation

void compute_u_pot(void){
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2111 int i,

2112 js

2113 n,

2114 k;

2115

2116 double s=0.0, /* term in sum x/
2117 sum=0.0, /* intermediate sum x/
2118 Pi_max ,

2119

2120 dul [NDIV+1][LMAX+1], // similar to dl and dl functions (see above) for integrating u
2121 du2 [LMAX+1][NDIV+1];

2122

2123

2124 // if (max(Pi_-fun)>1.0) Pimax=max(Pi_fun);
2125 // else Pi_max=10.0;

2126

2127 /* compute u_newx from u (u-old) integrating poisson equation x/
2128 if (counter==1) Pi_max=1.0;

2129 else

2130 Pi_max=fabs (max(Pi_fun));

2131 //Pi_max=1.0;

2132 sum=0.0;

2133 for (k=1;k<=NDIV; k++)

2134 {

2135 for (n=1;n<MAX; n++)

2136 {

2137 for (i=1;i<=KDIV-2;i+4=2)

2138 {

2139 s= (1.0/(3.0%(KDIV—1.0)) )

2140 (pl2n_1[n][i]*F[i][k]

2141 + 4.0xpl-2n_1[n]|[i+1]«F[i+1][k]
2142 + pl2n_1[n][i+2]*F[i+2][k] );
2143 sum+=s ;

2144 }

2145 dul [k][n]=sum;

2146 sum=0.0;

2147 }

2148 }

2149

2150 sum=0.0;

2151 for (j=1;j<=NDIV; j++)
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2152
2153
2154
2155
2156
2157
2158
2159
2160
2161
2162
2163
2164
2165
2166
2167
2168
2169
2170
2171
2172
2173
2174
2175
2176
2177
2178
2179

2180
2181
2182
2183
2184
2185
2186
2187
2188
2189
2190
2191

{
for (n=1;n<=IMAX; n++)
{
for (k=1;k<=NDIV—2;k+=2)
{

s=RMAX/ (3.0« (NDIV—1))*( f2n_1[n][k][j]*dul[k][n]
+ 4.0%xf2n_1[n][k+1][j]*dul [k+1][n]
+ f2n_1[n][k+2][j]*dul [k+2][n] );

// Myltiply the

sum+=s ;
}
du2[n][j]=sum;
sum=0.0;
}
sum=0.0;
for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)
{
for (n=1;n<=IMAX; n++)
{
s= 4.0x«PIxdu2[n][j]*pl2n_1[n][i]*(1.0/(2.0%nx(2.0xn—1.0)));
sum+=s ;
}
u_new_star[i][j]=( 1.0/(4.0«PI) )xvarpi[i][j]+*sum*Pi_max;
result with Pi_fun_max
// uli][j]=( 1.0/(4.0%PI) )xsumxPi_max;
sum=0.0;
}
}

for (i=1;i<=KDIV;i++) u_new_star[i][l]=u_new_star[i][2]

/+ Introduced error

/%
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2192

2193 }

2194

2195

2196 [ ok sk kot s sk sk ok sk sk ok ok sk skok s sk sk kst ok Rk Kk kok kiR Rk Rk kiR ok Rokok ok ok skok ok okokokk ik Bind the toroidal
]llag]](:‘ti(', energy

2197 void compute_toroidal_magnetic_energy (void)

2198 |

2199

92200 int i,

2201 i

2202

2203 double s=0.0,

2204 sum=0.0,

2205 // Emagtorl1=0.0,

2206 Emtor [NDIV+1];

2207

2208 for (j=1;j<=NDIV; j++)

2209 {

2210 for (i=1;i<=KDIV—2;i+=2)

2211 {

2212 s=((mu[i4+1]-mul[i]) /3.0)*(pow(B_tornorm [i][]j],2.0)+

4.0xpow(B_tor_norm [i+1][j],2.0)+ pow(B_tor_norm[i+2][j],2.0) );

2213 sum+=s ;

2214 }

2215 Emtor [ j]=sum;

2216 sum=0.0;

2217 }

2218

92219 for (j=1;j<=NDIV-2;j+=2)

2220 {

2221 s=(4.0/3.0)«PI*(r[j+1]—r[j]) *(r[j]*r[j]*Emtor[j]

2222 +4.0r [j+1]*r[j+1]*Emtor[j+1]

2223 +r[j+2]*r [j+2]*Emtor [j+2]);

2224 Emagtor4+=s;

2225 }

2226 Emagtor=Emagtor /(8.0 PI) ;

2227

2228

2229  }

2230
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2231

2232

2233 //*******:1<>1<>1<:k:‘r:k:‘r*:k:k:k:k:k:k:k*****>k****************>1¢>1<>1¢*>Z<>Z¢>I<>I<>I<>I<>I<>Z<>Z<>Z<>I<>I<>I<****:I<>l<:1< Employ
underrelaxation

2234 void underrelaxation (void){

2235

2236 int i,

92237 i

2238

2239 for (i=1;i<=KDIV; i++)

2240 {

2241 for (j=1;j<=NDIV; j++)

9242 {

2243 u[i][j]=(1.0—undrlx_c)*u[i][j]+undrlx_cxu_new_star[i][]];

9244 }

2245 }

2246 for (i=1;i<XKDIV;i++) u[i][l]=u[i][2];

2247 1}

2248

2249

2250 void u_converge ()

2251 |

2252

92253 int i,

92254 i

2255 double deltau [KDIV+1][NDIV+1],

2256 deltau_cc [KDIV+1],

2957 deltaQ [KDIV+1][NDIV+1];

2258

2259 conv=0.0;

2260 conv_cc=0.0;

2261 convQ=0.0;

2262 convFlux=0.0;

2263 for (i=1;i<=KDIV; i++)

2264 {

2265 for (j=1;j<=NDIV; j++)

2266 {

2267 deltau[i][j]= (u[i][j]-checku[i][j])*(uli][j]-checku[i][]j]);

2268 // deltau[i][j]= fabs( (u[i][j]—check_u[i][j])/ul[i]]]i] );

2269 conv=conv+deltau[i][]];

2270
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271 deltaQ(i][§]=(chem.p[i][j]—checkQ[i][]]) *(chemp[i][j]—checkQ[i][j])
2272 convQ=convQ+deltaQ[i][j];

2973 }

2274 deltau_cc[i]= (ufi][last_-r_cc[i]+1]—check_u[i][last_r_cc[i]+1])
2275 x(u[i][last_r_cc[i]+1]—check_u[i][last_r_cc[i]+1]);
2276 conv_cc=conv_cct+deltau_cc[i];

2277 }

2278

2279 conv=conv /(1.0«NDIV«KDIV) ;

2280 conv=pow (conv ,0.5) ;

2281

2282 conv_cc=conv_cc/(1.0«KDIV);

2283 conv_cc=pow(conv_cc,0.5);

2284

2285 convQ=convQ /(1.0xNDIV«KDIV) ;

2286 convQ=pow (convQ,0.5) ;

