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EpÐlush mh-grammik¸n exis¸sewn

To sÔnhjec prìblhma eÐnai h eÔresh miac tim c r tètoiac ¸ste gia th
sun�rthsh f (x) ìpou x ∈ (a, b) na isqÔei

f (r) = 0 (1)

H tupik  arijmhtik  diadikasÐa an�getai sthn eÔresh miac
anadromik c sqèshc thc morf c:

xn+1 = σ (xn) (2)

pou ja d¸sei mia akoloujÐa tim¸n x0, x1, . . . , xκ, . . . to ìrio thc
opoÐac gia κ →∞ ja eÐnai mi� rÐza thc exÐswshc (1).
Gia k�je tètoia mèjodo kaloÔmaste na apant soume ta ex c
erwt mata:

I K�tw apo poièc sunj kec ja sugklÐnei

I An sugklÐnei, tìte pìso gr gora

I Poi� eÐnai mia arqik  �swst � prìbleyh gia to x0.
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Mèjodoc thc Diqotìmhshc (Bolzano)

Ac xekin soume �y�qnontac � gia tic rÐzec thc exÐswshc:

f (x) = 2 sin(x)− x2 − e−x = 0 (3)

tìte an x1 = 0 kai x2 = 1 ja p�roume f (x1 = 0) = −1 kai
f (x2 = 1) = 0.31506

I x3 = (x0 + x1)/2 = 0.5 → f (0.5) = 0.1023

I x4 = (x0 + x3)/2 = 0.25 → f (0.25) = −0.1732

I x5 = (x4 + x3)/2 = 0.375 → f (0.375) = −0.0954

I x6 = (x5 + x3)/2 = 0.4375 → f (0.4375) = 0.0103

I x7 = (x5 + x6)/2 = 0.40625 →
f (0.40625) = −0.0408

I ...

I xn = r1 ≈ 0.4310378790

kai profan¸c h rÐza ja eÐnai : r2 = 1.279762546.
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Mèjodoc thc Diqotìmhshc II

Ean up�rqei mia rÐza sto di�sthma [a0, b0], tìte f (a0) · f (b0) < 0.
An µ0 = (a0 + b0)/2, ja isqÔei:

I (I) eÐte f (µ0) · f (a0) < 0

I (II) eÐte f (µ0) · f (b0) < 0

I (III) eÐte f (µ0) = 0 .

An isqÔei h perÐptwsh (III), tìte h
rÐza èqei brejeÐ. Alloi¸c, orÐzoume wc
nèo di�sthma to

[a1, b1] =

 [µ0, b0] an (II )

[a0, µ0] an (I )
(4)
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Mèjodoc thc Diqotìmhshc III

REPEAT
SET x3 = (x1 + x2)/2
IF f (x3) · f (x1) < 0

SET x2 = x3

ELSE
SET x1 = x3

ENDIF
UNTIL (|x1 − x2| < E ) OR f (x3) = 0

PÐnakac: DiadikasÐa eÔreshc thc rÐzac miac mh-grammik c exÐswshc
qrhsimopoi¸ntac th mèjodo thc diqotìmhshc
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Mèjodoc thc Diqotìmhshc IV

KRITIKH

I Arg  sÔgklish

I Problhmatik  ìtan up�rqoun asunèqeiec

SFALMA : To sf�lma orÐzetai wc: εn = |r − xn|. Gia aut  th
mèjodo ja isqÔei:

εn ≤
1

2
|an − bn| (5)

kai se k�je b ma to sf�lma ja eÐnai to misì ap�oti sto
prohgoÔmeno b ma

εn+1 =
εn

2
=

εn−1

22
= · · · = ε0

2n+1
(6)

an to zhtoÔmeno eÐnai èna sf�lma E tìte mporoÔme na upologÐsoume
ton arijmì twn epanal yewn pou apaitoÔntai:

n = log2

ε0

E
(7)
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Grammik  Prosèggish I

An upojèsoume ìti h sun�rthsh eÐnai � sqedìn grammik � sto
di�sthma (x1, x2) ìpou f (x1) kai f (x2) èqoun antÐjeta prìshma. Tìte
apo ta shmeÐa (x1, f (x1)) kai (x2, f (x2)) dièrqetai mia eujeÐa gramm 
pou perigr�fetai apì thn exÐswsh

y (x) = f (x1) +
f (x1)− f (x2)

x1 − x2
(x − x1) (8)

H eujeÐa aut  tèmnei ton �xona Ox èstw sto shmeÐo x3 to opoÐo ja
dÐnetai apì thn exÐswsh

x3 =
x2f (x1)− x1f (x2)

f (x1)− f (x2)
= x2 −

f (x2)

f (x2)− f (x1)
(x2 − x1) (9)

Dhlad  antikajistoÔme thn sun�rthsh me mia eujeÐa kai upojètoume
ìti to shmeÐo sto opoÐo h eujeÐa tèmnei ton �xona Ox eÐnai mia
proseggistik  tim  thc rÐzac thc exÐswshc.

