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Diaforikèc Exis¸seic me Merikèc Parag¸gouc (DEMP)

• Poll� shmantik� episthmonik� probl mata sto q¸ro thc
fusik c perigr�fontai apì diaforikèc exis¸seic me merikèc
parag¸gouc (DEMP).
• Sun jwc to fusikì fainìmeno pou melet�me parist�netai apì
mia sun�rthsh perisotèrwn thc miac metablht¸n pou ikanopoieÐ
sugkekrimènh morf  exÐswshc.
• Ta perissìtera episthmonik�/fusik� probl mata m�lista
perigr�fontai apì diaforikèc exis¸seic twn opoÐwn h an¸terhc
t�xhc par�gwgoc eÐnai deÔterhc t�xhc.
• Gia par�deigma an ψ eÐnai mia sun�rthsh dÔo metablht¸n x kai
y tìte up�rqoun treÐc merikèc par�gwgoi thc deÔterhc t�xhc

∂2ψ

∂x2
,

∂2ψ

∂x∂y
,

∂2ψ

∂y2
(1)
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Diaforikèc Exis¸seic me Merikèc Parag¸gouc

Me b�sh tic timèc twn suntelest¸n twn parag¸gwn deÔterhc t�xhc
katat�soume tic diaforikèc exis¸seic me merikèc parag¸gouc se
elleiptikèc, parabolikèc, uperbolikèc. Mia DEMP dèuterhc
t�xhc eÐnai thc morf c

A
∂2ψ

∂x2
+ B

∂2ψ

∂x∂y
+ C

∂2ψ

∂y2
+ D

(
x , y , ψ,

∂ψ

∂x
,
∂ψ

∂x

)
= 0 (2)

An�loga me thn tim  thc posìthtac B2 − 4AC oi DEMP
katat�ssontai wc:

I Elleiptikèc, an B2 − 4AC < 0

I Parabolikèc, an B2 − 4AC = 0

I Uperbolikèc, an B2 − 4AC > 0

An oi suntelestèc A, B kai C eÐnai sunart seic twn x , y tìte eÐnai

dunatìn mia DEMP na �llazei �kathgorÐa� se di�forec perioqèc tou

pedÐou orismoÔ thc.
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Diaforikèc Exis¸seic me Merikèc Parag¸gouc

Duo klassikèc diaforikèc exis¸seic me merikèc parag¸gouc h
exÐswsh Laplace

∇2ψ = 0 (3)

kai h exÐswsh Poisson
∇2ψ = f (x , y) (4)

èqoun B = 0, A = C = 1, kai epomènwc eÐnai p�ntote elleiptikèc.
H kumatik  exÐswsh

∇2ψ − 1

c2

∂2ψ

∂t2
= 0 (5)

eÐnai klassik  perÐptwsh uperbolik c DEMP.
En¸ h exÐswsh thc jermìthtac

σ∇2ψ − ∂ψ

∂t
= 0 (6)

eÐnai qarakthristik  perÐptwsh parabolik c DEMP.

Gia thn epÐlush twn parap�nw problhm�twn apaitoÔntai kat' arq�c

oi kat�llhlec sunoriakèc sunj kec  /kai kat�llhlec arqikèc

sunj kec.
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Parabolikèc DEMP

Ja parousi�soume mia mèjodo analutik c epÐlushc miac 1D
parabolik c DEMP.
Estw h DEMP:

∂u

∂t
= α2 ∂

2u

∂x2
gia 0 ≤ x ≤ 1 kai 0 ≤ t <∞ (7)

me oriakèc sunj kec :

u(0, t) = 0, u(1, t) = 0 gia 0 ≤ t <∞ (8)

kai arqikèc sunj kec :

u(x , 0) = φ(x), gia 0 ≤ x ≤ 1 . (9)

Gia thn analutik  epÐlush ja jewr soume ìti h sun�rthsh u(t, x)
mporeÐ na grafeÐ wc ginìmeno dÔo sunart sewn h pr¸th ek twn
opoÐwn eÐna sun�rthsh mìno thc qronik c metablht c t kai h �llh
mìno thc qwrik c metablht c x , dhlad 

u(t, x) ≡ T (t) · X (x) (10)

Diaforikèc Exis¸seic me Merikèc Parag¸gouc



Parabolikèc DEMP

Antikajist¸ntac sthn exÐswsh (7) lamb�noume:

T ′(t)X (x) = a2T (t)X ′′(x) (11)

H parap�nw sqèsh mporeÐ na grafeÐ wc :

T ′(t)

α2T (t)
=

X ′′(x)

X (x)
= λ2 (12)

ìpou λ eÐnai mia stajer� analogÐac. Me autì ton trìpo èqoume
anag�gei thn arqik  parabolik  DEMP se dÔo kanonikèc diaforikèc
exis¸seic

T ′ − λ2α2T = 0 (13)

