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9;:=<?>=@BADCDE=F5GDH

(plasma) I <KJDFML GD>NAN>$L OQPMJSR$TVU�L HWAN<KX(YZJW[�>=<?E�Y\>!]Z^S_S^�HNAN:Y`>=aS@
Tonks

R$H$L
Langmuir

U�L Hcb?HdANT\<QL UM<?E=e�>=aSbfY\>gL >DbQL F5GDh\b?>cH=h\<QL >dGNL H=@
JSCDTiR=YK<QL R=OD@jTiR=R$h\bKk+F�JD@Ql=mnAN:oYK:SYKTn>p:=<?>=@nH=aQYK:=@jTiA=L R$<?ENYZJDF5TBU�L HoR$EDP�TnH=hrq
<QL >MsQY`>=at>NAN>$u >=anY`>=aQCDE I L F�Y`>Db�h\b?HvAN>=F5>=F�YK:wY\k+bnHNYK:=GSk+bBOvGD>=<Qu k+bBY\>=atT`u b?H$LGDT\<QL R$EoOp>QCNL R$EfL >DbQL F5GDh\b?>Ml
x y b?HcH=h\<QL >dGSAN>=<?T`u3bKHzL >DbQL F$P�T`u3GDTWAN>SCSCD>={S@oYK<?:NAN>=aS@Ql}|3L HcANH=<?E=~?T`L U�GSHMs

F�Y`>�F�YKh\GDGDHWT\b?:=@VH=F�YKh\<?H�>WL >DbQL F5GD:=@�>=[�T`u CDTiY\H$LDF�Y?L @nF5a?U5R$<?>={SF5T`L @VY\k+bjHNYK:Sq
GSk+bvGNL E=@�R$H$LNJvP�T\<?GD>NR$<?H=FMu HwY`>=awH=T\<Qu >Nav[MYKE=b?T`LNY\H

106 − 107 ��� P�T\<?GNL R$:=@L >DbQL F5GD:=@Z�il y-� ENCSCD>=a$s5>!L >DbQL F5GD:=@vYik+b�ADCDH=bKJSY?L R=X+b�HNYKGD>=F5[�H$L <KX+bwAN<?>NR$HNCDT`u q
Y`H$L#HNAN:�YZJDbzHNCSCSJSCDTiA=u ~?<?H=F�JzYZJD@�HNR=Y?L b?>S�=>QCNu H=@Qs-HNAN:�Y\>Db x � CNL >�R$H$L*Y\>=aS@
H=F�YKh\<?T\@Qs�GDTnY\HfENY`>=GSH � [Mk(Y`>Q��>SbQL F5GD:=@Z�il=�B>pADCDE=F5GDHfF�YZJDbwHNYKGD:=F5[�H$L <?HoYik+bH=F�YKh\<Kk+b!b?TiYK<?>Db?u k+bfHNAN>SYKTiCDT`u Y\H$L�HNAN:dJSCDTiR=YK<?:DbQL H�R$H$L�AN>=�QL YK<?:DbQL H�AN>=a�~ZJ?q
GNL >=aS<ZUM>={SbKY\H$L�R$HNYKE�Y\>�[�H$L b?:=GDT\b?>!YZJD@�~Qu ~?aSGSJD@wUMh\b?T\F�JD@Qs�~KJSCDH=~KO�s�HNAN:�YZJDb
HNCSCSJSCDTiA=u ~?<?H=F�JW[Mk(Y`>DbQu k+bwGDTjT\b?h\<ZUMT`L H

E ≥ 2mec
2 � HNR=Y?u bKk+b\q�U��\s$:NAN>=a meT`u b?H$L$JoGDE=�?HpY\>=a�JSCDTiR=YK<?>DbQu >=awR$H$L

c
JWY`H I {QYZJSY`HpY\>=aW[Mk(YK:=@Qs5GDTnY`H�L F I aS<?EJSCDTiR=YK<?>=GDHDUMbKJSY?L R$EvANT\~Qu HvY\k+b�ANT\<QL F�YK<?T\[�:=GDT\bKk+b�H=F�YKh\<Kk+b�b?TiYK<?>DbQu k+bDlD�*YZJDb

TiA=L [�E=b?T`L HjYZJD@+|}JD@-Y`>jADCDE=F5GDHtF�ANH=bQu �?T`L�sKT\bKX�H=bKY?u P�TiY\HMsKH=b#HNAN>=GDHNR$<?aSbZP�>={SGDT
HNAN:nYZJDbVTiA=L [�E=b?T`L HnYZJD@+|}JD@Qs?F5aSb?H=bKYKE=GDT0YZJDbBL >Db?:=F5[�H$L <?HMs`YZJnGDHDUMbKJSYK:=F5[�H$L <?H
R$H$L�Y\>DbwJSCNL HNR$:pE=b?T\GD>oAN>=aWHNAN>SYKTiCD>={SbKY\H$L�HNAN:pADCDE=F5GSHMl
� HNCDGDHNYZX+~KJD@BH=b?ENADYKa � JwYZJD@�[�aSFML R=OD@�Y\>=avADCDE=F5GDHNY`>=@BY`H�YKTiCDT\aQY\H$u H�F5HSq

<?E=bKY`H I <?:DbQL Hw>=[�T`u CDTiY`H$LQF�YZJDbnAN<?>=F�ANEDP�T`L HvANHDU�u ~?T\aSF�JtADCDE=F5GDHNY\>=@VGDT#aSeMJSCSOP�T\<?GD>NR$<?H=FMu H � 108K
�BR$H$LMANaQR$b?:SYZJSY`H � 1015cm−3

��GDh\F5H�F5TwT`L ~QL R$>={S@wH=bKY?L q
~?<?H=F�YZOD<?T\@tGDTtF�R$>NAN:pYZJDb�h\b?H=< � J�R$H$LM~QL HNYZOD<KJDF�JoYZJD@tANaS<KJDbQL R=OD@tF5{SbKYZJ � JD@Ql
� F5{SbKYZJ � JwANaS<KODbKk+bj~?T\aQYKT\<Qu >=a � 2 � �3R$H$LNYK<QL Y?u >=a � 3 � �(h I T`LNk+@�HNAN>SYKhiCDT\F5GDHYZJw~KJDGNL >=aS<ZU�u Hwb?TiYK<?>DbQu k+bBGDTVGDh\F�JwT\b?h\<ZUMT`L H

14.1 MeV (1eV = 1.6×10−12

erg = 11605 K).
� T\b?h\<ZUMT`L HvY\k+bnb?TiYK<?>DbQu k+bBGSAN>=<?T`uNb?HwGDTiY`HNYK<?HNANT`uDF5T*P�T\<`q

GNL R=O�T\b?h\<ZUMT`L H!GDT�HNAN:=~?>=F�J�GDh I <QL�R$H$LM�N�D�fl��dh I <QL�F�ODGDT\<?HMs�R$H=GNL E�GSJ I H=bKOANHDU�u ~?T\aSF�JD@VADCDE=F5GDHNY\>=@�~?T\bnh I T`LNANTiYK{ I T`L=F5aSbZPMOSR$T\@BAD>=awb?H�TiA=L YK<?hiAN>=aSbnYZJDbANH=<?HDU5k3U5OzE=[5P�>DbKJD@fR$H$L([�YZJDbKOD@�T\b?h\<ZUMT`L H=@fR$H$L+H=aQYK:gY\>zP�h\GDHgANH=<?H=GDh\b?T`L
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H=b?>$L I YK:MlM jH�OSY\H=b�E=F�Y\> I >�b?HfF5aSb?~?h\F5>=aSGDTjYZJDbWH=bKENADYKa � JpH=aQY\>={WY`>=aob?h\>=aR=CDE=~?>=a�YZJD@t[�aSFML R=OD@tGD:Db?>oGDTnY?L @tT\<ZUMH=F�YZJD<QL HNR$h\@jT\[�H=<?GD>?UMh\@�Y`>=a$l$�B>f^S^D�
Y`>=aoF5{SGSANH=bKY\>=@n�=<Qu F�R$TiY`H$L5F5TjR$HNYKE=F�Y\H=F�JWADCDE=F5GDHNY`>=@Ql x y YKFML�sMJWUMbKX+F�JoYik+b
L ~QL >SYZOSYik+b�R$H$L3YZJD@!F5aSGSANT\<QL [�>=<?E=@fY\>=a�ADCDE=F5GDHNY`>=@�T`u b?H$L(HNANH=<?H$u YZJSYZJ�YK:=F5>
U�L H�YZJ�GDTiCDhiYZJwY`>=av~QL H=F�YZJDGNL R$>={ I X+<?>=atR$>DbKYKE�F�YZJ�|}J�s=:=F5>�R$H$LNF�Y`>�JSCNL HNR$:F5{SF�YZJDGDHoR$H$LNF�Y`HW~QL E=[�>=<?H�H=F�YK<?>=[�aSFML R$E�H=bKY?L R$T`u GDT\b?H5sSUMT¡UM>Db?:=@#AN>=a�>=~KJQUMT`u
F�Y`>�F5aSGSANh\<?H=F5GDH�:SY?L}J![�aSFML R=O!Y`>=afADCDE=F5GDHNY`>=@WT`u b?H$L�GNL H�HNAN:�Y?L @w�=H=FML R$h\@
TiA=L F�YZODGDT\@QsMJp>NAN>$u HoP�H�GDH=@n�=>NJQPMODF5T`LMF�YZJDb�R$HNY\H=b?:NJDF�JWYik+b�ANT\<QL F5F5>SYKh\<Kk+b
[�H$L b?>=GDh\bKk+bvF�Y`>fF5{SGSANH=bNl
mj@w~?>={SGDTt:=GSk+@�H=b?HNCDaQY?L R$EpY`>=aS@vYK<?:NAN>=aS@w~KJDGNL >=aS<ZU�u H=@tY`>=aoADCDE=F5GDHNY\>=@

F�Y`>fT\<ZUMH=F�YZOD<QL >oR$H$L�F�Y`>f~QL E=F�YZJDGDHpR$HDPMX+@nR$H$L�Y?L @vGDT¡P�:=~?>=aS@jGDTiCDhiYZJD@tY\>=a$l

���£¢;��¤�¥�,(.('#¦�§37-'¨.02�¤5©V ª&3«c4�.02�,080631#7+&�4�.3«
�*Y`>�T\<ZUMH=F�YZOD<QL >wY`>wADCDE=F5GDH�~KJDGNL >=aS<ZUMT`u Y`H$LDHNAN:wY?L @BJSCDTiR=YK<QL R$h\@VTiR=R$T\bKX+F5T`L @Ql
x 9nY`H=b#h\b?HjL F I aS<?:nJSCDTiR=YK<QL R$:nANT\~?u >nT\[�H=<?GD>=F$P�T`uKF5T+GDT\<?L R=X+@*L >DbQL F5GDh\b?>jH=h\<QL >MsY`H�JSCDTiR=YK<?:DbQL H�R$H$L$L :DbKY\HWTiA=L Y`H I {Sb?>DbKY\H$LNR$H$L=HNAN>NR=Y`>={SbnGDT¡UMENCDT\@BY`H I {QYZJSYKT\@Qlx 9nY`H=bB[�>=<KY?L F5GDh\b?HvF�k+GDHNY?u ~QL HvGDT*GDT¡UMENCSJjY`H I {QYZJSY\HwF5a?U5R$<?>={S>DbKY`H$L?GDT*ENY`>=GDHOwGD:=<QL HMsDTiCDT\a?P�T\<KX+b?>=aSbVYK<?> I L HNR$EvJSCDTiR=YK<?:DbQL HMlQ�BHwJSCDTiR=YK<?:DbQL HvR$H$LSY`H�L :DbKY`HAN>=a�~KJDGNL >=aS<ZUM>={SbKY\H$L0GDTWYZJ�F5T`L <?EdY`>=aS@Qs0TiA=L Y`H I {Sb?>DbKY\H$L�R$H$L0L >DbQu �?>=aSbfENCSCDHENY`>=GDH!O!GD:=<QL HMl}�*YZJDboR$HDPMJDGDT\<QL bKO�GDH=@��Kk(O!F5aSb?H=bKYKE=GDTvYKhiY\>$L T\@�F5aSF�R$T\aSh\@Qs
:NADk+@fU�L H¬ANH=<?E=~KT`L UMGDHMs3JcCDE=GSANH¬[5P�>=<QL F5GD>={dR�l HMl � ANaQR$b?:SYZJSY\HgY\>=adADCDESq
F5GDHNY`>=@VR$H$LDJwA=u T\F�J�~QL H=[�h\<?>=aSb�HNAN:�F5aSF�R$T\aQOwF5TBF5aSF�R$T\aQO�sDU�L H�ANH=<?E=~?T`L U�GSHMs
F5ToCDH=GSADYZOD<?T\@pTiR=R$h\bKk+F�JD@WJ�A=u T\F�JdT`u b?H$L

1 torr,
JdH=<QL P�GSJSY?L R=O�ANaQR$b?:SYZJSY`H

109 − 1011cm−3
R$H$L$JWP�T\<?GD>NR$<?HNFMu HWJSCDTiR=YK<?>DbQu k+b

104K.�B>�ADCDE=F5GDH­GSAN>=<?T`u*b?H�~KJDGNL >=aS<ZU5JQP�T`u-R$H$L*GDT�P�T\<?GNL R$:­L >DbQL F5GD:®:SY\H=b�J
P�T\<?GNL R=OfT\b?h\<ZUMT`L HfY\>=apH=T\<Qu >=a�U�u b?T`L�u F�JfGDTtYZJDbWT\b?h\<ZUMT`L H�L >DbQL F5GD>={oY`>=a$lM|0L H
Y`H!>=aS~?hiYKT\<?HfGD:=<QL HMsMJfT\b?h\<ZUMT`L H�L >DbQL F5GD>={fT`u b?H$L5YZJD@vYKE � JD@wGDT\<QL R=X+b

eV,
R$H$L

H=bKY?L F�Y\>$L I T`uMF5T�P�T\<?GD>NR$<?H=FMu H 104 − 105 � l�BHjGShiY`HNCSCDHnR$H$LZ>$LZJDGNL HDU5k3UM>$uKANT\<QL CDH=G?�=E=b?>=aSb-TiCDT\{?P�T\<?H�JSCDTiR=YK<?:DbQL HMsiU�L H
ANH=<?E=~?T`L UMGDHMsNF�Y`HoGDhiY`HNCSCDHWF5aSb?H=bKYKE=GDTBH=<QL P�GSJSY?L R$h\@�ANaQR$b?:SYZJSYKT\@BYZJD@nYKE � Tik0q
@

1023cm−3
l x y b?H=@wJDGNL HDU5k3UM:=@�ANT\<QL h I T`L}TiCDT\{?P�T\<?H�JSCDTiR=YK<?:DbQL H!R$H$L�¯ >NANh\@Q°�lx y b?H�ADCDE=F5GDHcHNAN:�JSCDTiR=YK<?:DbQL H�R$H$L(¯ >NANh\@Q°0>Db?>=GDE=�?T¡Y`H$L3¯ RD�=H=bKY?L R$:�ADCDE=F5GDHMl�°

� GDTiCDhiYZJ!T\b?:=@wYKhiY\>$L >=afADCDE=F5GDHNY\>=@wU�u b?TiY`H$L�GDTwYZJp�=>NOQP�T`L H!YZJD@�RD�=H=bKY\>=GSJ?q
I H=bQL R=OD@Qs�GNL E=@WR$H$L�J�HNCSCSJSCDTiA=u ~?<?H=F�J�Yik+boUMT`L Y\>DbQL R=X+boJSCDTiR=YK<?>DbQu k+b�U�u b?TiY\H$LF�JDGDH=bKY?L R=O�l
�#Tn{Se�>=@

70 − 500 km
ANE=bKk­HNAN:oYZJDbwTiA=L [�E=b?T`L HWYZJD@j|}JD@Qs�JWANaQR$b?:SYZJSY\H

Y`>=aoL >Db?>=F5GDh\b?>=a�H=T\<Qu >Na�H=a � E=b?T`L$~?<?H=GDHNY?L R$EoR$H$L5FML UMESq±FML UME�H=< I u �?T\L�b?HWU�u b?TrqY`H$LDGDT¡UMHNCD{QYKT\<KJtHNAN>wYZJDbBANaQR$b?:SYZJSY`HvY`>=ajGSO?q²L >DbQL F5GDh\b?>=atH=T\<Qu >Na$l?�B>�F�YK<KX+GDH



³N´µ�p¶�·S¸$¹�º5»}¼?½�¾�» º�¿=·QÀ�Á Â�Ã�Ä?º�¿f¹$Å$Æ�Ç�¾MÂ$Ä?º�Ã È

H=aQYK:c>Db?>=GDE=�?TiY\H$L3¯ L >Db?:=F5[�H$L <?HM°�l � H=<QL P�GSJSY?L R=O�ANaQR$b?:SYZJSY\H�Y`>=a�ADCDE=F5GDHNY\>Sq
@pF�YZJDb�L >Db?:=F5[�H$L <?H�T`u b?H$L

106cm−3,
T\bKX�J�P�T\<?GD>NR$<?H=FMu H�T`u b?H$L}_S�S�S� � l �P�T\<?GD>NR$<?H=FMu HBR$H$LZJBANaQR$b?:SYZJSY`HnGDTiY`HS�=ENCSCD>DbKY\H$LZR$HNYKE�YZJn~QL E=<KR$T`L H�Y`>=aBT`L R$>=FML q