To nèo shmeÐo x3 ja qrhsimopoihjeÐ gia thn eÔresh miac kalÔterhc

prosèggishc sthn rÐza r .
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Grammik  Prosèggish II

Mia pijan  diadikasÐa epilog c twn nè¸n
shmeÐwn eÐnai h akìloujh:

I (I) An f (x1) · f (x3) < 0 ⇒ x2 = x3

I (II) An f (x2) · f (x3) < 0 ⇒ x1 = x3

I (III) An f (x3) = 0

Anadromik  sqèsh:

xn+2 = xn+1−
f (xn+1)

f (xn+1)− f (xn)
(xn+1 − xn) .

(10)
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Grammik  Prosèggish : 1oc Algìrijmoc

An upojèsoume ìti up�rqei mia rÐza sto di�sthma (x1, x2)
REPEAT

SET x3 = x2 − f (x2) · x2−x1

f (x2)−f (x1)

IF f (x3) · f (x1) < 0
SET x2 = x3

ELSE
SET x1 = x3

ENDIF
UNTIL |f (x3)| < E

PROBLHMA: BreÐte th rÐza thc exÐswshc (3) me èna sf�lma

E ≈ 10−6.
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Grammik  Prosèggish : 2oc Algìrijmoc

E�n h rÐza den up�rqei sto di�sthma (x1, x2)
REPEAT

SET x3 = x2 − f (x2) · x2−x1

f (x2)−f (x1)

IF |f (x1)| < |f (x2) |
SET x2 = x3

ELSE
SET x1 = x3

ENDIF
UNTIL |f (x3)| < E
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Grammik  Prosèggish : SÔgklish

An ξ eÐnai mia rÐza thc exÐswshc f (x) = 0 kai εn = |ξ − xn| eÐnai to
sf�lma gia x = xn, tìte h sÔgklish thc mejìdou thc grammik c
paembol c ja dÐnetai apì th sqèsh

εn+1 = k · ε1.618
n (11)

APODEIXH : An upojèsoume ìti xn = ξ + εn tìte

f (xn) = f (ξ + εn) = f (ξ) + εnf
′ (ξ) +

ε2
n

2
f ′′ (ξ) (12)

opìte h sqèsh

xn+2 = xn+1 −
f (xn+1)

f (xn+1)− f (xn)
(xn+1 − xn) (13)

ja grafeÐ wc

ξ+εn+2 = ξ+εn+1−
εn+1f

′ (ξ) + ε2
n+1f

′′ (ξ)/2

f ′ (ξ) (εn+1 − εn) + 1
2 f ′′ (ξ)

(
ε2
n+1 − ε2

n

) ·(εn+1 − εn)
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pou odhgeÐ sthn:

εn+2 ≈ εn+1

[
1−

(
1− εn

2

f ′′ (ξ)

f ′(ξ)

)]
= εn+1εn

f ′′ (ξ)

2f ′ (ξ)

all� emeÐc endiaferìmaste gia mia sqèsh thc morf c εn+1 = k · εm
n

opìte :

εn+1 = k · εm
n

εn+2 = k · εm
n+1

}
⇒ k · εm

n+1 = εn+1εn

(
f ′′(ξ)

2f ′(ξ)

)

εn+1 =

(
1

k

) 1
m−1

ε
1

m−1
n A

1
m−1 ìpou A =

f ′′(ξ)

2f ′(ξ)
(14)

k · εm
n =

(
A

k

) 1
m−1

ε
1

m−1
n

∣∣∣∣∣∣∣ ⇒
k =

(
A
k

)1/(m−1)

m = 1
m−1 ⇒ m2 −m − 1 = 0

m =
1±

√
5

2
= 1.618 kai km = A =

f ′′ (ξ)

2f ′ (ξ)

εn+1 = k · ε1.618
n (15)
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H mèjodoc xn+1 = g(xn)