X ′′ − λ2X = 0 (14)

me profaneÐc lÔseic

T (t) = C e−λ2α2t (15)

X (x) = Ã sin(λx) + B̃ cos(λx) (16)
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Parabolikèc DEMP

H u(t, x) paÐrnei th morf :

u(t, x) = Ce−λ2α2t
[
Ã sin(λx) + B̃ cos(λx)

]
, (17)

profan¸c me antikat�stash C · Ã → A kai C · B̃ → B apaleÐfoume
th stajer� olokl rwshc C .
Oi enapomeÐnousec stajerèc olokl rwshc A kai B ja perioristoÔn
akìmh perissìtero me qr sh twn oriak¸n sunjhk¸n (8).
• H oriak  sunj kh u(0, t) = 0 sunep�getai ìti B = 0, �ra h lÔsh
gÐnetai:

u(t, x) = Ae−λ2α2t sin(λx) , (18)

• H deÔterh oriak  sunj kh u(1, t) = 0 sunep�getai ìti:

e−λ2α2t sin(λ) = 0 ⇒ sin(λ) = 0 (19)

me profaneÐc epitreptèc timèc gia th stajer� λ tic :

λ = ±π,±2π,±3π, . . . dhlad  λ = ±nπ gia n = ±1,±2, . . .
(20)

Diaforikèc Exis¸seic me Merikèc Parag¸gouc



Parabolikèc DEMP

• Epomènwc, ìlec oi sunart seic thc morf c :

un(t, x) = Ane
−(nπα)2t sin(nπx) gia n = ±1,±2, . . . (21)

apoteloÔn lÔseic thc DEMP (7), an kai oi stajerèc olokl rwshc An

ja prèpei na upologisjoÔn me qr sh thc sunj khc arqik¸n tim¸n (9).

• H genik  lÔsh ja eÐnai to �jroisma ìlwn twn lÔsewn thc morf c
(21), dhlad :

u(t, x) =
∞∑

n=1

Ane
−(nπα)2t sin(nπx) gia n = ±1,±2, . . . . (22)

• H sunj kh arqik  tim¸n (9), u(x , 0) = φ(x) odhgeÐ sth sqèsh

φ(x) =
∞∑

n=1

An sin(nπx) (23)
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Parabolikèc DEMP

Oi stajerèc An mporoÔn na upologisjoÔn wc sun�rthsh thc arqik c
sun�rthshc φ(x) an qrhsimopoi soume th sqèsh orjogwniìthtac

twn trigwnometrik¸n sunart sewn, dhlad ∫ 1

0

sin(nπx) sin(mπx)dx =

{
0, m 6= n
1/2, m = n

(24)

opìte an pollaplasi�soume thn (23) me sin(mπx) (ìpou m tuqaÐoc
akèraioc arijmìc) kai oloklhr¸soume me ìria olokl rwshc apì 0 wc
1 lamb�noume∫ 1

0

φ(x) sin(mπx)dx = Am

∫ 1

0

sin2(mπx)dx =
1

2
Am (25)

Epomènwc, oi stajerèc An ja upologÐzontai apì oloklhrwtikèc
sqèseic thc morf c

An = 2

∫ 1

0

φ(x) sin(nπx)dx (26)

kai profan¸c exart¸ntai kat� monadikì trìpo apì thn arqik 
morf  thc sun�rthshc φ(x).
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Uperbolikèc DEMP - 1D

• Ja parousi�soume mia analutik  mèjodo epÐlushc thc
monodi�stathc kumatik c exÐswshc

utt = c2uxx (27)

• H kumatik  exÐswsh aut  mporeÐ na eÐnai h exÐswsh tal�ntwshc
miac qord c, me th sun�rthsh u(t, x) na parist�nei thn apom�krunsh
apì th jèsh isoropÐac kai c thn taqÔthta di�doshc twn kum�twn.

• Ja jewr soume mia paktwmènh sta �kra qord , pou gia
aplìthta ja upojèsoume ìti èqei m koc ` = 1.
Dhlad  oi oriakèc sunj kec ja eÐnai

u(t, 0) = u(t, 1) = 0 gia t ≥ 0 (28)

kai oi arqikèc ja eÐnai

u(0, x) = φ(x) kai ut(0, x) = ψ(x) gia 0 ≤ x ≤ 1 . (29)
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Uperbolikèc DEMP - 1D

Ja qrhsimopoi soume thn teqnik  tou qwrismoÔ twn metablht¸n,
dhlad  ja gr�youme thn sun�rthsh u(t, x) wc

u(t, x) = T (t) · X (x) (30)

ìpou h T eÐnai sun�rthsh mìno tou qrìnou t kai h X sÔn�rthsh mìno
thc qwrik c metablht c x .
Opìte antikajist¸ntac sthn exÐswsh (27) èqoume:

T̈ · X = c2T · X ′′ (31)

an qwrÐsoume thn parap�nw exÐswsh kat�llhla

1

c2

T̈

T
=

X ′′

X
= λ2 ìpou λ = stajer� (32)