YKTiYK<?HNX+<?>=a$sQGDT*YZJDb�T\b?HNCSCDHDU5OnYik+bnTiAN> I X+bBR$HDPMX+@*R$H$LQGDT*YZJv~?<?H=F�YZJD<QL :SYZJSY\HY`>=a x � CNL >=a$lM9�YK<?:NAN>=@tTiA=u ~?<?H=F�JD@jYZJD@tJSCNL HNR=OD@t~?<?H=F�YZJD<QL :SYZJSY`H=@tF�YZJDb�L >Db?:Sq
F5[�H$L <?HzYZJD@�|}JD@!~?T`u I b?T`L3:SY?L+> x � CNL >=@�~?T\b�T`u b?H$L(GD:Db?>cADJQU5OzHNR=Y?L b?>S�=>SCNu HN@HNCSCDEzR$H$L0ADJQU5OcADCDE=F5GDHNY\>=@Ql3ÉnCDE=F5GDHg<?h\T`L3HNAN:zYZJDb�TiA=L [�E=bKT`L HcY`>=a x � CNL >=a
F�Y`>�GDT\F5>NADCDH=bKJSY?L R$: I X+<?>!R$H$L�>Db?>=GDE=�?TiY`H$L�¯ JSCNL HNR$:=@wE=b?T\GD>=@Q°�l � Y`H I {QYZJSY\HY`>=ajJSCNL HNR$>={jH=b?h\GD>=anR$>DbKYKEwF�YZJv|}JwT`u bKH$LS_SÊS�Kq²ËQ�S�

km/s,
JvH=<QL P�GSJSY?L R=OvANaQRDq

b?:SYZJSY`H
1 − 10 cm−3

s5T\bKX­J�P�T\<?GD>NR$<?H=FMu HoT`u b?H$L
105 � lM9�JSCNL HNR$:=@jE=b?T\GD>=@¯ AN<?>=F�R$<?>={ST`L�°=F5T�HNAN:=F�Y\H=F�Jf]Z�Kq¡]ZÌ

RE
s=:NAN>=a

RE ÍjÎ �N�S� km
T`u b?H$LDJ�HNR=Y?u b?H

YZJD@�|}JD@Qs(F�Y\>gGDHDUMbKJSY?L R$:cANT\~Qu >dYZJD@Qs3Y`>z>NAN>$u >dR$H$L(F5a?U5R$<?HNYKT`u0Y\>zADCDE=F5GDH
UM{S<Kk®HNAN:pYZJW|}JWR$H$L5~KJDGNL >=aS<ZUMT`u�YZJoCDT¡UM:=GDT\bZJ�¯ GDHDUMbKJSYK:=F5[�H$L <?HM°�l
� HNYKGD:=F5[�H$L <?H�Y`>=a x � CNL >=a!HNAN>SYKTiCDT`u Y`H$L�HNAN:�~QL E=[�>=<?H�F�YK<KX+GDHNY\HMs�H=< I u q�?>DbKY`H=@�HNAN:WYZJ I <Kk+GD:=F5[�H$L <?HWGDTnH=<QL P�GSJSY?L R=O�ANaQR$b?:SYZJSY`H 1010 − 1011 cm−3R$H$LMP�T\<?GD>NR$<?H=FMu H

104 � l�ÉjE=bKk�HNAN:!YZJ I <Kk+GD:=F5[�H$L <?Hp�=<Qu F�R$TiY`H$LMY\>�F�YKh\G?qGDH�GDT�ANaQR$b?:SYZJSY`H
109
q
108 cm−3

R$H$L�P�T\<?GD>NR$<?H=FMu H
106 � l��B>�T\F�k(YKT\<QL R$:Y\k+b¬H=F�YKh\<Kk+bDs#R$HDPMX+@�R$H$LB>$LVHNYKGD:=F5[�H$L <?T\@�Y\k+bgH=F�YKh\<Kk+bd�=<Qu F�R$>SbKY`H$L#F5T

R$HNYKE=F�Y`H=F�J!ADCDE=F5GDHNY`>=@Ql0�*Y`>dT\F�k(YKT\<QL R$:�Y\k+b�H=F�YKh\<Kk+bpJ�ANaQR$bK:SYZJSY`H�T`u b?H$L
102 gr/cm3 R$H$L(JdP�T\<?GD>NR$<?H=FMu H 107 � s-T\bKXÏF�Y\>�T\F�k(YKT\<QL R$:zY\k+b�H=F�YKhrq
<Kk+bdAN>=a��=<Qu F�R$>DbKY\H$L-F5T!AN<?> I k+<KJDGDh\b?>�F�YKE=~QL >­T � hiCNL � JD@Qs*:NASk+@�>$L-CDT\aQR$>$ub?E=b?>$L�s0J�ANaQR$b?:SYZJSY`HcGSAN>=<?T`u(b?Hz[MYKE=F5T`L0Y`H

105 − 108 gr/cm3 s3Y?L GDh\@fAN>=aH=b?HNCD>QUM>={SboF5T�H=<QL P�GSJSY?L R$h\@WANaQR$b?:SYZJSYKT\@�Yik+bfJSCDTiR=YK<?>DbQu k+boYZJD@WYKE � JD@�Yik+b
1028 − 1031 cm−3

l
�BhiCD>=@Qs(>¬GDT\F5>=H=F�YK<QL R$:=@ I X+<?>=@�HNAN>SYKTiCDT`u Y`H$L(HNAN:zAN>SCD{cH=<?H$L :cADCDE=F5GDHGDToH=<QL P�GSJSY?L R=O�ANaQR$b?:SYZJSY`H

10−2 − 1 cm−3
R$H$L}P�T\<?GD>NR$<?H=FMu H

104 � l�ÉjHSq<?ENCSCSJSCDHwF�Y\>�F5{SGQANH=bnF5aSb?H=bKYKE=GDT-~QL E=[�>=<?HtH=F�YK<?>=[�aSFML R$EvH=bKY?L R$T`u GDT\b?HMs?:NADk+@
aQAN>SCDT`u GDGDHNY\H�aQANT\<KR$H$L b?>=[�HNbKX+bNsQANENCDF5H=<?@QsNH=F�Y?h\<KT\@VAN>=awTiR=ANh\GSAN>=aSbjHNR=Y?u b?T\@¡q
Ð s?T\b?T\<ZUMEnR$h\bKYK<?HBUMHNCDH � L X+bNs?F5aSGSANT\<QL CDH=GK�=H=b?>=GDh\bKk+b*R$H$LKJDGNL H=F�YKh\<Kk+bNsQ:NAN>=a
Y`>pADCDE=F5GDHfT`u b?H$L$R$aS<Qu H=< I >oF5aSF�Y\HNY?L R$:fY\>=aS@Ql

Ñ�Ò$Ó�Ô�Õ�Ö�×}Ø�ÙMÚÛÙMÜ �#T#AN>$L H�ANT\<QL > I OtP�T\<?GD>NR$<?H=FML X+b � Te

s
Ti
�(ANT\<QL >=<QL �?:=GDH=F�YKT

aQAN>DP�hiY`>DbKY\H=@t:SY?L5Y\>pADCDE=F5GDH�T`u b?H$L�GSJ?q±F I TiY?L R�L F�Y?L R$:MÝ � Te

T`u b?H$L�J�P�T\<?GD>NR$<?HSq
FMu HpYik+bwJSCDTiR=YK<?>DbQu k+btR$H$L

Ti

J�P�T\<?GD>NR$<?H=FMu H�Y\k+b�L :DbKYik+bQ�il

Þwß�à Ö0Ü �dTjAN>QCSCD>={S@tYK<?:NAN>=aS@vGSAN>=<?>={SGDTtb?HfaQAN>SCD>?U�u F5>=aSGDTnAN<?>=F5T¡U�U�L F�Y?L R$E
YZJ¬P�T\<?GD>NR$<?H=FMu HgY\k+bcJSCDTiR=YK<?>DbQu k+b�R$H$L#L :DbKY\k+bNs*X+F�YKT�J­GSJ?q±F I TiY?L R�L F�Y?L R=OH=b?ENCDaSF�JgY\>=azADCDE=F5GDHNY`>=@�b?H�T`u b?H$L-HNAN>=~?TiR=YZO�s+A5l I l#:SY\H=bc>$L+P�T\<?GNL R$h\@�Y\HSq
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I {QYZJSYKT\@ Ve, Vi

T`u b?H$L}GNL R$<?:SYKT\<?T\@�YZJD@oY\H I {QYZJSY`H=@WY`>=a�[Mk(YK:=@ c
l � P�T\<?GNL R=O

Y`H I {QYZJSY`HpYik+bwJSCDTiR=YK<?>DbQu k+btT`u b?H$L
Ve = 4.2 × 107[Te(eV )]1/2 cm/secR$H$L$U�L H�b?HpT`u b?H$L�GNL R$<?:SYKT\<KJWHNAN:pYZJoY\H I {QYZJSY`HpY`>=aW[Mk(YK:=@ 3 × 1010 cm/secP�HwAN<?hiANT`LSJjP�T\<?GD>NR$<?H=FMu HjY\k+b�JSCDTiR=YK<?>Db?u k+bBb?HwT`u b?H$L

Te < 6×109 � ' ÊS�S�
keV.

�VJDb�u ~QL HoANT\<Qu AN>=a�Y?L GSO��=<Qu F�R$>=aSGDT?s$H=bvR$E=b?>=aSGDT I <KODF�JWYKJD@tF I h\F�JD@
mec

2 ∼ kBTe,:NAN>=a
kB

T`u b?H$L$JoF�Y\HDP�T\<?EoY`>=a
Boltzmann

l�|0L HpY`H�L :DbKY\H��=<Qu F�R$>=aSGDT
Vi = 9.8 × 105[Ti(eV )]1/2 cm/sec < 3 × 1010cm/sec,E=<?HWP�HpAN<?hiANT`L�J�P�T\<?GD>NR$<?H=FMu H�Y\k+b�L :DbKYik+b�b?HpT`u b?H$L
Ti < 1013K u 900 MeV.�#aSGSANT\<?H$u b?>=aSGDT¬CD>$L AN:Dbý:SY?L�s�:SY\H=b

Te < 500 keV
R$H$L

Ti < 1 GeVGSAN>=<?>={SGDTwb?H!HDUMb?>NODF5>=aSGDTtY`H!F I TiY?L R�L F�Y?L R$E�[�H$L b?:=GDT\b?H�F�YZJDboH=b?ENCDaSF�JfY\>=aADCDE=F5GDHNY`>=@Ql
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�*Y\>f� I ODGDH�]Sl�]jANH=<?>=aSFML E=�?>DbKY\H$L=>$L$ANH=<?E=GDTiYK<?>$L$~QL E=[�>=<Kk+bj[�aSFML R=X+bwF5aKqF�YZJDGDENY\k+b�Y`H�>NAN>$u HvHNAN>SYKTiCD>={SbKY`H$LSHNAN:vADCDE=F5GDHMlN�*Y`>t�$L �NCNu >�H=aQYK:vP�H�H=F I >SqCSJQP�>={SGDTWR$aS<Qu k+@WGDT����	��

����������� 
���������������
��� 
(v << c)

AN>=a�HNAN>SYKTiCDT`u Y`H$L
HNAN:tJSCDTiR=YK<?:DbQL HnR$H$LQL :DbKY`HMlQ�#aSbKJQP�u �?>=aSGDT+b?HjH=b?H=[�T\<?:NGDH=F�YKT+F�YZJnR$HNYKE=F�Y`H=F�J
H=aQYZOWY`>=a�ADCDE=GDF5HNY\>=@jk+@�¯ L ~?H=bQL R=O�l x

���"!$#z"=¤�7-'�)+¥3«¬'¨.�%�'¨1#7+¥3«
x y I >=aSGDT3OD~KJBH=b?H=[�h\<KT`L`:SY?LKh\b?H=@3HNAN>�Y\>=aS@0�=H=FML R$>={S@3GSJ I H=bQL F5GD>={S@+~KJDGNL >=aS<ZU�u qH=@BY\>=avADCDE=F5GSHNY`>=@�T`u b?H$LD>$L=F5a?U5R$<?>={SF5T`L @BGDTiY`H � {tYik+btHNYK:=GSk+bnO�GD>=<Qu k+b�Y\>=a
H=T\<Qu >=a$l$�B>f[�H$L b?:=GDT\b?>pH=aQYK:f>Db?>=GDE=�?TiY\H$L=P�T\<?GNL R$:=@vL >DbQL F5GD:=@Ql5mjbwJWP�T\<?GNL R=O
T\b?h\<ZUMT`L HpYik+b�HNYK:=GSk+b�OpGD>=<Qu k+bwY\>=aoH=T\<Qu >NaWaQANT\<`�=T`u5Y\>�~?aSb?H=GNL R$:�L >DbQL F5GD>={
Y`>=aS@Qs(h\b?HgF�JDGDH=bKY?L R$:zAN>=F5>=F�YK:gHNYK:=GSk+b�OzGD>=<Qu k+b�L >DbQu �?TiY`H$L�l&%�JSCDH=~KO�U�L H
Y`>caS~K<?>QUM:Db?> � Y`>d~?aSb?H=GNL R$:dL >DbQL F5GD>={�Y\>=a�T`u b?H$L 13.6eV s H=aQYK:dF�JDGDH$u b?T`L�:SY?LU�L H�P�T\<?GD>NR$<?H=FMu H�GDT¡UMHNCD{QYKT\<KJ�HNAN: ≈ 104 � Y`H�ENY`>=GDH�Y\>=a�aS~?<?>?UM:Db?>=aoP�H
T`u b?H$L5F I T\~?:Dbw:SCDHfL >DbQL F5GDh\b?HMlM�*YKJpF5aSb?h I T`L HoP�HfaQAN>SCD>?U�u F5>=aSGDT�Y`>pAN>=F5>=F�YK:HNYK:=GSk+b�AN>=ach I >=aSb�L >DbQL F$P�T`u+:SY`H=b!Y`>gH=h\<QL >��=<Qu F�R$TiY\H$L(F5TpP�T\<?GD>=~?aSb?H=GNL R=OL F5>=<?<?>NA=u HWR$H$L5h I T`L$P�T\<?GD>NR$<?H=FMu H T

l
mjbvaQAN>DP�h\F5>=aSGDTn:SY?L$JWT\b?h\<ZUMT`L HoGNL H=@tF5a?U5R$TiR$<QL GDh\bKJD@nF�YKEDP�GSJD@nY`>=a�HNYK:Sq

GD>=a�Y`>=a�aS~?<?>QUM:DbK>=a�T`u b?H$L
En,

F5{SGD[Mk+b?HzGDTpY`>Db�b?:=GD>dY`>=a
Boltzmann

>
H=<QL P�GD:=@nY\k+b�HNYK:=GSk+bvAN>=a�P�HW�=<Qu F�R$TiY`H$L�F�YZJoR$HNYKE=F�Y\H=F�JoH=aQYZO�P�HpT`u b?H$L

Nn = Agne
− En

kBT ,:NAN>=a
gn

T`u b?H$L(Y\>�F�Y\HNY?L F�Y?L R$:z�=E=<?>=@�YZJD@�F5a?U5R$TiR$<QL GSh\bKJD@�R$HNYKE=F�Y`H=F�JD@Qs(m
F�Y`HDP�T\<?E�R$H$LD��JvP�T\<?GD>NR$<?H=FMu HvY`>=avH=T\<Qu >=a$lD9�>SCNL R$:=@BH=<QL P�GD:=@BYik+btHNYK:=GSk+b
Y`>=aWH=T\<Qu >=a('�aQAN>QCD>QU�u �?TiY\H$L�T\{QR$>QCDHpHNAN:oYZJoANH=<?HNANE=bKk�F I h\F�J�s

N =
n=∞
∑

n=1

Nn = A
n=∞
∑

n=1

gne
− En

kBT = AZ(T )

:NAN>=a
Z(T )

T`u b?H$L�JcF5aSb?E=<KYZJDF�JdTiA=L GDT\<QL F5GD>={ � �NCDhiANTpANT\<QL F5F5:SYKT\<?T\@pCDTiADY`>SqGDh\<?T`L T\@tF5T��$L �NCNu H��*Y`HNY?L F�Y?L R=OD@()#aSFML R=OD@Z�il � T\b?h\<ZUMT`L H
En

T`u b?H$L$P�TiY?L R=OoR$H$L
P�Tik+<?>={SGDTw:SY?L�Jo�=H=FML R=OfR$HNYKE=F�Y\H=F�J

E1 = 0.
9�F I TiY?L R$:=@�H=<QL P�GD:=@wY\k+bWHSqYK:=GSk+b!AN>=a!P�HdR$HNY`HNCDH=G?�=E=b?>NaSbpY?L @fF�YKEDP�GDT\@
n
R$H$L

m,
GDT��=E=F�J�:=F5HdOD~KJ

H=b?H=[�h\<?HNGDT?sNP�HfT`u b?H$L
Nn

Nm
=

gn

gm
e
−En−Em

kBT . � ]Sl�]K�
mjbpY\>�JSCDTiR=YK<?:DbQL >�HNAN>=<?<?>=[5ODF5T`L}HNAN:�GNL H�YKa I H$u H�F5{?U5R$<?>=aSF�J�T\b?h\<ZUMT`L H

E
GDT¡UMHNCD{QYKT\<KJ�HNAN>�YZJDbpT\b?h\<ZUMT`L H�L >DbQL F5GD>={

E∞,
P�H�GSTiY`HNADJD~KODF5T`L}HNAN:!YZJDb
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R$HNYKE=F�Y`H=F�J
n
F�YZJDb¬TiCDT\{?P�T\<KJ¬R$HNYKE=F�Y`H=F�J � L >DbQL F5GD:=@Z�fR$H$L*P�H®R�L bKJQP�T`uVGDTY`H I {QYZJSY`H v,

T\bKX­JWR�L bKJSY?L R=OoY\>=aWT\b?h\<ZUMT`L HWP�HfT`u b?H$L
(1/2)mv2 = E − E∞.�B>pAN>=F5>=F�YK:�L >SbQL F5GD>={�Y\k+b�HNYK:=GSk+btP�HfT`u b?H$L

N(v)

Nn
=

g(v)

gn
e
−

χn+1
2

mv2

kBT � ]Sl _D�
:NAN>=a

χn = E∞ − En
R$H$L

g(v)
T`u b?H$LMY`>�F�Y\HNY?L F�Y?L R$:��=H=<?>=@wY\k+bWR$HNY`H=F�YKESq

F5Tik+bWAN>=a�GSAN>=<?T`u�b?H�R$HNY`HNCDES�=T`LMY`>�TiCDT\{?P�T\<?>�JSCDTiR=YK<?:DbQL >!:SY`H=b�R�L b?T`u Y`H$L�GDT
Y`H I {QYZJSY`H v.9 aQAN>SCD>?U�L F5GD:=@pY`>=a�F�Y`HNY?L F�Y?L R$>={��=E=<?>=aS@

g(v)
F�YZJD<Qu �?TiY`H$L0F�Y?L @�H=< I h\@YZJD@ � �=H=bKY\>=GSJ I H=bQL R=OD@QlNmjbtaQAN>DP�h\F5>=aSGDT�>SY?L$h\b?HWTiCDT\{?P�T\<?>�JSCDTiR=YK<?:DbQL >v�=<Qu qF�R$TiY`H$L}F�YZJ!P�h\F�J

(x, y, z),
R$H$L}h I T`L}>=<?GSO (px, py, pz),

YK:SYKT�>$L}TiA=L YK<?TiADYKh\@
F�Y`HDP�GDT\@jAN>=aWGSAN>=<?T`u5b?HoR$HNY`HNCDES�=T`L�T`u b?H$L

2dpxdpydpz

h3
.