Anadiat�xte mia dojeÐsa m -grammik  exÐswsh f (x) = 0, thc opoÐac
zhtoÔme thn arijhtik  tim  thc rÐzac sth morf  xn+1 = g (xn). Gia
par�deigma, h exÐswsh f (x) = 2 sin(x)− x2 − e−x = 0 na grafeÐ pq
¸c

x =
√

2 sin(x)− e−x   xn+1 =
√

2 sin(xn)− e−xn (16)

opìte epidi¸koume th sÔgklish thc akoloujÐac
lim

n→∞
xn = r (n = 1, 2, 3, . . . )
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JEWRHMA: An oi sunart seic g(x) kai g ′(x) eÐnai suneqeÐc s�ena
di�sthma perÐ th rÐza r thc exiswshc x = g(x), kai an |g ′(x)| < 1 gia
k�je x s�utì to di�sthma, tìte h anadromik  sqèsh xn+1 = g(xn)
(n = 1, 2, 3, . . . ) ja sugklÐnei sth tim  x = r , efìson h arqik  epilog 
x1 brÐsketai sto di�sthma.
• PARATHRHSH : Aut  eÐnai anagkaÐa sunj kh mìno, diìti up�rqoun
peript¸seic ìpou sÔgklish epitugq�netai akìmh kai qwrÐc thn
ikanopoÐhsh ìlwn twn parap�nw sunjhk¸n.
• Se èna prìgramma h ikanopoÐsh thc parap�nw proupìjeshc
exet�zetai mèsw thc sunj khc |x3 − x2| < |x2 − x1|

ERROR Met� apì n to sf�lma ja eÐnai: εn = r − xn

εn+1 = r − xn+1 = g (r)− g(xn) = g ′(r)(r − xn) = g ′ (r) εn

Dhlad  grammik  sÔgklish.
H taqÔthta sÔgklishc beti¸netai ìso mikrìterh eÐnai h tim  thc
|g ′(x)| sto upo melèth di�sthma.
An h par�gwgoc èqei arnhtikì prìshmo tìte paarathroÔme mia
�talantoÔmenh sÔgklish�.
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Mèjodoc xn+1 = g(xn) : Par�deigma

Na brejeÐ h rÐza thc exÐswshc f (x) = x + ln(x) sto di�sthma [0.1, 1].

Ja dokim�soume na melet soume to prìblhma qrhsimopoi¸ntac
diaforetikèc morfèc graf c thc anadromik c sqèshc:

I xn+1 = − ln(xn) all� |g ′(x)| =
∣∣ 1
x

∣∣ ≥ 1 on [0.1, 1] : mh sÔgklish.

I xn+1 = e−xn opìte |y ′(x)| = |e−x | ≤ e−0.1 ≈ 0.9 < 1 : sÔgklish.

I mia �llh graf  eÐnai: xn+1 = (xn + e−xn)/2 then
|g ′(x)| = 1

2 |1− e−x | ≤ 1
2 |1− e−1| = 0.316 : kalÔterh sÔgklish.

I telik� xn+1 = xn+2e−xn

3
opìte|g ′(x)| = 1

3 |1− 2e−x | ≤ 1
3 |1− 2e−1| = 0.03 : akìmh

kalÔterh sÔgklish.

Epomènwc h profan c epilog  eÐnai:

xn+1 =
xn + 2e−xn

3
.
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H epit�qunsh Aitken

An mia mèjodoc sugklÐnei grammik� (p.q. εn+1 = g ′(r)εn) tìte to
telikì apotèlesma mporeÐ na �beltiwjeÐ� qwrÐc na qrhsimopoihjoÔn
pollèc epanal yeic.
To sf�lma εn thc mejìdou xn+1 = g ′(xn) met� apì n epanal yeic
eÐnai:

r − xn+1 ≈ g ′(r)(r − xn)

en¸ met� apì n + 1 epanal yeic ja eÐnai:

r − xn+2 ≈ g ′(r)(r − xn+1)

Opìte diair¸ntac kat� mèlh lamb�noume :

r − xn+1

r − xn+2
=

g ′(r)(r − xn)

g ′(r)(r − xn+1)

Tèloc epilÔontac thn parap�nw sqèsh wc proc r lamb�noume:

r = xn −
(xn − xn−1)

2

xn − 2xn−1 + xn−2
(17)

Aut  h sqèsh dÐnei mia shmantik  beltÐwsh sthn telik  tim  thc rÐzac
¸c sun�rthsh 3 prohgoumènwn tim¸n.
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H mèjodoc Newton-Raphson

Ean plhsÐon mia rÐzac r thc exÐswshc f (x) = 0 h 1h kai h 2h
par�gwgoc thc f (x) eÐnai suneqeÐc tìte mporoÔme na anaptÔxoume
teqnikèc eÔreshc riz¸n pou eÐnai taqÔterec apì ìsec mejìdouc
parousi�sjhkan wc t¸ra.