2287

2288 convFlux=(BFlux_surf—BFlux_surf_check)*(BFlux_surf—BFlux_surf_check);
2289 convFlux=pow (convFlux ,0.5) ;

2290

2291 BFlux_surf_check=BFlux_surf;

2292

2293 for (i=1;i<=KDIV; i++)

2294 {

2295 for (j=1;j<=NDIV; j++)

2296 {

2297 check_u[i][j]l=uli]li];

2298 checkQ[i][j]=chem_p[i][]j];

2299

2300 }

2301 }

2302

2303 fprintf (fconv,” %2.16f \n” ,conv);

2304 fprintf (fconvce,” %2.16f \n” ,conv_cc);
2305 fprintf (fconvQ,” %2.16f \n” ,convQ) ;
2306 fprintf (fFlux,” %2.16f \n”,convFlux);
2307}

2308

2309 void div_B(void) {

2310

2311 int i,
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2312 i

2313

2314 double dudmu [KDIV+1][NDIV+1],

2315 dudr [KDIV+1][NDIV+1],

2316 d2udmudr [KDIV+1][NDIV+1],

2317 d2udrdmu [KDIV+1][NDIV+1],

2318 dBcharge [NDIV+1],

2319 sum=0.0,

2320 s=0.0;

2321

2322 magcharge=0.0;

2323

2324 for (j=1;j<=NDIV; j++)

2325 {

2326 for (i=1;i<=KDIV; i++)

2327 {

2328 dudmu[i][j]=deriv.mu(u,i,j);
2329 dudr[i][j]=deriv_r(u,i,j);
2330 }

2331 }

2332

2333 for (j=1;j<=NDIV; j++)

2334 {

2335 for (i=1;i<=KDIV; i++)

2336 {

2337 d2udmudr[i][j]=deriv_r (dudmu,i,j);
2338 d2udrdmu[i][j]=deriv.mu(dudr,i,j);
2339

2340 divB[i][j]= d2udrdmu[i][j]—d2udmudr|[i][]j];
2341 }

2342 }

2343

2344

2345 // Total numerical magnetic charge
2346

2347 sum=0.0;

2348 for (j=1;j<=NDIV; j++)

2349 {

2350 for (i=1;i<=KDIV-2;i+=2)

2351 {

2352 s=((mu[i4+1]-mul[i]) /3.0)«(divB[i][j]+4xdivB[i+1][j]+divB[i+2][j]);
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2353 sum-+=s ;

2354 }

2355 dBcharge [ j]=sum;

2356 sum=0.0;

2357 }

2358

2359 for (j=1;j<=NDIV-2;j+=2)

2360 {

2361 $s=(4.0/3.0)*PI%(r[j+1]—r[j]) *(dBcharge[j]

2362 +4.0xdBcharge [ j +1]

2363 +dBcharge [j+2]);

2364 magcharge+=s;

2365 }

2366 magcharge= magcharge /(4.0%xPI); // divB= 4 PI rho charge magnetic

2367

2368 fprintf(fmagcharge,” %2.15f \n” ,magcharge);

2369 }

2370

2371

2372 [ ] sk sk sk skt ok sk sk sk sk sk stk ok sk sk sk sk sk stk Kk ok sk skt ok kK R kR sk sk ok KRSk ok sk ok R ROk sk ksl ook skokokoskskkokokkokk caleulate the Phi o=
\int \int B dot dS

2373 // the flux on the half hemisphere in order to compare with div B.

2374 void compute_B_flux(void) {

2375

2376 int i,

2377 i

2378

2379 double s=0.0;

2380

2381 BFlux_surf=0.0;

2382

2383 for (i=1;i<=KDIV-2;i+=2)

2384 {

2385 s= (2.0/3.0)*«PI«(mu[i+1]-muf[i])*(Br[i][n-ra]+4.0«Br[i+1][n_ra]+Br[i+2][n_ra]);

2386 BFlux_surf=BFlux_surf+s;

2387 }

2388

2389 }

2390

2391 / [ &BBAAAAEEEEE 88’’’ &e&e&e&eBRRBRRIIEEEEEEEE & &8 &e&e&e&e&e&e8e8e8e8e8e8e8e8eeealalalele8edelelele
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2392 //Xxxxxxx******k*k************************ﬂ>0>0>0>0******Xxxxxxxxxxxxxxxxxx Main iteration

function
2393 void iterate (int n_rb, double Np_index, double Nn_index) {
2394

2395 int i,
2396 i
2397 n,
2398 k,
2399 iter;
2400
2401 double chem_n_max_old , // chemical potential values in previous cycle
2402 chem_p_max_old ,
2403 omega_02_0ld=0.0, /* omega_0"2 in previous cycle x/
2404 C_p-old=0.0, // integration constants in previous cycle
2405 C_dif_old =0.0,
2406
2407 testll ,test12 ,test1l3,
2408
2409 dif1=1.0, /% | chem_n_max_old — chem_n_max | x/
2410 dif2=1.0, /* | Not Checkedchem_p_max_old — chem_p_max | */
2411 dif3=1.0, /* | omega_02_old— omega_02 | =/
2412 dif4=1.0, /* | C_p-old — Cp | #/
2413 dif5=1.0; /x | C_dif_old — C_dif | =x/
2414
2415 while( (difl>eps) || (dif2>eps) || (dif3>eps) || (difd>eps) || (dif5>eps ) )
2416
2417 {
2418 counter—++;
2419
2420 printf (7 %d %2.9f %2.9f %2.9f %2.9f %2.9f
\n” ,counter , difl ,dif2 ,dif3 ,dif4 ,dif5);
2421
2422 compute_last_points () ;
2423 // Find Gravitational Potential
2424 total_density () ;
2425 compute_PHI() ;
2426
2427 // Find new u.
2428
2429 compute_grad_u () ;
2430 compute_Pi_fun () ;
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2431 compute_B_field () ;

2432 compute_grad_PI () ;

2433 compute_Bece () ;

2434 compute_magnetic_functions () ;

2435

2436 compute_u_density () ;

2437 compute_u_pot () ;

2438

2439 underrelaxation () ;

2440 compute_B_field_components () ;

2441 compute_B_flux () ;

2442 // Evaluate integration constants ////////////]//]//]]]]]/]/

2443

2444 // Protons

2445

2446 omega_02 = 2.0x(phi[l][n_ra]-M[1][n_ra]+M[KDIV][n_rb]—phi [KDIV][n_rb]);

2447 C.p = phi[l][n.ra]-M[1][n-ra]—omega_02/2.0;

2448

2449 // omega_02 = 2.0x(phi[1l][n-ra]—phi[KDIV][n_.rb]) ;

2450 // Cp = phi[l][n_ra]—omega_02/2.0; // magnetic field and matter do not
interact

2451

2452 // Chemical potential for protons

2453 for (i=1;i<=KDIV; i++)

2454 {

2455 for (j=1;j<=NDIV; j++)

