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The Problem: We discuss the equations which deter-
mine the response of a gyrating spinning charged par-
ticle moving in a constant magnetic field to an incident
gravitational wave, in the linearized approximation to
general relativity.

Results: The equations which determine the re-
sponse of a spinning charged particle moving in a uni-
form magnetic field to an incident gravitational wave
are derived in the linearized approximation to general
relativity.

We verify that:

1) the components of the 4-momentum, 4-velocity and
the components of the spinning tensor, both electric
and magnetic moments, exhibit resonances and

2) the co-existence of the uniform magnetic field and
the GW are responsible for the resonances appear-
ing in our equations. In the absence of the GW, the
magnetic field and the components of the spin tensor
decouple and the magnetic resonances disappear.
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The Dixon-Souriau(DS) Equations of Motion:

The equations of motion of a spinning test particle
originally derived from Papapetrou, later on by Dixon
and Souriau. These equations are:

dxµ

dτ
= υµ

dpµ

dτ
= −Γµ

λνυλpν − 1

2
R

µ
νλρS

λρυν + eF
µ
β υβ

− λ

2
Sκρ∇µFκρ (1)

dSµν

dτ
= −Γµ

λρυ
λSρν − Γν

λρυ
λSµρ

+ (pµυν − pνυµ)

+ λ(SµκF ν
κ − SνκFµ

κ ) (2)

and pµSµν = 0 (Dixon’s condition).
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Also, Greek indices take values 0,1,2,3, Latin 1,2,3,
τ is an affine parameter across a word line L which
is chosen as the proper time of the charged parti-
cle, υµ is the 4-velocity of the charged particle across
the world line L, pµ =

∫
T0µdV are the components

of the 4-momentum of the spinning charged particle,
Fµν is the electromagnetic tensor, λ is an electro-
magnetic coupling scalar and Sµν is the spin tensor.
Unlike special relativity, pµ and υµ are not generally
proportional to each other. But it is well known that
Eqs.(1) and (2) themselves, do not constitute an inde-
pendent set of equations since they are less than the
unknown quantities (3 components of the spin tensor
are not determined). Therefore, several supplemen-
tary conditions have been used in the literature to rem-
edy this problem. Here we will adopt Dixon’s condition
e.g. center of mass condition).
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To find the trajectory of the spinning charged particle,
we need to know its 4-velocity. But there are no equa-
tions of motion for this purpose. However, we may ob-
tain indirectly a relation between υν and pν from the
following equation:

υν = N{uν − 1

2m2∆
RµβλρS

λρSµνuβ

+
e

m2∆
SµνFµβuβ

+ λ[
1

2m3∆
RµβλρS

λρSµνSβκ(Fσ
κ uσ)

− 1

2m2∆
SµνSκρ∇µFκρ − 1

m
Sνκ(Fσ

κ uσ)]

− λe

m3∆
SµνFµβSβκ(Fσ

κ uσ)} (3)

where pµ = muµ, pµpµ = −m2, m is the mass of
the particle and G = c = 1
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∆ = 1 +
1

4m2
RtµλρS

λρStµ +
1

2m2
eFtµStµ (4)

N = {1− Λ(1)
µ Λ(1)

α SµνSα
ν − 2λ[Λ(2)

µ Λ(1)
α SµνSα

ν

− (Fσ
κ uσ)Λ

(1)
α SκνSα

ν ]− λ2[Λ(2)
µ Λ(2)

α SµνSα
ν

− 2(Fσ
κ uσ)Λ

(2)
α SκνSα

ν

+ (Fσ
κ uσ)(F

α
β uα)SκνSβ

ν ]

− 2λeΛ(3)
µ Λ(3)

α SµνSα
ν

− 2eλ2[−Λ(3)
µ Λ(2)

α SµνSα
ν

+ (Fσ
κ uσ)Λ

(3)
µ SµνSκ

ν ]

+ λ2e3Λ(3)
µ Λ(3)

α SµνSα
ν }−1/2 (5)
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Λ(1)
x =