Ac upojèsoume ìti met� apì n epanal yeic èqoume
odhghjeÐ se mia tim  xn+1 = r pou eÐnai rÐza thc
exÐswshc en¸ up�rqei mia �kontin � tim  xn tètoia
¸ste: xn+1 = xn + εn. Tìte ja isqÔei:

f (xn+1) = f (xn + εn)

= f (xn) + εnf
′ (xn) +

ε2
n

2
f ′′ (xn) + · · ·

All� epeid  f (xn+1) = 0 → 0 = f (xn) + εnf
′ (xn)

katal goume sth sqèsh :

εn = − f (xn)

f ′(xn)
→ xn+1 = xn −

f (xn)

f ′(xn)
(18)
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H mèjodoc Newton-Raphson: SÔgklish I

An r eÐnai mia rÐza thc f (x) = 0. Tìte ja isqÔei: xn = r + εn kai
xn+1 = r + εn+1, epomènwc:

r + εn+1 = r + εn −
f (r + εn)

f ′ (r + εn)
= r + εn −

f (r) + εnf
′ (r) + 1

2ε2
nf
′′ (r)

f ′ (r) + εnf ′′ (r)

all� epeid  f (r) = 0 kai

1

1 + εf ′′(r)/f ′(r)
≈ 1− εn

f ′′(r)

f ′(r)

odhgoÔmaste sthn parak�tw sqèsh:

εn+1 = − f ′′ (r)

2f ′ (r)
· ε2

n (19)

PARATHRHSH: H sÔgklish eÐnai tetragwnik 
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H mèjodoc Newton-Raphson: SÔgklish II

Enac �lloc trìpoc upologismoÔ thc taqÔthtac sÔgklishc thc
mejìdou Newton-Raphson (18) mporeÐ na anaptuqjeÐ me b�sh th
mèjodo xn+1 = g(xn) h opoÐa sugklÐnei an |g ′(x)| < 1 . Ed¸ jètoume:

g(x) = x − f (x)

f ′(x)
⇒ g ′(x) =

f (x)f ′′(x)

[f ′(x)]2
(20)

epeid  de εn = xn − r = g(xn)− g(r) lamb�noume

g(xn) = g(r + εn) = g(r) + g ′(r)εn +
g ′′(ξ)

2
ε2
n (21)

= g(r) +
g ′′(ξ)

2
ε2
n , ξ ∈ [r , xn] (22)

Pou odhgeÐ sth sqèsh (19):

g(xn)− g(r) =
g ′′(ξ)

2
ε2
n ⇒ xn+1 − r ≡ εn+1 =

g ′′(ξ)

2
ε2
n (23)
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H mèjodoc Newton-Raphson: Algìrijmoc

COMPUTE f (x1), f ′(x1)
SET x2 = x1

IF (f (x1) 6= 0) END (f ′(x1) 6= 0)
REPEAT

SET x2 = x1

SET x1 = x1 − f (x1)/f ′(x1)
UNTIL (|x1 − x2| < E ) OR (|f (x2)| < E ′)
ENDIF

PARADEIGMA : UpologÐste proseggistik� thn tetragwnik  rÐza
enìc arÐjmoc a.

f (x) = x2 − a kai f ′(x) = 2x

Opìte

xn+1 = xn −
x2
n − a

2xn
  kalÔtera xn+1 =

1

2

(
xn +

a

xn

)
. (24)
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Mèjodoc Halley

Sta prohgoÔmena eÐqame upouèsei ìti εn = xn+1 − xn, opìte

f (xn+1) = f (xn + εn) = f (xn) + εnf
′ (xn) +

ε2
n

2
f ′′ (xn) + . . .

f (xn) + εn

[
f ′ (xn) +

εn

2
f ′′ (xn)

]
= 0

εn = − f (xn)

f ′ (xn) + εn

2 f ′′ (xn)
  εn ≈ −

f (xn)

f ′ (xn)

xn+1 = xn −
f (xn)

f ′ (xn)− f ′′(xn)·f (xn)
2f ′(xn)

= xn −
2f (xn) f ′ (xn)

