
EpÐlush Grammik¸n Susthm�twn Exis¸sewn

15 AprilÐou 2010

EpÐlush Grammik¸n Susthm�twn Exis¸sewn



Eisagwg 

O tÔpie twn problhm�twn pou kaloÔmaste na epilÔsoume eÐnai:

I Na epilujeÐ to sÔsthma: A · x = B, ìpou

A =


a11 · · · · · · a1N

a12 a2N

...
...

a1N · · · · · · aNN

 x =


x1

x2

...
xN

 B =


b1

b2

...
bN


I Na brejeÐ o A−1 (antÐstrofoc pÐnakac)

I Na brejeÐ h orÐzousa tou pÐnaka A

I Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐnaka A
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H Mèjodoc tou Gauss

Ac prospaj soume na lÔsoume to grammikì sÔsthma: A · x = B me
det (A) 6= 0.

a11x1 + a12x2 + a13x3 + ... + a1NxN = b1

a21x1 + a22x2 + a23x3 + ... + a2NxN = b2

... (1)

aN1x1 + aN2x2 + aN3x3 + ... + aNNxN = bN

Ja prospaj soume na to metatrèyoume se èna trigwnikì grammikì

sÔsthma. H diadikasÐa èqei wc akoloÔjwc:
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H Mèjodoc tou Gauss

BHMA 1

Pollaplasi�ste thn 1h exÐswsh me a21/a11 kai afairèste thn apì th
2h. OmoÐwc pollaplasi�ste thn 1h exÐswsh me a31/a11 ki afairèste
thn apì thn 3h kok.

a11x1 + a12x2 + a13x3 + · · ·+ a1NxN = b1

0 + a
(1)
22 x2 + a

(1)
23 x3 + · · ·+ a

(1)
2NxN = b

(1)
2

...
... (2)

0 + a
(1)
N2x2 + a

(1)
N3x3 + · · ·+ a

(1)
NNxN = b

(1)
N

ìpou èqoume orÐsei:

a
(1)
22 =

a12a21

a11
− a22

. kok
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H Mèjodoc tou Gauss

BHMA 2 H 1h gramm  kai h 1h st la ja parameÐnoun wc èqoun kai

ja pollaplasi�soume thn 2h exÐswsh me a
(1)
32 /a

(1)
22 kai ja thn

afairèsoume apì th 3h kok. Opìte met� apì n − 1 an�logec pr�xeic
ja l�boume:

a11x1 + a12x2 + a13x3 + · · ·+ a1NxN = b1

0 + a
(1)
22 x2 + a

(1)
23 x3 + · · ·+ a

(1)
2NxN = b

(1)
2

0 + 0 + a
(2)
33 x3 + · · ·+ a

(2)
3NxN = b

(2)
3

...
... (3)

0 + 0 + a
(2)
N3x3 + · · ·+ a

(2)
NNxN = b

(2)
N

`Opou èqoume jèsei:

a
(2)
33 =

a
(1)
32 a

(1)
33

a
(1)
22

− a
(1)
33

kok.
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Met� apì N − 1 parìmoia b mata ja katal xoume sto
�nw-trigwnikì sÔsthma:

a11x1 + a12x2 + a13x3 + · · ·+ a1NxN = b1

a
(1)
22 x2 + a

(1)
23 x3 + · · ·+ a

(1)
2NxN = b

(1)
2

a
(2)
33 x3 + · · ·+ a

(2)
3NxN = b

(2)
3

... (4)

0 + 0 + · · ·+ a
(N−1)
NN xN = b

(N−1)
N

I Gia th Nst  exÐswsh tou parap�nw sust matoc (5)
lamb�noume :

xN =
b

(N−1)
N

a
(N−1)
NN

gia a
(N−1)
NN 6= 0 (5)

