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A quantitativetest is presentedto checkscalingandconvergenceof thecorrelationintegralandconsistencyof two different
algorithms.An applicationto two knownattractorsdemonstratesthat it allowsoneto judge fastandreliably the quality of a
conjecturedscalingbehaviouraboveall in thecaseofshortornoisydata.Resultsconcerningminimumdataamountandmaxi-
mumnoiselevel confirm earlierwork, thecrucialparameterconcerningdatalengthturns Out, however,to benotthenumberof
points,but thenumberofcyclesin phasespace(peaksin thetimeseries).

I. Introduction intermediatedimension(about2 and3.5), its effi-
ciency is demonstratedmainly for the caseof short

Correlationdimensionshavebeenusedto inves- or noisy datasets,wherethe convergencegetsworse
tigate whether a processis deterministic or not, andworse.As anasidewegive referenceplotsoftyp-
However,the lastyearsshowedthat thereis a need icalbehaviourofattractorsif theparameternoiseand
for criteriaof reliability of dimensionestimates.Er- datalength are varied. They show that the crucial
roneousdimensionscanhavetwo causes: measureof datalength is notthe numberof points,

On the onehand,thereis a mathematicalreason, but the numberof peaksin a time series.
A classof stochasticprocessesshowsa finite cone- We startwith reviewing two waysof calculating
lation dimension,such asfractionalBrownian mo- correlationdimensions.
tion [1]. Thismotionis approximatelya self-similar
randompath.Self-similaritylocally leadsto a finite
fractal dimensionof which correlationdimensionis 2. Two common ways to determine the correlation
a representative.The dimensionsare “erroneous” dimension
just in the sensethat they are not indicativeof de-
terministicbehaviour.Theiler [2] systematicallyin- Accordingto thetimedelaymethodof Takens[3],
vestigatestheseprocessesandproposesmethodsto the phasespaceis reconstructedfrom a givena time
identify them. series{X( t,) } ~ ~, yieldingthed-dimensionalvectors

On the otherhand,erroneousdimensionscanre- ~(t,). Differentkindsofdynamicalsystemsyielddif-
sult from statisticaleffects, in threeways: (i) The ferent kinds of limit sets in statespace,so-called
numberof availablepointsmight not be sufficient. attractors,distinguishableby the notion of dimen-
(ii) Theinfluenceof noiseis too severe.(iii) There sion. For a quasi-periodicmotion it is a torus. For
is an uncertaintyin identifying a linear scalingre- a deterministicchaoticprocessit generallyis a com-
gion of the logarithmof the correlationintegral. plicatedinvariant set of finite dimension.Finally, a

Thepresentinvestigationdealswith point (iii) in stochasticprocessis anerraticmovementandspans
this secondgroupof error sources.Wewill present a subsetof phasespacewhosedimensionequalsthe
a methodto determinethe reliability of the linear oneof thereconstructedstatespace— at leastin many
scalingregion in section3. Applying it in sections4 cases,comparehoweverthe fractional Brownian
and5 to two well-known examplesof attractorsof motion mentionedin the introduction.We resume
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two popular and easily workable definitions of 3. A measure of reliability of the “plateau”
dimension:

(A) The Grassberger—Procaccia(GP) method. In theGPalgorithm,D (2) isusuallydeterminedas
Grassbergerand Procaccia[4] define the correla- the linear scalingregion in a log~ (~)—loge rep-
tion integral resentation,the so-calledplateau.How to judge the

2 N quality of a plateau?The ideais to usethe proba-
~ (e) := urn ~ 8( �— I — I) , bilistic characterof the notions: ~ (�) is a distri-

N-rno N(N—1~~ butionof distancesk~(t)—~(t1)I,expectedto beof

the form ~~(2)~ By meansof a f-test it is quantita-
with the Heavisidefunction 9( ) and any vector lively possibleto comparetheempiricaldistribution
norm I. ThecorrelationdimensionD (2) isdefined C~

2~(c) with theconjecturedone �12(2) checkingby
via C~~,2>(c) ~ 12(2) fora largeenoughembeddingdi- that whether it is justified to assumea particular
mensiond. scalingof the correlationintegral.