Epomènwc, katal goume se dÔo kanonikèc diaforÐkèc exis¸seic:

T̈ − λ2c2T = 0 (33)

X ′′ − λ2X = 0 (34)
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Uperbolikèc DEMP - 1D

H genik  lÔsh twn parap�nw exis¸sewn eÐnai:

T (t) = α1 cos(cλt) + α2 sin(cλt) (35)

X (x) = β1 cos(λx) + β2 sin(λx) (36)

me b�sh ìmwc thn oriak  sunj kh ìti u(t, 0) = u(t, 1) = 0 ja èqoume
ìti X (0) = X (1) = 0 pou shmaÐnei ìti :

X (0) = β1 = 0 (37)

X (1) = β2 sin(λ) = 0 (38)

Gia na ikanopoieÐtai h teleutaÐa exÐswsh, qwrÐc na odhgoÔmaste se
mia tetrimmènh lÔsh, ja prèpei na isqÔei

λ = nπ ìpou n = 0, 1, 2, . . . (39)

pou odhgeÐ se mia apeirÐa lÔsewn thc morf c

Xn(x) = β2 sin(nπx) . (40)
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Uperbolikèc DEMP - 1D

Me b�sh ta prohgoÔmena h lÔsh thc exÐswshc gia th sun�rthsh
T (t) gr�fetai wc

Tn(t) = α1,n cos(nπct) + α2,n sin(nπct) (41)

Opìte up�rqei èna �peiro sÔnolo lÔsewn thc kumatik c exÐswshc thc
morf c

un(t, x) = Tn(t) Xn(x) = [An cos(nπct) + Bn sin(nπct)] sin(nπx) (42)

ìpou An = α1,nβ2 kai Bn = α2,nβ2.
Gia na broÔme mia lÔsh pou ikanopoieÐ tic arqikèc sunj kec (29) ja
upojèsoume ìti h lÔsh dÐnetai apì thn upèrjesh twn �peirwn lÔsewn
(  kai enìc sunìlou aut¸n) dhlad  h lÔsh ja eÐnai thc morf c

u(t, x) =
∞∑

n=1

Tn(t) Xn(x)

=
∞∑

n=1

[An cos(nπct) + Bn sin(nπct)] sin(nπx) (43)
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Uperbolikèc DEMP - 1D

Apì thn pr¸th apì tic arqikèc sunj kec (29) pèrnoume:

u(0, x) =
∞∑

n=1

An sin(nπx) = φ(x) (44)

Oi stajerèc An mporoÔn na upologisjoÔn wc sun�rthsh thc arqik c
sun�rthshc φ(x) an qrhsimopoi soume th sqèsh orjogwniìthtac twn
trigwnometrik¸n sunart sewn, dhlad ∫ 1

0

sin(nπx) sin(mπx)dx =

{
0, m 6= n
1/2, m = n

(45)

opìte an pollaplasi�soume thn (44) me sin(mπx) (ìpou m tuqaÐoc
akèraioc arijmìc) kai oloklhr¸soume me ìria olokl rwshc apì 0 wc
1 lamb�noume∫ 1

0

φ(x) sin(mπx)dx = Am

∫ 1

0

sin2(mπx)dx =
1

2
Am (46)
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Epomènwc, oi stajerèc An ja upologÐzontai apì oloklhrwtikèc
sqèseic thc morf c

An = 2

∫ 1

0

φ(x) sin(nπx)dx (47)

kai profan¸c exart¸ntai kat� monadikì trìpo apì thn arqik 
morf  thc sun�rthshc φ(x).
Apo th qr sh thc 2hc arqik c sunj khc ja kajorÐsoume thn �llh
�gnwsth posìthta Bn, sugkekrimèna paragwgÐzontac ja p�roume:

ut = πc
∞∑

n=1

n [Bn cos(nπct)− An sin(nπct)] sin(nπx) (48)

pou gia t = 0 ja d¸sei:

ut(0, x) = πc
∞∑

n=1

nBn sin(nπx) = ψ(x) (49)

opìte ja eÐnai:

Bn =
2

nπ

∫ 1

0

ψ(x) sin(nπx)dx gia n = 1, 2, . . . (50)

kai h lÔsh thc exÐswshc eÐnai pl rwc kajorismènh.

Diaforikèc Exis¸seic me Merikèc Parag¸gouc



Uperbolikèc DEMP - 2D

H exÐswsh thc egk�rsiac kÐnhshc miac membr�nhc eÐnai:

∂2ζ

∂t2
= c2

(
∂2ζ

∂x2
+
∂2ζ

∂y2

)
(51)

c = (p/ρ)1/2: h taqÔthta di�doshc twn kum�twn sth membr�nh.
H exÐswsh (51) eÐnai deÔterhc t�xhc DEMP kai epomènwc ja prèpei
na orÐsoume arqikèc kai oriakèc sunj kec ètsi ¸ste na upologÐsoume
mia monadik  lÔsh.