I Oi upìloipec timèc ja upologisjoÔn apì thn epanallhptik 
diadikasÐa:

xi =

b
(i−1)
i −

N∑
k=i+1

a
(i−1)
ik xk

a
(i−1)
ii

gia a
(i−1)
ii 6= 0 (6)

O arijmìc twn pr�xewn pou apaitoÔntai eÐnai: (4N3 + 9N2 − 7N)/6.
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OrÐzousa

An o pÐnakac A èqei metasqhmatisjei se �nw-trigwnikì   diag¸nio
tìte h orÐzousa ja upologisjeÐ apì th sqèsh:

detA = a11 · a22 · a33 · · · aNN =
N∏

i=1

aii (7)
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Od ghsh (Pivoting)

ORISMOS: To stoiqeÐo aii sth jèsh (i , i) pou qrhsimopoi jhke gia
gia thn apaleif  tou xi stic seirèc i + 1, i + 2, ... ,N onomazetai
i-ostì stoiqeÐo od ghshc kai h i-ost  gramm  onom�zetai gramm 
od ghshc.

• Od ghsh gia apofug  a
(i)
ii = 0 : An a

(i)
ii = 0, h gramm  i den

mporeÐ na qrhsimopoihjeÐ gia thn apaloif  twn stoiqeÐwn thc
st lhec i k�tw apì th diag¸nio. EÐnai anagkeÐo na brejeÐ mia

gramm  j , me a
(i)
ji 6= 0 kai j > i wste na gÐnei enallag  thc gramm c i

kai j ¸ste na l�boume èna mh-mhdenikì stoiqeÐo od ghshc.
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Od ghsh (Pivoting)

• Od ghsh gia meÐwsh sf�lmatoc: An up�rqei parap�nw apì
ena stoiqeÐo sth st lh i pou brÐsketai epÐ  k�tw apì th diag¸nio,
up�rqei dunatìthta epilog c thc st lhc pou prèpei na enallageÐ.

Epeid  o HU ekteleÐ pr�xeic me periorismèno arijmì yhfÐwn eÐnai
pijanìn h eisagwg  enìc mikroÔ sf�lmatoc k�je for� pou ekteleÐtai
mia arijmhtik  pr�xh.
Opìte ja prèpei na elègqontai ìla ta stoiqeÐa sth st lh i pou
brÐskontai k�tw apì th diag¸nio, gia na entopisjeÐ mia st lh j sthn
opoÐa to stoiqeÐo èqei thn megalÔterh apìluth tim .
Dhlad  |aji | = max{|aii |, |ai+1 i |, . . . , |aN−1 i |, |aN i |}, kai sth sunèqeia
na enallageÐ h gramm  i me thn gramm  j an j > i .
Sun jwc ìtan to stoiqeÐo od ghshc eÐnai meg�lo èqei wc apotèlesma
th di�dosh mikrìterou arijmhtikoÔ sf�lmatoc.
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Od ghsh : Par�deigma

Ac upojèsoume ìti met� apì èna arijmì pr�xewn oi teleutaÐec 2
exis¸seic enìc �nw-trigwnikoÔ sust matoc N × N eÐnai:

0xN−1 + xN = 1 kai 2xN−1 + xN = 3

H profan c lÔsh eÐnai: xN−1 = xN = 1. All� h ��jroish� arijmhtik¸n
sfalm�twn sto sÔsthma ja to èqei fèrei sth morf :

εxN−1 + xN = 1 kai 2xN−1 + xN = 3 ⇒

εxN−1 + xN = 1 kai (1− 2/ε) xN = 3− 2/ε ⇒

xN =
3− 2/ε

1− 2/ε
≈ 1 swstì, all� xN−1 =

1− xN

ε
!

