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Eisagwg 

• Mia DE 2hc t�xhc prèpei na èqei 2 sunj kec gia na eÐnai dunat  h
epÐlush thc. Sun jwc autèc oi dÔo sunj kec dÐnontai sto arqikì
shmeÐo (prob mata arqik¸n tim¸n) kai gia thn arijmhtik  touc
epÐlush akoloujoÔme tic mejìdouc tou prohgoÔmenou kefalaÐou.
• Up�rqoun ìmwc kai peript¸seic stic opoÐec oi sunj kec dÐnontai se
diaforetik� shmeÐa sun jwc sta �kra tou upì melèth diast matoc
(prob mata oriak¸n tim¸n).

PARADEIGMA

Na lujeÐ arijmhtik� to prìblhma :

u′′ −
(
1− x

5

)
u = x , u(1) = 2, u(3) = −1 (1)

Mporìume na oloklhr¸soume thn parap�nw DE (pq me qr sh
Runge-Kutta) jètontac
• u(1) = 2 kai u′(1) = −1.5 → u(3) = 4.7876 kai u′(3) = 5.1119
An dokim�soume xan�
• u(1) = 2 kai u′(1) = −3.0 → u(3) = 0.4360 kai u′(1) = 1.6773
Telik�, an jèsoume:

• u(1) = 2 kai u′(1) = −3.495 → u(3) = −1.0 kai u′(1) = 0.5439
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Mèjodoc Bol c (Shooting)

H epituq c epilog  thc 3hc arqik c tim c den  tan tuqaÐa.
H DE eÐnai grammik  kai gia tètoiu eÐdouc DE h apl  grammik 
parembol  apo tic timèc twn dÔo arqik¸n apotelesm�twn dÐnei p�nta
th swst  lÔsh.
An
G=prìbleyh,
R=apotèlesma, kai
DR= epijumhtì apotèlesma, tìte:

G3 = G2 + (DR − R2)
G1 − G2

R1 − R2
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PARADEIGMA

An prèpei na lÔsoume mia mh-grammik  DE

u′′ −
(
1− x

5

)
uu′ = x , u(1) = 2, u(3) = −1

den ja sugklÐnoume sto apotèlesma met� apì 2 epanal yeic,
antÐjeta h sugklish mporeÐ na eÐnai arg .
Gia par�deigma:

u′(1) -1.5 -3.0 -2.2137 -1.9460 -2.0215 -2.0162 -2.0161

u(3) -0.0282 -2.0705 -1.2719 -0.8932 -1.0080 -1.0002 -1.0000
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Mèjodoc Peperasmènwn Diafor¸n

S�ut  thn perÐptwsh ja gr�youme th DE (1) wc:

ui−1 − 2ui + ui+1

h2
−

(
1− xi

5

)
ui = xi

h opoÐa mporeÐ na grafeÐ wc:

ui−1 −
[
2 + h2

(
1− xi

5

)]
ui + ui+1 = h2xi

Dhlad , m' autìn to trìpo dhmiourgoÔme èna sÔsthma me N − 2
grammikèc exis¸seic pou mazÐ me tic oriakèc sunj kec ja d¸soun th
monadik  lÔsh sto prìblhma, dhlad  tic N − 2 timèc gia ta ui .

SQOLIO: En¸ aut  h mèjodoc mporeÐ na efarmosjeÐ eukolìtera apì
th mèjodo bol c all� tupik� gia ton arijmì endi�meswn shmeÐwn
eÐnai mikrìterhc akrÐbeiac diìti h antik�t�stash thc 2hc parag¸gou
me th sqèsh peperasmènwn diafor¸n èqei sf�lma thc t�xhc O(h2)
en¸ oi tupikèc mèjodoi arijmhtik c epÐlushc DE èqoun sun jwc
shmantik� mikrìtero sf�lma.
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Probl mata Qarakthristik¸n Tim¸n: Eisagwg 

Ac jewr soume thn omogen  DE 2hc t�xhc me oriakèc sunj kec:

d2u

dx2
+ k2u = 0 , u(0) = 0 , u(1) = 0, (2)

ìpou k2 eÐnai mia eleÔjerh par�metroc.
• To er¸thma eÐnai: gia poièc qarakthristikèc timèc thc stajer�c
k h parap�nw DE epidèqetai tic dosmènec oriakèc sunj kec.
• Autèc oi qarakthristikèc timèc kaloÔntai idiotimèc.
EÐnai profanèc ìti gia aut  thn apl  diaforik  exÐswsh h genik 
lÔsh eÐnai:

u = A sin(kx) + B cos(kx)

pou gia tic sugkekrimènec oriakèc sunj kec odhgeÐ stic parak�tw
idiotimèc kai antÐstoiqec (idio)lÔseic

u = A sin(nπx), k = ±nπ, n = 1, 2, 3, . . .