1

2m2∆
RxσλρS

λρuσ +
e

m2∆
Fxσuσ (6)

Λ(2)
x = − 1

2m3∆
RxσλρS

λρSσκ(Fβ
κ uβ)

+
1

m2∆
Sκρ∇xFκρ (7)

Λ(3)
x =

1

m3∆
FxσSσκ(Fβ

κ uβ) (8)

where x stands for x = µ, α.
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Upon the consideration of the assumption(λ = 0), we
neglect particular terms in Eqs.(1),(2) and a simplified
covariant model is obtained:

The simplified DS Equations:

dpµ

dτ
= −Γµ

λνυλpν − 1

2
R

µ
νλρS

λρυν + eF
µ
β υβ (9)

dSµν

dτ
= −Γµ

λρυ
λSρν

− Γν
λρυ

λSµρ + (pµυν − pνυµ) (10)

υν = N{uν − 1

2m2∆
RµβλρS

λρSµνuβ

+
e

m2∆
SµνFµρu

ρ} (11)
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where

N = [1− Na

4m4∆2
]−1/2 (12)

and

Na = (RµσλρS
λρSµνuσ)[RµσλρS

λρ(ηνβ

+ hνβ)S
µβuσ]− 2e[RµσλρS

λρ(ηνβ

+ hνβ)S
µβuσ](FκγSκνuγ)

− 2e(RµσλρS
λρSµνuσ)[Fκσ(ηνβ

+ hνβ)S
κβuσ] + 4e2[Fκσ(ηνβ

+ hνβ)S
κβuσ](FκσSκνuσ) (13)

8



The DS-Equations of motion in the linearized the-
ory of gravity

To understand the Eqs.(9-13) in the linearized approx-
imation to general relativity, we decompose the metric
in the fashion

gµν = ηµν + hµν (14)

By imposing the condition

(hν
µ − δν

µhρ
ρ);ν = 0 (15)

we reduce the vacuum field equations to homoge-
neous wave equations for all components of h

µ
ν . A

coordinate transformation can now be effected to re-
duce the trace hν

ν and the mixed components h0α, to
zero.
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The gravitational field is then described by a symmet-
ric traceless, divergenceless tensor with two indepen-
dent space components which, for simplicity, we call
h1 = h+ and h2 = h×. Thus, the square of the line
element is

ds2 = (ηµν + hµν)dxµdxν

= −(dx0)2 + (1 + h1)dx2 + (1− h1)dy2

+ dz2 + 2h2dxdy (16)

where |h1, h2| ¿ 1. We consider a plane GW which
is characterized by the wave 3-vector

ki
g = ωg(0,0,1) (17)

and the two possible states of polarization given by

h1 = h10ei(kgz−ωgt), h2 = h20ei(kgz−ωgt)(18)

where h10, h20 are the amplitudes of the two compo-
nents of the GW.
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We choose the electromagnetic field to be

Fij =




0 0 0 0
0 0 −H3 0
0 H3 0 0
0 0 0 0


 (19)

where the background magnetic field is constant e.g
Ha = (0,0, H3) = const.(from now on H3 = H).
In this scenario, the metric is still a solution to the Ein-
stein equations in vacuum, because we assume that
the energy density of the magnetic field, is approxi-
mately zero(i.e. no effect of the magnetic field on ei-
ther the ηµν or hµν).
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The Problem: We intend to discuss the electrody-
namics of a spinning point-like charged particle with
mass m, with an intrinsic angular momentum, in the
presence of a uniform magnetic field across the z-
axis, initially at rest with respect to the coordinate sys-
tem in which the metric (16) is expressed.

To achieve this task, a relation between the invariant
proper time τ and the coordinate time t is needed.

In the absence of external forces , this relation may
be found from the expression

ds2 = (ηµν + hµν)dxµdxν = −dτ2 (20)

because in Einstein’s theory of gravity, the word lines
of classical point particles in curved space times are
time-like.
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In the case we have external forces , we have to use
the expression

dτ = dt[
1− υ2

1− eSµνFµν/m2
]1/2 (21)

where υ2 is the total space velocity of the spinning
particle.