2f ′2 (xn)− f ′′ (xn) f (xn)
(25)

Profan¸c �n jèsoume f ′′(xn) = 0 anagìmaste sthn mèjodo

Newton-Raphson.
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Mèjodoc Halley - SÔgklish

Me th mèjodo tou Halley epitugq�noume kubik  sÔgklish:

εn+1 = −

[
1

6

f ′′′ (ξ)

f ′ (ξ)
− 1

4

(
f ′′ (ξ)

f ′ (ξ)

)2
]
· ε3

n (26)

PARADEIGMA: H tetragwnik  rÐza enìc arijmoÔ Q (ed¸ Q = 9) me
th mèjodo tou Halley idÐnetai apì th sqèsh (sugkrÐnete me thn
exÐswsh (24):

xn+1 =
x3
n + 3xnQ

3x2
n + Q

(27)

Newton Sf�lma Halley Sf�lma

x0=15 ε0 = 12 x0=15 ε0 = 12
x1=7.8 ε1 = 4.8 x1=5.526 ε1 = 2.5
x2=4.477 ε2 = 1.477 x2=3.16024 ε2 = 0.16
x3=3.2436 ε3 = 0.243 x3=3.00011 ε3 = 1.05× 10−4

x4=3.0092 ε4 = 9.15×10−3 x4=3.0000000... ε4 = 3.24× 10−14
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H mèjodoc tou Newton : Pollaplèc rÐzec

An f (x) = (x − r)mq(x) ìpou m eÐnai h pollaplìthta thc rÐzac r
tìte:

f ′(x) = (x − r)m−1 [mq(x) + (x − r)q′(x)]

dhlad  f (r) = 0 and f ′(r) = 0. Epomènwc o lìgoc [f (x)/f ′(x)]x→r ja
apoklÐnei.
Gia thn upèrbash autoÔ tou probl matoc dhmiourgoÔme th sun�rthsh

φ(x) =
f (x)

f ′(x)
=

(x − r)q(x)

mq(x) + (x − r)q′(x)

h opoÐa profan¸c èqei thn r wc rÐza pollaplìthtac m = 1 opìte h
anadromik  sqèsh gr�fetai wc:

xn+1 = xn −
φ(xn)

φ′(xn)
= xn −

f (xn)/f ′(xn)

{[f ′(xn)]2 − f (xn)f ′′(xn)} /[f ′(xn)]2

= xn −
f (xn) f ′(xn)

[f ′(xn)]2 − f (xn)f ′′(xn)
(28)

H sÔgklish t¸ra eÐnai tetragwnik  giat  efarmìsame th mèjodo

Newton-Raphson ìqi sth sun�rthsh f (x) all� sthn φ(x) = 0 thc

opoÐac h tim  r eÐnai apl  rÐza.
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H mèjodoc tou Newton : Pollaplèc rÐzec

Na brejoÔn oi pollaplèc rÐzec thc f (x) = x4 − 4x2 + 4 = 0
(r =

√
2 = 1.414213...).

• H tupik  Newton-Raphson dÐnei :

xn+1 = xn −
x2
n − 2

4xn
(A)

• H tropopoihmènh Newton-Raphson dÐnei:

xn+1 = xn −
(x2

n − 2)xn

x2
n + 2

(B).

x (A) SFALMA (A) (B) SFALMA (B)

x0 1.5 8.6×10−2 1.5 8.6×10−2

x1 1.458333333 4.4×10−2 1.411764706 -2.4×10−3

x2 1.436607143 2.2×10−2 1.414211439 -2.1×10−6

x3 1.425497619 1.1×10−2 1.414213562 -1.6×10−12
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Melèth thc SÔgklishc

Ja sugkrÐnoume thn taqÔthta thc grammik c kai tetragwnik c
sÔgklishc gia tic mejìdouc Diqotìmhshc kai Newton-Raphson
• An prìkeite gia grammik  sÔgklish tìte èqoume:

lim
n→∞

|εn+1|
|εn|

= a ⇒ |εn| ≈ a|εn−1| ≈ a2|εn−2| ≈ ... ≈ an|ε0|

opìte lÔnontac thn exÐswsh wc proc n odhgoÔmaste se mia sqèsh
pou dÐnei twn arijmì twn epanal yewn, n, pou apaitoÔntai gia thn
epÐteuxh miac dojeÐshc akrÐbeiac |εn|:

n ≈ log10 |εn| − log10 |ε0|
log10 |a|

(29)