(B) Maximumlikelihood (ML) estimateofcor- Scalingandconvergencetest.Assumea plateauin
relation dimensions [5,6]. The distances the rangey~~ � ~y~,suggestinga correlationdimen-
j~(t

1)—~(t~)areexpectedto havea probabilitydis- sion ~ Thenthe testproceedsas follows:
tribution �D(

2), with parameterD (2) This parameter (a) Divide the £-space (space of distances
canbecalculatedby meansof a maximumlikelihood ~(t,) — ~(t~) ) into classes,
estimate: Assumethe scaling law ~~2) to hold for [0, y~]~ (Yi �(2)] (�(2) ~(3)] (�(~nd_I) Y2]

Yi ~ ~ ~ y~.Themaximumlikelihood formalismyields (4)

n—K Thefirst classincludesthe distancessmallerthanYi.
D (2) = — ~ ln ( r,

1/y2)’ (2) (b) Calculate the frequencies of distances

where the n distancesr~:=max(I~(t1)_~(t~)I,~) I~(t1)—~(t~)~in these classes.Let n~ denotethe
arechosenat random,andKdenotesthenumberof “empirical” frequencyof distancesin the kth class,
distancesr2 equalto y~.Elmer [6] showsthat n cho- asit is given by the distribution C~

2~(e),and ~~thi)

sen as half of the length of the original time series the “theoretical” one in the sameclass,calculated
from e1~2):

yields reasonablyaccurateresults,n = ~ N.
(C) Intrinsic error estimateofcorrelation dimen- ~

4~e) := Z[C~
2~(�(~<))— C~,2~(�(k_I))]

sions. Often, the error of a regression in the
log C~2~(e)—loge representationistakento bethe er- ,

4th) — (�(k—I ))D(

2)] (5)
ror of the estimatedcorrelationdimension. How- Y2 I \ Y2

ever,this error is not an intrinsic one. An adequate where the normalization Z equals ~N(N—1)
error estimate,basedentirely on the probability >< c~2~
interpretationof the notions,is the following [6]: (c) The testquantityx2 is definedas
calculatingthe meanvalueandthe standarddevia-
tion of thedistribution ~12(2) andpropagatingthe er- (~~ — n ~th) 2

ror theGaussway intoD~2~yieldsan error4 ofD~2~ X:= ~~Ih) (6)
as

______________________ andexpectedto havea x2 distribution with m~
1—2

D(

2( D(2) 2D(2) degreesof freedom.To accepta scalingwe demandl.96D~2~~Ji +2 ln(r
0 )r0 —r0

4— D(

2) 12(2) 12(2) (3)
1 +ln(r~ )r

0 —r0 that x
2 satisfiesprob[x2~~2]~95%, plateauswith

a too low significanceare rejected.
with r

0:=y1/y2, andthe factor 1.96 stemmingfrom Comments.The usedvalueof D~
2~is estimated

adoptinga 5% confidenceinterval, as proposedby from a logC~2~(e) —logc representation.The values
Ellner. of e (k) in step (a) canbe thevaluesfor which the

distributionC~2~(�) hasanywaybeenevaluated.We
generallyused5 ~ m~

1~ 10.
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Thisanswersthe questionof goodnessof the scal- Glass equations)show that even in thesewell be-
ing fit and, by comparingdifferent embeddingdi- havedcasesthe f-test often fails, it doesnot ap-
mensions,of convergenceof the OPalgorithm. provethe— distinct— plateaus.Thismay partlyhave

Consistency.Wefurther demandthattheGPvalue numericalreasons,howevermoreimportantaretwo
of D (2) is reproducedby the ML algorithm,within theoreticalfindings:
the — meaningful— error 4 of the latter (eq. (3)). Badii andPoliti [7] andSmithet a!. [8] showthat
This is an intuitive and qualitative criterion. To for anylacunarset, i.e. a set with sparseregions,the
quantify it we usethroughoutthe upperf-test the scaling law �~2) cannothold anymorein a strict
valueD (2) calculatedthe ML way. As D (2) is esti- sense.It mustbereplacedby the moregeneralform
matedfrom thesamedataasthecorrelationintegral, (2) D(

2)

2 —~� yj(ln�/P), (7)
the usualdegreeof freedomof thex -testis still low-
eredby one,yieldingagainm~