Looking at the Eq.(22) we would like to make the fol-
lowing comments:

a)The physical meaning of the Eq.(22) is that relativis-
tic time dilation occurs for a spinning charged particle
with non-zero magnetic moments in an external mag-
netic field.

b) The structure of Eq.(22) results from the fact that υµ

and uµ differ from each other, where τ is connected
with υµ and uµ is normalized.
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To make some further progress with the Eqs.(9-13),
we decompose the particle’s components of the 4-
velocity, 4-momentum and spin tensor as follows:

υµ ' υ
µ
0 + υ

µ
1, pµ ' p

µ
0 + p

µ
1,

Sµν ' S
µν
0 + S

µν
1 (22)

with υ
µ
1, p

µ
1 and S

µν
1 being of the same order as hµν.

Initial Conditions:

We assume that the spinning particle initially is at
rest, e.g., u

µ
0 = (1,0,0,0), υµ

0 = (1,0,0,0) and
pµ(0)S

µν
0 = 0

Thus, from Eqs.(9-13) and with the aid of Eqs.(21-22)
we obtain the following equations:
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3.a) Zero Order Equations

du
µ
0

dt
=

e

m
ηµνFνβυ

β
0 (23)

dS
µν
0

dt
= m(uµ

0υν
0 − uν

0υ
µ
0) (24)

υν
0 = [

1

1− eSµνFµν/m2
]1/2[1

− e2N0

m4∆0
]−1/2{uν

0 +
e

m2∆0
S

µν
0 Fµσuσ

0} (25)

where

∆0 = 1 +
1

2m2
eFσµS

σµ
0 (26)

N0 = [FκσSκν
0 uσ

0][FκσηνβS
κβ
0 uσ

0] (27)
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Zero Order results:

The zero order equations with the aid of the initial con-
ditions imply:

1. The zero order electric moments of the spin-tensor
vanish e.g S0ν

0 = 0.

2. The zero order magnetic moments of the spin ten-
sor are:

S12
0 = const., S13

0 = const., S23
0 = const. (28)

3. After some straightforward calculations and with
the aid of Eqs.(21),(26) and (27) we find; ∆0 = 1 −
eH
m (

S12
0
m )
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3.b) First Order Equations

dp
µ
1

dt
= −Γµ

λνυλ
0pν

0 −
1

2
ηµκRκνλρS

λρ
0 υν

0

+ e[ηµκFκβυ
β
1 + hµκFκβυ

β
0] (29)

dS
µν
1

dt
= −Γµ

λρυ
λ
0S

ρν
0 − Γν

λρυ
λ
0S

µρ
0

+ [pµ
0υν

1 + p
µ
1υν

0 − pν
0υ

µ
1 − pν

1υ
µ
0] (30)

υν
1 = [

1

1− eSµνFµν/m2
]1/2{ 1

∆2
0

[2e2N1a

− eN1b − 4e2
N0∆1

∆0
][uν

0 +
e

m2∆0
FκσSκν

0 uσ
0]

+ [1− e2N0

m4∆2
0

]−1/2[uν
1 −

eRµσλρS
λρ
0 S

µν
0 uσ

2m2∆0

+
eFκσ(Sκν

0 uσ
1 + Sκν

1 uσ
0)

m2∆0

− e∆1

m2∆2
0

FκσSκν
0 uσ

0]} (31)
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∆1 =
1

4m2
RσµλρS

λρ
0 S

µσ
0 +

e

2m2
FσµS

σµ
1 (32)

N1a = (FκσSκν
0 uσ

0)[Fκσηνβ(S
κβ
0 uσ

1 + S
κβ
1 uσ

0)]

+ (FκσηνβS
κβ
0 uσ

0)[Fκσ(S
κν
0 uσ

1 + Sκν
1 uσ

0)] (33)

and

N1b = −2eRµσλρ[S
λρ
0 ηνβS

µβ
0 uσ

0(FκβSκν
0 u

β
0)