• Analìga ìtan h sÔgklish eÐnai tetragwnik  lamb�noume:

lim
n→∞

|ε̃n+1|
|ε̃n|2

= b ⇒ |ε̃n| ≈ b|ε̃n−1|2 ≈ b3|ε̃n−2|4 ≈ ... ≈ b2n+1−1|ε̃0|2
n+1
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kai epilÔontac thn wc proc n gia dojeÐsa tim  thc akrÐbeiac |εn|
lamb�noume:

2n+1 ≈ log10 |ε̃n|+ log10 |b|
log10 |ε̃0|+ log10 |b|

(30)

An se k�poio prìblhma zht�me ton arijmì twn epanal yewn n gia
na epitÔqoume sf�lma mikrìtero tou 10−6 dhlad  εn ≤ 10−6 me èna
arqikì sf�lma stghn pr¸th epan�lhyh, èstw ε0 = 0.5 kai gia
a = b = 0.7 tìte h sqèsh (29) dÐnei:

n ≈ log10 |10−6| − log10 |0.5|
log10 |0.7|

≈ 37 epanal yeic

En¸ gia tic Ðdiec sunj kec h tetragwnik  sÔgklish dÐnei:

2n+1 ≈ log10 |10−6|+ log10 |0.7|
log10 |0.5|+ log10 |0.7|

≈ 13.5

dhlad  o telikìc arijmìc twn epanal yewn eÐnai mìno 3.
H diafor� gÐnetai akìmh piì shmantik  an apait soume akìmh
megalÔterh akrÐbeia p.q. εn ≤ 10−14 tìte h mèjodoc thc diqotìmhshc
apaiteÐ 89 epanal yeic ènw h mèjodoc Newton-Raphson apaiteÐ mìno
4.
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Mh-grammik� sust mata exis¸sewn

Ja parousi�soume dÔo mejìdouc gia thn epÐlush susthm�twn
mh-grammik¸n exis¸sewn pou basÐzontai se mejìdouc pou
anaptÔqjhkan stic prohgoÔmenec enìthtec.

Ena par�deigma dÔo tètoiwn
exis¸sewn eÐnai:

f (x , y) = ex − 3y − 1

(31)

g(x , y) = x2 + y2 − 4

eÐnai profanèc ìti oi exis¸seic
f (x , y) = 0 kai g(x , y) = 0
perigr�foun kampÔlec sto epÐpedo
xy ìpwc sto diplanì sq ma.
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H mèjodoc Newton gia dÔo exis¸seic

Ja anaptÔxoume mia mèjodo proseggistik c epÐlushc sust matoc
dÔo mh-grammik¸n exis¸sewn h opoÐa eÔkola ja mporeÐ na epektajeÐ
kai se sust mata n mh-grammik¸n exis¸sewn. Ac jewr soume tic
exis¸seic

f (x , y) = 0 , kai g (x , y) = 0

kai èstw met� apì n + 1 epanal yeic h mèjodoc sugklÐnei sth lÔsh
(xn+1, yn+1) dhlad  eÐnai f (xn+1, yn+1) ≈ 0 kai g(xn+1, yn+1) ≈ 0.
Opìte me thn upìjesh ìti xn+1 = xn + εn kai yn+1 = yn + δn jewroÔme
èna an�ptugma Taylor perÐ th lÔsh, dhlad 

0 ≈ f (xn+1, yn+1) = f (xn+εn, yn+δn) ≈ f (xn, yn)+εn

(
∂f

∂x

)
n

+δn

(
∂f

∂y

)
n

0 ≈ g(xn+1, yn+1) = g(xn+εn, yn+δn) ≈ g(xn, yn)+εn

(
∂g

∂x

)
n

+δn

(
∂g

∂y

)
n
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LÔnontac to prohgoÔmeno sÔsthma wc proc εn kai δn lamb�noume :

εn =
−f ∂g

∂y + g ∂f
∂y

∂f
∂x

∂g
∂y −

∂g
∂x

∂f
∂y

kai δn =
−g ∂f

∂x + f ∂g
∂x

∂f
∂x

∂g
∂y −

∂g
∂x

∂f
∂y

(32)

All� epeid  xn+1 = xn + εn kai yn+1 = yn + δn odhgoÔmaste stic
parak�tw sqèseic pou eÐnai epèktash thc mejìdou Newton-Raphson:

xn+1 = xn −
(

f · gy − g · fy
fx · gy − gx · fy

)
n

(33)

yn+1 = yn −
(

g · fx − f · gx

fx · gy − gx · fy

)
n

(34)
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H mèjodoc Newton gia N mh-grammikèc exis¸seic