9�F5aSbKYKTiCDT\F�YZOD@j_�>=[�T`u CDTiY`H$L=F�Y?L @t~?{S>W~?aSb?HNYKh\@BR$HNY`H=F�YKE=F5T`L @�AN>=a�GSAN>=<?T`u$b?H
ANE=<?T`LMY`>�JSCDTiR=YK<?:DbQL >�GDTtYZJDbpu ~QL H�T\b?h\<ZUMT`L HfCD:QU5k�Y\>=afF�A=u bNlM�B>!F�Y`HNY?L F�Y?L R$:
�=E=<?>=@oaQAN>QCD>QU�u �?TiY\H$L�HNAN:�YZJ�~QL H$u <?T\F�J!Y\k+b�ANL P�H=bKX+bfR$HNY`H=F�YKE=F5Tik+bfGDTWYZJDb
ANaQR$b?:SYZJSY`HoY\k+bvJSCDTiR=YK<?>DbQu k+b

g(v) =
2dpxdpydpz

neh3
.

mjbKY?L R$HDP�L F�YZX+bKY\H=@jY`>pF�Y`HNY?L F�Y?L R$:o�=H=<?>=@
g(v)

F�YZJDb�T � u F�k+F�J � ]Sl _D�#h I >=aSGDT
neni

Nn
=

2

gnh3
e
− χn

kBT e
− p2

2mkbT dpxdpydpz,

R$H$L5>QCD>NR=CSJD<KX+b?>DbZY`H=@nF�Y\> I X+<?>pYik+bwY`H I aQYZOSYik+bwR$HNY`HNCSOQUM>=aSGDTnF�YZJoF I h\F�J

neni

Nn
=

2

h3

e
− χn

kBT

gn
4π

∫ ∞

0

p2e
− p2

2mkbT dp

=
2

h3

e
− χn

kBT

gn
(2πmekBT )3/2. � ]Sl ÌD�

Ð <?T`L E=�?TiY`H$LMb?HfR$E=b?>=aSGDTtGNL E�HNR$:=GDHf~QL :=<ZPMk+F�JpU�L H�Y`>!F�Y`HNY?L F�Y?L R$:f�=E=<?>=@
giYZJD@�R$HNYKE=F�Y`H=F�JD@VAN>=atP�H�R$HNY`HNCDES�=T`LDY\>oL >DbjAD>=a�H=[MODb?T`LDA=u F�k¬Y\>�JSCDTiR=YK<?:DbQL >

:SY`H=bw[�T\{?UMT`L�s

neni

Nn
=

2gi

gn

(2πmekBT )3/2

h3
e
− χn

kBT . � ]Sl �=�
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� T � u F�k+F�J � ]Sl �=�jT`u b?H$LMUMbKk+F�YZO!k+@-, .	/�0 à21nà Ö436587 Saha’
s}HNAN:�Y\>�:Sb?>=GDH

Y`>=acL b?~?>={d[�aSFML R$>={�AN>=acGDTiCDhiYZJDF5TpAN<KX(Y`>=@fY?L @!F�Y`HNY?L F�Y?L R$h\@�L ~QL :SYZJSYKT\@�Y\>=a
L >DbQL F5GDh\b?>=aWH=T\<Qu >=a�F�Y?L @vE=< I h\@nY\>=a�ANT\<?H=F5GDh\b?>=a�H$L X+b?HMly u b?H$L I <KODFML GD>�bKH�HNADCD>NAN>$L ODF5>=aSGDT#HNR$:=GDHvANT\<QL F5F5:SYKT\<?>wYZJDbnT � u F�k+F�JtY\>=a
Saha

P�Tik+<?:DbKY`H=@v>SY?L�H=< I L R$EfY\>!H=h\<QL >fY\>=apaS~?<?>QUM:DbK>=aw�=<Qu F�R$TiY\H$LMF�YZJDbw�=HSqFML R=O�R$HNYKE=F�Y`H=F�J
E1 = 0

R$H$L�b?H�F5a?U5R$<Qu b?>=aSGDT�Y\HcL >DbQL F5GDh\b?HdENY`>=GDH�GDTWY\>
F5{Sb?>SCD>vYik+bn>=aS~?hiYKT\<Kk+bVHNYK:=GSk+bBY`>=ajH=T\<Qu >=a

N0.
�*YZJtANT\<Qu ADYik+F�JvH=aQYZOtY\H

giR$H$L
gn
P�HtH=bKY?L R$HNY`H=F�Y\HDP�>={Sb#HNAN>jY?L @*H=bKY?u F�Y\>$L I T\@-F5aSb?H=<KYZODF5T`L @*TiA=L GDT\<QL F5GD>={$s
neni

N0

=
2Zi(2πmekBT )3/2

Znh3
e
−

χ0
kBT . � ]Sl ÊD�

�B>pAN>=F5>=F�YK:pY\k+b�L >DbQL F5GDh\bKk+b�HNYK:=GSk+b
x =

ni

N0 + niaQAN>SCD>?U�u �?TiY`H$L�HNAD:pYZJDb�T � u F�k+F�J � ]Sl ÊD�
x

1 − x
=

2Zi

Z0

[

(2πme)
3/2

h3

]

(kBT )3/2

ne
e
−

χ0
kBT . � ]Sl Î �

mjb�J�P�T\<?GD>NR$<?H=FMu H
kBT >> χ0

YK:SYKT
x → 1,

E=<?Hzh I >=aSGDTpANTiYK{ I T`L(Y`>Db>SCNL R$:fL >Db?L F5GD:pY`>=aWH=T\<Qu >=a$l
Ñ�Ò$Ó�Ô�Õ�Ö�×}Ø¬ÙMÚ:9�Ü$Ð <KJDFML GD>NAN>$L ODF�YKT#YZJDbjT � u F�k+F�JtY`>=a

Saha
U�L H�b?H�aQAN>QCD>QU�u q

F5TiYKT#Y\>wAN>=F5>=F�YK:�Yik+bjHNYK:=GSk+bBAN>=atT`u b?H$LDL >DbQL F5GDh\b?>�F�YZJDbjTiA=L [�E=b?T`L HvYZJD@V|}JD@
� T = 300K

R$H$L`A=u T\F�JBGNu HnHNYKGD:=F5[�H$L <?H$�il �<; AN>DP�h\F�YKT(:SY?LZJ#P�T\<?GD>NR$<?H=FMu HVY`>=aH=T\<Qu >=aVANH=<?H=GDh\b?T`LKF�Y`HDP�T\<KO�s?Y\>v~?aSb?H=GNL R$:vL >DbQL F5GD>={BU�L HtY\>=anH=�KX(Y`>=a�T`u b?H$LKY\>=a
]\�5l Î eV

R$H$LQJtH=<QL P�GSJSY?L R=OjY`>=anANaQR$b?:SYZJSY\HtY\k+b�HNYK:=GSk+b
n0 = 3×1025m−3

�il
Þwß�à Ö0Ü 9�YK{QAN>=@tY\>=a

Saha
h I T`L�YZJoGD>=<?[MO

ni

N0

' 2.4 × 1021 T 3/2

ne

e−χ0/kBT, � ]Sl ËS�
:NAN>=a

ni

J�ANaQR$b?:SYZJSY\H!Y\k+bpL >DbQL F5GDh\bKk+bpHNYK:=GSk+bNs
N0

J�ANaQR$b?:SYZJSY\H!Y\k+bo>=aKq
~?hiYKT\<Kk+b�HNYK:=GSk+bNs

χ0

Y\>!~?aSb?H=GNL R$:�L >DbQL F5GD>={oY\k+bWHNYK:=GSk+bNs
ne

JpADaQR$b?:SYZJSY`H
Y\k+b�JSCDTiR=YK<?>DbQu k+bpR$H$L0aQAN>DP�hiY\>=aSGDT

ne = ni.
�B>c~?aSb?H=GNL R$:cL >DbQL F5GD>={�T`u b?H$L

χ0 = 14.6 eV,
s
T = 3 × 102 � s�R$H$L N0 ≈ n0 = 3 × 1025m−3 � � P�T\<`q

GD>NR$<?H=FMu HoY`>=aoH=T\<Qu >=a�T`u b?H$L�AN>SCD{oGNL R$<?:SYKT\<KJoHNAN>pY`>�~?aSb?H=GNL R$:fL >DbQL F5GD>={oR$H$L
 jTik+<?>={SGDTj:SY?L�AN>QCD{�CNu UMHpENY`>=GDHpT`u b?H$L5L >DbQL F5GDh\bKH$�\l59�CD:QUM>=@

ni

n0

' 10−122.
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�#aSGSANT\<?H$u b?>=aSGDTVCD>$L AN:Dbv:SY?L�Y\>oAN>=F5>=F�YK:pL >DbQL F5GD>={�Y\k+bvHNYK:=GSk+btY`>=a�H=�KX(Y\>=a
F�YZJDb�TiA=L [�E=b?T`L HoYZJD@j|}JD@tT`u b?H$L�F I T\~?:DbwGSJD~?h\bNl

���?>$@ 1*2�%�63¤54�§31+§ý)+&�4�&3%�.37�A3«z4�&&B+2�4CA�4CDW%
Maxwell

� �*Y`HNY?L F�Y?L R=OW��J I H=bQL R=O�h I T`L�F�YK: I >ob?HWANT\<QL UM<?E=e�T`LNY?L @tL ~QL :SYZJSYKT\@jGDT¡UMENCD>=aH=<QL P�GD>={vF�k+GDHNY?L ~Qu k+b � HNYK:=GSk+bNsNGD>=<Qu k+bNsSJSCDTiR=YK<?>DbQu k+bNsDL :DbKY\k+bNsDR=CSA=�il=�*JDGDHSqbKY?L R=OpADCSJD<?>=[�>=<Qu HWU�L H�YZJDb�F�Y`HNY?L F�Y?L R=OfANT\<QL UM<?H=[MOWY`>=a�¯FEFG ØIH E J 5 ß Ø . Ò 0 587 °
� Y`>�H=h\<QL >¬GSAN>=<?T`u*b?H¬HNAN>SYKTiCDT`u Y`H$L+HNAN:�ENY\>=GDHMs-GD:=<?L HMs-b?H¬T`u b?H$L+GDT\<QL R=X+@!O>SCNL R=X+@pL >DbQL F5GDh\b?>$�vT`u b?H$L�J�T\b?T\<ZUMT`L HNR=O!R$HNYKE=F�Y`H=F�J�T\b?:=@WH=bKY?L AN<Kk+F5T\aQY?L R$>={
F�k+GDHNY?L ~Qu >=a�GDh\F5HfF�Y`>fH=h\<QL >Ml
mjbzaQAN>DP�h\F5>=aSGST�:SY?L#Y`>®F�k+GDHNY?u ~QL >��=<Qu F�R$TiY`H$L*F�YZJ¬P�h\F�J

r
h I T`LV>=<?GSO

p
R$H$L+:SY?L+>$L+~?aSb?E=GDT`L @ � T\F�k(YKT\<QL R$h\@�R$H$L(T � k(YKT\<QL R$h\@Z�wAN>=acH=F�R$>={SbKY`H$L3F�Y`HF�k+GDHNY?u ~QL H­T`u b?H$L-H=GDTiCSJSYKh\T\@!YK:SYKT!J�>QCNL R=OgY\>=agT\b?h\<ZUMT`L H�T`u b?H$L*u F�J¬GDT!YZJDb

R�L bKJSY?L R=OoT\b?h\<ZUMT`L H

E =
p2

2m
.

mjb�Y`>�H=h\<QL >j�=<Qu F�R$TiY\H$LDF5T*P�T\<?GD>=~?aSb?H=GDL R=OwL F5>=<?<?>NA=u HvYK:SYKTVGDT+�=E=F�JvY`>�b?:=GD>
Y`>=a

Boltzmann
AN>=afH=b?H=[�h\<KH=GDTjOD~KJ�s�JfA=L P�H=b?:SYZJSY`H!Y\>�F�k+GDHNY?u ~QL >!b?Hf�=<Qu q

F�R$TiY`H$L}GDh\F5H�F�Y`>�F�Y`>$L I T`L X+~KJ�:QU5R$> r
R$H$L

r + dr
R$H$L�>=<?GSO�GDTiY`H � {

p
R$H$L

p + dp
T`u b?H$L

P(r, p)d3rd3p ∼ e
−

p2/2m
kBT d3rd3p � ]Sl KD�

:NAN>=a
dr = dxdydz

R$H$L
dp = dpxdpydpz.

mjbdAN>SCSCDHNADCDH=FML E=F5>=aSGDT!YZJDb
A=L P�H=b?:SYZJSY\H P GDTvY\>�F5aSb?>QCNL R$:!H=<QL P�GD:!Yik+boF�k+GDHNY?L ~Qu k+b�R$H$L�H=bKY?L R$HNY`H=F�YZO?q
F5>=aSGDTnYZJDbw>=<?GSO�HNAN:oYZJDbvY`H I {QYZJSY\H��=<Qu F�R$>=aSGDT�GNu Hob?h\HoF5aSb?E=<KYZJDF�J�AN>=awP�H>Db?>=GDE=F5>=aSGDTnF5aSb?E=<KYZJDF�JWR$HNY\H=b?>=GSOD@

f(r, v)d3rd3v ÍML �8NO
 LQP  SR�� T	�I� P 
�U&�� 	��� V
W UYXZ� L�[]\ RCW 
������O ��
�� L �_^8R L �I���` 6aQb r
�� ��

r+dr
�� ���N?�Y���C�O ��cb��d�e�O 

v
�� ��

v+dv.
�dT*�=E=F�J�:=F5Hoh I >=aSGDTVOD~KJ�H=b?H=[�h\<KT`LDJ�F5aSb?E=<KYZJDF�J�R$HNY`H=b?>NGSOD@�T\b?:=@nL ~KHSqbQL R$>={�H=T\<Qu >=a$s$:SY\H=bj�=<Qu F�R$TiY\H$L�F5T�P�T\<?GD>=~?aSb?H=GNL R=OoL F5>=<?<?>NA=u HMs=P�Hph`L b?H$L

f(r, v)d3rd3v = Ce
− mv2

2kBT d3rd3v

:NAN>=a
C
T`u b?H$LMJ�F�Y`HDP�T\<?E�R$H=b?>DbQL R$>DAN>$u JDF�JD@vR$H$L�aQAN>QCD>QU�u �?TiY\H$L�HNAN:!Y\>�>SCD>Sq

R=CSOD<Kk+GDH
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Maxwell l

C

∫

d3r

∫

d3vf(r, v)d3rd3v = Ce
− mv2

2kBT = N

O

CV

∫ ∞

∞
4πv2dve

− mv2

2kBT = CV

(

2πkBT

m

)3/2

= N.

� F�Y\HDP�T\<?E

C = n

(

m

2πkBT

)3/2

:NAN>=a
n = N/V

T`u b?H$LV>�>QCNL R$:=@cH=<QL P�GD:=@dY\k+b¬F�k+GDHNY?L ~Qu k+b¬H=b?E�GD>Db?E=~?H
:QU5R$>=a$l � F5aSb?E=<KYZJDF�J�R$HNY`H=b?>=GQOD@�Y`H I aQYZOSY\k+b � AN>=a�>Db?>=GDE=�?TiY`H=L*R$H$L à 7CmHen�Ò�3DÖ à Ö J Ø83DØIHe5�×�oIpg3DØIqr7�36o83 1 H

Maxwell
�*ANH$u <?b?T`L$YZJoGD>=<?[MO

fm(v) = n
(

m
2πkBT

)3/2

e
− mv2

2kbT � ]Sl ^D�
:NAN>=a

v = |v| T`u b?H$L=Y`>fGDhiYK<?>oYZJD@tY\H I {QYZJSY`H=@jY\>=aWF�k+GDHNY?L ~Qu >=a$l9 GDh\F5>=@�H=<QL P�GD:=@�Y\k+bcF�k+GDHNY?L ~Qu k+bzH=b?E­GD>Db?E=~?H�:?U5R$>=agGDT�Y`H I {QYZJSY\HGDTiY`H � {
v
R$H$L

v + dv
>=<Qu �?TiY`H=L�HNAN:oYZJpF I h\F�J

Fm(v)dv = 4πn

(

m

2πkBT

)3/2

e
−

mv2/2

kBT v2dv. � ]Sl�]Z�D�
� F5aSb?E=<KYZJDF�JwR$HNY\H=b?>=GSOD@

Fm(v)
T`u b?H$LNTiA=u F�JD@VUMbKk+F�YZO�k+@2sµR$HNY\H=b?>=GSOvY\H I aKqYZOSY\k+b

Maxwell”
R$H$L5T\{QR$>QCDHoAN<?>NR${QADYKT`L5:SY?L

∫ ∞

0

Fm(v)dv = n.