1—2 degreesof freedom. with w beinganunknownperiodicfunctionwith pe-
Figure 1 showsawell-behavedcaseofconvergence nod 1: Therewill generallybe superimposedon the

of the GPalgorithmfor a time seriesgeneratedwith plateauan oscillationwith completelyunknownpe-
theMackey—Glassequations(seeeq.(11)). It yields riod andamplitude,bothdependingon the individ-
a significanceof 95% for the markedrange,the pla- ual structureof lacunarity.
teau is accepted.Going to smallerdatasets,or in- Furthermore,Smith [9] showedthata plateauwill
creasingthenoiselevel, thequalityof theplateaugets beskew, decreasingfromits truevalueat small radii
worse, and extendednumerical experimentswith r towardslargerradii. A phenomenoncausedby the
time seriesgeneratedby different equations(sine finite size of the attractor:Near the edge,a point is
wave,Lorenzequations,Rösslerequations,Mackey— surroundedby otherpoints only on one side.The
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Fig. 1. Accordingto theGrassberger—Procacciamethodtheslopeof thecorrelationintegral log C,~2>(o) againstlogo is plotted (seeeq.
(1)) for atime seriescalculatedfromtheMackey—Glassequation(eq. (11)). We used16000points,thetimeresolutiont waschosen
so that ~ 10,-hencethe numberof cyclesnsequals1600 (seeeq. (12)). Thereis a distinctly flat scaling regionfor intermediate
radiio, modulatedby anoscillationtowardssmallerradii,andby skewnesstowardslargerradii.
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probabilitydistribution for distances,~j~21, is there-
fore biased. X= — (Y+Z), Y=X+0.2Y,

The typical plateauin fig. 1 for the Mackey—Glass Z=0.2+Z(X— 5.7) (10)
systemclearlyshowsboth the abovedeviationfea-
tures.Thef-testis obviouslysensitiveenoughto de- (seeref. [10]). We solvedit by a Runge—Kuttaal-
tect theseoscillating and skew deviations from a gorithm andtookthe X-coordinateas a time series
wrongly assumedflat scaling region. We are wrong to analyze— fig. 2 showsa part of this time series.
if we expecta behaviour�~2). Wedo nothaveaccess — TheMackey—Glasssystem,whoseequationis of
to thetruevaluesof thedeviations,howeverwehave the delaytype andthereforeexisting in an infinite-
at leastthe intrinsic error 4 for the correlationdi- dimensionalspace(theactuallyuseddegreesoffree-
mension(eq. (3)). It seemsthereforereasonableto domcanbe lower, e.g. if an attractorexists):
adjustthef-test, allowing for deviationswithin the aX( t — r)
errorof thecorrelationdimension.We proposeto use X(t) = 1 + [x(t—rfl10 bX(t) . (11)

X~dapteci:= ‘~‘ max2[ In~— ~~th) —‘1k; 0] Wechoosea0.2, b=0.1.Fora studyof this system(8)
I n j~th) seeref. [4], whosemethodof solving the equation

is usedhere,convertingthe equationinto a system
insteadoff of eq. (6). ‘1k is the error of frequency of 600 differenceequations(for a time profile see
in the kth classfor the distribution ~D(2), due to the fig. 3).
errorA in D~2~(eq. (3)): Both systemswereanalyzedin a chaotic regime,

‘1k =Z{[(e (k))D(2) ln � (k)

1 2 usingsolutionsjust aftera certainamountof timeto
avoidtransientfeatures.Thereferencesvaluesofthe

+ [(e (k_i ))D(

2) ln � (k_I)] 2} 1/24 (9) correspondingcorrelation dimensionswere taken
from long time serieswith ten points percycle in

This allows a plateauto fluctuatebetweenDt2~—4 phasespace:16000 pointsyielded a dimensionof
andD (2)+4 andto bestill acknowledged.Careis to 3.49±0.17 for the Mackey—Glassattractor; 8000
be takenthat the frequenciesnj,th1) andnj,~°~are well pointsin the caseof the Rösslerattractorshoweda
abovethe theoreticallyallowedminimalvalueof 5. dimensionof 1.86±0.06 (the errorsare calculated
If theyare not, thetesthasa tendencytobecometoo via eq. (3), with r