2456 {

2457 chem_p[i][j]l=—phi[i][]j]+varpi[i][j]*varpi[i][j]+*omega_02/2.0 + M[i][j]+C_p;

2458 // chem_p[i][j]=—phil[i][j]+varpi[i][j]*varpi[i][]j]*xomega_02/2.0 +C_p;

2459 // magnetic field and matter do not

interact

2460 }

2461 }

2462

2463 // Neutrons

2464

2465 C_dif = chem_p[1l][cc_ra]-M[1][cc_ra];

2466 // C_dif = chem_p[1][cc_ra]; // magnetic field and matter do not interact

2467

2468 // Chemical potential for neutrons

2469
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2470 for (i=1;i<=KDIV; i++)

2471 {

2472 for (j=1;j<=NDIV; j++)

2473 {

2474 chem.n[i][j]=chem_p[i][j] — M[i][j] — C.dif ;

2475 // chem.n[i][j]=chem_p[i][]j] — C_dif ; // magnetic field and matter do not
interact

2476 }

2477 }

2478

2479 JITIIIIII T4 000 000070000711007001171011171

2480

2481 // New densities

2482

2483 chem_p_max = max(chem_p);

2484 chem_n_max = max(chem.n);

2485

2486 // Protons

2487 for (i=1;i<=KDIV;i++)

2488 {

2489 for (j=1;j<=NDIV; j++)

2490 {

2491 if (chem_p[i][j]>=0)

2492 {

2493 if (Np_.index==0.0) rho_p[i][j]=1.0;

2494 else

2495 rho_p[i][j]= x-p-Ospow( (chem_p[i][]j]/chem_p_max) ,Np_index );

2496 }

2497 else rho_p[i][j]=0.0;

2498 }

2499 }

2500

2501 // Neutrons

2502 for (i=1;i<=KDIV; i++)

2503 {

2504 for (j=1;j<=NDIV; j++)

2505 {

2506 if (chem.n[i][j]>=0)

2507 {

2508 if (Nn_index==0.0) rhon[i][j]=1.0;

2509 else
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2510

2511
2512
2513
2514
2515
2516
2517
2518
2519
2520
2521
2522
2523
2524
2525
2526
2527
2528
2529
2530
2531
2532
2533
2534
2535
2536
2537
2538
2539
2540
2541
2542
2543
2544
2545
2546
2547
2548
2549

rhon[i][j]= (1.0—x_p_0)*pow( (chem.n[i][j]/chem_n_max)

)

else rho.n[i][j]=0.0;

Y,

difl=fabs
dif2=fabs( chem_p-max_old — chem_p_max);

( chem_n_max_old — chem_n_max);

(
dif3=fabs( omega_02_old — omega_02 );

(

(

dif4=fabs(C_p-old — C.p);
difs=fabs (C_dif_old — C_dif);

chem_n_max_old = chem_n_max;

chem_p_max_old chem_p_max;
omega_02_old omega_02;
C_p-old C.p;

C_dif_old = C_dif;

u_converge () ;

// Divergence of B field (divB)

div_B();

} // end while
} // end of function

// iteration of the magnetic field decoupled from the
void iterate2 (int iternumb)

{

int iter;

for (iter=1;iter <=iternumb; iter++)
{
printf ("%d 7 ,iter);
compute_grad_u () ;

compute_Pi_fun () ;
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2550 compute_B_field () ;

2551 compute_grad_PI () ;

2552 compute_Bee () ;

2553 compute_magnetic_functions () ;

2554 compute_u_density () ;

2555 compute_u_pot () ;

2556 underrelaxation () ;

2557 compute_B_field_components () ;

2558 compute_B_flux () ;

2559 u_converge () ;

2560 // Divergence of B field (divB)

2561

2562 div_B () ;

2563 }

2564

2565 }

2566

2567 // iteration of the magnetic field coupled with matter (same as iteration () but for a
specific

2568 // number of iterations
2569 void iterate3 (int n._rb, double Np_index, double Nn_index, int repet) {
2570

2571 int i,

2572 js

2573 n,

2574 k,

2575 iter;

2576

2577 double chem_n_max_old, // chemical potential values in previous cycle
2578 chem_p_max_old ,

2579 omega_02_0ld=0.0, /* omega_0"2 in previous cycle x/

2580 C_p-old=0.0, // integration constants in previous cycle

2581 C_dif_old=0.0,

2582

2583 testll ,testl2 ,test13 ,

2584

2585 dif1=1.0, /% | chem_n_max_old — chem_n_max | x/

2586 dif2=1.0, /* | Not Checkedchem_p_max_old — chem_p_max | %/
2587 dif3=1.0, /* | omega_02_old— omega_02 | */

2588 dif4=1.0, /*x | C_p_old — Cp | =/

2589 dif5=1.0; /x | C_dif_old — C_dif | «/
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2590

2591 // eps=1.0e—5; // accuracy

2592

2593

2594

2595 for (iter=1;iter<=repet;iter++)

2596 {

2597 counter—++;

2598

2599 printf (7 %d %2.9f %2.91 %2.9 1 %2.91 %2.91
\n” ,counter , difl ,dif2 ,dif3 ,dif4 , dif5);

2600

2601 compute_last_points () ;

2602 // Find Gravitational Potential

2603 total_density ();

2604 compute_PHI () ;

2605

2606 // Find new u.

2607

2608 compute_grad_u () ;

2609 compute_Pi_fun () ;

2610 compute_B_field () ;

2611 compute_grad_PI();

2612 compute_Bece () ;

2613 compute_magnetic_functions () ;

2614

2615 compute_u_density () ;

2616 compute_u_pot () ;

2617

2618

2619 underrelaxation () ;

2620 compute_B_field_components () ;

2621 compute_B_flux () ;

2622

2623 // Evaluate integration counstants //////////////////]]//]]/
2624

2625 // Protons

2626

2627 omega_02 = 2.0%(phi[l][n-ra]-M[1][n_ra]4+M[KDIV]|[n_rb]—phi [KDIV][n_rb]);
2628 omega_02= 0.0;

2629 C.p = phi[1][n-ra]-M[1][n-ra]—omega_02/2.0;
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2630
2631
2632

2633
2634
2635
2636
2637
2638
2639
2640

2641
2642
2643
2644
2645
2646
2647
2648
2649
2650
2651
2652
2653
2654
2655
2656

2657
2658
2659
2660
2661
2662
2663
2664
2665
2666
2667

// omega_02 = 2.0x(phi[l][n_ra]—phi [KDIV|[n_rb]);
// C.p = phi[l][n.ra]—omega_02/2.0; // magnetic field and matter do not

interact

// Chemical potential for protons
for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)

{
chem_p [i][j]=—phi[i][j]+varpi[i][j]*varpi[i][]j]+omega 02/2.0 + M[i][j]+Cp;
// chem_p[i][j]=—phil[i][j]+varpi[i][j]*varpi[i][]j]*xomega_02/2.0 +C_p; //
magnetic field and matter do not interact