�cL HnF5T`L <?EjHNAN:nT`L ~QL R$h\@+F5aSbKH=<KYZODF5T`L @(R$HNY\H=b?>=GSX+b+Y\H I aQYZOSY\k+b*AN<?>NR${QADY\>=aSbHNAN:fYZJpF5aSb?E=<KYZJDF�J � ]Sl ^D�BGDTtHNADCSOp>QCD>NR=CSOD<Kk+F�J�l�|0L H�ANH=<?E=~?T`L UMGDHpJpF5aSb?E=<`qYZJDF�JoR$HNY`H=b?>=GQOD@nY`H I aQYZOSYik+b f(vx)
>=<Qu �?TiY\H$L$k+@Qt

f(vx)dvx ÍuL �INO
 LQP  SR�� T	�I� P 
�U&�� 	��� V
W UYXv�I� x

 [ X
� 
��`^Y
� ��d� P�` <�cb��d�e�` P �I���` 6aQb vx

�� ��
vx + dvxR$H$L�AN<?>NR${QADYKT`L5HNAN:oYZJpF I h\F�J

f(vx)dvx =

∫ ∞

−∞
dvy

∫ ∞

−∞
dvzfm(v)dvx

= n

(

m

2πkBT

)3/2
[

∫ ∞

−∞
e
−

mv2
y

2kBT dvy

]
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[

∫ ∞

−∞
e
−

mvyz2

2kBT dvz

]

e
−

mv2
x

2kBT dvx

= n

(

m

2πkBT

)1/2

e
−

mv2
x

2kBT dvx

E=<?H

f(vx) = n

(

m

2πkBT

)1/2

e
−

mv2
x

2kBT � ]Sl�]S]K�
:=GD>$L HpAN<?>NR${QADY\>=aSbvR$H$L�>$LMF5aSb?H=<ZYKODF5T`L @jR$HNY\H=b?>=GSOD@

f(vy)
R$H$L

f(vz).y u b?H$L�T\b?~QL H=[�h\<?>Sbvb?HpaQAN>SCD>?U�u F5>=aSGDT�YZJoGDh\F�JWY`H I {QYZJSY`H vx

< vx >=

∫

vxf(vx)dvx = 0

R$H$L�YZJoGDh\F�JoYKTiYK<?HDU5k+bQL R=OD@nY\H I {QYZJSY`H

< v2
x >=

∫

v2
xf(vx)dvx =

kBT

m
.

�#aSGSANT\<?H$u b?>=aSGDTn:SY?L�JWR�L bKJSY?L R=OoT\b?h\<ZUMT`L H
1

2
m < v2

x >=
1

2
m < v2

y >=
1

2
m < v2

z >=
kBT

2
,

E=<?HoJoT\b?h\<ZUMT`L HpL F5>NR$HNY\H=b?h\GDTiY`H$L�F�Y?L @tYK<?T`u @jF5aSbQL F�YKX+F5T\@tYZJD@jY`H I {QYZJSY\H=@Qlx 9jGD>$L HfaQAN>QCD>QU�u �?>=aSGDTBYZJoGDh\F�JoY`H I {QYZJSY\H

< v > =
1

n

∫ ∫ ∫

vfm(v)d3v

=
4π

n

∫ ∞

0

v3fm(v)dv

=
4π

n

(

m

2πkBT

)3/2 ∫ ∞

0

v3e
− mv2

2kBT dv

=

√

8kBT

πm
� ]Sl�]Z_D�

� T\bKT\<ZUM:=@nY\H I {QYZJSY`H

vrms =
√

< v2 > =
√

< v2
x > + < v2

y > + < v2
z >

=
√

3 < v2
x > =

√

3kBT

m
� ]Sl�]ZÌD�
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Maxwell

³=³

R$H$L$JWA=L P�H=b?:SYKT\<KJ�Y`H I {QYZJSY\H vp
aQAN>SCD>?U�u �?TiY`H$L$HNAN:pYZJoF I h\F�J

dFm

dv
= 0

ve
− mv2

2kBT + v2(−mv/kBT )e
− mv2

2kBT = 0E=<?H

vp =

√

2kBT

m
.

~?T`u � H=GDT�CD>$L AN:Dbz:SY?L#:SY`H=b�Y`>�L ~?H=bQL R$:�H=h\<QL >g�=<Qu F�R$TiY`H$L*F5T!P�T\<?GD>=~?aSb?H=GNL R=O
L F5>=<?<?>NA=u HMs=GSAN>=<?>={SGDTnb?HoaQAN>QCD>QU�u F5>=aSGDTBYK<?T`L @ I H=<?HNR=YZJD<QL F�Y?L R$h\@�Y`H I {QYZJSYKT\@QsYZJDbfGDh\F�J�Y`H I {QYZJSY\HMs�YZJDbpT\b?T\<ZUM:�Y`H I {QYZJSY`H�R$H$L�YZJDboA=L P�H=b?:SYKT\<KJ�Y`H I {QYZJSY\HOzP�T\<?GNL R=OgY`H I {QYZJSY`H � Vj

�il#�*YZJgP�T\<?GD>NR$<?H=FMu Hg~Kk+GDHNY?u >=a � T = 300K
�WJ

T\b?T\<ZUM:=@nY\H I {QYZJSY`HpYZJD@tH=GDGSk+bQu H=@jT`u b?H$L5u F�JoGDT 500m/s.

Ñ�Ò$Ó�Ô�Õ�Ö�×}Ø ÙMÚ?x�Üzy ~?H=bQL R$:�GD>Db?>=HNY\>=GNL R$:­H=h\<QL >­ANaQR$b?:SYZJSY\H=@
n
ANT\<QL h I TiY\H$LF5TpANH=<KHNCSCSJSCD:QUM<?H=GDGD>d~?> I T`u >d:QU5R$>=a V

R$H$L��=<Qu F�R$TiY`H$L0F5TWP�T\<?GD>=~?aSb?H=GNL R=O
L F5>=<?<?>NA=u HoGDTnY`>oANT\<QL �=ENCSCD>DbtP�T\<?GD>NR$<?H=FMu HN@��tlC'jHpaQAN>SCD>?U�L F$P�T`uM>pH=<QL P�GD:=@
Y\k+bWF�k+GDHNY?L ~Qu k+b�AN>=apF5a?U5R$<?>={S>DbKY`H$L5GDTvYZJfGD>Db?E=~?H�TiA=L [�H=b?T`u H=@jYik+bWY\>$L I k0qGDENY\k+b�F�YZJoGD>Db?E=~?HWY`>=a I <?:Db?>=a$l

Þwß�à Ö0Ü
Ñ�Òe5 à .Q{�{YE à 3 E J ozÕ ß�à Ö0Ú mjbtaQAN>DP�h\F5>=aSGDT�:SY?L=J�GNL HWADCDT\aS<?E�Y\>=awANH=<?HNCSCSJ?q
CD>QUM<?E=GDGD>=aoT`u b?H$LMANH=<?ENCSCSJSCSJpGDTvY\>�TiA=u ANT\~?>

Oxy
R$H$L�TiANT`L ~KOfY\H!F�k+GDHNY?u ~QL H

~?T\b�h I >=aSbpR$H=GNu H�AN<?>SY?L GSJSYKh\Hc~?L T\{?P�aSb?F�J�R�u bKJDF�JD@�YK:SYKToGSAN>=<?>={SGDTWb?H�aQAN>SqP�h\F5>=aSGDT!:SY?L
n/3

HNAN:gY\H�F�k+GDHNY?u ~QL HgAN>=acANT\<QL h I T`L+Y\>gANH=<?HNCSCSJSCD:QUM<?H=GDGD>R�L b?>={SbKY`H$L�AN<?>=@jYZJp~QL T\{?P�aSb?F�J
Oz.

�BH�GNL F5E!HNAN:fH=aQYKEfh I >=aSbvP�TiY?L R=OpY\H I {KqYZJSY`HpR$H$L=P�H I YKaQADODF5>=aSbwYZJDb�TiANL [�E=b?T`L Hom;Y`>=a�~?> I T`u >=a$l=�BHp[�>=<KY?u HWAN>=awP�H[MYKE=F5>=aSboF�YZJDbfTiA=L [�E=b?T`L H!m F5T I <?:Db?> dt
P�H��=<Qu F�R$>DbKY`H$L�GDh\F5H�F�Y`>Dbp:?U5R$>

< v > dt

Φ0 ∼
(

1

2

) (

1

3

)

nA < v > dt =
1

6
nA < v > dt

:NAN>=a
< v >

T`u b?H$L$JoGDh\F�JWY`H I {QYZJSY\HpY\k+b�F�k+GDHNY?L ~Qu k+b�F�Y\>f~?> I T`u >Ml�*YZJoGD>Db?E=~?HWY`>=a I <?:Db?>=awR$H$L5F�YZJoGD>Db?E=~?HoTiA=L [�E=b?T`L H=@�P�Hf[MYKE=F5>=aSb

Φ0 ∼
(

1

2

) (

1

3

)

nA < v > dt =
1

6
n < v > .
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| J Ò E Ô�oIp�Õ ßMà Ö�Ú x y b?HfYKa I H$u >fF�k+GDHNY?u ~?L >pP�H!F5a?U5R$<?>=aSF�YKT`u�GDTtY\>�Y\>$u I k+GDHH=bdY\>®GDhiYK<?>¬YZJD@�Y`H I {QYZJSY\H=@�Y\>=ac�=<Qu F�R$TiY`H$L-GDTiY\H � { v
R$H$L

v + dv
R$H$L-J

~QL T\{?P�aSb?F�JtYZJD@#Y`H I {QYZJSY\H=@VF I JDGDHNY?u �?T`LDGDT*Y\>Db�E � >Db?H Oz
U5k+bQu HvF�YZJtANT\<QL > I O

θ + dθ
R$H$L

φ
R$H$L

φ + dφ
l59�H=<QL P�GD:=@nY\k+bw[�>=<KY?u k+btAN>=a�P�HpF5a?U5R$<?>=aSF�Y`>={Sb

GDTnYZJDb�TiA=L [�E=b?T`L Hom;P�HfT`u b?H$L

Φ0 =

∫

vz>0

fm(v)v cos θd3v.

9�F�Y`>$L I T`L X+~KJD@t:QU5R$>=@nT`u b?H$L
d3v = v2dv(sin θdθdφ)R$H$L5F5aSb?~?aSE=�?>DbZY`H=@�Y\HpANH=<?HNANE=bKk­h I >=aSGDT

Φ0 =

∫ ∞

0

v3fm(v)dv

∫ π/2

0

sin θ cos θdθ

∫ 2π

0

dφ

= π

∫ ∞

0

v3fm(v)dv.

�#a?U5R$<Qu b?>DbKY\H=@�YZJoF I h\F�JpH=aQYZOoGDTnYZJDb�T � u F�k+F�J � ]Sl�]Z_D�#h I >=aSGDT

Φ0 =
1

4
n < v > .

ÉjH=<?HNYZJD<?>={SGDTB:SY?L$Y`>pHNR$<QL �=h\@nHNAN>SYKhiCDT\F5GDHo~QL H=[�h\<?T`L$HNAN:WY`>WAN<?>=F5T¡U�U�L F�Y?L R$:
GD:Db?>oR$HNYKE

2/3.

ÙMÚ�}}ÚÛÙ�~�Ø�3NØ à 3DØ83 E J o .	/�0 à21nà Ö EFG ØIH E Jr� HdØ . Ò 0 1 H
�dTn�=E=F�J�:=F5H!F5aS�KJSYZODF5H=GDTvF�Y`>�Éj<?:S�NCSJDGDHd]Sl ÌpGSAN>=<?>={SGDTvb?H!aQAN>QCD>QU�u F5>=aKq
GDTpAN<?>=F5T¡U�U�L F�Y?L R$EcYZJcGDh\F�JcA=u T\F�J�Y`>=a�H=T\<Qu >=a$l � HDP�Tf[�>=<?EdAN>=a�Y`>zGD:=<QL >AN<?>=F5T¡U�U�u �?T`L�YZJDb�TiA=L [�E=b?T`L Hpm�Y`>=ao~?> I T`u >NaWGDTtGDh\F�Jp>=<?GSO m < v >

R$H$L5HSq
b?HNR=CDENY`H$L=GDTBYZJDbwu ~QL HWGDh\F�J�Y\H I {QYKJSY\HWR$H$LNP�HWANH=<?HNYZJD<?>={SGDTBGNL HoHNCSCDHDU5O�YZJD@>=<?GSOD@

∆pz = −2m < v > .
� GDh\F�J!A=u T\F�J!aQAN>SCD>?U�u �KTiY`H$L�AN<?>=F5T¡U�U�L F�Y?L R$E

HNAN:pY\>pYK{QAN>

p̄ =
1

A
(2m < v >)(

1

6
nm < v > A) =

1

3
nm < v >2

=
2

3
n

(

m < v >2

2

) � ]Sl�]\�=�
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�B>pAN<?>=F5T¡U�U�L F�Y?L R$:�HNAN>SYKhiCDT\F5GDHfT`u b?H$L�Y\>!u ~QL >fGSTjY`>�HNR$<QL �=h\@Qs�GDTjYZJf~QL HSq
[�>=<?E!:SY?L�F�Y\>�HNR$<QL �=h\@wHNAN>SYKhiCDT\F5GDH�F�YZJfP�h\F�J�Y`>=apYKTiYK<?HDU5X+b?>=aoYZJD@�GDh\F�JD@
Y`H I {QYZJSY`H=@jAN<?>NR${QADYKT`L�Y`>pYKTiYK<?EDU5k+b?>oYZJD@vT\b?T\<ZUM>={S@�Y`H I {QYZJSY\H=@ �<; AN:=~?T`L � JCtmnR$>SCD>=a?PMX+bKY\H=@(Y`Hn�NODGDHNY`HjY`>=a�AN<?>S�NCSODGDHNY\>=@�]Sl ÌnaQAN>QCD>QU�u F�YKT(YZJDbVR$HNY`H=F�Y\HSq
Y?L R=OpT � u F�k+F�JoGDTB�=E=F�JWYZJoF5aSb?E=<KYZJDF�JWR$HNY`H=b?>NGSOD@nY\H I aQYKOSYik+b Maxwell.)

s

p̄ =
1

3
nm < v2 > � ]Sl�]ZÊD�

�#aSb?~QL E=�?>DbKY\H=@�Y?L @tT � L F�X+F5T`L @ � ]Sl�]ZÊD�*R$H$L � ]Sl�]ZÌD�-P�Hfh I >=aSGDT
p̄ = nkBT . � ]Sl�] Î �

���"�����Q�n.3¦�.('V7+"D8��D4�§3«z4$.02�,080631#7+&�4�.3«
�B>pADCDE=F5GDHf~QL H=[�h\<?T`L$HNAN:pY\H�L ~?H=bQL R$EoH=h\<QL HpF5Tjh\b?H��=H=FML R$:pF�JDGDT`u >�t�F�Y`>f:SY?L
ANH=<?>=aSFML E=�?T`L$¯ F5aQCSCD>QU�L R$E�[�H$L b?:=GDT\b?HM°�lQ�BH�F5aQCSCD>QU�L R$E�[�H$L b?:=GDT\b?Hw>=[�T`u CD>DbZY`H$L
F�YZJ�GDT¡UMENCSJ�T\G?�=hiCDT`L H�Yik+b�~?aSb?E=GDTik+b

Coulomb,
UMT¡UM>Db?:=@�AN>=a�h I T`L}k+@oHSqAN>SYKhiCDT\F5GDHzY\Hz[�>=<KY?L F5GDh\b?HcF�k+GDHNY?u ~QL Hzb?HcGSJDb�HNCSCSJSCDTiA=L ~?<?>={Sb!GD:Db?>zGDh\F�k

F5a?U5R$<?>={SF5Tik+boGDTwY`H�UMT`L Y\>DbQL R$E!Y`>=aS@�[�>=<KY?u H!HNCSCDE!R$H$L�b?H�~?h I >DbKY`H$L�YZJDboTrqA=u ~?<?H=F�J�T\b?:=@�GDh\F5>=awJSCDTiR=YK<?>=GDHDUMbKJSY?L R$>={jANT\~Qu >=a$sNAN>=aw~KJDGNL >=aS<ZUM>={Sbj:SCDH�Y\H
aQAN:SCD>$L ANHn[�>=<KY?u HMl`�#T3h\b?H�GDT¡UMENCD>nH=<QL P�GD:n[�H$L b?>=GDh\bKk+b(AN>=a*P�H�ANT\<QL UM<?E=e�>=aSGDT
F5T�H=aQYK:!Y\>f�$L �NCNu >�>$L�F5a?U5R$<?>={SF5T`L @wANH$u �?>=aSb�GNL R$<?:�<?:QCD>!TiANT`L ~KOfY`H�F5aQCSCD>Sq
U�L R$Ed[�H$L b?:=GDT\b?H�T � TiCNu F5F5>DbKY\H$L�AN>QCD{!A=L >�UM<KOQUM>=<?H�HNAN:�Y\> I H=<?HNR=YZJD<QL F�Y?L R$:
I <?:Db?>oYik+b�F5a?U5R$<?>={SF5Tik+bNl9tLw~?aSb?E=GDT`L @g�=H=<?{QYZJSY\H=@­h I >=aSb�H=b?ENCD>QUMT\@�L ~QL :SYZJSYKT\@®GDT¬Y?L @®~?aSb?E=GDT`L @
Coulomb