Dhlad , to xN−1 dÐnetai wc o lìgoc 2 mikr¸n posot twn kai h

akrÐbeia q�netai. Sth sunèqeia aut  h problhmatik  lÔsh ja

qrhsimopoihjeÐ gia ton upologismì tou xN−2, . . . , x1 me katastrofik�

apotelèsmata.
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Od ghsh : Par�deigma

Me od ghsh, to sÔsthma ja grafeÐ wc:

2xN−1 + xN = 3 kai εxN−1 + xN = 1

kai sth sunèqeia wc:

2xN−1 + xN = 3 kai (1− ε/2) xN = 1− 3ε/2

opìte xN ≈ 1.0 kai xN−1 = 3−xN

2 ≈ 1.0 .
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H mèjodoc Gauss - Jordan

Prìkeite gia parallag  thc mejìdou Gauss
Ed¸ antÐ na metasqhmatÐzoume to sÔsthma se èna �nw-trigwnikì to
metsqhmatÐzoume se diag¸nio opìte h lÔsh dÐnetai �mesa.
H mèdodoc akoloujeÐ thn diadikasÐa pou parousi�same sth mèjodo
Gauss all� par�llhla apaleÐfoume kai ta �nw thc diagwnÐou
stoiqeÐa.
Dhlad , met� to 1o b ma thc mejìdou Gauss pollaplasi�zoume th

2h exÐswsh me a12/a
(1)
22 kai thn afairoÔme apì thn 1h.

Etsi to sÔsthma gÐnetai:

a11x1 + 0 + a
(2)
13 x3 + . . . + a

(2)
1NxN = b

(2)
1

0 + a
(1)
22 x2 + a

(1)
23 x3 + . . . + a

(1)
2NxN = b

(1)
2

0 + 0 + a
(2)
33 x3 + . . . + a

(2)
3NxN = b

(2)
3

... (8)

0 + 0 + a
(2)
N3x3 + . . . + a

(2)
NNxN = b

(2)
N

Sto epìmeno b ma apaleÐfoume touc ìrouc a
(2)
13 kai a

(1)
23 .
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H mèjodoc Gauss - Jordan

Met� apì N parìmoia b mata odhgoÔmaste sto sÔsthma:

a11x1 = b
(N−1)
1

a
(1)
22 x2 = b

(N−1)
2

... (9)

a
(N−1)
NN xN = b

(N−1)
N

me profan  telik  lÔsh:

xi =
b

(N−1)
i

a
(i−1)
ii

. (10)
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H mèjodoc Jacobi (epanallhptik )

Prìkeite gia genÐkeush thc mejìdou x = g (x) pou parousi�sjhke sto
prohgoÔmeno kef�laio.
An upojèsoume to akìloujo sÔsthma N grammik¸n exis¸sewn

f1(x1, x2, ..., xN) = 0

f2(x1, x2, ..., xN) = 0

..... (11)

fn(x1, x2, ..., xN) = 0

to opoÐo mporeÐ eÔkola na grafeÐ wc:

x1 = g1(x2, x3, ..., xN)

x2 = g2(x1, x3, ..., xN)

... (12)

xN = gN(x1, x2, ..., xN−1)

  sthn sumpag  morf :

xi =
bi

aii
− 1

aii

N∑
j=1 , j 6=i

aijxj (13)
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H mèjodoc Jacobi (epanallhptik )

An d¸soume N arqikèc timèc x
(0)
1 , x

(0)
2 , . . . , x

(0)
N , mporoÔme na

dhmiourg soume thn anadromik  sqèsh

x
(k+1)
i = gi (x

(k)
1 , ..., x

(k)
N ) . (14)

pou sugklÐnei sth lÔsh tou sust matoc an:

|aii | >
N∑

j=1 , j 6=i

|aij | (15)

aneq�rthta apì thn epilog  twn arqik¸n tim¸n x
(0)
1 , x

(0)
2 , . . . , x

(0)
N .