− S
λρ
0 S

µν
0 uσ

0(FκσηνβS
κβ
0 uσ

0) (34)
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Because of the initial conditions, the form of the met-
ric (16) and the zero-order results, the first-order
equations give the following results; N0 = N1a =

N1b = 0,∆1 = 1
2{h1,zz[(

S13
0
m )2 − (

S23
0
m )2] +

2h1,zz(
S13
0
m )(

S23
0
m )} − eH

m (
S12
0
m )

du0
1

dt
= 0,

du3
1

dt
= 0 (35)

du1
1

dt
+ Ωυ2

1 =
1

2m
[h1,tzS

13
0 + h2,tzS

23
0 ] (36)

du2
1

dt
−Ωυ1

1 = − 1

2m
[h1,tzS

23
0 − h2,tzS

13
0 ] (37)
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dS0ν
1

dt
= m(υν

1 − uν
1),

dS12
1

dt
= 0 (38)

dS13
1

dt
= −1

2
[h1,tS

13
0 + h2,tS

23
0 ] (39)

and

dS23
1

dt
=

1

2
[h1,tS

23
0 − h2,tS

13
0 ] (40)
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The Eqs.(22) give:

υ0
1 =

u0
1

∆
1/2
0

(41)

υ1
1 =

u1
1

∆
3/2
0

(1− 2Ω
S12
0

m
)

+
1

2∆
3/2
0

[h1,tz
S12
0 S23

0

m2
− h2,tz

S12
0 S13

0

m2
] (42)

υ2
1 =

u2
1

∆
3/2
0

(1− 2Ω
S12
0

m
)

+
h1,tzS

12
0

2m∆
3/2
0

[
S13
0

m
− S23

0

m
] (43)
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υ3
1 =

u3
1

∆
1/2
0

+
1

∆
3/2
0

{h1,tz[(
S13
0

m
)2

− (
S23
0

m
)2] + 2h2,tz(

S23
0

m
)2}

− Ω

∆
3/2
0

[u2
1
S13
0

m
− u1

1
S23
0

m
] (44)

where comma means partial differentiation and Ω =
eH
m is the cyclotron frequency.
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We solve the Eqs.(35-44) and find:

u0
1 = const., u3

1 = const. (45)

u1
1 =

∆
3/2
0

D+
{[B10 sin (kgz)

+ B20 cos (kgz)][cos (At)− cos (ωgt)]

+ [B10 cos (kgz)−B20 sin (kgz)][sin (At)

− sin (ωgt)]} (46)

and

u2
1 =

∆
3/2
0

D+
{[B10 sin (kgz)

+ B20 cos (kgz)] sin (At)− [B10 cos (kgz)

− B20 sin (kgz)] cos (At)}
+

sin (ωgt)

D−
[B10 sin (kgz)

+ B20 cos (kgz)] +
cos (ωgt)

D+
[B10 cos (kgz)

− B20 sin (kgz)] (47)
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where

B10 =
ωgkg

2
[h10(

S13
0

m
) + h20(

S23
0

m
)]

− Ωωgkg

2∆
3/2
0

h10(
S12
0

m
)[

S13
0

m
− S23

0

m
] (48)

B20 = −ωgkg

2
[h10(

S23
0

m
)

− h20(
S13
0

m
)][1− Ω

∆
3/2
0

(
S12
0

m
)] (49)

A =
Ω

∆
3/2
0

[1− 2Ω(
S12
0

m
)] (50)

and

D± = Ω− 2Ω2(
S12
0

m
)± ωg∆

3/2
0 (51)
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From Eqs.(41-44) and Eqs.(45-47) we find: υ1
0 =

u1
0 = const. and

υ1
1 = [

1− 2Ω(
S12
0 )
m

D+
]{[cos (At)

− cos (ωgt)][B10 sin (kgz) + B20 cos (kgz)]

+ [sin (At) + sin (ωgt)][B10 cos (kgz)

− B20 sin (kgz)]}+
ωgkg

2∆
3/2
0

[h10(
S12
0

m
)(

S23
0

m
)