GDTiY\H � {�JSCDTiR=YK<?>SbQu k+bpR$H$L3L :DbKY\k+b � T`u b?H$L}R$T\bKYK<QL R$h\@o~?aSb?E=GDT`L @WR$H$Lh I >=aSbWYZJ!GD>=<?[MO 1/r2
�il�|0L H�Y\>�CD:?UM>�H=aQYK:Ms�J!F�Y\HNY?L F�Y?L R=O�GDTiCDhiYZJ�Yik+bWUMHSq

CDH � L X+bpR$H$L�Y\k+b�H=F�YK<QL R=X+bfF5GQJDbKX+bo�=H=FMu �?TiY`H$L�F5TWGDT¡P�>=~?>QCD>QU�u T\@�H=b?ENCD>?UMT\@
GDTjH=aQYKh\@jAN>=a I <KJDFML GD>NAN>$L >={SGDTnU�L HpYZJoGDTiCDhiYZJoY\>=a�ADCDE=F5GDHNY\>=@Ql�*YZJ­GDTiCDhiYZJ�Y`>=a¬ADCDE=F5GDHNY\>=@ I <KJDFML GD>NAN>$L >={SGDTd~QL E=[�>=<?T\@�AN<K>=F5T¡U5U�u F5T`L @H=b?ENCD>QUMHwGDTVYZJ�[�{SF�JwY\>=avAN<?>S�NCSODGDHNY\>=@VAN>=atP�hiCD>=aSGDTVb?H�H=b?HNCD{SF5>=aSGDT*R$EDP�T
[�>=<?EMl
� R�u bKJDF�J�[�>=<KY?L F5GDh\bKk+bwF�k+GDHNY?L ~Qu k+bvGDh\F5HfF5TnT � k(YKT\<QL R$EoT\[�H=<?GD>=�K:=GDT\b?H

JSCDTiR=YK<?>=GDHDUMbKJSY?L R$EcANT\~Qu HzT`u b?H$L0JzHNADCD>={SF�YKT\<KJdANT\<QL UM<?H=[MOdY\>=adADCDE=F5GDHNY\>=@
R$H$L�HNAN>=~Qu ~?T¡Y`H$L=HNAN:WY`>ob?:=GD>WY`>=a('jT\{QY\k+b?HMs=>p>NAN>$u >=@nF�Y\>pF5{SF�YZJDGDH

cgs,
Y\>

>NAN>$u > I <KJDFML GD>NAN>$L T`u Y\H$LMF�Y\>W�$L �NCNu >fH=aQYK:Ms�TiR$[�<?E=�KTiY`H$L$HNAN>oYZJDb�T � u F�k+F�J�s

mj
dv

dt
= F L = qj

[

E(r, t) +
v × B(r, t)

c

] � ]Sl�]KËS�
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:NAN>=a
FL

T`u b?H$L�J�G ß H$Ø�×�Ö
Lorentz

s
mj

R$H$L
qj
T`u b?H$L�J!GDE=�?H!R$H$L�Y`>�[�>=<`q

Y?u >�Y\>=a�F�k+GDHNY?L ~Qu >=avR$H$L
E(r, t), B(r, t)

T`u b?H$LNY\HWJSCDTiR=YK<QL R$E�R$H$L=GDHDUMbKJSY?L R$E
ANT\~Qu HMl?9tL?R�L bKODF5T`L @+Y\k+bV[�>=<KY?L F5GDh\bKk+b#F�k+GDHNY?L ~Qu k+bVF5T-F5a?U5R$TiR$<QL GDh\b?T\@+GDHDUMbKJ?q
Y?L R$h\@jY\>NAN>SCD>?U�u T\@ � A5l I l��dHDUMbKJSY?L R$:o~Qu AN>SCD>�YZJD@j|}JD@Qs5GDHDUMbKJSY?L R$EoANT\~?u HoF�Y?L @GSJ I H=b?h\@-F5{SbKYZJ � JD@(R�l H$��GDH=@-~Qu b?>=aSb*H=<KR$TiYKh\@3ADCSJD<?>=[�>=<Qu Ti@0U�L HjYZJjGDTiCDhiYZJ�YZJD@ANHDU�u ~?T\aSF�JD@�Y`>=afADCDE=F5GDHNY`>=@WHNCSCDE!R$H$L�YZJD@WTiA=L YKE I aSb?F�JD@o[�>=<KY?u k+bWGDh\F5H�F5TL F I aS<?EcJSCDTiR=YK<?>=GSHDU�bZJSYQL R$E�ANT\~Qu HMl3�*Y\>z~?T\{QYKT\<?>�R$T\[�ENCDH$L >�P�HzGDTiCDTiYZODF5>=aKqGDTfY?L @!R�L bKODF5T`L @!Yik+b�[�>=<KY?u k+b�GDh\F5H¬F5T�~QL E=[�>=<?T\@oUMTik+GDTiYK<Qu T\@!T � k(YKT\<QL R=X+b
JSCDTiR=YK<?>=GDHDUMbKJSY?L R=X+btANT\~Qu k+bNs�HDUMb?>NX+bKY`H=@�Y\HfT\F�k(YKT\<QL R$EpF5aQCSCD>QU�L R$EpANT\~Qu HMl
�BH!F5aQCSCD>QU�L R$E![�H$L b?:=GDT\b?H�F�Y`>!ADCDE=F5GDH!ANT\<QL UM<?E=[�>DbKY\H$L�HNAN:�Y?L @�.	/�E à � m

à .�E p
Maxwell

R$H$L�HNAN:pYZJDb�T � u F�k+F�J � ]Sl�]KËS�ilM9tLMT � L F�X+F5T`L @ Maxwell

∇ · E(r, t) = 4πρ(r, t) � ]Sl�]�KD�
∇ · B(r, t) = 0 � ]Sl�]Z^D�

∇ × E(r, t) = −1

c

[

∂B(r, t)

∂t

] � ]Sl _S�D�

∇ × B(r, t) =
4π

c
J(r, t) +

1

c

∂E(r, t)

∂t
� ]Sl _$]K�

ANT\<QL UM<?E=[�>=aSb�YZJDbvT � hiCNL � JwY`>=awJSCDTiR=YK<QL R$>={vR$H$L$GDHDUMbKJSY?L R$>={vANT\~Qu >=awGDT�~?T\~?>Sq
GDh\b?H�YZJDb*ANaQR$b?:SYZJSY\Hn[�>=<KY?u >=a � ρ ��R$H$LZ<?T\{SGDHNY\>=@ � J ��F�Y\>jF�JDGDT`u >nGDT(~QL E=b?aSF5GDHP�h\F�JD@

r
YZJ I <?>DbQL R=OtF�Y?L UMGSO t

l � ANaQR$b?:SYZJSY`HvY`>=at<?T\{SGDHNY\>=@*R$H$LSY\>=at[�>=<KY?u >=a
aQAN>SCD>?U�u �?TiY`H$L�HNAD:pY?L @vT � L F�X+F5T`L @

J(r, t) =

∑N ′

j=1 vqj(r, t)

∆V
� ]Sl _S_D�

ρ(r, t) =

∑N ′

j=1 qj(r, t)

∆V
� ]Sl _SÌD�

:NAN>=atY`>
v
T`u b?H$LSCD{SF�JwYZJD@�T � u F�k+F�JD@ � ]Sl�]KËS�is N ′ T`u b?H$LD>�>SCNL R$:=@VH=<QL P�GD:=@VYik+b[�>=<KY?u k+b�GDh\F5HzF5Tph\b?HdTiA=L CDT¡UMGDh\b?>zGNL R$<?:c:?U5R$>

∆V
UM{S<Kk�HNAN:dY\>zF�JDGDT`u >

r
l(|0L H¬b�F�k+GDHNY?u ~QL H¬>$L(T � L F�X+F5T`L @ � ]Sl�]KËS��q � ]Sl _SÌD��HNAN>SYKTiCD>={Sb�h\b?HzF5{SF�YZJDGDH

ν + 4
~QL H=[�>=<?L R=X+btT � L F�X+F5Tik+bwGDTnGDT\<QL R$h\@�ANH=<?HDU5X3UM>=aS@Qs=AN>=a�~Qu b?T`L$GNu HWR=CDT`L q

F�YZO¬ANT\<QL UM<?H=[MOzY`>=azADCDE=F5GDHNY\>=@QlV9tL*R�L bKODF5T`L @�Yik+bc[�>=<KY?u k+bdGDTiY\HS�=ENCSCD>=aSb
Y`H�JSCDTiR=YK<?>=GDHDUMbKJSY?L R$EpANT\~Qu HMs5Y`H!>NAN>$u H�GDTtYZJ�F5T`L <?E�Y\>=aS@wGDTiY`HS�=ENCSCD>=aSb�Y?L @
YK<?> I L h\@jYik+b�[�>=<KY?u k+btR�l >Ml R�ly u b?H$L�[�H=b?T\<K:Ms�:SY?L�J�F�Y`HNY?L F�Y?L R=O�ANT\<QL UM<?H=[MO!Y`>=a!ADCDE=F5GDHNY\>=@oT`u b?H$L�H=b?HSq
U5R$H$u HMs�T\[�:=F5>DbwJoCD{SF�JoY\k+b�bQ���pT � L F�X+F5Tik+b�T`u b?H$L$AN<?HNR=Y?L R$EfH=~?{Sb?HNYZJ�lM�*Y\>
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YK<Qu Y\>WR$T\[�ENCDH$L >�P�HpF5aS�KJSYZODF5>=aSGDT�Y?L @tT � L F�X+F5T`L @
Vlasov-Maxwell

AN>=a I <KJ?qFML GD>NAN>$L >={SbKY\H$L$F�YZJ�F�Y\HNY?L F�Y?L R=O�ANT\<QL UM<?H=[MOvY\>=avADCDE=F5GDHNY\>=@Ql x 9nY`H=bt>$LNCDTiADY\>Sq
GDh\<?T`L T\@�AN>=agAN<?>NR${QADY`>=aSbcHNAN:­YZJ�F�Y`HNY?L F�Y?L R=O�ANT\<QL UM<?H=[MOgY`>=agADCDE=F5GDHNY\>=@
~?T\btTiADJD<?T\E=�?>=aSbnY`>o[�H$L b?:=GDT\b?>�AN>=a�GDTiCDTiYKE=GDT?s$GSAN>=<K>={SGDT�b?HW>SCD>NR=CSJD<KX+F5>=aKq
GDTVY?L @�T � L F�X+F5T`L @

Vlasov-Maxwell
R$H$L=b?H�R$HNY\HNCSO � >=aSGDT#F�Y?L @nT � L F�X+F5T`L @BY`>=a

<?T\aSF�Y`>={�ADCDE=F5GDHNY`>=@Ql
�B>�ADCDE=F5GDH�F5aSGSANT\<QL [�h\<?TiY\H$LDR$H$LDk+@BHDU5X3U�L GD>�aQCNL R$:�R$H$LDk+@B~QL JSCDTiR=YK<QL R$:Ms

GDToHNAN>SYKhiCDT\F5GDHcb?H�~QL HDP�hiYKT`L I H=<?HNR=YZJD<QL F�Y?L R=Oc¯ F I h\F�J�~QL H=F�AN>=<?E=@Q°�GDT��=E=F�JYZJDb�>NAN>$u HzGSAN>=<?>={SGDT�b?HzaQAN>SCD>?U�u F5>=aSGDTpY?L @�F5a I b?:SYZJSYKT\@�AN>=adGSAN>=<?>={Sb�b?H~QL H=~?>DP�>={Sb�GDh\F5H�F�Y\>fADCDE=F5GDH � �NCDhiANT Griffiths
, y L F5HDU5k3U5OfF�YZJDb � CDTiR=YK<?>Sq

~?aSb?H=GNL R=O x sMYK:=GD>=@-�js�F5TiCNu ~?Hd]S]ZÊD�is�l��*Y`>�YKhiY`H=<KY\>�R$T\[�ENCDH$L >�aQAN>QCD>QU�u �?>=aSGDT
YZJjF I h\F�Jj~QL H=F�AN>=<?E=@+R$H$LKY?L @ I H=<?HNR=YZJD<QL F�Y?L R$h\@+F5a I b?:SYZJSYKT\@-Y\HNCDE=bKY\k+F�JD@+Y\>=aADCDE=F5GDHNY`>=@Ql
�*Y\>oANh\GSADY\>oR$T\[�ENCDH$L >�GDTiCDTiYKE=GDTBYZJDbwT\aSF�YKEDP�T`L HWR$H$L$H=F�YKEDP�T`L HWY`>=awADCDESq

F5GDHNY`>=@jR$H$L�F�Y`>fhiR=Y`>oR$T\[�ENCDH$L >WY`HfGSJ�UM<?H=GDGNL R$Ep[�H$L b?:=GDT\b?HMl

���"���g&3¤�&�)34�§3¤�'¨1-4�'�)Y�=«z,(&3¤�637+"D4�¤�.('-4�.02�,080631#7+&�4�.3«
ÙMÚ?��ÚÛÙ��(5�×�o J 5Ip

Debye

� JSCDTiR=YK<?>=F�Y\HNY?L R=O�~?{Sb?H=GSJ�GDTiY`H � {VYik+bV[�>=<KY?u k+b*GDh\F5HjF�Y`>jADCDE=F5GDHt~?T\b*T`u b?H$L
Jfu ~QL HpGDTtH=aQYZOpF�Y\>fR$T\b?: � ~KJSCDH=~KOWH=bKY?L F�YK<?:=[Mk+@jH=b?ENCD>QU5J�Y\>=aWYKTiYK<?HDU5X+b?>=aYZJD@jGDTiY`H � {vY`>=aS@nHNAN:=F�Y`H=F�JD@ � 1/r2

�*�isNU�L HNY?u�Y\HoaQAN:SCD>$L ANHo[�>=<KY?u H�F�Y`>WADCDESq
F5GDH¬¯ PMk+<?HNR�u �?>=aSboJSCDTiR=YK<?>=F�Y\HNY?L R$EM°}Y\>dR$EDP�T�[�>=<KY?u >Ml�mjbfR$H$L}J�PMk+<?ENR�L F�J
H=aQYZOoh I T`LM~?aSb?H=GNL R$: I H=<?HNR=YZOD<?HWR$H$L5GSAN>=<?T`u5b?HpGDTiCDTiYZJQP�T`uMGDTnAN>SCSCD>={S@jYK<?:SqAN>=aS@Qs$P�Hf~KX+F5>=aSGDTjF�YZJoF5aSb?h I T`L HfGNu HpF I TiY?L R$EfHNADCSOWANT\<QL UM<?H=[MO�lmj@�aQAN>DP�h\F5>=aSGDTB:SY?LNY`>�ADCDE=F5GDH��=<Qu F�R$TiY`H$LNF5T#P�T\<?GD>=~?aSb?H=GNL R=OwL F5>=<?<?>NA=u H
R$H$L+:SY?L+T`L F5EDUM>=aSGDT�F�k+GDHNY?u ~QL >¬GDTf[�>=<KY?u >

qT > 0
GDh\F5H¬F�Y\>gADCDE=F5GDHMl(�B>

[�>=<KY?u >
qT

HNADk3P�T`uD:QCDHvY`H�L :DbKY`HvR$H$LShiCSR$T`LQY\HwJSCDTiR=YK<?:DbQL HMl � >SCNL R=OtT\b?h\<ZUMT`L H
R$EDP�Tn[�>=<KY?u >=avP�HfT`u b?H$L

Uj =
1

2
mjv

2 + qjϕ
� ]Sl _?�=�

:NAN>=a
ϕ(r)

T`u b?H$LKY`>t~?aSb?H=GNL R$:nUM{S<Kk�HNAN:tY\>v[�>=<KY?u >
qT

s?AN>=aVP�hiCD>=aSGDT-b?HtaQAN>Sq
CD>QU�u F5>=aSGDT?l x 9nY\H=b�TiANhiCQP�T`L�P�T\<?GD>=~?aSb?H=GNL R=OpL F5>=<?<?>NA=u HoUM{S<Kk�HNAN:pY`>�[�>=<KY?u >
qT

s?JjANaQR$bK:SYZJSY`HjY\k+b�L :DbKYik+bVR$H$L?JSCDTiR=YK<?>DbQu k+b+P�HvHNR$>SCD>=a?P�T`uKYZJtF�Y\HNY?L F�Y?L R=O
Maxwell- Boltzmann

Y\k+b�L ~?H=bQL R=X+bwH=T\<Qu k+bDs$E=<?H
nj = n0j exp(−Uj/kBTj)
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:NAN>=a
Uj
T`u b?H$LDJ�>QCNL R=O�T\b?h\<ZUMT`L HwY`>=awF�k+GDHNY?L ~Qu >=a$lN|0L H�Y\H�JSCDTiR=YK<?:DbQL HwR$H$LNY\H

L :DbKY`HpHNY?u F�Y\>$L I HWP�Hfh I >=aSGDT

ne = n0e exp(− mev
2

2kBTe
) exp

[

eϕ

kBTe

]

= n0e(v) exp

[

eϕ

kBTe

]

, � ]Sl _SÊD�

ni = n0i exp(− miv
2

2kBTi
) exp

[

− eϕ

kBTi

]

= n0i(v) exp

[

− eϕ

kBTi

,

] � ]Sl _ Î �
:NAN>=a

n0i(v) = n0e(v) = n0

T`u b?H$L`JnGDh\F�JBANaQR$b?:SYZJSY`H�Y`>=aVADCDE=F5GDHNY\>=@+GDHNR$<QL E
HNAN:nY`>j[�>=<KY?u >

qT

lK�B>nJSCDTiR=YK<?>=F�Y`HNY?L R$:n~?aSb?H=GNL R$:
ϕ
aQANHNR$>={ST`LKF�YZJDbVT � u F�k+F�J