• Ja melet soume mia kuklik  membr�nh me paktwmèna ta �kra
thc p.q. epif�neia enìc tump�nou se polikèc suntetagmènec:

∂2ζ

∂t2
= c2

[
1

r2

∂

∂r

(
r
∂ζ

∂r

)
+

1

r2

∂2ζ

∂φ2

]
(52)
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Uperbolikèc DEMP - 2D

Epeid  h membr�nh eÐnai paktwmènh sta �kra thc h oriak  sunj kh

ja eÐnai
ζ(r = R, φ, t) = 0. (53)

Gia eukolÐa ja upojèsoume ìti h aktÐna thc membr�nhc R = 1.
Epomènwc h oriak  sunj kh (53) ja grafeÐ wc:

ζ(r = 1, φ, t) = 0. (54)

Mia klassik  mèjodoc gia thn antimet¸pish tètoiou eÐdouc
problhm�twn eÐnai to an�ptugma se idiosunart seic. Ja
upojèsoume ìti h egk�rsia metatìpish ζ(r , φ, t) eÐnai dunatìn na
qwrisjeÐ se ginìmeno dÔo sunart sewn, mia ex aut¸n ja perigr�fei
th qronikì mèroc kai h �llh to qwrikì,

ζ(r , φ, t) = G (r , φ)D(t). (55)

An antikatast soume thn sqèsh (55) sthn exÐswsh (52) mporoÔme
na qwrÐsoume to qwrikì apì to qronikì tm ma thc exÐswshc

1

D

d2D(t)

dt2
= c2 1

G (r , φ)

[
1

r2

∂

∂r

(
r
∂G

∂r

)
+

1

r2

∂2G

∂φ2

]
= stajerì ≡ −ω2

(56)
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Uperbolikèc DEMP - 2D

• Epeid  to aristerì meroc thc exÐswshc eÐnai sun�rthsh mìno tou
qrìnou kai to dexiì mìno twn qwrik¸n suntetagmènwn, ja prèpei na
eÐnai stajerèc kai Ðsec me mÐa posìthta, pou onom�same −ω2.
• Epomènwc to prìblhma an�getai sth lÔsh twn parak�tw dÔo
exis¸sewn

d2D

dt2
= −ω2D (57)

1

r2

∂

∂r

(
r
∂G

∂r

)
+

1

r2

∂2G

∂φ2
= −ω

2

c2
G = −k2G (58)

ìpou k = ω/c eÐnai o kumat�rijmoc.
• Ja upojèsoume ìti h sun�rthsh G (r , φ) qwrÐzetai se dÔo
sunart seic. MÐa sun�rthsh thc aktinik c suntetagmènhc kai mÐa
thc gwniak c, dhlad  G (r , φ) = h(r)g(φ). Me antikat�stash sthn
(58) lamb�noume

r2

h

d2h

dr2
+

r

h

dh

dr
+ k2r2 = − 1

g

d2g

dφ2
= stajerì = m2 (59)
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Uperbolikèc DEMP - 2D

Epomènwc to prìblhma mac èqei anaqjeÐ sth lÔsh dÔo kanonik¸n
diaforik¸n exis¸sewn

d2g

dφ2
+ m2g = 0 (60)

d2h

dr2
+

1

r

dh

dr
+

(
k2 − m2

r2

)
h = 0 (61)

H exÐswsh (60) eÐnai mia kanonik  diaforik  exÐswsh pou perigr�fei
kanonik  tal�ntwsh, sth sugkekrimènh perÐptwsh gia thn gwniak 
suntetagmènh φ. H genik  lÔsh thc eÐnai

g(φ) = A sin(mφ) + B cos(mφ) (62)

H deÔterh exÐswsh, (61), an�getai sthn gnwst  exÐswsh Bessel an
jewr soume thn allag  metablht c x = kr .

h′′ +
1

x
h′ +

(
1− m2

x2

)
h = 0 (63)
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Uperbolikèc DEMP - 2D

H lÔsh thc exÐswshc (63) gia thn pallìmenh membr�nh eÐnai

h(x) = Jm(x) = Jm(kr) ìpou m = 0, 1, 2, ... (64)

ìpou Jm(x) eÐnai h sun�rthsh Bessel pr¸tou eÐdouc, pou sth
Mathematica dÐnetai apo th sun�rthsh BesselJ[m,x]. Se morf 
seir�c dÐnetai apo th sqèsh:

Jm(x) =
1

m!

(x

2

)m
[
1− 1

m + 1

(x

2

)2

+
1

(m + 1)(m + 2)

1

2!