− h20(
S12
0

m
)(

S13
0

m
)]ei(kgz−ωgt) (52)
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υ2
1 = [

1− 2Ω(
S12
0 )
m

D+
]{sin (At)[B10 sin (kgz)

+ B20 cos (kgz)]− [cos (At)

− cos (ωgt)][B10 cos (kgz)−B20 sin (kgz)]}

+ [
1− 2Ω(

S12
0
m )

D−
] sin (ωgt)[B10 sin (kgz)

+ B20 cos (kgz)] +
ωgkg

2∆
3/2
0

(
S12
0

m
)[(

S13
0

m
)

− (
S23
0

m
)]h10ei(kgz−ωgt) (53)
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υ3
1 =

u3
1

∆
1/2
0

− ΩS13
0

mD+
{sin (At)[B10 sin (kgz)

+ B20 cos (kgz)]− cos (At)[B10 cos (kgz)

− B20 sin (kgz)]}+
Ω

D+
(
S23
0

m
){[cos (At)

− cos (ωgt)][B10 sin (kgz) + B20 cos (kgz)]

+ [sin (At) + sin (ωgt)][B10 cos (kgz)

− B20 sin (kgz)]}

− ΩS13
0

mD−
sin (ωgt)[B10 sin (kgz) + B20 cos (kgz)]

− ΩS13
0

mD+
cos (ωgt)[B10 cos (kgz)

− B20 sin (kgz)] +
ωkg

2∆
3/2
0

{h10[(
S13
0

m
)2

− (
S23
0

m
)2] + 2h20(

S13
0

m
)(

S23
0

m
)}ei(kgz−ωgt) (54)
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Furthermore,with υµ given from the above equations,
the spinning’s particle trajectories with respect to the
coordinate system we consider and the initial condi-
tions t = 0, X

µ
1(t = 0) = 0 can easily obtained.

Also, integrating Eqs.(38-40) we find the components
of the S

µν
1 tensor. The exact formulas of the spinning’s

particle trajectories and those of the spin’s tensor are
a little lengthy.
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However,from those equations we verify that because
of the GW we have non-zero first order electric and
magnetic moments of the spinning charged parti-
cle and in the absence of the GW, all these com-
ponents disappear. The electric moments particu-
larly, exhibit resonances because of the expressions

∆0 = 1 − eH
m

S12
0
m , A = Ω

∆
3/2
0

[1 − 2Ω(
S12
0
m )] and

D± = Ω − 2Ω2(
S12
0
m ) ± ωg∆

3/2
0 , appearing in the

equations. The above expressions become zero for
certain values of the Larmor frequency Ω = eH

m , the

ratio
S12
0
m and angular frequency of the GW, ωg. At

this stage we have to point out that while the elec-
tric moments of the spinning charged particle exhibit
such an interesting behavior, the magnetic moments
are independent from the magnetic field and the S12

0
zero order component of the spin tensor. Also, for
the same reasons mentioned above the obtained so-
lutions exhibit resonaces and in the neighborhood of
those resonaces the charged spinning particle gains
energy from the GW and accelerates radiating.
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Discussion:

Dealing with the interaction of a GW with a spinning
particle in the presence of a uniform magnetic field in
the linearized theory of general relativity, we found the
following results:

1) In the case where the GW and magnetic field are
across the z axis, the components of the 4-velocity,
4-momentum and the spin tensor Sµν, exhibit reso-

nance at Ω = (
S12
0
m )−1 (∆0 = 0). Due to the co-

existence of the constant magnetic field with GW, a
strong coupling between the frequency Ω = eH

m and
the magnetic moment S12

0 of the charged spinning
particle occur. This coupling gives rise to the above
resonance.
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Also, for the same reasons mentioned above, some
other resonances appear in the solutions describing
the Xµ(t) and Sµν, which are roots to 4-order poly-

nomial in terms of Ω; D± = 0 ⇒ 4Ω4(
S12
0
m )2 −

4Ω3[ω2
g (

S12
0
m )3 − 4

S12
0
m )] + Ω2[1 − 3ω2

g (
S12
0
m )2] +

3ω2
g (

S12
0
m )Ω− ω2

g = 0.