Poisson

∇2ϕ = −4πρ = 4πe(ne − ni) − 4πqTδ(r) � ]Sl _DËS�
:NAN>=a

δ(r) ≡ δ(x)δ(y)δ(z)
T`u b?H$L�Y\>!U�L b?:=GDT\b?>!YK<QL X+bfF5aSbKH=<KYZODF5Tik+b

Dirac.mjbKY?L R$HDP�L F�Y\>={SGDT#Y\H
ne, ni

HNAN:wY?L @BT � L F�X+F5T`L @ � ]Sl _SÊD��q � ]Sl _ Î �3R$H$LDaQAN>DP�hiY\>=aSGDT:SY?L
eϕ << kBTj

s�~QL :SY?L}~QL H=[�>=<?TiY?L R$E!Y`HdL :DbKY\H�P�H�TiANH=b?H=F5aSb?~?T¡P�>={SbWGDT�Y\H
JSCDTiR=YK<?:DbQL H�U�L H�b?H�~KJDGNL >=aS<ZU5ODF5>=aSbpENY\>=GDHMl � T � u F�k+F�J � ]Sl _DËS�nGDHNR$<QL E�HNAN:Y`>fF�JDGDT`u >

r = 0
UM<?E=[�TiY`H$L

∇2ϕ =
4πe2n0

kB

(

1

Te

+
1

Ti

)

ϕ. � ]Sl _	KD�
9j<Qu �?>=aSGDT�Y\>fGSOSR$>=@

Debye

λ−2
D = λ−2

De + λ−2
Di:NAN>=a�Y\>

λDj =

√

kBTj

4πn0e2
= 7.43 × 102

√

Tj(eV )

n0

cm, � ]Sl _S^D�

>NAN:SYKTnJoT � u F�k+F�J � ]Sl _	KD�-UM<?E=[�TiY`H$L�F5TjF5[�H$L <QL R$h\@jF5aSbKYKTiY`HDUMGDh\bKT\@
1

r

(

d2(rϕ)

dr2

)

=
1

λ2
D

ϕ � ]Sl ÌS�D�
R$H$LMJfCD{SF�JfYZJD@Qs�H=b�P�Tik+<KODF5>=aSGDTv:SY?L�Y`>!~?aSb?H=GNL R$:�GSJD~?T\bQu �?TiY`H$LMF�Y\>�ENANT`L <?>
ANH$u <?b?T`L$YZJoGD>=<?[MO�s
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ϕ(r) =
(qT

r

)

exp

(

− r

λD

)

. � ]Sl Ì$]K�
mnAN:fYZJDbWT � u F�k+F�J � ]Sl Ì$]K�*�NCDhiAN>=aSGDTv:SY?LMJfHNCSCSJSCDTiA=u ~?<?H=F�JoYik+bW[�>=<KY?u k+bF�Y`>�ADCDE=F5GDH�T � H=F$P�T\b?T`u�AN>QCD{�A=L >�UM<KOQUM>=<?H�GDT�YZJDbfHNAN:=F�Y\H=F�J

r
HNAN:�:SY?L�J

HNCSCSJSCDTiA=u ~?<?H=F�J�F�Y\>cR$T\b?:
(ϕ ∼ 1/r)

l x 9nCDHcY\Hz[�>=<KY?u HdF5aSGDGDTiYKh I >=aSb�F�YZJ~KJDGNL >=aS<ZU�u HcT\b?:=@pGDh\F5>=a�JSCDTiR=YK<QL R$>={�ANT\~Qu >=a�AD>=a�PMk+<?HNR�u �?T`L�Y\>z[�>=<KY?u >
qT� �NCDhiANTB� I ODGSH�]Sl _D�ilD�B>�[�H$L b?:=GDT\b?>wH=aQYK:wYZJD@ “

PMk+<?ENR�L F�JD@
Debye”

T`u b?H$LQY`>
AN<KX(Y`>fF5aQCSCD>?U�L R$:f[�H$L b?:=GDT\b?>WAN>=a�F5aSb?H=bKYKE=GDT?l

óöáßñá Debye

õøçëÞ ðõêíüôçôá ÷áìçëÞ ðõêíüôçôá

óöáßñá Debye

â*ãNä=å=æ!çQè �Nè��I�Sêd� ë¡ê
Debye

íS�±òQê�òQî0ø`ù`ìZòQí`êBó��Qô\ù��S���KêKñQ ?êZí\ô\ù��S�0øZó`�K÷¡ûiïõô\ï²ê��
y-� TiYKE=F5H=GDT#Y`>W[�H$L b?:=GDT\b?>vYZJD@BPMk+<?ENR�L F�JD@

Debye
F5TBF�Y\HNY?L R=O�AN<?>=F5h¡U�U�L q

F�J�s?:=GSk+@(Y`HnHNAN>SYKTiCDh\F5GDHNYKEjGDH=@+GSAN>=<?>={Sb*b?HBUMT\bQL R$T\aQY`>={Sb+R$H$L`U�L HnR�L b?>={SGDT\b?H
[�>=<KY?u HMl � EDP�T*[�>=<KY?u >tF5aSGDGDTiYKh I T`LDF�YZJjPMk+<?ENR�L F�Jt:SCSk+bVY\k+b�ENCSCSk+b�[�>=<KY?u k+bR$H$L�PMk+<?HNR�u �?TiY\H$L}HNAN:d:QCDH�Y\HdaQAN:SCD>$L ANHd[�>=<KY?u HMl}�#TWh\b?H�ADCDE=F5GDHdAN>=af�=<Qu q
F�R$TiY`H$LDF5T*P�T\<?GD>=~?aSb?H=GNL R=OvL F5>=<?<?>NA=u HvR$H$L

Te = Ti

sDJtP�T\<KGNL R=OvY\H I {QYZJSY\H�Yik+bL :DbKY\k+bBT`u b?H$LK�NÌt[�>=<?h\@-GNL R$<?:SYKT\<KJjHNAN:vYZJnP�T\<?GNL R=OjY`H I {QYZJSY`HvYik+bBJSCDTiR=YK<?>DbQu qk+bNsQGDT-HNAN>SYKhiCDT\F5GDHtJ�PMk+<?ENR�L F�JnYik+b�L :DbKY\k+bVb?HvT`u b?H$LKAD>SCD{�R$HNCD{QYKT\<KJnHNAN:tYZJ
PMk+<?ENR�L F�J�Yik+bvJSCDTiR=YK<?>DbQu k+btGNL E=@jR$H$L=Y`HpT\aQR�u bKJSY\HWJSCDTiR=YK<?:DbQL H�PMk+<?HNR�u �?>=aSb
Y`Hf~?aSF�R�u bKJSY\HfL :SbKY`HpT\aQR$>SCD:SYKT\<?H5l
�*YZJDb y L F5HDU5k3U5OW~KX+F5H=GDTBh\b?H=bjAN<?>=F5T¡U�U�L F�Y?L R$:WR$H$L=AN>$L >SY?L R$:o>=<QL F5GD:WY\>=a

ADCDE=F5GDHNY`>=@Ql+��AN>=<?>={SGDTfYZX+<?H�b?H¬~KX+F5>=aSGDT!GNu H�HNANH=<?H$u YZJSYZJzF5aSbZPMOSR=JcU�L H
YZJDbv{QADH=< � JwADCDE=F5GDHNY\>=@Ql y E=bnJ�~?aSb?H=GNL R=OwT\b?h\<ZUMT`L H�Yik+bt[�>=<KY?u k+bjT`u b?H$LDAN>QCD{
GNL R$<?:SYKT\<KJpHNAN:fYZJDb�R�L bKJSY?L R=OfT\b?h\<ZUMT`L HpY\>=aS@QsMJpTiANH=b?H=F5{Sb?~?T\F�JWYik+bWHNYK:=GSk+b
T`u b?H$L�~?{SF�R$>SCSJ�OoH=~?{Sb?HNYZJ�l=�dTjENCSCDHoCD:QU�L HMs�:SY`H=b�L F I {ST`L5JoF I h\F�J

ϕ << kBTj ,
� ]Sl ÌS_D�

Y`>pADCDE=F5GDHf~QL HNYZJD<?T`u Y`H$L�l � ~?aSb?H=GNL R=OWT\b?h\<ZUMT`L HWR$EDP�Tn[�>=<KY?u >=awCD:?U5k­YZJD@jANHSq
<?>=aSFMu H=@(Y`>=aVUMT`L Y`>Db?L R$>={BY`>=a�aQAN>SCD>?U�u �?TiY`H$LZAN<?>=F5T¡U�U�L F�Y?L R$EtHNAN:jYZJDbBT � u F�k+F�J
eϕ = e(e/r) � :NAN>=a r

T`u b?H$LMJfGDh\F�J!HNAN:=F�Y\H=F�J�HNAN:�Y`>�ADCSJDFML h\F�YKT\<?>!UMT`L Y`>Sq
bQL R$:®[�>=<KY?u >=�\l � GDh\F�J­HNAN:=F�Y`H=F�JgUMT`L Y`>SbQL R=X+bz[�>=<KY?u k+bcGDh\F5H®F5T�ADCDE=F5GDH
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ANaQR$b?:SYZJSY`H=@
n0

T`u b?H$L5YZJD@vYKE � JD@tY`>=a
n
−1/3
0

lMmjb�R$E=bK>=aSGDT I <KODF�Jf:SCSk+b�Yik+bANH=<?HNANE=bKk­F5aQCSCD>?U�L F5GSX+b�JoT � u F�k+F�J � ]Sl ÌS_D�*ANH$u <?b?T`L$YZJoGD>=<?[MO

Λ0 = n0λ
3
D >> 1 � ]Sl ÌSÌD�

:NAN>=a
Λ0

T`u b?H$LDJ�ANH=<?E=GDTiYK<?>=@VADCDE=F5GDHNY\>=@�R$H$L=T`u b?H$L=u F�J�GDTBY`>Dbt>QCNL R$:WH=<QL P�GD:
Y\k+bt[�>=<KY?u k+bjGDh\F5HWF�YZJWF5[�H$u <?H

Debye.
��AN>=<?>={SGDTVCD>$L AN:Dbtb?H�AN>={SGDT�:SY?L=Y\>

ADCDE=F5GDHfGSAN>=<?T`u5b?HpaQANE=< � T`L5F�YZJo[�{SF�JoGD:Db?>Dbw:SY\H=bvY`>
Λ0 >> 1

l
�*Y\> � CNL HNR$:�F�YKh\GDGDHoJwANaQR$b?:SYZJSY`H�Y\>=awADCDE=F5GDHNY\>=@nT`u b?H$L

108cm−3
R$H$LNJ

P�T\<?GD>NR$<?H=FMu H
Te ≈ 100eV

E=<KH
λD ≈ 1cm

R$H$L�J�ANH=<?E=GDTiYK<?>=@vADCDE=F5GDHNY`>=@
Λ0 ≈ 108.

Ñ�Ò$Ó�Ô�Õ�Ö�×}Ø
ÙMÚ�}}Ü  jTik+<?>={SGDTt~?{S>!ENANT`L <?T\@Qs5ANH=<?ENCSCSJSCDT\@tADCDENR$T\@tY`>NAN>DP�TiYZJ?q
GDh\b?T\@nF5TnHNAN>=F�YKE=F5T`L @

x = ±d
HNAN:WYZJDbwH=< I OwY\k+bwH � :DbKk+bNl$9tL$ADCDENR$T\@nT`u b?H$LF5aSb?~?T\GDh\b?T\@fGDTfYZJd|}J � ~?aSb?H=GNL R$:zGSJD~?h\bQ�wR$H$L(> I X+<?>=@fGDTiY`H � {�Y\>=aS@�T`u b?H$L>=GD>$L :=GD>=<?[�HpU�T\GSENY`>=@�GDTwH=h\<QL >!ANaQR$b?:SYZJSY\H=@

n0

R$H$L�[�>=<KY?u >=a
q
l � H$� Ð <KJDFML qGD>NAN>$L ODF�YKTvYZJDbWT � u F�k+F�J

Poisson
U�L H!b?H�~?T`u � TiYKTj:SY?L�Jf~QL H=[�>=<?Ef~?aSb?H=GNL R$>={

GDTiY`H � {dY\k+b�ADCDHNR=X+b�T`u b?H$L
ϕ(x) = 2πn0q(d

2 − x2
�il � �$��%WT`u � YKT�:SY?L(U�L H

d >> λD

J�T\b?h\<ZUMT`L H!AN>=a I <?T`L E=�?TiY\H$L�U�L H�b?H�GSTiY`H=[�T\<ZP�T`u�h\b?H�[�>=<KY?u >�HNAN:YZJDb�ADCDENR$H�F�Y`>�R$h\bKYK<?> � x = 0
�tT`u b?H$L}GDT¡UMHNCD{QYKT\<KJ�HNAN:�YZJ�GDh\F�J�R�L bKJSY?L R=O

T\b?h\<ZUMT`L HoYik+b�[�>=<KY?u k+bNl
Þwß�à Ö � H$�c¡(TiR�L b?:DbKY\H=@jHNAN:oYZJDb�T � u F�k+F�J Poisson

h I >=aSGDT

∇2ϕ = −4πρ ⇒ d2ϕ

dx2
= −4πρ,

:NAN>=a
ρ = n0q

s5E=<?H
d2ϕ

dx2
= −4πn0q.

� ]Sl Ì?�=�
9nCD>NR=CSJD<KX+b?>DbKY\H=@�YZJDb�T � l � ]Sl Ì?�=�is=�=<Qu F�R$>=aSGDTn:SY?L

ϕ(x) = −2πn0qx
2 + Ax + B, � ]Sl ÌSÊD�

:NAN>=a
A
R$H$L

B
T`u b?H$L�>$L0F�Y\HDP�T\<?h\@oYZJD@p>QCD>NR=CSOD<Kk+F�JD@WR$H$L�AN<?>=F5~QL >=<Qu �?>DbZY`H$L

HNAN:gY?L @�H=< I L R$h\@�F5aSb`PMOSR$T\@ � ϕ = 0
F�Y\H¬F�JDGDT`u H

x = ±d
�il � T � l � ]Sl ÌSÊD�ANH$u <?b?T`L$YZJoGD>=<?[MO

ϕ(x) = 2πn0q(d
2 − x2). � ]Sl Ì Î �

¢ Ô¤£ � T\b?h\<ZUMT`L HoT\b?:=@j[�>=<KY?u >Na�GDh\F5HfF�Y\>DbwANaQR$bKk(YZOoT`u b?H$L�u F�JoGDT
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W(x) = qϕ = 2πn0q
2(d2 − x2),

T\bKX�J�T\b?h\<ZUMT`L H¬AN>=agHNANH$L YKT`u Y`H$L+U�L H®b?H�GDTiY`H=[�T\<ZP�T`u*h\b?H�[�>=<KY?u >¬HNAN:�YZJDb
ADCDENR$HpF�Y`>pR$h\bKYK<?>

(x = 0)
P�HfT`u b?H$L

W = q(ϕ(0) − ϕ(d)) = 2πn0q
2d2.

y E=b
d >> λD

O
d2 >> kBT

4πn0q2 ,
YK:SYKTnR$H$L

W = 2πn0q
2d2 >> 2πn0q

2 kBT

4πn0q2
=

1

2
kBT.