Oi idiotimèc eÐnai sun jwc h zhtoÔmenh plhroforÐa s' èna prìblhma
qarakthristik¸n tim¸n. H idiosun�rthsh pou antistoiqeÐ sth
sugkekrimènh idiotim  kajorÐzei th morf  thc lÔshc.
Gia par�deigma, sto parap�nw prìblhma thc pallìmenhc qord c oi
idiotimèc antistoiqoÔn stic fusikèc suqnìthtec tal�ntwshc kai oi
idiosunart seic stic morfèc tal�ntwshc.Probl mata Oriak¸n & Qarakthristik¸n Tim¸n



Arijmhtik  EpÐlush: Peperasmènec Diaforèc

To proanaferjèn prìblhma oriak¸n tim¸n

d2u

dx2
+ k2u = 0 , u(0) = 0 , u(1) = 0, (3)

mporeÐ na grafeÐ sth morf  peperasmènwn diafor¸n kai m' autì ton
trìpo na anaqjeÐ se N exis¸seic thc morf c:

ui−1 − 2ui + ui+1

h2
− k2ui = 0

Pou an�gontai sto parak�tw prìblhma idiotim¸n enìc pÐnaka:
2− h2k2 −1 · · · 0
−1 2− h2k2 −1 0
...

...
0 · · · −1 2− h2k2




u1

u2

...
uN

 =


0
0
...
0


  kalÔtera

(A− λI) u = 0 ìpou λ = h2k2

pou gia h = 0.02 dÐnoun k = 3.09 (3.1%), k = 5.88 (6.3%), k = 8.09

(14%) kai k = 9.51 (24.3%).
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Tridiag¸nioi PÐnakec

Oi idiotimèc kai ta idiodianÔsmata enìc N × N tridiag¸niou pÐnaka

A =


b c 0 · · · 0
a b c 0 0
0 a b c 0
...

...
0 0 · · · a b


mporoÔn na brejoÔn analustik� apì tic parak�tw sqèseic:

λj = b + 2c

√
a

c
cos

jπ

N + 1
gia j = 1, . . . ,N

kai ~uj = (u1, u2, . . . , uk , . . . , uN)T ìpou:

uk = 2

(√
a

c

)k

sin
kjπ

N + 1
gia j = 1, . . . ,N .
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Mathematica

deq1 = u”[x] - (1 - x/5)*u[x]*u’[x] - x
xstart = 1;
xend = 3;
shootstart = 1.000;
valderiv = -1.5;
sols = Map[ First[NDSolve[deq1 == 0, u[xstart] == 2, u[xend] == -1, u,
x, MaxSteps → 1500, Method → ”Shooting”, ”StartingInitialConditions”
→ u[shootstart] == 2, u’[shootstart] == ]] , valderiv ];
gr1 = Plot[Evaluate[u[x] /. sols], x, xstart, xend, PlotRange → All,
PlotStyle → Black, Blue, Green]
f[x− ] := u[x] /. sols
ft[x− ] := f’[x][[1]]
ftt[x− ] := f”[x][[1]]
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PROBLHMATA

1 Me th qr sh thc Mathematica na lujoÔn ta probl mata
sunoriak¸n tim¸n:

y ′′(x) + y(x) = 0 ìpou y(0) = 0 , y(π/2) = 2

y ′′(x)− x + y = 0 ìpou y(0) = 0 , y(1) = 2

2 Na lujeÐ to prìblhma qarakthristik¸n tim¸n thc exÐswshc
Mathieu

y ′′ + (λ− 10 cos 2x)y = 0 ìpou y ′(0) = 0 , y ′(π) = 0 , y(0) = 1
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