(x

2

)4

− · · ·
]

=
∞∑
i=0

(−1)i

i ! Γ(m + i + 1)

(x

2

)m+2i

(65)

? ? ? Oi sunart seic Bessel upakoÔoun se nìmouc orjogwniìthtac

an�logouc me autoÔc twn poluwnÔmwn Legendre pou eÐnai gnwst�

apì thn Kbantomhqanik .
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Uperbolikèc DEMP - 2D

An isqÔei ìti oi Jm(kx) kai Jm(lx) (  oi par�gwgoi touc) mhdenÐzontai
sta shmeÐa a kai b tìte∫ b

a

Jm(kx)Jm(lx)xdx = 0 an k 6= l (66)

en¸∫ b

a

Jm(kx)Jm(lx)xdx =
x2

2
[J ′m(kx)]

2 |ba =
x2

2
[Jm+1(kx)]2 |ba an k = l

(67)

? ? ? Oi parap�nw sqèseic orjogwniìthtac qrhsimopoioÔntai

sun jwc gia ton upologismì twn suntelest¸n se anaptÔgmata

sunart sewn se seirèc sunart sewn Bessel.
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Uperbolikèc DEMP - 2D

Me thn qr sh thc Mathematica mporoÔme na dhmiourg soume th
grafik  par�stash twn sunar sewn Bessel. H entol  eÐnai:

Plot[Evaluate[Table[BesselJ[n,x],{n,0,2}]],{x,0,12},
PlotStyle
− >{{RGBColor[1,0,0]},{RGBColor[0,1,0]},{RGBColor[0,0,1]}}]

Sq ma: Grafik  par�stash twn sunart sewn Bessel J0(x), J1(x)
kai J2(x).
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Uperbolikèc DEMP - 2D

Epomènwc, h lÔsh thc exÐswshc (58) gr�fetai sth morf 

Gm(r , φ) = Jm(kr) [A sin(mφ) + B cos(mφ)] (68)

O deÐkthc m sth sun�rthsh Gm upodhl¸nei thn Ôparxh diaforetik¸n
lÔsewn gia tic di�forec timèc tou m.
Ewc t¸ra den qrhsimopoi same tic oriakèc sunj kec (54)   (55), pou
me b�sh to qwrismì thc sun�rthshc pou orÐsame gr�fetai

G (r = 1, φ) = h(r = 1) · g(φ) = 0 (69)

kai epomènwc

Jm(k) = 0. (70)

Epomènwc o upologismìc twn idiotim¸n k èqei anaqjeÐ sthn eÔresh
twn riz¸n thc exÐswshc (70) h kalÔtera twn riz¸n twn sunart sewn
Bessel.
H kat�llhlh entol  sth Mathematica eÐnai:
<< NumericalMath‘BesselZeros‘

BesselJZeros[k,m]
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Uperbolikèc DEMP - 2D

Einai gnwstì ìti oi sunart seic Bessel èqoun �peiro arijmì riz¸n,
epomènwc gia k�je tim  tou m prèpei na upologÐsoume èna �peiro
arijmì idiotim¸n k apo thn exÐswsh (70).
Ja akolouj soume thn ex c arÐjmhsh gia tic idiotimèc k, ja tic
gr�foume sth morf  km,n ìpou o deÐkthc n ja eÐnai h n-ost  rÐza thc
m sun�rthshc Bessel.
AntÐstoiqa ja arijmoÔme kai tic timèc tou ω = ck dhlad  ωm,n.
Merikèc qarakthristikèc timèc twn riz¸n twn sunart sewn Bessel
eÐnai:

J0(k) = 0 : k0,n ∼ 2.40, 5.52, 8.65

J1(k) = 0 : k1,n ∼ 3.83, 7.02, 10.17

J2(k) = 0 : k2,n ∼ 5.14, 8.42, 11.62
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Uperbolikèc DEMP - 2D

Ara oi qamhlìterec armonikèc suqnìthtec kai oi antÐstoiqec
idiosunart seic ja eÐnai:

k0,1 = 2.40 ω0,1 = 2.40c G0 ∼ J0(2.40r)

k1,1 = 3.83 ω1,1 = 3.83c G1 ∼ J1(3.83r) [A sin(φ) + B cos(φ)]

k2,1 = 5.14 ω2,1 = 5.14c G2 ∼ J2(5.14r) [A sin(2φ) + B cos(2φ)]

k0,2 = 5.52 ω0,2 = 5.52c G0 ∼ J0(5.52r)

H qronik� exart¸menh lÔsh thc exÐswshc (52) gia sugkekrimènec
timèc twn m kai n ja eÐnai:

ζm,n(r , φ, t) = Jm(km,nr) × [Am,n sin(mφ) + Bm,n cos(mφ)]

× [Γm,n sin(ωm,nt) + ∆m,n cos(ωm,nt)](71)

ìpou ωm,n = ckm,n.
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Uperbolikèc DEMP - 2D

Epeid  h exÐswsh (52) eÐnai mia grammik  exÐswsh kÐnhshc, h genik 
lÔsh ja eÐnai mia upèrjesh twn epimèrouc lÔsewn (71).
Opìte ajroÐzontac ¸c proc ta m kai n katal goume sthn

ζ(r , φ, t) =
∞∑

m=0

∞∑
n=0

Cm,nζm,n(r , φ, t) (72)

h se analutik  morf 

ζ(r , φ, t) =
∞∑

m,n=0

Km,nJm(km,nr) sin(mφ) [Γm,n sin(ωm,nt) + ∆m,n cos(ωm,nt)]

+
∞∑

m,n=0

Lm,nJm(km,nr) cos(mφ) [Γm,n sin(ωm,nt) + ∆m,n cos(ωm,nt)](73)

ìpou Km,n = Cm,nAm,n kai Lm,n = Cm,nBm,n.