�#aSGSANT\<?H$u b?>=aSGDT-CD>$L AD:Dbn:SY?LN[�>=<KY?u HwGDT#GDh\F�JvY`H I {QYZJSY\HWu F�JvGDT*YZJtP�T\<?GNL R=OY`H I {QYZJSY`Hf~KTjGSAN>=<?>={Sbwb?Hp[MYKE=F5>=aSbwF�Y\>fGDh\F5>pY`>=a�ANaQR$bKk(YZOoH=b λD << d
l

Ñ�Ò$Ó�Ô�Õ�Ö�×}ØÏÙMÚ:¥�Ü  jTik+<?T`u F�YKToh\b?H�~QL H=F�YZJDGD:NADCD>$L >dAN>=a�~QL H=F I u �?T`L�h\b?H�JSCDTrqR=YK<QL R$E�>=aS~?hiYKT\<?>�ADCDE=F5GDHMs}:NAD>=a�>$L�P�T\<?GNL R$h\@�Y\H I {QYZJSYKT\@�Yik+bpJSCDTiR=YK<?>DbQu k+bR$H$L�Y\k+b�L :DbKY\k+b!T`u b?H$L
V e

R$H$L
V i

H=bKY?u F�Y`>$L I HMs0GDT V e >> V i

R$H$L�J�P�T\<`q
GD>NR$<?H=FMu H�Y\k+bvJSCDTiR=YK<?>DbQu k+btT`u b?H$L

Te

lC%WT`u � YKTn:SY?L$Y`>p~QL H=F�YZJDGD:NADCD>$L >WP�Hf~ZJ?q
GNL >=aS<ZU5ODF5T`L$UM{S<Kk­Y`>=aWh\b?HpH=<KbKJSY?L R$:p~?aSb?H=GNL R$:

ϕ
R$H$L5:SY?L�JoGDh¡U�L F�YZJp~?aSb?HNYZO

Y?L GSOoY`>=a
ϕ
T`u b?H$L

(kBTe/e) ln (Ve/Vi)
l

Þwß�à Ö0Ü mjb�Y\>z~QL H=F�YZJDGD:NADCD>$L >dR�L b?T`u Y\H$L0GDh\F5HzF�Y`>cADCDE=F5GDHMs3F I JDGDHNY?u �?>DbKY\H$L<?>=h\@nJSCDTiR=YK<?>DbQu k+btR$H$L5L :DbKY\k+bvAN>=aoL F5>=~?aSb?H=GD>={SbvGDTj<?T\{SGDHNY`HoANaQR$b?:QYKJSY\H=@
J j = ±n0jV je,

:NAN>=a
j = i, e � ]Sl ÌDËS�

U�L H­Y`H�L :DbZY`H�R$H$L*Y\H­JSCDTiR=YK<?:DbQL H�H=bKY?u F�Y\>$L I HMl_%WT\~?>=GDh\b?>=az:SY?L#H=< I L R$E�Y\>ADCDE=F5GDHdT`u b?H$L�JSCDTiR=YK<QL R$E�>=aS~?hiYKT\<?>Ms�L F I {ST`L n0e = n0i,
R$H$L}TiANT`L ~KO

V e >>
V i

sML F I {ST`L5CD:?U5k­Yik+b � ]Sl ÌDËS�
| Je |>> Ji.�#aSb?TiADX+@�J�<?>NO¬Y\k+bcJSCDTiR=YK<?>DbQu k+bdaQANT\<?bQL R$E�YZJ­<?>NO¬Y\k+bgL :DbKY\k+bcR$H$L*Y\>

F�R$E=[�>=@�P�Hc[�>=<KY?L F�YKT`uµs�~KJDGNL >=aS<ZU5X+bKY`H=@�UM{S<Kk;Y\>=a�h\b?HdH=<?bKJSY?L R$:�~?aSb?H=GNL R$:
ϕ
lN9ý<?:SCD>=@*Y`>=at~?aSb?H=GNL R$>={nT`u b?H$LQJwH=b?H I H$u YZJDF�JjYZJD@B<?>NOD@*Y\k+b�JSCDTiR=YK<?>DbQu k+bNsE=<?H�R$HDPMX+@BY`>W~?aSb?H=GNL R$:�H=a � E=b?TiY`H$L�sDY\>o<?T\{SGDH�Y\k+bjJSCDTiR=YK<?>DbQu k+bnGDT`L X+b?TiY`H$L�l
� ENAN>$L H�F�Y?L UMGSOgP�H�L F I {SF5T`L | Je |= Ji

s+R$H$L(Y\HgUM<KOQUM>=<?HzJSCDTiR=YK<?:DbQL HcP�H
HNAN>NR$HNY`H=F�YZODF5>=aSbtP�T\<?GD>=~?aSb?H=GNL R=OWL F5>=<?<?>NA=u HWUM{S<Kk®HNAN:pY\>�~QL H=F�YZJDGD:NASCD>$L >Ml
¦ :QU5k�Y\k+b � ]Sl ÌDËS�*R$H$L$YZJD@vT � u F�k+F�JD@ Boltzmann

P�H�L F I {ST`L5JpF I h\F�J

n0e exp

(

eϕ

kBTe

)

V e = n0iV i,

HNAN:f:NAN>=a�AN<?>NR${QADYKT`L�Jo�KJSY`>={SGDT\bKJWF I h\F�J

ϕ =
kBTe

e
ln

(

Vi

Ve

)

.
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ÙMÚ?��Ú:9¨§(7�q�H$Ó�3DÖ83DØª©�Õ�n à ×}Ø8365Ip
 jHo~?T`u � >=aSGDT#F�YZJWF5aSb?h I T`L HW:SY?L=Y`HW[�>=<KY?u H�F�Y\>WADCDE=F5GDHoTiR=YKTiCD>={SbnANT\<QL >=~QL R=OY`HNCDE=bKYik+F�JoGDT I H=<?HNR=YZJD<QL F�Y?L R=OWF5a I b?:SYZJSY\H

ωj =

(

4πn0e
2

mj

)1/2 � ]Sl Ì	KD�

YZJDb!>NAN>$u Hd>Db?>=GDE=�K>=aSGDT�F5a I b?:SYZJSY`H�ADCDE=F5GDHNY`>=@oO�F5a I b?:SYZJSY\H Langmuir.�*YZJfF5aSb?h I T`L HpP�H I <KJDFML GD>NAN>$L ODF5>=aSGDTwh\b?HfHNADCD:�GD>DbKYKhiCD>oU�L H�Y\>Db�aQAN>SCD>?U�L qF5GD:fYZJD@tF5a I b?:SYZJSY\H=@jADCDE=F5GDHNY`>=@Ql

ä L

+ + - -

ÇëåêôñüíéáÉüíôá

+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +
+ +

- -
- -
- -
- -
- -
- -
- -

- -

- -
- -

- -
- -

â*ãNä=å=æ!çQè «Nè�¬�øZðZí`ìS�Kë¡ó\÷¡ò?ô-ï±öM÷*ô\ù`î��Zïrë¡ð\÷`� öM÷-ê`øZûVï²ê�êS�
� ÷rô\ï²ê�ñ û\÷rï²êSü
y F�Yikd:SY?L?GD:Db?>nY`HnJSCDTiR=YK<?:DbQL HnR�L b?>={SbKY`H$L�sKT\bKX�Y`HtL :DbKY`Hjh I >=aSb#ENANT`L <KJ�GDESq�?H�R$H$LNANH=<?H=GDh\b?>=aSbnHNR�u bKJSY`HMl y E=btF5T�h\b?H�ENANT`L <?>�R$H$L=>=GD>QUMT\b?h\@VADCDE=F5GDHWh\b?H

F�YK<KX+GDH�JSCDTiR=YK<?>DbQu k+bVANE I >=aS@ L
GDTiY`HNY\>NA=L F$P�T`uDR$HNYKEwGNL H�HNAN:=F�Y\H=F�J

δ << L� � I ODGDHc]Sl ÌD�isMP�H�~KJDGNL >=aS<ZU5JQP�T`u�GDh\F5H�F�Y\>!ADCDE=F5GDH�h\b?H�JSCDTiR=YK<QL R$:fANT\~Qu >�TrqANH=b?H=[�>=<?EN@
E(x),

Y`>�>NAN>$u >�GSAN>=<?>={SGDT�b?H�aQAN>QCD>QU�u F5>=aSGDT�T\{QR$>QCDH�HNAN:�YZJDb
T � u F�k+F�J

Poisson
F�YZJpGNL Hf~QL E=F�Y`H=F�J

∂E

∂x
= 4πρ.

� ANaQR$b?:SYZJSY\H¬Y\k+bc[�>=<KY?u k+b�T`u b?H$L
ρ = n0e

R$H$L*E=<?HgY`>¬JSCDTiR=YK<QL R$:¬ANT\~Qu >
ANH$u <?b?T`L$YZJDbwY?L GSO

|E| = 4πn0eδ.

� T � u F�k+F�JWR�u bKJDF�JD@nY\k+bwJSCDTiR=YK<?>SbQu k+bvT`u b?H$L

meδ̈ = −e|E| = −4πe2n0δ
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R$H$L5ANT\<QL UM<?E=[�T`L�YZJDb�Y`HNCDE=bKYik+F�JoY`>=aoGDTiY\HNY`>NA=L F5GDh\b?>=apF�YK<KX+GDHNY\>=@tJSCDTiR=YK<?>Sq
bQu k+bNl � F5a I b?:SYZJSY`HWY\HNCDE=bKY\k+F�JD@�Yik+btJSCDTiR=YK<?>DbQu k+bj>Db?>=GDE=�?TiY\H$L=F5a I b?:SYZJSY\HADCDE=F5GDHNY`>=@

ωe = (4πn0e
2/me)

1/2
l$mjbv~?T\bnP�Tik+<KODF5>=aSGDT�Y\HfL :DbKY\HpHNR�u bKJSY\HMs

GSAN>=<?>={SGDTfbKHz~?T`u � >=aSGDTo:SY?L3JcF5a I b?:SYZJSY`HcADCDE=F5GDHNY`>=@oP�Hg>=<Qu �?TiY\H$L3HNAN:cYZJF I h\F�J

ωp =

√

4πn0e2

me
+

4πn0e2

mi
. � ]Sl ÌS^D�

� F5a I b?:QYKJSY\HpADCDE=F5GDHNY\>=@jY\k+bwJSCDTiR=YK<?>DbQu k+bvT`u b?H$L
νe ≈ 104√n0 Hz.

�*Y`> � CNL HNR$:zF�YKh\GDGDHzJ I H=<?HNR=YZJD<QL F�Y?L R=OdF5a I b?:QYKJSY\HcADCDE=F5GDHNY`>=@pY\k+b!JSCDTrqR=YK<?>DbQu k+bjP�HfT`u b?H$L ≈ 100MHz − 1GHz.

ÙMÚ?��Ú?x�§(7�q�H$Ó�3DÖ83DØ à 7 {�J Òe5 ß�à . 1 H

b
V

È

â*ãNä=å=æ�çQè ­$è(®�ïrë¡ð� Qñ ì�ô\ù`î��Zïrë¡ð\÷`� ðZó�òQï±ðcô\ù`î��Zïrëiñ �Kû�øZî°¯O� ðzî±÷¡û���êS�
� ÷rô\ï²ðZó�ñ û`÷rï²ð���SðZërïO� ðZó
e
ü

� F5a I b?:SYZJSY\H�F5a?U5R$<?>={SF5Tik+b�Y\k+bWJSCDTiR=YK<?>DbQu k+b�GDTvY`H�L :DbKY`H�AN<?>=F5~QL >=<Qu q�?TiY`H$L�HNAN:pYZJoF I h\F�J
νei = n0σscv,



�=� �*�i���w�0�n���r�W�V���*�W�p�t�r�V�

:NAN>=a�Y`>
σsc

T`u b?H$L$JWT\b?T\<ZUM:=@n~QL HNY\>=GSOWAN>=a�>=<Qu �?TiY`H$L$F�YZJoF5aSb?h I T`L HMl$�BHoJSCDTrqR=YK<?:DbQL HMs�Y`H�>NAN>$u H!P�Tik+<?>={SGDT�:SY?L�R�L b?>={SbKY`H$L�GDTWGDh\F�J�Y\H I {QYZJSY`H v
s�AN>=afP�H

AN<?>SCDES�=>=aSbwb?HpF5a?U5R$<?>=aSF�Y`>={SbwF�YZJpGD>Db?E=~?HoY\>=a I <?:Db?>=a�GDTjY\>�HNR�u bKJSY\>fL :DbNsP�H�T`u bKH$LSH=aQYKEtAN>=ajANT\<QL h I >DbKY\H$LSGDh\F5HwF5T*R${QCNL bK~?<?>vGDT#:?U5R$> (πb2)v � JvF I h\F�JH=aQYZOwAN<?>NR${QADYKT`LNHNAN:�YZJDbnAN<?>=F5h¡U�U�L F�J�:SY?LNY\H�[�>=<KY?u HwR�L b?>={SbKY\H$LNGDh\F5H�F5TVh\b?H
ANT\<QL �=ENCSCD>DbwHNAN:pF5[�H$u <?T\@nGDTjHNR=Y?u b?H

b
�il x mj<?Ho>pH=<QL P�GD:=@nY\k+bwF5a?U5R$<?>={SF5Tik+b

H=b?E!GD>Db?E=~?H I <?:DbK>=a$s�~KJSCDH=~KOpY`> νei

sMP�H�L F5>={QY\H$L�GDT
n0(πb2)v

l�mnAN:�H=aQYK:Db
Y`>fF5aQCSCD>?U�L F5GD:pAN<?>NR${QADYKT`L�JoF I h\F�J

σsc ≡ πb2. � ]Sl �N�D�
 jHfTiA=L ~QL X � >=aSGDTjF�YZJpF5aSb?h I T`L Hfb?HW�=<?>={SGDTnGNu HpAN<?>=F5T¡U�U�L F�Y?L R=OphiR$[�<?H=F�JU�L HpYZJDb�T\b?T\<ZUM:o~QL HNY`>=GSO�l
mj@�aQAN>DP�h\F5>=aSGDT�:SY?L$h\b?H�JSCDTiR=YK<?:DbQL >�GDTBF�Y`HDP�T\<KOwY`H I {QYZJSY\H v

ADCSJDFML E=�?T`L
h\b?HgHNR�u bKJSY`>gL :Db�GDT![�>=<KY?u >

e � � I ODGDH�]Sl �=�il y E=b�~?T\b�CDES�=>=aSGDTfaQAN:=eMJcYZJ~?{Sb?H=GSJ
Coulomb,

Y`>wJSCDTiR=YK<?:DbQL >tP�H�HNR$>SCD>=a?PMODF5T`LSGNu H�T\a?P�{?UM<?H=GDGSJtR�u bKJDF�J
AN>=aBP�HvHNANh I T`L�s?F�Y`>tADCSJDFML h\F�YKT\<?>vF�JDGDT`u >MsQHNAN:=F�Y\H=F�J b

HNAN:jY\>wL :DbNlK�VJDbBHNAN:Sq
F�Y`H=F�JwH=aQYZOjP�HwYZJDbn>Db?>=GDE=F5>=aSGDT-ANH=<?E=GDTiYK<?>tR$<?>={SF�JD@Ql � ~?{Sb?H=GSJ

CoulombP�H�H=b?HDU5R$ENF5T`LSY\>�JSCDTiR=YK<?:DbQL >wb?H�TiR=YK<?HNANT`uSR$HNYKEtU5k+bQu H
θ
AN>=atF I TiY?u �?TiY`H$LDGDTYZJDb�HNAN:=F�Y`H=F�J

b
l � ~?{Sb?H=GSJ

Coulomb
AN>=aW~?h I TiY`H$L$Y`>pJSCDTiR=YK<?:DbQL >pT`u b?H$L

F = −e2

r2
er

� ]Sl �5]K�
:NAN>=a

er
Y\>
GD>Db?H=~QL H$u >�~QL E=b?aSF5GDH�YZJD@g~QL T\{?P�aSb?F�JD@zY`>=a®~QL H=b?{SF5GDHNY`>=@dP�hrq

F�JD@!Y`>=acJSCDTiR=YK<?>DbQu >Na�k+@!AN<?>=@�Y`>�L :DbNl � ~?{Sb?H=GSJ
F
TiA=L ~?<?E�L F I aS<?E¬F�Y`>JSCDTiR=YK<?:DbQL >Ms*R$aS<Qu k+@�:SY`H=bzH=aQYK:��=<Qu F�R$TiY\H$LVF�YZJ�UMT`L Y`>DbQL E®Y`>=a­L :DbKY`>=@Qs#R$H$L

J�HNCSCSJSCDTiA=u ~?<?H=F�JgH=aQYZO�~QL H=<ZR$T`u-ANT\<Qu AN>=a
t ' b/v

l � HNCSCDHDU5OzYZJD@�>=<?GSO?q
@gY`>=a®JSCDTiR=YK<?>DbQu >=a­T`u b?H$LnF5{SGD[Mk+b?H
GDTzY\>ýP�TiX+<KJDGDHýX3PMJDF�JD@¡q±>=<?GSOD@Qstu F�J
GDT

∆(mev) = |Ft| = e2/(bv)
lw|0L HÏF5a?U5R$<?>={SF5T`L @�GDT�U5k+bQu H�HNAN:NR=CNL q

F�JD@
θ > 90◦

sBJ�GDTiY`HS�=>QCSO®YZJD@z>=<?GSOD@zT`u b?H$LVYZJD@cYKE � Tik+@
mev

s�~KJSCDH=~KO�s
∆(mev) = mev = e2/(bv),

E=<?H
b = e2/(mev

2)
R$H$L}J�T\b?T\<ZUM:=@W~QL HNY\>=GSO

~Qu b?TiY`H$L$HNAN:pYZJoF I h\F�J

σsc ≡ πb2 =
πe4

m2
ev

4
� ]Sl �N_D�

R$H$L5E=<?H

νei ≈
n0πe4

m2
ev

3
. � ]Sl �NÌD�

y E=bwP�Tik+<KODF5>=aSGDTv:SY?LMY`H�JSCDTiR=YK<?:DbQL HpAN>=apF5a?U5R$<?>={S>DbKY`H=LMGDTtY`>!L :Dbw�=<Qu q
F�R$>DbKY`H$LNF5T*P�T\<?GD>=~?aSb?H=GNL R=OwL F5>=<?<?>NA=u HvR$H$LNR�L b?>={SbKY`H$LDGDTBGDh\F�JwY`H I {QYZJSY\Hou F�J
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GDTVYZJvP�T\<?GNL R=O
Ve = (kBTe/me)

1/2
sNYK:SYKT#J�F5a I b?:SYZJSY\H�F5a?U5R$<?>={SF5Tik+bnT`u b?H$Lu F�JoGDT

ν∗
ei ≈

n0πe4

√

me(kBTe)3
. � ]Sl �S�=�

y E=btCDES�=>=aSGDTnaQAN:=eMJ�R$H$L=Y?L @tF5a?U5R$<?>={SF5T`L @nAN>=a�h I >=aSbjU5k+bQu HoHNAN:NR=CNL F�JD@GNL R$<?:SYKT\<KJoHNAN:�^S� ◦ s5YK:SYKTjJpF5a I b?:SYZJSY`H ν∗
ei

P�HfAN<?hiANT`LMb?HpAN>QCSCDHNADCDH=FML H=F�YKT`u
GDTWY\>�CD>QUME=<QL P�GD>�Y`>=a � bmax/bmin

�il}�B>
bmin = b

H=bKY?L R$HDP�u F�Y`HNY\H$L}HNAN:�Y?L @
F I h\F5T`L @BAN>=avAN<?>=F5T¡U�U�L F�Y?L R$EWaQAN>QCD>QU�u F5H=GDT#A=L >�ANE=bKkVsNH=[�>={tCDES�=>=aSGDTVTiA=u F�JD@aQAN:=eMJ�GDH=@�:SY?L�J�GDh\F�J�Y\H I {QYZJSY`H�T\b?:=@vJSCDTiR=YK<?>DbQu >=a$sM:SY`H=b�Y`>!ADCDE=F5GDHf�=<Qu qF�R$TiY`H$L�F5TtP�T\<?GD>=~?aSb?H=GNL R=O�L F5>=<?<?>NA=u HMsMT`u b?H$L�u F�J�GDTvYZJfP�T\<?GNL R=O�l � GDh¡U�L F�YZJ
Y?L GSOfY`>=a

b
T`u b?H$L�u F�JfGDTtY`>�GSOSR$>=@

Debye,
T\[�:=F5>DbwJf~?{Sb?H=GSJ

Coulomb
GSJ?q

~?T\bQu �?TiY\H$L�s�:SY`H=b�JfANH=<?E=GDTiYK<?>=@vR$<?>={SF�JD@wT`u b?H$L�GDT¡UMHNCD{QYKT\<KJfHNAN:!YZJDboHNR=Y?u b?H
Debye.