// Neutrons

C_dif = chem_p[1][cc-ra]-M[1][cc-ra];

// C_dif = chem_p[1l][cc.ra]; // magnetic field and matter do not interact
// Chemical potential for neutrons
for (i=1;i<=KDIV; i++)

{
for (j=1;j<=NDIV; j++)

{
chem n[i][j]=chem p[i][j] - M[i][j] - C_dif ;
// chem n[i][j]=chem_p[i][]j] — C_dif ; // magnetic field and matter do not

interact

}

N Ny

// New densities

chem_p_max = max(chem_p);

chem_n_max = max(chem_n);

// Protons
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2668
2669
2670
2671
2672
2673
2674
2675
2676
2677
2678
2679
2680
2681
2682
2683
2684
2685
2686
2687
2688
2689
2690
2691

2692
2693
2694
2695
2696
2697
2698
2699
2700
2701
2702
2703
2704
2705
2706
2707

for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)
{
if (chem_p[i][j]>=0)
{
if (Np_.index==0.0) rho_p[i][j]=1.0;

else

rho p[i][j]= x-p-Oxpow( (chem_p[i][j]/chem_p max) ,Np_index );

else rho.p[i][j]=0.0;

// Neutrons
for (i=1;i<=KDIV; i++)
{
for (j=1;j<=NDIV; j++)
{
if(chem n[i][j]>=0)
{
if (Nn_index==0.0) rhon[i][j]=1.0;
else

rhon[i][j]= (1.0—x_p_0)*pow( (chem-n[i][j]/chem_n_max)
)5

else rhon[i][j]=0.0;

i

difl=fabs
dif2=fabs

( chem_n_max_old — chem_n_max);

(
dif3=fabs( omega_02_old — omega_02 );

(

(

chem_p_max_old — chem_p_max);

dif4=fabs(C_p_old — C_p);
difs=fabs(C_dif_old — C_dif);
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2708

2709 chem_n_max_old = chem_n_max;

2710 chem_p_max_old = chem_p_max;

2711 omega_02_old = omega_02;

2712 C_p-old = C_p;

2713 C_.dif_old = C_dif;

2714

2715 u_converge () ;

2716

2717 // Divergence of B field (divB)

2718

2719 div_B();

2720

2721

2722 } // end while

2723 } // end of function

2724

2726 /* Compute various quantities. * /
2728 void comp ()

2729 {

2730 int i, /* counter x/

2731 i, /* counter x/

2732 j-b; /* last point inside star =/

2733

2734 double s=0.0, /* individual term in sum x*/

2735 sum=0.0, /* intermediate sum s/

2736

2737 dvl [NDIV+1], /* integrated quantity in volume x/
2738 dml [NDIV+1], /* integrated quantity in mass x/
2739 dmil [NDIV+1], /* integrated quantity in moment of inertia =/
2740 dwl [NDIV+1], /* integrated quantity in potential energy =/
2741 dp_enl [NDIV+1], // integrated quantity for proton EOS
2742 dn_enl [NDIV+1], // integrated quantity for mneutron EOS
2743 dmagl [KDIV+1]; /+ integrated quantity in Magnetic Energy =/
2744

2745 /* Initialize variables =/

2746

2747 m=0.0;

2748 v=0.0;
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2749
2750
2751
2752
2753
2754
2755
2756
2757
2758
2759
2760
2761
2762
2763
2764
2765
2766
2767
2768
2769
2770
2771
2772
2773
2774
2775
2776
2777
2778
2779
2780
2781
2782
2783
2784
2785
2786
2787
2788
2789

mi=0.0;
am=0.0;
ke=0.0;
w=0.0;
Pi_p=0.0;
Pi_n=0.0;
Emag=0.0;

[T T

//Compute star surface
compute_last_points () ;
star_surface () ;
neutron_surface () ;
cc_surface () ;
total_density () ;
compute_B_field () ;
compute_B_field_components () ;
compute_Bee () ;
compute_magnetic_functions () ;
fix_grid (B_pol_norm);
fix_grid (u);

// compute B flux

compute_B_flux () ;
// CORRECT DENSITY OUTSIDE STAR Could
for (i=1;i<=KDIV; i++)

{

for (j=1;j<=NDIV; j++) {

if(r[j]>r-bound[i]) rho[i][j]=0.0;
}

[IIITTTTTI DD
// Volume

for (i=1;i<=KDIV—2;i+=2)
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2790 {

2791 s= (4.0/9.0)*PIs(mu[i+1]-mu[i]) *(pow(r_bound[i],3.0)
2792 +4.0xpow(r_bound[i+1],3.0)4pow(r_bound[i+2],3.0));
2793 v4=s ;

2794 }

2795

2796 T T T iy

2797

2798 // Mass

2799 sum=0.0;

2800 for (j=1;j<=NDIV; j++)

2801 {

2802 for (i=1;i<=KDIV—2;i+=2)

2803 {

2804 s=((mu[i4+1]-muf[i]) /3.0)*(rho[i][j]+4*rho[i+1][j]4+rho[i+2][]]);
2805 sum—+=s ;

2806 }

2807 dml|[ j]=sum;

2808 sum=0.0;

2809 }

2810

2811 for (j=1;j<=NDIV-2;j+=2)

2812 {

2813 s=(4.0/3.0)«PI*(r[j+1]—r[j]) *(r[j]*r[j]*dml[]]

2814 44051 [j+1]#r [j+1]*dml[j+1]

2815 +r[j+2]*r [j+2]*dml[j+2]);
2816 nH=s ;

2817 }

2818

2819 TP LT T

2820

2821 // Moment of inertia

2822 sum=0.0;

2823 for (j=1;j<=NDIV; j++)

2824 {

2825 for (i=1;i<=KDIV—2;i+=2)

2826 {

2827 s=((mu[i4+1]-mu[i]) /3.0)*( (1.0—mu[i]*mu[i])=*rho[i][]]
2828 +4.0%(1.0—mu[i+1]*mu[i+1])*rho[i+1][j]
2829 +(1.0—mu[i+2]*mu[i+2])*rho[i+2][j]);
2830 sum-+=s ;
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2831 }

2832 dmil [ j]=sum;

2833 sum=0.0;

2834 }

2835

2836

2837 for (j=1;j<=NDIV-2;j+=2)

2838 {

2839 s=(4.0/3.0)*PIx(r[j+1]—-r[j]) *(pow(r[j],4.0)+«dmil[]]
2840 +4.0%pow (1 [j+1],4.0) +dmil [j+1]
2841 +pow (r[j+2],4.0)*dmil [j+2]);
2842 mit=s ;

2843 }

2844

2815 Ny

2846

2847 // Angular momentum

2848

2849 am=mixpow (omega_02,0.5) ;

2850

2851 111111111111

2852

2853 // Kinetic energy

2854

2855 ke=0.5*mixomega_02;

2856

2857 [IITTTTTTTELETTTTTT 77T

2858

2859 // Gravitational energy

2860 sum=0.0;