Oi �gnwstec posìthtec sto an�ptugma (73) eÐnai oi (qronik�

anex�rthtoi) suntelestèc Km,nΓm,n, Km,n∆m,n, Lm,nΓm,n kai Lm,n∆m,n.
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Uperbolikèc DEMP - 2D

An qrhsimopoi soume kat�llhla tic arqikèc sunj kec mporoÔme na
upologÐsoume touc suntelestèc apo tic sqèseic:

Km,nΓm,n =
1

ωm,nπJm,n
[Im,n

2 Im,n
3 + Im,n

1 Im,n
4 ] (74)

Lm,nΓm,n =
1

ωm,nπJm,n
[Im,n

2 Im,n
5 + Im,n

1 Im,n
6 ] (75)

Km,n∆m,n =
1

πJm,n
Im,n
1 Im,n

3 (76)

Lm,n∆m,n =
1

πJm,n
Im,n
1 Im,n

5 (77)
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Opìte apaiteÐtai o upologismìc twn parak�tw oloklhrwm�twn:

Jm,n =

∫ 1

0

J2
m(km,nr)rdr (78)

Im,n
1 =

∫ 1

0

h1(r)Jm(km,nr)rdr (79)

Im,n
2 =

∫ 1

0

h2(r)Jm(km,nr)rdr (80)

Im,n
3 =

∫ 2π

0

g1(φ) sin(mφ)dφ (81)

Im,n
4 =

∫ 2π

0

g2(φ) sin(mφ)dφ (82)

Im,n
5 =

∫ 2π

0

g1(φ) cos(mφ)dφ (83)

Im,n
6 =

∫ 2π

0

g2(φ) cos(mφ)dφ (84)
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Pallìmenh Kuklik  Membr�nh

Sq ma: Kanonikèc morfèc tal�ntwshc mia kuklik c membr�nhc
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Pallìmenh Kuklik  Membr�nh

Ta basik� b mata sthn epÐlush tou probl matoc eÐnai:

1. O upologismìc twn riz¸n twn sunart sewn Bessel.

2. O upologismìc twn oloklhrwm�twn Im,n
i .

3. Tèloc gia praktikoÔc lìgouc den ja peril�boume �peirouc
ìrouc sto an�ptugma (73), all� antÐjeta èna peperasmèno
arijmì ìrwn an�loga me thn upologistik  isqÔ tou HU mac kai
thn mn mh RAM pou diajètei.
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PROBLHMATA

1. Na deÐxete (arijmhtik�) tic sqèseic orjogwniìthtac (66) kai
(67) me qr sh thc Mathematica.

2. Na gr�yete èna prìgramma pou na prosomoi�zei èna prìblhma
di�doshc jermìthtac me b�sh thn analutik  lÔsh pou
parousi�same.

3. Sth sunèqeia gr�yte èna prìgramma sth Mathematica pou na
k�nei prosomoÐwsh twn talant¸sewn mia paktwmènhc sta akra
qord c.

4. Grayte èna programma sth Mathematica pou me b�sh thn
parap�nw diadikasÐa na k�nei prosomoÐwsh twn talant¸sewn
thc membr�nhc.
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ELLEIPTIKES EXISWSEIS

H exÐswsh Poisson
∇2u(x , y , z) = f (x , y , z) (85)

eÐnai jemeli¸dhc DEMP gia polloÔc kl�douc thc Fusik c gia
par�deigma barÔthta, hlektromagnhtismì, melèthc thc ro c reust¸n
kok
Ja prospaj soume na melet soume analutik� thc lÔseic thc
qrhsimopoi¸ntac tic teqnikèc pou anaptÔxame gia �llouc tÔpouc
DEMP (parabolikèc, uperbolikèc).
Gia autoÔc touc tÔpouc DEMP h lÔsh kajorÐzetai apokleistik� apì
tic oriakèc sunj kec thc perioq c pou gÐnetai h melèth.
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ELLEIPTIKES EXISWSEIS

• Prìblhma Dirichlet: ed¸ kajorÐzoume tic timèc thc sun�rthshc u
sto sÔnoro thc perioq c melèthc. Gia par�deigma, jewreÐste to
prìblhma eÔreshc thc katanom c thc jermokrasÐac sto eswterikì
miac perioq c gia thn opoÐa eÐnai gnwst  h jermokrasÐa sto sÔnoro
thc.
• Prìblhma Neumann: ed¸ kajorÐzoume tic timèc thc sun�rthshc
∂u/∂n sto sÔnoro thc perioq c melèthc. Gia par�deigma, jewreÐste
to prìblhma eÔreshc thc suneqoÔc ro c (enèrgeiac, hlektronÐwn kok)
sto eswterikì miac perioq c gia thn opoÐa eÐnai gnwst  h ro 
(enèrgeiac, hlektronÐwn kok) sto sÔnoro thc.