2) It is interesting to notify that in the absence of
the GW, the magnetic field and the components of
the spin tensor decouple and the magnetic reso-
nances disappear. In this case, where the GW does
not exist, the motion of a spinning charged point-
particle of mass m and charge q is described in an
4-dimensional Minkowski space time by its position
Xµ(t), defining the particle’s world line, its 4-velocity
uµ, which is tangent to the world-line and its polariza-
tion tensor Dµν(t), an antisymmetric 4-tensor which
combines the intrinsic magnetic dipole moment M( a
pseudo 3-vector) with the intrinsic electric dipole mo-
ment d (a real 3-vector) at every given point of the
world-line through the relations Dij = 1

c εijkMk
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and −iDi4 = di where (i, j, k) = 1,2,3. In the ab-
sence of external fields, the intrinsic dipole moments
are found from the values of M and d (rest frame of the
free particle). Usually we are interested in charged
particle with no intrinsic electric dipole moment in the
rest frame of the free particle. This may expressed
by the condition Dµνuν = 0. On the other hand, the
polarization tensor is relate to an intrinsic angular mo-
mentum tensor Sµν(spin tensor) through the expres-
sion Dµν = (q/mc)Sµν. From the above mentioned
equations we have the condition Sµνuν = 0. When
this relation holds, Sµν is space-like with only 3 non-
zero components in the rest frame of the free parti-
cle e.g. S

(0)
ij = εijksk and S

(0)
i0 = 0. Besides, we

have to point out that in the case of the unperturbed
Minkowski space-time the classical spin is introduced
somehow indirectly, via the electromagnetic polariza-
tion tensor, because the empirical meaning of classi-
cal magnetic and electric dipole moments is clear.
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3) In the case that the GW does exist and in the limit
of the high frequency approximation, the charged par-
ticle which initial is at rest, starts to have a combina-
tion of an orbital and spinning motion, described by
the equations Xµ = X

µ
0 + X

µ
1 and the spin tensor

Sµν = S
µν
0 + S

µν
1 . In this case, the charge par-

ticle, exhibits electric and magnetic moments even-
though initially had magnetic moments only. We ver-
ify that the electric moments exhibit the same reso-
nances as the components of the 4-momentum and in
the neighborhood of those resonaces energy is trans-
ferred from the GW to the spinning particle. The mag-
netic moments do not depend neither on the magnetic
field nor on the component S12. Under these circum-
stances one could hope to detect such GW.
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A possible astrophysical environment where the inter-
action studied in this paper maybe be of relevance is
the binary neutron star merger. In this scenario, two
magnetized neutron stars merge, forming (if the equa-
tion of state allows it) a very massive, differentially ro-
tating object and a possible low-mass disk around it
(the object could survive for hundreds of seconds be-
fore collapsing to a black hole. The magnetosphere
of this object will be rotating rapidly and be filled with
plasma, while near the object, gravitational waves of
large amplitude will be emitted. It would be interest-
ing to study the conditions under which the interaction
studied in the present paper could lead to observable
phenomena during such a binary neutron star merger.
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To make some further comments related to possi-
ble astrophysical application of the obtained solu-
tions, we have to consider the Pauli-Lubanski covari-
ant spin vector formula Sσ = 1

2ερµνσuρSµν, which
gives S12

0 = S3
0, S13

0 = −S2
0, S23

0 = S1
0 and

assume, for simplicity, that e.g. S3
0 = S1

0 = S,
while S2

0 = 0, then some typical values for this
scenario of some astrophysical importance may be
met when, for example, the amplitude of the GW is
h ≈ 10−10, H ≈ 106G, and for an electron one
has roughly S ≈ 10−13m. Such conditions can be
found around various compact objects, for example
near neutron stars which posses a magnetic field of
the order 108 − 1012G and emit GW due to glitches
or rotational instabilities excited by accretion.
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