H anadromik  sqèsh mporeÐ na grafeÐ se sumpag  morf  wc:

x(k+1) = D−1B−D−1Cx(k)

ìpou A = D + C kai o pÐnakac D perikleÐei mìno ta diag¸nia
stoiqeÐa tou A en¸ o pÐnakac C ìla ta upìloipa.
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H mèjodoc Jacobi: Par�deigma

4x − y + z = 7

4x − 8y + z = −21

−2x + y + 5z = 15

me lÔseic x = 2, y = 4, z = 3

MporoÔme na dhmiourg soume tic parak�tw anadromikèc sqèseic:

x (k+1) =
7 + y (k) − z (k)

4
, y (k+1) =

21 + 4x (k) + z (k)

8

z (k+1) =
15 + 2x (k) − y (k)

5

An upojèsoume tic arqikèc timèc (1, 2, 2) lamb�noume thn parak�tw
akoloujÐa proseggistik¸n lÔsewn:

(1, 2, 2) → (1.75, 3.375, 3) → (1.844, 3.875, 3.025)

→ (1.963, 3.925, 2.963) → (1.991, 3.977, 3.0)

→ (1.994, 3.995, 3.001) → · · ·

Dhlad  met� apì 5 epanal yeic èqoume breÐ th lÔsh me akrÐbeia 3
dekadik¸n yhfÐwn.
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H mèjodoc Gauss - Seidel

Prìkeite gia parallag  thc mejìdou Jacobi. Ac xekin soume me mia

arqik  upojetik  lÔsh x
(0)
i . Katìpin epeid  apì thn 1h exÐswsh

upologÐzoume to x
(1)
1 ja qrhsimopoi soume sth 2h exÐswsh tic

dokimastikèc timèc (x
(1)
1 , x

(0)
2 , x

(0)
3 , ..., x

(0)
N ) gia ton upologismì tou x

(1)
2 .

Sth sunèqeia qrhsimopoioÔme tic dokimastikèc timèc

(x
(1)
1 , x

(1)
2 , x

(0)
3 , ..., x

(0)
N ) gia ton upologismì tou x

(1)
3 kok.

H morf  thc anadromik c sqèshc ja eÐnai:

x
(k+1)
1 =

1

a11

b1 −
N∑

j=2

a1jx
(k)
j


x

(k+1)
2 =

1

a22

b2 − a21x
(k+1)
1 −

N∑
j=3

?2jx
(k)
j


· · ·

x
(k+1)
i =

1

aii

bi −
i−1∑
j=1

aijx
(k+1)
j −

N∑
j=i+1

aijx
(k)
j

 (16)
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H mèjodoc Gauss - Seidel

H mèjodoc ja sugklÐnei �n:

|aii | >
N∑

j=1 , j 6=i

|aij | i = 1, 2, . . . ,N (17)

H diadikasÐa aut  se pÐo sumpag  morf  ja grafeÐ wc:

x(k+1) = D−1
(
B − Lx(k+1) −Ux(k)

)
(18)

ìpou
A = L

lower
+ D

diagonal
+ U

upper
.

O pÐnakac L perièqei ta stoiqeÐa k�tw apì th diag¸nio tou pÐnaka

A, o pÐnakac D mìno ta stoiqeÐa thc diagwnÐou tou A kai o pÐnakc U

ta uper�nw thc diagwnÐou stoiqeÐa tou A.
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H mèjodoc Gauss - Seidel: Par�deigma

H anadromik  sqèsh gia to par�deigma thc mejìdou Jacobi
paramènei   Ðdia

x (k+1) =
7 + y (k) − z (k)

4

y (k+1) =
21 + 4x (k) + z (k)

8

z (k+1) =
15 + 2x (k) − y (k)

5

all� me efarmog  thc mejìdou twn Gauss - Seidel lamb�noume thn
parak�tw akoloujÐa proseggistik¸n lÔsewn:

(1, 2, 2) → (1.75, 3.75, 2, 95)

→ (1.95, 3.97, 2.99)

→ (1.996, 3.996, 2.999)