An jewr soume to sÔsthma twn parak�tw N mh-grammik¸n
exis¸sewn

f1(x
1, x2, ..., xN) = 0

...
...

fN(x1, x2, ..., xN) = 0

me N agn¸stouc (x1, x2, ..., xN). An jewr soume mia lÔsh tou
sust matoc, èstw thn (x1

n+1, x
2
n+1, ..., x

N
n+1) gia thn opoÐa upojètoume

ìti isqÔei
x1
n+1 = x1

n + ∆x1
n

...
...

xN
n+1 = xN

n + ∆xN
n

RÐzec mh-grammik¸n exis¸sewn



Tìte mporoÔme na dhmiourg soume èna an�ptugma thc morf c:

0 ∼= f1(x
1
n+1, ..., x

N
n+1) = f1(x

1
n + ∆x1

n , ..., xN
n + ∆xN

n )

≈ f1 +
∂f1
∂x1

∆x1
n + ... +

∂f1
∂xN

∆xN
n

...
... (35)

0 ∼= fN(x1
n+1, ..., x

N
n+1) = fN(x1

n + ∆x1
n , ..., xN

n + ∆xN
n )

≈ fN +
∂fN
∂x1

∆x1
n + ... +

∂fN
∂xN

∆xN
n

Opìte oi posìthtec ∆x i
n ja eÐnai lÔseic tou parak�tw grammikoÔ

sust matoc


∂f1
∂x1

∂f1
∂x2 · · · ∂f1

∂xN

...
...

∂fN
∂x1

∂fN
∂x2 · · · ∂fN

∂xN

 ·


∆x1

n

...

∆xN
n


= −


f1

...

fN

 (36)
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Opìte xekin¸ntac me N arqikèc timèc (x1
0 , x2

0 , ..., xN
0 ) apì th lÔsh tou

parap�nw sust matoc mporoÔme na upologÐsoume tic posìthtec
∆x i

n pou odhgoÔn stic �nèes� timèc (x1
1 , x2

1 , ..., xN
1 ) mèsw twn sqèsewn:

x1
1 = x1

0 + ∆x1
0

...
... (37)

xN
1 = xN

0 + ∆xN
0

Aut  h diadikasÐa suneqÐzetai èwc ìtou upologisjeÐ mia lÔsh me th

zhtoÔmenh akrÐbeia. Dhlad  max |∆x i
n| < E .
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Mèjodoi tou tÔpou x = g(x)

Ac jewr soume èna sÔsthma apo N mh-grammikèc exis¸seic me N
agn¸stouc :

f1 (x1, x2, . . . , xN) = 0

...
... (38)

fN (x1, x2, . . . , xN) = 0

To sÔsthma mporeÐ na grafei sth morf :

x1 = F1 (x1, x2, . . . , xN)

...
... (39)

xN = FN (x1, x2, . . . , xN)

PRWTH PROSEGGISH:

DÐnoume mia N-�da arqik¸n tim¸n (x1, . . . , xN)0 sto dexiì mèloc twn
parap�nw exis¸sewn kai brÐskoume mia nèa N-�da tim¸n
(x1, . . . , xN)1.
Epanalamb�noume th diadikasÐa wc thn proseggistik  eÔresh lÔshc
me th zhtoÔmenh akrÐbeia.
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BELTIWMENH PROSEGGISH:

DÐnoume N arqikèc timèc (x1, . . . , xN)0 sto dexiì mèloc thc 1hc apì tic
exis¸seic (39) kai brÐskoume mia nèa � diorjwmènh� tim  thn (x1)1.
Sth sunèqeia sto dexiì mèloc thc 2hc exÐswshc antikajistoÔme thn
akìloujh N-�da tim¸n (x1)1, (x2, . . . , xN)0 kai brÐskoume mia nèa �
diorjwmènh� tim  thn (x2)1.
SuneqÐzoume sthn 3h exÐswsh antikajist¸ntac tic timèc (x1, x2)1,
(x3, . . . , xN)0 kok.