0 estimatedfrom the GPproce-
tolerant,the deviationsfrom a plateauit allows for dureandD (2) from the ML procedure).
becomingtoo large.For small numbersof distances Theresultsarevisualizedin figs. 4aand4b for the
imply a largeerrorA (eq. (3)), andby that largetol- Rössler and the Mackey—Glass attractor, respec-
erances‘1k. In numericalexperiments,this hasproven tively. The calculationsweredonein an automatic
to bea veryadequatetool: Slightly oscillatingor skew way, the decisionwhetherthereis a plateauor not
plateausarestill approved.This is illustrated in the canbe left to thecomputer— a questionelsebecom-
next two sections. ing awkwardfor shorttime series.Theuserhasonly

to proposerangesYi <~ <Y2 of conjecturedplateaus
to theprocedure.Weimplementeda loop in orderto

4. Application I: the numberof points checkalwaysseveralpossibleregions.It turnedout,
however,that the procedureis just weakly depen-

We investigate two intermediately-high-dimen- dent on the finer details of the choiceof YI andY2.

sionalsystemsand,with themethodof theprevious Theplateauwidths arefound to be 3 ~ Y2/Y1 ~ 4 for
section,weaddresstwo problems:How manypoints the Rösslersystem, 2 ~ Y2/Y1 ~ 2.5 for the Mackey—
are necessaryto detecta correlationdimension,and Glasssystem. Figure 4 shows that the method re-
whatis the dependenceon the numberof pointsper produces the results of other practical inquiries
cycle in phasespace? showingthat N~1000 can deliver reliable,though

— The Rösslerattractor,which is the limit set of not very preciseresults — for dimensionsbetween
the three-dimensionalRösslersystem: about1 and7 [11—14].The scalingtestmaythere-
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Time t/T

Fig.2. Timeprofileof theX-coordinateof theRösslersystem.Thetime step~ is chosensothat~ r 20.

1.0 f ~‘~‘~l’ ~ 7
0.5 - ‘I ~ I I ~

0 200 400 600 800 1000
Time t/T

Fig. 3. Timeprofileofa solutionX(t) oftheMackey—Glasssystem.Thetimestept is chosensothat ~ 20.
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Fig. 4. Correlation dimension as a function of ns, the number of cycles, and oft,,, /T, the number of points per least cycle, (a) for the 

Rijssler system, (b) for the Mackey-Glass system. The true values are marked by arrows. 
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Fig. 5. Correlationdimensionasafunctionof ns, thenumberofcycles,andthevarianceaof Gaussiannoiseaddedto thetimeseries,for
theX-coordinateof theRösslersystem.Thetruevalueis markedby arrows.

fore beconsideredas a fast,easyto use,reliableand lowing way: Wetakeagainthe first minimumof the
automaticaid in estimatingcorrelationdimensions. autocorrelationasa definitionoftheautocorrelation
Notethat this limit N>~1000 is well abovethe one time tcorr. Thisprovidesa relativelyprecisemeasure
derivedfrom theoreticalargumentsin order to ob- of the averagelength of the shortestexisting tem-
servea plateauof width 2:N~2~2112[15,16]. poral structure(a peak-like featurein our cases),

Two remarksaside. (a) Many authorsagreethat leadingto thefastestcycle in thereconstructedphase
the numberof pointspercycle is well chosenwhen- space.If a time seriesconsistsofNpoints,the num-
ever 10 ~ t~0~/~ 20, with tcorr being the first mini- berof structuresn~canbe defined
mum of the autocorrelationfunction.This is nicely

fls~NT/tcorr. (12)
seenin figure 4, wherethedimensionfor r~/r~20
fluctuatestheleast (cf. also ref. [17]). (b) Regard- This quantity and tcorr/T, the numberof pointsper
ing the choiceof thetime delay& in thereconstruc- structure— cycle in phasespace— are the two ordi-
tion procedure:the choice ~t

001-ri r~dAt/r~t0~/t natesin fig. 4. Clearly,ns governsthe behaviour.At
yieldsa set which is maximally spread,without the ns= 50, theerror is smallerthan 10% for the Rössler
coordinatesof the singlevectorsbeing decorrelated. systemandthe dimensionofthe Mackey—Glasssys-
The experiencein our inquiry provesit to be ade- tem is recognizable.For bothattractors,the dimen-
quate.Albano et al. [18] madea systematicinquiry sionsare within 10%of the respectivetruevaluesas
(cf. also ref. [17]). soonas