2861

2862 for (j=1;j<=NDIV; j++)

2863 {

2864 for (i=1;i<=KDIV—_2;i+=2)

2865 {

2866 s=((mu[i+1]-muf[i]) /3.0)*(rho[i][]j]*phi[i][]j]

2867 +4.0xrho[i+1][j]*phi[i+1][j]
2868 +rho [1+2][j]*phi[i+2][j]);
2869 sum-+=s ;

2870 }

2871 dwl[j]=sum;
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2872 sum=0.0;

2873 }

2874

2875

2876 for (j=1;j<=NDIV-2;j+=2)

2877 {

2878 $=(2.0/3.0)*PI«(r[j+1]—r[j])*(r[j]*r[j]*dwl]j]

2879 +4.0%1 [j+1]%r [j+1]xdwl[j+1]

2880 +r[j42]*r[j+2]xdwl[j+2]);

2881 WH=S ;

2882 }

2883

2854 JIIITI1117110071101001]

2885

2886 // Internal energy densities (energy functional)

2887

2888 chem_p_max=max(chem._p) ;

2889 chem_n_max=max(chem_n) ;

2890

2891 for (j=1;j<=NDIV; j++)

2892 {

2893 for (i=1;i<=KDIV; i++)

2894 {

2895 n_ener [i][j]= (chem_n_max/( 1.0+ (1.0/Nn_index) ) )=*( pow(1.0—x_p-0,

(—=1.0/Nn_index) ) )*pow(rho-n[i][j],1.04(1.0/Nn_index) );

2896 p-ener[i][j]= (chem_p.max/( 1.0+ (1.0/Np.index) ) )x*( pow(x-p-0, (—1.0/Np_index) )
)#pow(rho_p[i][]j],1.04+(1.0/Np_.index) );

2897 }

2898 }

2899

2900 ITTTTEETTI LT D iy

2901

2902 // Internal energy for protons

2903 sum=0.0;

2904 for (j=1;j<=NDIV; j++)

2005 {

2906 for (i=1;i<=KDIV-2;i+=2)

2907 {

2908 s=((mu[i+1]-mu[i]) /3.0)*(p-ener[i][j]+4«p-ener[i+1][j]+p-ener[i+2][j]);

2909 sumH—=s ;

2910 }
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2911
2912
2913
2914
2915
2916
2917
2918
2919
2920
2921
2922
2923
2924
2925
2926
2927
2928
2929
2930
2931
2932
2933
2934
2935
2936
2937
2938
2939
2940
2941
2942
2943
2944
2945
2946
2947
2948
2949
2950
2951

dp_enl [j]=sum;

sum=0.0;

for (j=1;j<=NDIV—2;j+=2)
{
s=(4.0/3.0)*PI«(r[j+1]—-r[j])*(r[j]*r[j]*dp-enl[j]
+ 4.0xr[j+1]*r[j+1]*dp-enl [j+1] + r[j+2]*r[j+2]*xdp_enl[j+2]);
Pi_p4=s;

}

[ITTTETTTIT LTI LT T T

// Internal energy for neutrons

sum=0.0;
for (j=1;j<=NDIV; j++)
{
for (i=1;i<=KDIV—2;i+=2)
{
s=((mu[i4+1]-muf[i]) /3.0)*(n_ener[i][j]+4*n_ener [i+1][j]+n-ener [i+2][]]);
sum-+=s ;
}
dn_enl [ j]=sum;

sum=0.0;

for (j=1;j<=NDIV—2;j+=2)
{
$=(4.0/3.0)*PIx(r[j+1]—=r[j])*(r[j]*r[j]*dn_enl[j]
+ 4.0xr[j4+1]*r[j+1]xdn_enl [j+1] + r[j+2]*r[j+2]*dn_enl[j+2]);
Pi_n4=s;

}

Y,

// Magnetic Energy

sum=0.0;
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2952
2953
2954
2955
2956
2957
2958
2959
2960
2961
2962
2963
2964
2965
2966
2967
2968
2969
2970
2971
2972
2973
2974
2975
2976
2977
2978
2979
2980
2981
2982
2983
2984
2985
2986
2987
2988
2989
2990
2991
2992

for (j=1;j<=NDIV; j++)
{
for (i=1;i<=KDIV-2;i+4=2)
{
s=( (mu[i+1]-mu[i]) /3.0 )* (pow((l—-mu[i]*mu[i]) ,0.5)*rho_p[i][j]*xderiv_r (M,i,j)
+4.0xpow ((1—mu[i+1]*mu[i+1]) ,0.5)*rho_p[i+1][j]*deriv_r (M, i+1,j)
+pow((1—mu[i+2]*muf[i+2]),0.5)*rho_p[i+2][j]*xderiv_r (M,i+2,j) );
sum+=s ;
}
dmagl [ j]=sum;

sum=0.0;

for (j=1;j<=NDIV—2;]j+=2)
{
s=(4.0/3.0)*«PI*(r[j+1]—r[j]) *(pow(r[j],3.0)*dmagl[]]
+4.0xpow(r[j+1],3.0)«dmagl[j+1]
+pow (r[j+2],3.0)*dmagl[j+2]);
Emagt=s;

}

compute_toroidal_magnetic_energy () ;

Yy

/% Keplerian angular velocity =/
omega_k2 = —deriv_r (chem_p,l,n_ra)
+omega_02

+deriv_r (M,1,n_ra);

Yy,

/% Virial test x/

vt=fabs (2.0x ke+w+3.0%x(Pi_p/Np_index+Pi_n/Nn_index )+Emag) /fabs (w) ;
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2993
2994
2995
2996
2997
2998
2999
3000
3001

3002
3003
3004
3005
3006
3007
3008
3009
3010
3011
3012
3013
3014
3015
3016
3017
3018
3019
3020
3021
3022
3023
3024
3025
3026
3027
3028
3029
3030
3031
3032

} //end of function

//\\\\\\\x*xxxxx*********«k«k«kkk>‘v<>‘v<>‘v<>‘v<>‘v<>‘v<>‘v<>‘v<>‘v<>‘v<>‘v<>1>1H************XXYYY%Y%% o

results

void print_results (int n_rbl ,double r_ratiol){

Print the

)