Dhlad , gia epiteuxh thc Ðdiac akrÐbeiac me th mèjodo Jacobi

apait jhkan 3 kai ìqi 5 epanal yeic.
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AntÐstrofoc PÐnaka

An to zhtoÔmeno eÐnai o antÐstrofoc enìc pÐnaka A =

(
a b
c d

)
tìte autìc ja mporoÔse na eÐnai ènac �lloc pÐnakac B =

(
x y
z w

)
pou ja upìkeitai sth sqèsh:

A · B =

(
a b
c d

)
·
(

x y
z w

)
=

(
1 0
0 1

)
= I

Gia na broÔme ta stoiqeÐa (x , y , z ,w) tou antÐstrofou pÐnaka ja
prèpei na lÔsoume 2 grammik� sust mata exis¸sewn:(

a b
c d

)
·
(

x
y

)
=

(
1
0

)
kai

(
a b
c d

)
·
(

y
w

)
=

(
0
1

)
Autì shmaÐnei ìti o upologismìc tou antÐstrofou pÐnaka den bohj�
sthn epÐlush grammik¸n susthm�twn giatÐ sthn ousÐa apaiteÐtai h
epÐlush 2 grammik¸n susthm�twn gia thn eÔresh tou.
• Gia thn epÐlush kai twn 2 parap�nw susthm�twn apaiteÐtai h
diagwnopoÐhsh (p.q. me qr sh Gauss - Jordan ) tou pÐnaka A.
• H mình diafor� metaxÔ twn 2 susthm�twn eÐnai to di�nusma sto
dexiì mèloc pou antistoiqeÐ se diaforetik  st lh tou I.
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AntÐstrofoc PÐnaka

Me b�sh ta prohgoÔmena ja gr�youme ton pÐnaka A wc :

a11 a12 ... a1N

a21 a22 ... a2N

aN1 aN2 ... aNN

∣∣∣∣∣∣∣∣
1 0 ... 0
0 1 ... 0

0 0 ... 1
A I

(19)

kai otid pote metasqhmatismoÔc qrhsimopoi soume gia th
diagwnopoÐshsh tou A akrib¸c touc Ðdouc ja qrhsimopoi soume kai
sth dexi� pleur� gia ton pÐnaka I.

1 0 ... 0
0 1 ... 0

0 0 ... 1

∣∣∣∣∣∣∣∣
ã11 ã12 ... ã1N

ã21 ã22 ... ã2N

ãN1 ãN2 ... ãNN

(20)

Me qr sh thc mejìdou Gauss - Jordan to aristerì mèloc telik� ja

gÐnei o monadiaÐoc pÐnakac I kai to dexiì o antÐstrofoc ãij = A−1.
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Idiotimèc kai IdiodianÔsmata

An A eÐnai ènac N × N pÐnakac tìte oi migadikoÐ arijmoÐ, λ gia touc
opoÐouc up�rqei èna mh-mhdenikì di�nusma ~x tètoio ¸ste na isqÔei:

A · ~x = λ~x (21)

ja onom�zontai idiotimèc tou pÐnaka A kai ta dianÔsmata ~x
idiodianÔsmata. Sto parak�tw par�deigma: 1 2 3

−1 3 1
2 0 1

 ·

 2
1

−2

 = −1 ·

 2
1

−2


A ~u1 λ1 ~u1

to ~u1 = (2, 1,−2)> eÐnai to idiodi�nusma kai λ1 = −1 h antÐstoiqh
idiotim  tou A.
H exÐswsh (21) eÐnai isodÔnamh me: det (A− λI) = 0 pou gr�fetai:

det

∣∣∣∣∣∣
1− λ 2 3
−1 3− λ 1
2 0 1− λ

∣∣∣∣∣∣ = λ3 − 5λ2 + 3λ + 9 = 0 (22)

kai oi idiotimèc eÐnai oi rÐzec tou qarakthristikoÔ poluwnÔmou

(ed¸ λi = −1, 3 kai 3).
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Idiotimèc & IdiodianÔsmata: H mèjodoc twn dun�mewn