SUGKLISH: To sÔsthma xi = Fi (x1, x2, . . . , xN) ìpou i = 1, . . . ,N ja
sugklÐnei se mia lÔsh, an sthn perioq  aut c thc lÔshc ikanopoieÐtai
to parak�tw krit rio:∣∣∣∣∂F1

∂x1

∣∣∣∣ +

∣∣∣∣∂F1

∂x2

∣∣∣∣ + · · ·+
∣∣∣∣ ∂F1

∂xN

∣∣∣∣ < 1

...
... (40)∣∣∣∣∂FN

∂x1

∣∣∣∣ +

∣∣∣∣∂FN

∂x2

∣∣∣∣ + · · ·+
∣∣∣∣∂FN

∂xN

∣∣∣∣ < 1
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Mèjodoc tÔpou x = g(x) : PARADEIGMA

To m -grammikì sÔsthma exis¸sewn

x2 + y2 = 4 and ex − 3y = 1

me akribeÐc lÔseÐc (1.5595,1.2522) kai (-1.9793,-0.2873) mporeÐ na
grafeÐ sth morf :

xn+1 = −
√

4− y2
n kai yn+1 =

1

3
(exn − 1)

An epilèxoume wc arqikèc (−1, 0), dhmiourgoÔme thn parak�tw
akoloujÐa tim¸n

n 0 1 2 3 4 5

x -1 -2 -1.9884 -1.9791 -1.9792 -1.9793

y 0 -0.2107 -0.2882 -0.2877 -0.2873 -0.2873

kai met� apo 5 epanal yeic proseggÐzoume tic akribeÐc lÔseic.
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An qrhsimopoi soume thn beltiwmènh mèjodo tìte ta apotelèsmata
eÐnai:

n 0 1 2 3

x -1 -2 -1.9791 -1.9793

y 0 -0.2882 -0.2873 -0.2873

dhlad  h Ðdia akrÐbeia epitugq�netai me mìno 3 epanal yeic.
Gia na broÔme th 2h lÔsh tou sust matoc dhmiourgoÔme mia
parallag  tou prohgoÔmenou anadromikoÔ sq matoc

xn+1 =
√

4− y2
n kai yn+1 =

1

3
(exn − 1)

Estw ìti oi arqikèc mac timèc eÐnai polÔ konta stic akribeÐc lÔseic
p.q. x0 = 1.5 kai y0 = 1 ta apotelèsmata eÐnai :

n 0 1 2 3 4 5

x 1.5 1.7321 1.2630 1.8126 1.0394 1.9050

y 1 1.5507 0.8453 1.7087 0.6092 1.9064

ParathroÔme ìti apokleÐnoume apo tic akribeÐc lÔseic kai o lìgoc
eÐnai ìti ta krit ria sÔgklishc den ikanopoioÔntai sthn perioq 
aut c thc lÔshc.
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An dokim�soume thn parak�tw graf  thc anadromik c sqèshc

yn+1 =
√

4− x2
n

xn+1 = ln(1 + 3yn)

brÐskoume met� apì merikèc epanal yeic 2h lÔsh.
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PROBLHMATA

1. BreÐte tic idiotimèc λ gia tic opoÐec h DE y ′′ + λ2y = 0
ikanopoieÐ tic oriakèc sunj kec y(0) = 0 kai y(1) = y ′(1).

2. BreÐte proseggistik� ton antÐstrofo enìc arijmoÔ qwrÐc th
qr sh diaÐreshc

3. An a eÐnai ènac pragmatikìc arijmìc upologÐste proseggistik�
thn posìthta 1/

√
a.

4. BreÐte th rÐza thc ex − sin(x) = 0 (r = −3.183063012). An to
arqikì di�sthma eÐnai [−4,−3] upologÐste ton arijmì twn
epanal yewn pou apaitoÔntai me th mèjodo thc diqotìmhshc
gia thn eÔresh thc rÐzac me akrÐbeia 4 dekadik¸n dhlad 
|xn − r | < 0.00005.

5. Epanal�bete hn parap�nw diadikasÐa qrhsimopoi¸ntac tic
mejìdouc thc grammik c parembol c kai Newton-Raphson.
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1. LÔste to parak�tw sÔsthma mh-grammik¸n exis¸sewn

ex − y = 0 kai xy − ex = 0

me th qr sh kai twn dÔo gnwst¸n mejìdwn kai upologÐste thn
taqÔthta sÔgklishc

2. Estw to parak�tw sÔsthma mh-grammik¸n exis¸sewn

f1(x , y) = x2 + y2 − 2 = 0, kai f2(x , y) = xy − 1 = 0 .

me profaneÐc lÔseic tic (1, 1) kai (−1,−1). Exet�ste tic
duskolÐec pou dhmiourgoÔntai an qrhsimopoi sete th mèjodo
Newton.
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