FILE xfres;

fres = fopen(”"results.txt”, "w”);
DT ETUET (7 5 s ok o ok otk ok otk o ok ok o ok ok o ok ok o ok ok ok ok Kok ok ok ok K Kk ok Kk ok Kk ok Kok ok Kk ok kR Rk kR kR ok \ 1\ )
printf(”(rigid) Rotating Magnetized (type—II) Superconductive Neutron Stars \n”);
printf (” \n\n") ;
printf(”Grid dimensions r mu %d % \n” ,NDIV,KDIV)
printf(”Proton N index: %2.1f \n” ,Np_index);
printf(”Neutron N index: %2.1f \n” ,Nn_index) ;
printf(” Central proton fraction: %3.2f \n” ,x_p_0);
printf (”k0 constant: %3.2e \n” ,k0/Sqrt_4PI);
printf(”alpha constant: %3.2e \n” ,alpha_c*xSqrt_4PI);
printf(”zeta constant: %3.2e \n” ,zeta);
printf(”superconductivity constant h_c: %3.2e \n” ,h_c);
printf(”underrelaxation parameter: %3.2e \n” ,undrlx_c);
printf(” \n\n”) ;
printf(”Surf Eq point | Surf Pole point | CC bound Eq point |[\n”);
printf(” %d | %d | %d [\n\n” ,n_ra,n_rbl,cc.ra);
printf(” r_proton_pole | r_cc.ra | \n”);
printf(” %3.2e | %3.2¢ | \n\n”,r[n_rbl],r[cc.ra]);
printf(”r_cc-eq | r_cc_pole |\n”);
printf(” %3.2¢ | %3.2¢ | \n\n”,r_cc[l],r_cc[KDIV]);
printf(”r_neut_eq |r_neut_pole | \n”);
printf(” %3.2¢ | %3.2¢ | \n\n”,r_neutron[1],r_neutron [KDIV]);
printf(” \n\n”) ;
printf(”Omega_0"2 | Omega_K "2 |Omega_0"2/Omega-K"2 | \n”);
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3033

3034
3035

3036
3037
3038

3039

3040
3041
3042
3043
3044
3045

3046

3047
3048
3049
3050

3051
3052
3053
3054
3055
3056
3057
3058

3059
3060
3061
3062
3063
3064
3065

printf(” %3.2¢ | %3.2¢ | %3.2e |
\n\n” ,omega_02/(4.0%xPI), omega_k2/(4.0%xPI),omega_02/omega_k2);

printf (” M | A% | J | Mu_p_max | Mu_n_max | \n”);
printf(”  %3.2e | %3.2¢ | %3.2¢ | %3.2¢ | %3.2¢ |
\n\n” ,m,v,am, chem_p_max ,chem_n_max) ;
printf (” \n\n"”) ;
printf(” Bmag/W | U/W | T/W | W | Up/W| | Un/W|
| Cop | CLdif | \n);
printf(”  %3.2e | %3.2e | %3.2¢ | %3.2¢ | %3.2e | %3.2e | %3.2¢ | %3.2e
[\n\n",

Emag/fabs (w) ,(Pi_p+Pi_n)/fabs(w) ,ke/fabs(w), fabs(w)/(4.0xPI),Pi_p/fabs(w)
,Pi_n/fabs(w),C.p/(4.0xPI),C_dif /(4.0«PI));

printf(” Emag_tor/Emag : %3.2¢ \n” ,Emagtor /Emag) ;

printf (” \n\n"”) ;

printf(” Virial Test : %3.2e | Total num mag charge : %3.5e
\n” ,vt , magcharge) ;

printf(” | Total B flux upper hemisphere : %3.5e
\n\n” ,BFlux_surf);

printf(”Iterations i %d \n\n”,counter);

printf(” Magnetic field strength ratio  %f Bpol %3.5¢ G
\n” ;magratio ,3.87x1.0e+17«B[KDIV][n_rbl]) ;

P I G E (7 skosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk o sk s o sk sk o sk ok o o o s sk s s sk sk sk ks ks ok kR \ L\ 1)

// in file

TPTIN G (Fres |7 soskoskokokon ok stk sk skokokok ok ok sk skok stk ok ok kR skok ok KR kR skk R R Sk kSRR R Rk sk koK Ok kR kiR sfokskokskoor koo \ m\ ' )

fprintf(fres ,” (rigid) Rotating Magnetized (type—II) Superconductive Neutron Stars

\n”);
fprintf (fres,” \n\n”);
fprintf(fres ,” Grid dimensions r mu % %d \n” ,NDIV,KDIV) ;
fprintf(fres ,” Proton N index: %2.1f \n” ,Np_index) ;
fprintf(fres ,” Neutron N index: %2.1f \n” ,Nn_index) ;
fprintf(fres ,” Central proton fraction: %3.2f \n” ,x_p-0);
fprintf(fres ,”k0 constant: %3.2e \n” ,k0/Sqrt_4P1);
fprintf(fres ,”alpha constant: %3.2e \n” ,alpha_cxSqrt_4PI);
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3066
3067
3068
3069
3070
3071
3072

3073
3074
3075
3076
3077
3078
3079
3080
3081
3082
3083
3084
3085

3086
3087
3088

3089

3090
3091
3092
3093
3094
3095

3096

3097

3098
3099

fprintf(fres ,”zeta constant: %3.2e \n” ,zeta);
fprintf(fres ,”superconductivity constant h_c: %3.2e \n” ,h_c);
fprintf(fres ,” underrelaxation parameter: %3.2e \n” ,undrlx_c);
fprintf(fres,” \n\n”);

fprintf(fres ,” Surf Eq point | Surf Pol point | CC bound Eq point [\n”);
fprintf (fres,” %d | %d | %d

[\n” ,n_ra ,n_rbl  cc_ra);

fprintf (fres,” r_p_pol | r_eq_boundary | \n”);

fprintf(fres,” %3.2¢ | %3.2e | \n\n”,r[n_rbl],r[cc.ra]l);

fprintf(fres ,”r_cc_eq | r_cc_pole |[\n”);

fprintf(fres,” %3.2¢ | %3.2e | \n\n”,r_cc[1l],r_cc[KDIV]);

fprintf(fres ,”r_neut_eq |r-neut_pole | \n”);

fprintf(fres,” %3.2e¢ | %3.2¢ | \n\n”,r_neutron[l],r_neutron [KDIV]);

fprintf (fres,” \n\n") ;

fprintf(fres ,”Omega_0"2 | Omega_K "2 | Omega_0"2/Omega K"2 | \n”);

fprintf(fres,” %3.2e¢ | %3.2¢ | %3.2e | \n\n” ,omega_02/(4.0xPI),

omega_k2/(4.0%xPI) ,omega_02/omega_k2);

fprintf(fres,” M | \Y% | J | Mu_p_-max | Mu._n_max | \n”);

fprintf(fres ,” %3.2¢ | %3.2¢ | %3.2¢ | %3.2¢ | %3.2¢ |
\n\n” ,m,v,am,chem_p_max,chem_n_max) ;

fprintf (fres,” \n\n”) ;

fprintf(fres,” Bmag/W| | U/W | T/W | W | Up/W |
Un/W | Cop | Cdif | \n");

fprintf (fres,” %3.2¢ | %3.2¢ | %3.2¢ | %3.2¢ | %3.2¢ | %3.2¢ |  %3.2e¢ |
%3.2e |\n\n”,

Emag/fabs (w) ,(Pi_p+Pi_n)/fabs(w) ,ke/fabs(w) ,fabs(w)/(4.0«PI1) ,Pi_p/fabs (w),