Se èna pÐnaka A ja up�rqei p�ntote mia idiotim  λ1 pou ja eÐnai
apolÔtwc megalÔterh apì tic �llec idiotimèc

|λ1| > |λ2| ≥ |λ3| ≥ . . . ≥ |λN | (23)

EpÐshc, k�je di�nusma ~x ja mporoÔse na grafeÐ wc grammikìc
sunduasmìc twn N idiodianusm�twn

{
~u(1), ~u(2), . . . , ~u(N)

}
. Dhlad  an

A~u(i) = λi~u
(i) (1 ≤ i ≤ N) (24)

tìte
~x = a1~u

(1) + a2~u
(2) + · · ·+ aN~u(N) (25)

An pollaplasi�soume kai ta dÔo mèlh thc (25) me ton pÐnaka A,
lamb�noume:

~x (1) ≡ A~x = a1λ1~u
(1) + a2λ2~u

(2) + · · ·+ aNλN~u(N) (26)

An pollaplasi�soume k forèc thn exÐswsh (26) me ton A tìte:

x(k) ≡ Akx = a1λ
k
1u

(1) + a2λ
k
2u

(2) + · · ·+ aNλk
Nu(N)

= λk
1

[
a1u

(1) + a2

(
λ2

λ1

)k

u(2) + · · ·+ aN

(
λN

λ1

)k

u(N)

]
(27)
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Epeid  h λ1 eÐnai h apolÔtwc megalÔterh idiotim , dec (23), ja isqÔei:

(λj/λ1)
k → 0 gia k →∞.

Epomènwc
~x (k) = Ak · ~x ≈ λk

1 · a1 · ~u(1) (28)

kai o lìgoc

~r (k) ≡
~x (k+1)

~x (k)
=

Ak+1~x

Ak~x
≈ λk+1

1 a1~u
(1)

λk
1a1~u(1)

→ λ1 (29)

teÐnei sthn λ1 en¸ to di�nusma ~x (k) thc exÐswshc (28) eÐnai to
antÐstoiqo idiodi�nusma.
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Idiotimèc & IdiodianÔsmata: Par�deigma

O pÐnakac A =

 1 0 1
−1 2 2
1 0 3


èqei idiotimèc : λ1 = 3.41421356, λ2 = 2 & λ3 = 0.585786
kai antÐstoiqa idiodianÔsmata:
~u(1) = (0.3694, 1, 0.8918)>, ~u(2) = (0, 1, 0)> &

~u(3) = (0.7735, 1, −0.3204)> .

An jewr soume èna arqikì di�nusma ~x = (1, 2, 1)>, kai to
pollaplasi�soume me thn 5h kai 6h dÔnamh tou A

A5 =

 68 0 164
136 32 428
164 0 396

 A6 =

 232 0 560
532 64 1484
560 0 1352


~x (5) = A5~x = (232, 628, 560)> & ~x (6) = A6~x = (792, 2144, 1912)>.
Pou odhgeÐ sthn proseegistik  tim  thc idiotim c

λ1 ≈
x (6)

x (5)
=

792

232
≈ 2144

628
≈ 1912

560
≈ 3.414286

kai tou antÐstoiqou idiodianÔsmatoc ~u(1) ≈ ~x (6) ≈ (0.3694, 1, 0.8918).
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Idiotimèc & IdiodianÔsmata : Epit�qunsh Aitken

To stoiqeÐa tou dianÔsmatoc ~r (k) thc (29) apoteloÔn prosèggish thc
akriboÔc idiotim c λ1 kai to sf�lma ja eÐnai: εk = |r̃k − λ1| ìpou to
r̃k eÐnai stoiqeÐo tou ~r (k).
Profan¸c gia ~r (k+1) lamb�noume εk+1 = |r̃k+1 − λ1|. Opìte epeid  h
sÔgklish thc mejìdou eÐnai grammik :, dhlad 

