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LUSEIS JEMATWN
LOGISMOS II

Jèma 1o (1 mon.)
Na brejoÔn me b�sh ton orismì oi merikèc par�gwgoi pr¸thc t�xhc thc sun�rthshc
z = f(x, y) = ln(1 + 2x + 3y) sto shmeÐo P0(0, 0).

Me b�sh ton orismì ja èqoume ìti x0 = 0, y0 = 0, opìte

f
′
x(P0) = lim

∆x→0

f(x0 + ∆x, y0)− f(x0, y0)
∆x

=

= lim
∆x→0

ln(1 + 2(0 + ∆x) + 3(0))− ln(1)
∆x

=

= lim
∆x→0

ln(1 + 2∆x)
∆x

= lim
∆x→0

2
(1+2∆x)

1
= 2

OmoÐwc

f
′
y(P0) = lim

∆y→0

f(x0, y0 + ∆y)− f(x0, y0)
∆y

=

= lim
∆y→0

ln(1 + 2(0) + 3(0 + ∆y))− ln(1)
∆y

=

= lim
∆y→0

ln(1 + 3∆y)
∆y

= lim
∆y→0

3
(1+3∆3)

1
= 3



Jèma 2o (1.5 mon.)
Na grafeÐ to polu¸numo Taylor deÔterhc t�xhc sto shmeÐo P0(1, 1), gia thn sun�rthsh
z = f(x, y) = 1/

√
1 + x2 + 2y2.

Ja èqoume h = (x−x0) = (x−1), k = (y−y0) = (y−1), kai oi par�gwgoi mèqri deÔterhc
t�xhc gia thn sun�rthsh z = f(x, y) = 1/

√
1 + x2 + 2y2 = (1 + x2 + 2y2)−1/2 ja eÐnai

fx(x, y) =
∂f(x, y)

∂x
= −1

2
(1 + x2 + 2y2)−1/2−1 ∂

∂x
(1 + x2 + 2y2) =

= −x(1 + x2 + 2y2)−3/2

fy(x, y) =
∂f(x, y)

∂y
= −1

2
(1 + x2 + 2y2)−1/2−1 ∂

∂y
(1 + x2 + 2y2) =

= −2y(1 + x2 + 2y2)−3/2

fxx(x, y) =
∂2f(x, y)

∂x2
= −(1 + x2 + 2y2)−3/2 ∂

∂x
(x)− x

∂

∂x
(1 + x2 + 2y2)−3/2 =

= −(1 + x2 + 2y2)−3/2 +
3x2

(1 + x2 + 2y2)5/2

fxy(x, y) =
∂2f(x, y)

∂x∂y
= −x

∂

∂y
(1 + x2 + 2y2)−3/2 =

6xy

(1 + x2 + 2y2)5/2

fyy(x, y) =
∂2f(x, y)

∂y2
= −(1 + x2 + 2y2)−3/2 ∂

∂y
(2y)− 2y

∂

∂y
(1 + x2 + 2y2)−3/2 =

= −2(1 + x2 + 2y2)−3/2 +
12y2

(1 + x2 + 2y2)5/2

UpologÐzoume tic arijmhtikèc timèc kai èqoume f(P0) = 1
2 , fx(P0) = −1

8 , fy(P0) = −2
8 ,

fxx(P0) = −1
32 , fxy(P0) = 3

16 , fyy(P0) = 1
8 . 'Ara to polu¸numo Taylor ja eÐnai

fT (x, y) =
1
2
− 1

8
[(x− 1) + 2(y − 1)] +

1
2
[− 1

32
(x− 1)2 +

3
8
(x− 1)(y − 1) +

1
8
(y − 1)2]



Jèma 3o (1.5 mon.)
Na brejoÔn kai na qarakthristoÔn ta krÐsima shmeÐa thc sun�rthshc
z = f(x, y) = x3 + y2 − 3xy.