Pi_n/fabs(w),C_p/(4.0«PI),C_dif /(4.0%PI));

fprintf(fres ,” Emag_-tor/Emag : %3.2¢ \n” ,Emagtor /Emag) ;

fprintf (fres,”

fprintf(fres,” Virial Test %3.2e | Total num mag charge : %3.5e
\n\n” ,vt,magcharge) ;

fprintf (fres,” | Total B flux upper hemisphere %3.5e

\n\n” ,BFlux_surf);

fprintf(fres ,” Iterations : %d \n\n” ,counter);
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\n\n") ;




3100 fprintf(fres ,” Magnetic field strength ratio %t Bpol %3.5¢ G
\n” ,magratio ,3.87%1.0e+17+«B[KDIV][n_rbl]) ;

3101

3102 fprintf(fres 7 *****************>)<>)<>)<>)<***************************************************\n\n” ) ;
3103

3104 fclose (fres);

3105

3106 }

3107

3108

3109 [ ] ok sk skok s sk okok s skok ok sk kot ok kR ok Rk kR ok SRR KRR SRR ROk oR ok kR Rk ok kokk ok ok Bxport in files
3110 void export_in_files (void){
3111

3112 int i,

3113 i

3114

3115 /* Export in files x/
3116 FILE *fr

3117 *fmu ,

3118

3119 xfrho ,

3120 «frho_p ,

3121 «frho_n ,

3122 xfchem_n |

3123 xfchem_p ,

3124 *fu ,

3125 «fphi ,

3126

3127 xfrbound ,

3128 *frneutron ,

3129 xfrce ,

3130

3131 «flast_r_p ,

3132 xflast_mu_p ,

3133 xflast_r_cc ,

3134 xflast_mu_cc ,

3135

3136 «fdf_du ,

3137 xfBcc ,

3138 *fmag f N,

3139 M,
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3140
3141
3142
3143
3144
3145
3146
3147
3148
3149
3150
3151
3152
3153
3154
3155
3156
3157
3158
3159
3160
3161
3162
3163
3164
3165
3166
3167
3168
3169
3170
3171
3172
3173
3174
3175
3176
3177
3178
3179
3180

xfucc ,

«fPi_fun ,
xfgrad_Pi_r ,
xfgrad_Pi_theta ,
«fgrad_u_r ,

xfgrad_u_theta ,

*fF |

*fB ,

x*fBpol

+fBtor ,

*fBdiv;

fr = fopen("r.txt”, "w’);

fmu = fopen ("mu. txt”, 7w’ );

frho = fopen (”rho.txt”, "w”);
frho_p = fopen(”rho_p.txt”, "w”);
frho.n = fopen(”rho_n.txt”, "w”);
fchem_n = fopen(”ch._n.txt”, "w”’);
fchem_p = fopen(”ch_p.txt”, "w”);
fu = fopen(Tu.txt”, "w’);
frbound = fopen (”rbound.txt”, "w’);
frneutron=fopen (”rneutron.txt”, "w”’);

frcc=fopen(”rcc.txt”,

fphi=fopen (” phi.txt”,

”

7

w’) ;

w”);
fBpol=fopen (”Bpol. txt” ,”w”);
fBtor=fopen (” Btor. txt” ,”w”);
fB=fopen (”B. txt” ,”w” ) ;

fBdiv=fopen (?divB. txt” ,”w" ) ;

PRt

flast _r _p=fopen(”last_r_p.txt” ,”w

flast_mu_p=fopen (”last_mu_p.txt” ,”w
"W

flast _r_cc=fopen(”last_r_cc.txt”,’

)

bH]
)

7;),
)

flast _mu_cc=fopen(”last_mu_cc.txt” ,”w”);

fdf_du=fopen (" df_du.txt” ,”w”);
fBeec=fopen (”Bee. txt” ,”w" ) ;
fmag_f_N=fopen ("mag_f N.txt” ,”w”);
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3181 fM=fopen ("M. txt” ,"w” ) ;

3182 fucc=fopen (7ucc.txt” ,”w”);

3183

3184 fPi_fun=fopen (? Pi_fun.txt” ,”w”);

3185 fgrad_Pi_r=fopen (”gradPi.r.txt” ,”w”);

3186 fgrad_Pi_theta=fopen (” gradPi_theta.txt” ,”w”);
3187 fgrad_u_r=fopen (” gradu_r.txt” ,”w”);

3188 fgrad_u_-theta=fopen (” gradu_theta.txt” ,”w”);
3189 fF=fopen ("F. txt” ,”w” ) ;

3190

3191 for (i=1;i<=KDIV; i ++){

3192 for (j=1;j<=NDIV; j++){

3193

3194 fprintf(frho,” %4.14f ” ,;rho[i][]]);

3195 fprintf(frho.p,” %4.14f ” ;rho_p[i][]]);

3196 fprintf(frho.n,” %4.14f ” ;rhon[i][]]);

3197 fprintf(fchem_p,” %4.14f ” ,chem_p[i][]]);
3198 fprintf(fchem._n,” %4.14f 7 ,chem.n[i][]]);
3199 fprintf(fu,” %4.14f ” ,u[i][]])

3200 fprintf (fphi,” %4.14f 7 ,phi[i][j]);

3201 fprintf(fBpol,” %4.14f ” ;B_pol.norm[i][]]);
3202 fprintf (fBtor,” %4.14f ” ,B_tor_norm [i][j]);
3203 fprintf (fB,” %4.14f 7 B[i][j]);

3204

3205 fprintf (fBdiv,” %4.14f 7 divB[i][]]);

3206

3207 fprintf(fdf_du,” %4.14f 7, df-duli][j]);

3208 fprintf(fmag f_N,” %4.14f 7 mag f N[i][]j]);
3209 fprintf (fM,” %4.14f 7 M[i][j]);

3210

3211 fprintf (fPi_fun ,” %4.14f 7 ,Pi_fun[i][]]);
3212 fprintf(fgrad_Pi_r ,” %4.14f 7 ,grad_Pi_r[i][]]);
3213 fprintf(fgrad_Pi_theta ,” %4.14f ” ,grad_Pi_theta[i][]j]);
3214 fprintf(fgrad_-u.r ,” %4.14f 7 ,grad_u_r[i][]j]);
3215 fprintf(fgrad_u_theta ,” %4.14f 7 ,grad_u_theta[i][j]);
3216 fprintf (fF,” %4.14f 7 F[i][j]);

3217

3218

3219 } fprintf(frho,”\n”);

3220 fprintf (frho_p ,”\n”);

3221 fprintf(frho_n ,”\n”);
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3222
3223
3224
3225
3226
3227
3228
3229
3230
3231
3232
3233
3234
3235
3236
3237
3238
3239
3240
3241
3242
3243
3244
3245
3246
3247
3248
3249
3250
3251
3252
3253
3254
3255
3256
3257
3258
3259
3260
3261
3262

fprintf (fchem_p,”\n”);
fprintf(fchem.-n,”\n”);
fprintf (fu,”\n”);
fprintf (fphi,”\n”);
fprintf (fBpol,”\n");
fprintf (fBtor ,”\n”)
fprintf (fB,”\n");