Sq ma: (Arister�): Prìblhma Dirichlet me u(ρ, θ) = sin θ
(Dexi�): Prìblhma Neumann
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ELLEIPTIKES EXISWSEIS - 2D - Cartesian

Ja parousi�soume mia lÔsh thc exÐswshc Poisson me oriakèc
sunj kec Dirichlet se kartesianèc suntetagmènec.

∇2u = uxx + uyy = 0 (86)

Oriakèc sunj kec Dirichlet se tetr�gwno.

u(0, y) = u(1, y) = 0 0 ≤ y ≤ 1 (87)

u(x , 0) = 0 0 ≤ x ≤ 1 (88)

u(x , 1) = g(x) 0 ≤ x ≤ 1 (89)
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ELLEIPTIKES EXISWSEIS - 2D - Cartesian

ja k�noume thn upìjesh ìti h lÔsh mporeÐ na grafeÐ sth morf :

u(x , y) = X (x) · Y (y) (90)

opìte me anstikat�stash sthn exÐswsh Poisson (86) pèrnoume

X ′′(x)Y (y) + X (x)Y ′′(y) = 0 (91)

kai telik�

−X ′′(x)

X (x)
=

Y ′′(y)

Y (y)
= λ (92)

Opìte ja antimetwpÐsoume ta dÔo probl mata oriak¸n tim¸n pou

prokeÐptoun xeqwrist�.
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ELLEIPTIKES EXISWSEIS - 2D - Cartesian

I

X ′′(x) + λX (x) = 0 ìpou 0 < x < 1 kai X (0) = X (1) = 0 ,
(93)

to prìblhma autì èqei idiotimèc

λk = (kπ)2 , k = 1, 2, . . . , (94)

kai idiosunart seic

Xk(x) = sin(kπx) , k = 1, 2, . . . , (95)

I

Y ′′(y)− λY (y) = 0 ìpou 0 < y < 1 kai Y (0) = Y (1) = 0 ,
(96)

H genik  lÔsh thc (96) gia λ = β2, ja eÐnai ènac grammikìc
sunduasmìc thc eβy kai thc e−βy kai lìgw thc oriak c sunj khc
sto y = 0 h lÔsh ja eÐnai thc morf c

Y (y) = sinh(βy) (97)
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ELLEIPTIKES EXISWSEIS - 2D - Cartesian

Ara oi merikèc lÔseic ja èqoun th morf 

uk(x , y) = sin(kπx) · sinh(kπy) , k = 1, 2, . . . , (98)

kai h genik  lÔsh ja eÐnai ènac grammikìc sunduasmìc twn merik¸n
dhlad 

u(x , y) =
∞∑

k=1

ck sin(kπx) sinh(kπy) (99)

ìpou ta ck eÐnai aujaÐretoi pragmatikoÐ suntelestèc.
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ELLEIPTIKES EXISWSEIS - 2D - Cartesian

An l�boume up�oyh mac thn oriak  sunj kh pou dÐnetai apì th sqèsh
(89) kai upojèsoume ìti h g(x) epidèqetai èna an�ptugma Fourier se
hmÐtona, dhlad 

g(x) =
∞∑

k=1

gk sin(kπx) (100)

opìte oi suntelestèc Fourier gk ja eÐnai

gk = 2

∫ 1

0

g(x) sin(kπx)dx (101)

opìte apì thn oriak  sunj kh (89) gia y = 1 odhgoÔmaste sth
sqèsh:

ck = gk/ sinh(kπ) gia k = 1, 2, . . . (102)
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ELLEIPTIKES EXISWSEIS - 2D - Polar

Ja melet soume to eswterikì Dirichlet prìblhma gia dÐsko.