An interestingnew finding is the following: The > 100 13
numberofpointsclearlyshowstobenotthedecisive
quantity.The quality of the plateaudependsmuch HavstadandEhlers [14] find in their numericalex-
moreon the numberofstructures,definedin the fol- perimentan evenlower limit for thenumberof points
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Fig. 6. Correlationdimensionasa functionof a,thevarianceof Gaussiannoiseaddedto atime serieswhichis generatedby theMackey—
Glasssystem.Thesameunitsareusedasin fig. 3. Its length is 4000 points,thetime resolutionr is chosensothat te,rr/r220 andthe
numberof cyclesn

5 200. Fora> 0.015thecorrelationintegraldid not convergeanymore.

necessary,usinga lot of carein selectingthe points nsif an intermediatenoise level is present(noiseto
on the attractor,however, signalratiobetween1%and10%). Figure 5 presents

The quantity n~is also a rough estimateof the theresultfor this attempt,wheretheaddednoiselevel
numberof independentpoints in phasespace,since isa=0, i= 0.1 anda=0.5.Thetimeserieshasaquite
tcorr is a measurefor the durationof dynamicalcor- well-defined averageamplitudeof about7 (seefig.
relation. From theoretical arguments,Smith [9] 2), sothatacorrespondsto a noiseto signalratio of
claimsthatthis numberofindependentpointsshould about0%, 1.5%and7%,respectively.Thedimension
fulfill n5~(5.5Y2/YI)’~

21 in orderthat thedimension estimatesare spreadaroundthe true value,with no
estimatehasanaccuracyof 10%.FortheRösslersys- systematicdeviationto beseen,and thefluctuations
tern (Y2/YI~3.5) this yields ns~250,and for the smallerthan 10%.
Mackey—Glass system ns~6500 (where Y2/Yl With theMackey—Glassattractorwe increasedthe
2.25).Bothnumbersare much higher thanour em- noise level for a fixed datalength to follow the way
pirically foundlimit of about 100. how the estimateddimensionchangesand finally

disappears.In fig. 6 is shownhow sensitiveto noise
this attractoris. Thereis atransitionzonefor thea’s,

5. Application II: the influence of noise wherethedimensionincreasesin a smoothwayfrom
its reasonablevalue to highervalues.At a=0.0175,

Weshow how themethodis abletorecognizepla- the correlation integral did not convergeanymore,
teausspoilt this timenot by shortness,but by noise, noise dominates.The noiseto signal ratio has no
Gaussiannoiseof differentvariancesawas addedto typical values, since the time seriesshows ampli-
the generatedtime series,in two situations: tudeson many quitedifferent scales.Foran average

With the Rösslerattractorwe looked at the van- amplitude of 0.1, the a=0.0175 correspondsto a
ationofthedimensionwith thenumberof structures noiselevel of 17.5%.At a noise level of about l0%,
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the deviationfrom the true valueof the dimension odsdemandthat the usedvectorsare choseninde-
gets largerthan 10%. pendently. Correlated vectors bias the estimate.

Therefore,thenumberof structureswill naturallyin-

fluence the quality of a dimensionestimatesmore
6. Conclusions than the numberof points in the time seriesdoes.

Smith [9] investigatesconditionson the numberof
A testof significanceof a powerlaw scalingregion independentvectors.Wefind thelimits he claimsto

of thecorrelationintegralis desiredto overcomethe be too high in the investigatedcases(section4).
somewhatsubjectivepartof the method:identifying Theimportanceof thenumberof structures,which
a plateau.A regressioninto the logC~2~(� ) —log� re- is related to the numberof independentpoints in
lationwould nothelpfor it isalwayspossibleandthe phasespace,shouldbe included in theoretical in-
errorsare not meaningful.A test is proposedhere quiries on the minimum numberof necessarydata
that usesthe probabilisticcharacterof the correla- points.
tion integral and determinesthe significanceof a
scalingbehaviourbyaf-test. Thatthetesthastobe
adaptedhasstrongtheoreticalreasons.The testis a Acknowledgement
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