)

fprintf (fBdiv,”\n”);

fprintf (fdf_-du,”\n”);
fprintf (fmag f N ,”\n”);
fprintf (fM,”\n”);
fprintf (fPi_fun ,”\n”);
fgrad_Pi_r ,”\n”);
fgrad_Pi_theta ,”\n”);
fgrad_u_r ,”\n”);
fgrad_u_theta ,”\n”);
R\ )

fprintf
fprintf
fprintf
fprintf

~ o~~~ o~~~

fprintf

for (j=1;j<=NDIV; j++
for (i=1;i<=KDIV; i++
(i=1;i<=KDIV; i++

) fprintf(fr,” %4.14f \n” ,r[j]);

) fprintf(frbound,” %4.14f \n” ,r_bound[i]);
for ) fprintf(fmu,” %4.14f \n” mu[i]);
for (i=1;i<=KDIV;i++) fprintf(frneutron,” %4.14f \n” ,r_neutron[i]);
for (i=1;i<=KDIV;i++) fprintf(frcc,” %4.14f \n” ,r_cc[i]);
for (i=1;i<=KDIV;i++) fprintf(flast_r_p,” % \n”,last_r_p[i]);
for (j=1;j<=NDIV; j++) fprintf(flast_mu_.p,” %d \n”,last_mu_p[j])
for (i=1;i<=KDIV;i++) fprintf(flast_r_cc,” % \n”,last_r_cc[i])

) ]

for (j=1;j<=NDIV; j++) fprintf(flast_mu-cc,” %d \n”,last-mu-_cc|

1)

for (i=1;i<=KDIV;i++) fprintf(fBcc,” %4.14f \n” ,Bcc[i]);

for (i=1;i<=KDIV;i++) fprintf(fucc,” %4.14f \n” ,u[i][last_r_cc[i]]);
fclose (fr);
fmu) ;
frho);
frho_p);
frho_n);

fchem_n);

fclose
fclose
fclose

fclose

o~ o~ o~ o~ o~ —

fclose
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3263 fclose (fchem_p);
3264 fclose (fu);
3265 fclose (frbound);
3266 fclose (frneutron);
3267 fclose (frcce);
3268 fclose (fphi);
3269 fclose (fBpol);
3270 fclose (fBtor) ;

(f

3271 fclose (fB);
3272

3273 fclose (f{Bdiv);
3274

3275 fclose
3276 fclose
3277 fclose
3278 fclose
3279

3280 fclose (fdf_du);
3281 fclose (fmag_f_N);
3282 fclose (f{Bcc);
(tM
(

(flast_r_p);
(flast_mu_-p)
(flast_r_cc);
( c);

flast _mu_c

3283 fclose );
3284 fclose (fucc);
3285

3286 fclose (fPi_fun);

3287 fclose (fgrad_Pi_r);

3288 fclose (fgrad_Pi_theta);

3289 fclose (fgrad_u_.r);

3290 fclose (fgrad_u_theta);

3291 fclose (fF);

3292

3293

3294 }

3295

3296

3297

3298 // MAIN FUNCTION

3299 //><><><*<><*<<<<<<<<«k~kkkkkkkkkkkkk«k*«k********ﬂ>0>0>0>0>0>0>0>04444411»1»»»>>>>‘>‘y>j<>j<>;<>;<>;<>:<
3300 main (int argc, char sxargv)

3301 {int i,

3302 n_rb; // grid position of r_p_pol
3303
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3304 double r_ratio; // r_p-eq/r_p_pol

3305

3306

3307

3308 fdata = fopen(”data.txt” ,"w”);
3309

3310 fconv = fopen

” ”

conv.txt” ,”w”);

” ”

3311 fconvce = fopen

(

(7 convee . txt”
3312 fconvQ = fopen (7convQ. txt” ,”w”);

(

(

W”);

” ”

3313 fmagcharge = fopen (”magcharge. txt” ,”w”);
3314 fFlux = fopen (”Flux.txt” ,”w”);
3315

3316

3317

3318

3319

3320 // Make grid

3321

3322 make_grid () ;

3323

3324 // Default values

3325

3326 Np_index=1.0;

3327 Nn_index=0.9;

3328 r-ratio=1.0;

3329

3330

3331 // Read Options

3332

3333 for(i=1l;i<argc;i++)

3334 if (argv[i][0]=="="){

3335 switch (argv [i][1]){

3336 case 'N’:

3337 sscanf (argv [1+1],”%1{” & Np_index) ;
3338 break;

3339

3340

3341 case ’'r’:

3342 sscanf (argv [1+1],”%1f” &r_ratio);
3343 break;

3344 }
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3345 }

3346

3347

3348 // Parameters values

3349 Nn_index=0.9;

3350 alpha_c=200.0;//(2.0e+7)/Sqrt_4PI;
3351 zeta=1.0;

3352 x_-p-0=0.15;

3353 h_c=0.1;

3354 k0=0.005%«Sqrt_4PI;

3355

3356 eps=1.0e—6;

3357 undrlx_c=0.25;

3358

3360

3361 // Grid position of Proton equator r_p_eq
3362

3363 n_ra=(NDIV—1) /RMAX+1;

3364

3365 //For greater Grid depends on the RMAX
3366

3367 // n_ra=(NDIV—-1)/3+41;

3368

3369 // Grid position of Proton pole r_p_pol
3370

3371 n_rb=r_ratioxn_ra;

3372

3373 // Grid Position of Neutron equator
3374

3375 cc_ra=0.9%n_ra;

3376

3377 // Initialize densities

3378

3379 guess_last_points () ;

3380 guess_density () ;

3381 guess_u () ;

3382

3383 // compute mathematical functions for integrals
3384

3385 comp-f_2n_p_2n();
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3386
3387
3388
3389
3390
3391
3392
3393
3394
3395
3396
3397
3398
3399
3400
3401
3402
3403
3404
3405
3406
3407
3408
3409
3410
3411
3412
3413
3414
3415
3416
3417
3418
3419
3420
3421
3422
3423
3424
3425
3426

iterate (n_rb, Np_index,Nn_index);

// iterate3d (n_rb,Np_index ,Nn_index

iterate2 (51);

comp () ;

// <Bcc>/Hel
double al=0.0;

for (i=1;i<=KDIV; i++)

{
al=al+Bcc[i];

}
al=al/(1.0xKDIV);
al=al/(rho_p[1l][cc-ra]xh_c);

magratio=al;

// Print results on screen

print_results(n_rb,r_ratio);

// Export in files

export_in_files ();
fclose (fdata);

fclose (fconv);
fclose (fconvece);
fclose (fconvQ) ;
fclose (fmagcharge) ;
fclose (fFlux);

%)

// Main iteration and compute functions

9

5

);
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3427
3428
3429 } // END OF PROGRAM

Listing C.2: Source code for rotating double fluid magnetized type-II superconductive neutron stars
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