εk+1 = A εk (30)

mporoÔme na qrhsimopoi soume th mèjodo Aitken gia na
epitaqÔnoume th sÔgklish. Dhlad , ja qrhsimopoi soume th sqèsh
pou dhmiourg same sto prohgoÔmeno kef�laio

λ1 ≈
r̃k r̃k+2 − r̃2

k+1

r̃k+2 − 2r̃k+1 + r̃k
. (31)

gia 3 proseggistikèc timèc thc idiotim c dhlad : r̃k , r̃k+1 and r̃k+2 gia
thn eÔresh miac akribèsterhc tim c.
Efarmog : An qrhsimopoi soume tic timèc tou paradeÐgmatoc
r̃5 = 3.414, r̃4 = 3.413 & r̃3 = 3.407 tìte λ1 ≈ 3.4142.
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AntÐstrofh mèjodoc twn dun�mewn

Je¸rhma: An λ eÐnai mia idiotim  tou pÐnaka A, tìte h λ−1 eÐnai
idiotim  tou A−1.
Epomènwc, an |λ1| > |λ2| ≥ · · · ≥ |λN−1| > |λN | > 0, eÐnai idiotimèc tou
A tìte oi ∣∣λ−1

N

∣∣ >
∣∣λ−1

N−1

∣∣ ≥ · · · ≥
∣∣λ−1

1

∣∣ > 0 (32)

eÐnai idiotimèc tou A−1. Ara h λ−1
N eÐnai h apolÔtwc megalÔterh

idiotim  tou A−1.
Gia thn eÔresh thc idiotim c aut c anti tou upologismoÔ tou A−1 gia

ton upologismì hc eèkfrashc
(
A−1

)(k+1)
~x me qr sh thc mejìdou

Gauss epilÔoume to sÔsthma A · ~x (k+1) = ~x (k), ìpou to di�nusma ~x (k)

orÐzetai wc ~x (k) = Ak~x .
Dhlad , gia èna arqikì ~x (0), antÐ ~x (1) = A−1~x (0) gr�foume
A~x (1) = ~x (0). Epomènwc, h lÔsh tou grammikoÔ sust matoc kajorÐzei
thn tim  tou ~x (1).
Genik� ja brÐskoume thn ~x (k+1) mèsw thc epanallhptik c diadikasÐac

~x (k+1) = ~A−1~x (k) ⇒ ~A~x (k+1) = x (k) (33)
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Mèjodoc twn dun�mewn : Met�jesh

Jewrhma: An oi N migadikoÐ arijmoÐ λi ìpou (i = 1, . . . ,N) eÐnai

idiotimèc enìc N × N pÐnaka ~A. Tìte gia k�je migadikì arijmì µ o
pÐnakac~A− µ~I ( ìpou~I eÐnai o mondiaÐoc) ja èqei wc idiotimèc touc
migadikoÔc arijmoÔc (λi − µ) gia (i = 1, . . . N).

Epomènwc an sto di�sthma (λN , λ1) jewr soume èna shmeÐo µ tètoio
¸ste gia thn idiotim  λk na isqÔei 0 < |λk − µ| < ε en¸ gia ìlec tic
�llec ja eÐnai |λi − µ| > ε; tìte h |λk − µ| ja eÐnai h apolÔtwc

mikrìterh idiotim  tou ~A− µ~I .

Thn opoÐa mporoÔme na upologÐsoume me qr sh thc antistrìfou

mejìdou twn dun�mewn

UpenjumÐzoume ìti ja prèpei na upologÐsoume to x (k+1) lÔnontac to
sÔsthma: (

~A− µ~I
)

~x (k+1) = x (k)

Opìte an upologÐsoume mia tim  rk , h alhj c idiotim  λi ja eÐnai:

λi =
1

rk
+ µ . (34)
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