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Definition of the Smaller
Alignment Index (SALI)

Consider the n-dimensional phase space of a conservative dvnamical
system (a symplectic map or a Hamiltonian flow).

An orbit in that space with initial condition :
P(0)=(x,(0), x,(0).....x,(0))

and a deviation vector
v(0)=(dx,(0), dx,(0)...., dx,(0))

The evolution in time (in maps the time is discrete and is equal to the
number N of the iterations) of a deviation vector is defined by:

*the variational equations (for Hamiltonian flows) and
*the equations of the tangent map (for mappings)
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Detinition of the SALI

We follow the evolution in time of two different initial
deviation vectors (e.g. v,(0), v,(0)), and define SALI
(Skokos Ch., 2001, J. Phys. A, 34, 10029) as:
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v, (t) Y (t) v,(t) N (t)
i) [V O |[v®] [v.®]

e -

SALI(t) = min -

When the two vectors tend to coincide or become opposite

SALI(t) — 0
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x1+33

(mod 2m)

X, - vsin(x, +Xx,)

For v=0.5 we consider the orbits:
ordered orbit A with initial conditions x,=2, x,=0.
chaotic orbit B with initial conditions x;=3, x,=0
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Applications — 4D map

o R ST S
X; = X,-vsin(x, +x,)-p[l-eos(x; +x, +x,+x,)]

] % £ i (mod 2x)
X, = X,-ksin(x;+x,)-p[l-cos(x, +x,+x;+x,)]
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Applications — 4D map (weak chaos)

X3 = X;+X;

3-; = xl+1§:5in(2n11}—%5iu[2n(13—x1}] (mod1)

Xs =gy i g I ”
X, = Xx,+sin(2mx,)- E sin[2m(x, - x5)]

For K=3 we consider two orbits with the same ;

initial conditions iy s

ordered orht E with imtial conditions

x1=055 x2=0.1_ x5=0.62, x4=02 for B=0.1.

chaotic orbit F with initial conditions e ﬁ e J
x1=055, =x2=0.1,  z3=0.62, =4=02 ‘for ” X, i
p=0.3051.
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Applications — Hénon-Helles system

L gl gty Ly

For E=1/8 we consider the orbits with initial conditions:
Ordered orbit, x=0, ¥=0.55, p.=0.2417, p =0

Chaotic orbit, x=0, y=-0.016, p,.=0.49974, p.=0

Chaotic orbit, x=0, v=-0.01344, px=ﬂ.49932; p‘.=[l

0.5
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Applications — Hénon-Helles system

t=1000
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Applications — Hénon-Helles system

B - X E=1/8
’ =1000

B log(SALD) <-12

B -12 <log(SALI)<-8
-8 < log(SALI) <-4
-4 < log(SALI)
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Applications — Hénon-Helles system
The percentage of non chaotic orbits (SALI > 10 for t=1000)
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Applications — 3D Hamiltonian

We consider the 3D Hamiltonian
=% (pl+pl+p))+ % (Ax*+ By’ + Cz%) - exz” - nyz’
with A=0.9, B=0.4, C=0.225, £=0.56, n=0.2, H=0.00765.

Behavior of the SALI for ordered Color plot of the subspace
and chaotic orbits y=z=p,=0, p,=0
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Behavior of the SALI

2D maps
SALI—0 both for ordered and chaotic orbits

following, however, completely different time rates which
allows us to distinguish between the two cases.

Hamiltonian flows and multidimensional maps
SALI—0 for chaotic orbits

SALI# 0 for ordered orbits
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Dependence on the choice of
the 1nitial deviation vectors

For the chaotic orbit x=0, y=0.1, p,=0.49038, p.=0 of the Hénon-Heiles
system with E=1/8 we compute the time needed for SALI to become
less that 10-1* using v,=(0,1,0.0) and

v,=(0,c0s6,0,5in0) 0[0,27] v,=random
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Behavior of the SALI (Ordered motion)

An integrable 2D Hamiltonian system (Skokos et al., 2003,
Prog. Th. Phys. Supp., 150, 439)

H=§(pi +p3)-E( +y) +A x+y9) + BE'y +x%yY)

For B=3A and E€R there is a second integral (Ganesan &
Lakshmanan, 1990): F=(x p, -y p,)*

Vector base of the 4D phase space

vectors along the direction of the flow:
fH=( prfr Hp:.-& _H[ﬂ 'Hy)& fF=( prrr Fp:.r& 'FI& -Fj')
and perpendicular to the flow:

vH:(H‘x& Hy?r H[}I? Hp}')?r vF:(FITr Flrfr Fp:{?r Fp}')
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Behavior of the SALI (Ordered motion)

The deviation vector can be written as
v=a,t,+a,{+a, VH+a, VF

The deviation vector tends to the tangent space of the

torus as |a,|, |a,| oc t1.
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Behavior of the SALI (Chaotic motion)

The evolution of a deviation vector can be approximated by:

2n
1) ot s 2
vi(t)=> cPe™e; ~ efle™e, +cile™e,
i=1

where ¢,>6,>...>0, are the Lyapunov exponents.

In this approximation, we derive a leading order estimate of the ratio
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and an analogous expression for v,

V2 (t] 3 Elﬂ}eﬂltél e EE }Eﬁtél = +g ':3[; i e -t )te

v, () c®]e T ]e® %
S0 we get:
SALI(t) = min v1(© e v, (0 ! i) v, (@ l = ¢y 11 ¢y oo ot
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Behavior of the SALI (Chaotic motion)

We test the validity of the approximation|S ALIcce (¢1-22t[Skokos et al.,
2004, J. Phys. A, 37, 6269) for a chaotic orbit of the 3D Hamiltonian

3
H= 2%({1? +p;)+q1q, +q5q;
i=1
with ©,=1, ©,=1.4142, ©,=1.7321, H=0.09
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Behavior of the SALI

Hamiltonian flows and multidimensional maps

The ordered motion occurs on a torus and two different

initial deviation vectors become tangent to the torus
having different directions (SALIZ£0).

In chaotic cases two Initially different deviation vectors
tend to coincide to the direction defined by the most
unstable nearby manifold (SALI-0).

2D maps

Any two deviation vectors tend to coincide or become
opposite for ordered and chaotic orbits (SALI-0 with
different time rates for each case).
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2 equal Lyapunov exponents
FPU system H__qu +2£ (9, -9;) + Zﬁ(mﬂ'ﬂh) ]
Saité mode q, (1) = gy, (D=0 ¥,

e -1
! B (t}= ['3 qli-l(t} = 'q2j+1 (t) = q(t}: B 1:23- 2 -aT
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