ProsdiorÐzoume pr¸ta ta krÐsima shmeÐa, apì thn epÐlush tou sust matoc
(

∂f

∂x

)
= 3x2 − 3y = 0

(
∂f

∂y

)
= 2y − 3x = 0

'Ara èqoume 2y = 3x, x2 = y. Sunep¸c ta krÐsima shmeÐa eÐnai ta P0(0, 0), P1(3/2, 9/4).
Epiplèon isqÔei

A =
(

∂2f

∂x2

)
= 6x

B =
(

∂2f

∂x∂y

)
= −3

C =
(

∂2f

∂y2

)
= 2

∆ = B2 −AC = (9− 12x)

'Ara ja èqoume
1) P0(0, 0). Ed¸ ∆ > 0 kai �ra èqoume sagmatikì shmeÐo.
2) P1(3/2, 9/4). Ed¸ ∆ < 0 kai A > 0 opìte èqoume topikì el�qisto.



Jèma 4o (1.5 mon.)
Na upologisteÐ to I =

∫ ∫
D x2y2dxdy, ìpou o peperasmènoc tìpoc D periorÐzetai apì tic

kampÔlec y = 2x2, y = 2, x = 0 me x > 0.

Sqedi�zontac ton tìpo, diapist¸noume ìti to olokl rwma gr�fetai

I =
∫ x=1

x=0
x2dx

∫ y=2

y=2x2

y2dy =
8
3

∫ 1

0
x2dx[1− x6] =

8
3

[
x3

3
− x9

9

]1

x=0

=

=
(

8
3

)(
2
9

)
=

16
27



Jèma 5o (2 mon.)
Na upologisteÐ to I =

∫ ∫
D(x + y)dxdy, ìpou o peperasmènoc tìpoc D periorÐzetai apì tic

eujeÐec y = 0, y = 1, x + y = 2, x = 0.

O tìpoc eÐnai to trapèzio pou sqhmatÐzetai apì ta shmeÐa P0(0, 0), P1(2, 0), P2(1, 1), P3(0, 1).
'Ara to olokl rwma mporeÐ na upologisteÐ me ènan apì touc dÔo akìloujouc trìpouc

I1 =
∫ x=1

x=0
dx

∫ y=1

y=0
(x + y)dy +

∫ x=2

x=1
dx

∫ y=2−x

y=0
(x + y)dy

I2 =
∫ y=1

y=0
dy

∫ x=2−y

x=0
(x + y)dx

kai eÐnai fanerì ìti sumfèrei o deÔteroc trìpoc opìte èqoume

I =
∫ 1

0
dy

[
x2

2
+ xy

]x=2−y

x=0

=
∫ 1

0
dy

[
(2− y)2

2
+ y(2− y)

]
=

=
1
2

∫ 1

0
dy(4− y2) =

11
6



Jèma 6o (2.5 mon.)
Na epalhjeuteÐ to je¸rhma Green, gia to epikampÔlio olokl rwma IC =

∮
C [−y3dx + x3dy]

ìpou o kleistìc tìpoc D periorÐzetai apì tic kampÔlec y = x, y =
√

x.

UpologÐzoume pr¸ta to epikampÔlio olokl rwma I = I1 + I2 ìpou to I1 anafèretai sthn
kampÔlh y = x me parametropoÐhsh {x = t, y = t, 0 ≤ t ≤ 1}, to I2 anafèretai sthn kampÔlh
y =

√
x me parametropoÐhsh {y = t, x = t2, 0 ≤ t ≤ 1}.

Lamb�noume dexiìstrofh for� diagraf c tou tìpou. EÔkola brÐskoume ìti isqÔei
I1 = 0, kai

I2 =
∫ 0

1
[−t32t + t6]dt =

[
−2t5

5
+

t7

7

]0

1

=
9
35

'Ara I = I1 + I2 = 9/35 . Jèloume aut  h tim  na isoÔtai me thn tim  tou oloklhr¸matoc

ID =
∫ ∫

D

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

∫ ∫

D
3(x2 + y2)dxdy =

= 3
∫ 1

x=0
dx

∫ √
x

y=x
(x2 + y2)dy = 3

∫ 1

x=0
dx

[
x2y +

y3

3

]√x

y=x

=

= 3
∫ 1

0
dx[x5/2 +

x3/2

3
− x3 − x3

3
] =

9
35

'Ara isqÔei to je¸rhma.