H exÐswsh Poisson gia dÐsko eÐnai:

∇2u ≡ urr +
1

r
ur +

1

r2
uθθ = 0 gia 0 < r < ρ (103)

Me oriak  sunj kh:

u(ρ, θ) = g(θ) gia 0 ≤ θ < 2π (104)

Ja prospaj soume na lÔsoume to prìblhma qrhsimopoi¸ntac thc

mèjodo tou qwrismoÔ twn metablht¸n.
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ELLEIPTIKES EXISWSEIS - 2D - Polar

Kat' arq�c ja upojèsoume ìti h sun�rthsh g(θ) eÐnai periodik  kai
epomènwc mporeÐ na grafeÐ me th morf  seir�c Fourier thc morf c:

g(θ) =
a0

2
+

∞∑
k=1

[ak cos(kθ) + bk sin(kθ)] , (105)

ìpou

ak =
1

π

∫ π

−π

g(φ) cos(kθ)dφ (106)

bk =
1

π

∫ π

−π

g(φ) sin(kθ)dφ (107)
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ELLEIPTIKES EXISWSEIS - 2D - Polar

Ja k�noume thn upìjesh ìti:

u(r , θ) = R(r) ·Θ(θ) , (108)

opìte h exÐswsh (103) ja grafeÐ wc:

R ′′Θ +
1

r
R ′Θ +

1

r2
RΘ′′ = 0 (109)

r2 R ′′

R
+ r

R ′

R
= −Θ′′

Θ
≡ λ (110)

ìpou to λ eÐnai anex�rthto apì ta r kai θ. Epomènwc katal goume
stic kanonikèc diaforikèc exis¸seic

Θ′′ + λΘ = 0 (111)

kai
r2R ′′ + rR ′ − λR = 0 (112)

Profan¸c, h sun�rthsh Θ prèpei na eÐnai 2π-periodik  wc prìc th
metablht  θ. Opìte sth DE (111) ja jèsoume th sunj kh:

Θ(−π) = Θ(π) kai Θ′(−π) = Θ′(π) (113)
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ELLEIPTIKES EXISWSEIS - 2D - Polar

Up' autèc tic sunj kec ja p�roume wc idiotimèc

λk = k2 gia k = 0, 1, 2, . . . (114)

me idiosunart seic

Θk(θ) = c1 cos(kφ) + c2 sin(kφ) gia k = 0, 1, 2, . . . (115)

ìpou ta c1 kai c2 eÐnai aujaÐretec stajerèc.

• H diaforik  exÐswsh (112) eÐnai gnwst  wc exÐswsh Euler kai
epidèqetai lÔseic thc morf c:

R(r) = rβ (116)

opìte antikajist¸ntac sthn (112) lamb�noume

β(β − 1)rβ + βrβ − k2rβ = 0 , (117)

pou odhgeÐ sth sqèsh:
β = ±k (118)
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ELLEIPTIKES EXISWSEIS - 2D - Polar

Opìte gia k ≥ 1 ja p�roume mia lÔsh pou ja eÐnai grammikìc
sunduasmìc twn r−k kai rk dhlad 

R(r) = c1r
k + c2r

−k (119)

En¸ gia k = λ = 0 h lÔsh ja eÐnai thc morf c:

R(r) = c1 ln(r) + c2 (120)

Epeid  oi lÔseic sto eswterikì thc perioq c ja prèpei na mhn èqoun
apeirismoÔc oi lÔseic thc morf c r−k kai ln(r) pou apeirÐzontai sto
r = 0 ja prèpei na aporrifjoÔn. Epomènwc h apodekt  lÔsh ja
prèpei na eÐnai thc morf c:

Rk(r) = c1r
k gia k = 0, 1, 2, . . . (121)
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ELLEIPTIKES EXISWSEIS - 2D - Polar

Opìte h genik  lÔsh ja eÐnai:

u(r , θ) =
ã0

2
+

∞∑
k=1

rk
(
ãk cos(kφ) + b̃k sin(kφ)

)
(122)

ìpou ãk kai b̃k eÐnai stajerèc pou ja prèpei na upologisjoÔn apì
thn oriak  sunj kh u(ρ, θ) = g(θ). Me b�sh tic exis¸seic (105),
(106) kai (107) brÐskoume ìti:

ãk = akρ
−k kai b̃k = bkρ

−k (123)
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ELLEIPTIKES EXISWSEIS - PROBLHMATA

I Poi� eÐnai h lÔsh tou eswterikoÔ probl matoc Dirichlet

urr +
1

r
ur +

1

r2
uθθ = 0 0 < r < 1

gia tic parak�tw sunoriakèc sunj kec:

1. u(1, θ) = 1 + sin(θ) + 1
2 cos θ

2. u(1, θ) = 2
3. u(1, θ) = sin θ
4. u(1, θ) = sin 3θ

Poi� eÐnai h morf  thc lÔshc (grafik�);

I Poi� eÐnai h lÔsh tou eswterikoÔ probl matoc Dirichlet

urr +
1

r
ur +

1

r2
uθθ = 0 0 < r < 2

me sunoriak  sunj kh u(2, θ) = sin θ. Poi� eÐnai h morf  thc
lÔshc (grafik�);

I Poi� ja  tan h lÔsh tou prohgoÔmenou probl matoc an �llaze
h oriak  sunj kh se u(2, θ) = sin(2θ) kai poi� eÐnai h morf  thc
lÔshc (grafik�);

Diaforikèc Exis¸seic me Merikèc Parag¸gouc