|0L HWY?L @�ANT\<QL F5F5:SYKT\<?T\@�T\[�H=<?GD>QUMh\@ � T\<ZUMH=F�YZJD<QL HNR$:�R$H$L=H=F�YK<?>=[�aSFML R$:ADCDE=F5GDH$�W>zCD>QUME=<QL P�GD>=@�Y\>=a
λD/b

T`u b?H$L(GDTiY\H � {�]Z�Kq±_S�cR$H$L(TiAN>=GDh\bKk+@!GNu H
AN<?>=F5T¡U�U�L F�Y?L R=OpF I h\F�J�U�L HpYZJpF5a I b?:SYZJSY\HpYik+b�F5a?U5R$<?>={SF5Tik+bwT`u b?H$L

ν∗
ei = [2.9 × 10−5]n0T

−3/2
e sec−1 � ]Sl �NÊD�

� �NCDhiANT(Étu b?HNR$Hv]Sl�]+U�L H ln Λ Í ]Z�D�}:NAN>=aBJBANaQR$b?:SYZJSY`HnY`>=aVADCDE=F5GDHNY`>=@-GDTiYK<?ESqY`H$L5F5T
cm−3

R$H$L$J�P�T\<?GS>NR$<?H=FMu HWF5T
eV. � E=b?>DbKY`H=@ I <KODF�JWYik+b�T � L F�X+F5Tik+b� ]Sl Ì	KD��R$H$L � ]Sl �S�=�WGSAN>=<?>={SGDTfb?H¬~?T`u � >=aSGSTf:SY?L � ωe/νei) = Λ0 � 1 � �NCDhrqANTjT � u F�k+F�J � ]Sl ÌSÌD� ˙�is$AN<?EDUMGDHoAN>=a�F�JDGDH$u b?T`L�:SY?L�JoF5a I b?:SYZJSY\HpF5a?U5R$<?>={SF5Tik+bF�Y`>fADCDE=F5GDH!T`u b?H$L�AN>SCD{oGNL R$<?:SYKT\<KJoHNAN:fYZJfF5a I b?:SYZJSY`HfY\>=aWADCDE=F5GDHNY`>=@Ql��#TAN>SCSCDh\@tT\[�H=<?GD>QUMh\@nY\>=aWADCDE=F5GDHNY\>=@vF�YZJf[�{SF�JWR$H$LMF�Y\>�T\<ZUMH=F�YZOD<QL >oY`H�[�H$L q

b?:=GDT\b?HwT � TiCNu F5F5>DbKY`H$LSGDT I H=<?HNR=YZJD<QL F�Y?L R$>={S@ I <?:Db?>=aS@ t ∼ ω−1
e

lS|0L H�Y\>wCD:QUM>
H=aQYK:fF�YZJDb�H=b?ENCDaSF�JWH=aQYZX+bwYik+b�T\[�H=<?GD>QU5X+btHDUMb?>=>={SGDT�Y?L @vF5a?U5R$<?>={SF5T`L @Ql

Ñ�Ò$Ó�Ô�Õ�Ö�×}Ø ÙMÚ?��Ü � F5a I b?:SYZJSY\HdF5a?U5R$<?>={SF5Tik+boAN>=a�aQAN>SCD>?U�u F5H=GDT � T � u F�k0qF�J � ]Sl �NÌD��L F I {ST`L5U�L H!F5a?U5R$<?>={SF5T`L @tAN>=aoh I >=aSb�F5H=b�HNAN>SYKhiCDT\F5GDH�GDT¡UMENCSJpTrqR=YK<?>NADO � GDT¡UMENCSJjU5k+bQu H θ
�il	%oL >=<ZPMX+F�YKT*YZJvF5a I b?:SYZJSY`HwF5a?U5R$<?>={SF5Tik+bNsQX+F�YKTb?HoCDH=G?�=E=b?>DbKY`H$L$aQAN:=eMJWR$H$L�F5a?U5R$<?>={SF5T`L @jGDTtGDL R$<KO�U5k+bQu HpF�R$h\~?H=F�JD@

θ
l

Þwß�à Ö0Ü � ANH=<?E=GDTiYK<?>=@vR$<?>={SF�JD@
b
F5aSb?~?h\TiY\H$L�GDTwYZJfU5k+bQu H

ϑ
GDTwYZJ�F I h\F�J� �NCDhiANTt jTik+<KJSY?L R=OW��J I H=bQL R=O�s y l Ð HNYK�KJD~KJDGSJSYK<Qu >=a$s=YKT\{ I >=@jm�s σ.
]S]ZÊD�

cot(ϑ/2) =
mbv2

e2
,

:NAN>=a



�Dá �*�i���w�0�n���r�W�V���*�W�p�t�r�V�

b =
e2

mv2

1

tan(ϑ/2)
� ]Sl � Î �

R$H$L

db = − e2

2mv2

dϑ

sin2(ϑ/2)
. � ]Sl �=ËS�

� ~QL H=[�>=<QL R=O�~QL HNY`>=GSOWYZJD@jR$<?>={SF�JD@jT`u b?H$L5u F�JoGDT

dσ = |2πbdb|. � ]Sl ��KD�
mnAN:pY?L @vF I h\F5T`L @ � ]Sl � Î �is � ]Sl �=ËS�*R$H$L � ]Sl ��KD�#h I >=aSGDT

dσ =

(

e2

mv2

)2
2πdϑ

2
sin−2(ϑ/2) tan−1(ϑ/2),

:=GSk+@ TiANT`L ~KO
sin ϑ = 2 sin(ϑ/2) cos(ϑ/2)

R$H$L
tan(ϑ/2) =

sin(ϑ/2)/ cos(ϑ/2)
s

dσ =

(

e2

2mv2

)2
2π sin ϑ

sin4(ϑ/2)
dϑ. � ]Sl �N^D�

9�YK{QAN>=@tH=aQYK:=@tT`u b?H$LNUMbKk+F�YK:=@jR$H$L$k+@�¯ 3 ß ©85Ip�36587
Ratherford.”

��AN>Sq
<?>={SGDTWYZX+<?Hcb?HdaQAN>QCD>QU�u F5>=aSGDTWYZJDb!T\b?T\<ZUM:�~QL HNY`>=GSO�U�L HdYZJdGDTiY\HS�=>SCSO�YZJD@
>=<?GSOD@

(dσ′),
H=b�>SCD>NR=CSJD<KX+F5>=aSGDTWYZJDb�T � u F�k+F�J � ]Sl �N^D�is(H=[�>={�YZJDb�AN>SCSCDHSqADCDH=FML E=F5>=aSGDTVGDT#YZJwF5aSb?E=<KYZJDF�Jn�=E=<?>=aS@ � cos ϑ−1

�3AN>=avH=bKY?L AN<?>=F�k(ANT\{ST`LSYZJ
GDTiY`HS�=>QCSOBYZJD@->=<?GSOD@(R$HNYKE�YZJDb#R$<K>={SF�J � U�L HNY?u ∆p = p2−p1 = p1(cos ϑ−1)

s
U�L H

ϑ
GNL R$<?:$�il x mj<?H

dσ′ = (cos ϑ − 1)dσ,
:=GSk+@

cos ϑ = 1 − 2 sin2(ϑ/2)
s

E=<?H

dσ′ = −
(

e4

4m2v4

)

4π
sin ϑ

sin2(ϑ/2)
dϑ.

|0L H�GNL R$<?h\@�U5k+bQu T\@
ϑ, sin ϑ ' ϑ

R$H$L
sin2(ϑ/2) ' ϑ2/4

s�R$H$L�YK:SYKT

dσ′ = −
(

4πe4

m2v4

)

dϑ

ϑ
.

9nCD>NR=CSJD<KX+b?>DbKY\H=@nh I >=aSGDT

σ′ = −
(

4πe4

m2v4

)
∫ ϑmax

ϑmin

dϑ

ϑ
= −

(

4πe4

m2v4

)

ln[ϑ]ϑmax

ϑmin

O
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ln

(

ϑmin

ϑmax

)

∼ ln

(

λD

bmin

)

,

U�L HNY?uDJwTiCDE I L F�YZJtU5k+bQu HvR$<?>={SF�JD@ ϑmin

H=bKY?L F�Y\>$L I T`uNF�YZJwGDh¡U�L F�YZJwANH=<?E=GDTiYK<?>R$<?>={SF�JD@
b = λD

R$H$L$JoF5a I b?:SYZJSY`HfF5a?U5R$<?>={SF5Tik+bvT`u b?H$L

νei = n0σ
′v =

4πe4n0

m2v3
ln

(

λD

bmin

)

.

� TiCDE I L F�YZJvHNAN:=F�Y`H=F�JtAN>=atH=bKY?L F�Y\>$L I T`uDF�YZJwGDh¡U�L F�YZJtU5k+bQu H ϑ
aQAN>QCD>QU�u �?TiY`H$L

AN<?>=F5T¡U�U�L F�Y?L R$EWHNAN:�Y\>DbnYK{QAN>
1/2mv2 ' e2/bmin

� U�L HWGDTiY\k(A=L R=O�F5{?U5R$<?>=aKqF�J�s0R�L bKJSY?L R=O�T\b?h\<ZUMT`L H ' ~?aSb?H=GNL R=ON�is�E=<?H
bmin ' 2e2/mv2 ≈ 2e2/mV 2

e

l
� � HNR$<QL �NOD@nY?L GSOp~?T\bwh I T`L5F�JDGDH=FMu HMs$U�L HNY?u5JoF I h\F�JoT`u b?H$L$CD>QUMH=<QL P�GNL R=O�l �

ÙMÚ?��Ú�}4~h7 J Õ�5�3$Òe5�H E J o à 7�q�H$Ó�3DÖ83NØ

V
I I

r
L V

V
II

B

â*ãNä=å=æ!çQè ±NèC²�� ÷rô`ò?ô³�SðZërïO� ðKó#íS�±òQê�òQî3ò?ï²ê�´Dî±ë¡û�í`êSµQ÷rô\ï¡ñ �KûVøZî°¯O� ðSü
� R�u bKJDF�J![�>=<KY?L F5GDh\bKk+bpF�k+GDHNY?L ~Qu k+bfGDh\F5H�F5T I <?>DbQL R$E�F�Y`HDP�T\<?:�R$H$L}>SqGD>QUMT\b?h\@jGDHDUMbKJSY?L R$:oANT\~Qu >WANT\<QL UM<?E=[�TiY\H$L�HNAN:oYKJDbwT � u F�k+F�J � ]Sl�]KËS�
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mj
dv

dt
= qj(vj × B/c). � ]Sl ÊS�D�

y E=bvY`>fGDHDUMbKJSY?L R$:oANT\~Qu >oT`u b?H$L
B = B0ez

R$H$L$JWY`H I {QYZJSY\H vj
H=b?HNCDa?P�T`u

F5TWGNu HdF5aSbQL F�YZX+F5HdR$EDP�TiYZJ!AN<?>=@WY\>dGDHDUMbKJSY?L R$:�ANT\~Qu >�R$H$L�GNu H�ANH=<?ENCSCSJSCSJ�s
~KJSCDH=~KO

v = v⊥e⊥ + v‖e‖
s�YK:SYKTnJoT � u F�k+F�J � ]Sl ÊS�D�*UM<?E=[�TiY\H$L

dv‖

dt
= 0 � ]Sl Ê$]K�

R$H$L
dv⊥

dt
=

(

qjB0

mjc

)

v⊥ × ez.
� ]Sl ÊS_D�

mjbfTiR$[�<?E=F5>=aSGDTwYZJDbfY\H I {QYZJSY`HdF�Y\>dTiA=u ANT\~?> (xy)
F5T�R$H=<KYKT\FML H=b?h\@�F5aSbKYKTrq

Y`HDUMGDh\b?T\@0P�Hjh I >=aSGDT v⊥ = vxêx+vy êy
R$H$LZJ�T � u F�k+F�J � ]Sl ÊS_D��P�HjGDTiY\HNYK<?HNANT`uF5Tj~?{S>fT � L F�X+F5T`L @

dvx

dt
= −

(

qjB

mjc

)

vy
� ]Sl ÊSÌD�

dvy

dt
=

(

qjB

mjc

)

vx
� ]Sl Ê?�=�

ÉjH=<?HDU5k3U�u �?>SbKY\H=@vY?L @�T � L F�X+F5T`L @ � ]Sl ÊSÌD��q � ]Sl Ê?�=�nk+@�AN<?>=@wY`> I <?:Db?>!R$HNY\HNCSO?qUM>=aSGDTjF�Y?L @vF I h\F5T`L @

d2vx

dt2
= −

(

qjB

mc

)2

vx
� ]Sl ÊSÊD�

d2vy

dt2
= −

(

qjB

mc

)2

vy.
� ]Sl Ê Î �

9tL5~QL H=[�>=<QL R$h\@�T � L F�X+F5T`L @ � ]Sl ÊSÊD��q � ]Sl Ê Î �#h I >=aSbtYZJoGD>=<?[MO�YZJD@jT � u F�k+F�JD@nY\>=aH=<?GD>DbQL R$>={wY`HNCDH=bKYik(YZOWR$H$L5>$L�CD{SF5T`L @tY\>=aS@tT`u b?H$L
vx(t) = v⊥(t = 0) sin(Ωjt)

� ]Sl ÊDËS�

vy(t) = −εv⊥(t = 0) cos(Ωjt).
� ]Sl Ê	KD�

:NAN>=a
ε = 1

U�L HpY\H�L :DbKY`HoR$H$L −1
U�L HpY\HpJSCDTiR=YK<?:DbQL HWR$H$L

Ωj ≡
|qj |B0

mjc
� ]Sl ÊS^D�
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T`u b?H$L5JoR$aQR=CD>SYK<?>DbQL R=OWF5a I bK:SYZJSY`HMl�9nCD>NR=CSJD<KX+b?>DbKY\H=@jY?L @�T � L F�X+F5T`L @ � ]Sl Ê$]K�is� ]Sl ÊDËS�*R$H$L � ]Sl Ê	KD�-R$H$L�~QL HNCDh¡UM>DbKY`H=@BR$HNYKENCSCSJSCDHWY`>pF5{SF�YZJDGDHfH=b?H=[�>=<KE=@QsNR$HSqY`HNCSOQUM>=aSGDTnF�YZJDb�T � u F�k+F�JWYZJD@jYK<?> I L E=@nY`>=aW[�>=<KY?u >=a
z(t) = vz(t = 0)t � ]Sl Î �D�

x(t) =

(

vx(t = 0)

Ωj

)

sin(Ωjt) = rLj sin(Ωjt)
� ]Sl Î ]K�

y(t) = ε

(

vx(t = 0)

Ωj

)

cos(Ωjt) = εrLj cos(Ωjt)
� ]Sl Î _D�

:NAN>=a�JjHNR=Y?u b?HnR$H$LQHNR=Y?u b?H
rLj = (v⊥/Ωj

�0T`u bKH$LZUMbKk+F�YZOjk+@*HNR=Y?u b?H
Larmor.� R�u bKJDF�JpY\k+boL :DbKY\k+bWT`u b?H$LM~?T � L :=F�YK<?>=[MOpT\bKX�Yik+bWJSCDTiR=YK<?>DbQu k+b�H=<QL F�YKT\<?:Sq

F�YK<?>=[MJ�l�mj<?HWY`>p[�>=<KY?u >oTiR=YKTiCDT`u � ~?T � L :=F�YK<?>=[MJwU�L HpY`H�L :DbKY`HoR$H$L5H=<QL F�YKT\<?:SqF�YK<?>=[MJ!U�L HdY`H�JSCDTiR=YK<?:DbQL H$�jTiCNL R$>=T`L ~KO�Y?<K> I L E � � I ODGDH�]Sl ÊD�il3�*Y`> � CNL HNR$:F�YKh\GDGDHzY`>cGDHDUMbKJSY?L R$:cANT\~Qu >dANE=bKk�HNAN:dY`HcR$h\bKYK<?Hd~?<?E=F�JD@pT`u b?H$L ≈ 100GR$H$L*J I H=<?HNR=YZJD<QL F�Y?L R=O¬R$aQR=CD>SYK<?>Db?L R=OgF5a I b?:SYZJSY`H�Y\k+bcJSCDTiR=YK<?>DbQu k+b�T`u b?H$L
≈ 300MHz

F5a?U5R$<Qu FML GSJoGDTnYZJDb�F5a I b?:SYZJSY`HoADCDE=F5GDHNY`>=@Ql

���¹¸�ºz%�&�)+"�»V&�80&( :DW1+§
�*Y`>�R$T\[�ENCDH$L >fH=aQYK:�H=b?H=[�T\<`PMOSR$H=GDTjF�Y\>=aS@vYK<?:NAN>=aS@v~KJDGNL >=aS<ZU�u H=@jY`>=aWADCDESq
F5GDHNY`>=@Qs(F�Y`>=aS@fYK<?:NAN>=aS@fGDTiCDhiYZJD@�Y\>=a�R$H$L(F�Y?L @ I H=<?HNR=YZJD<QL F�Y?L R$h\@pANH=<?H=GDhrqYK<?>=aS@�AN>=a�ANH$u �?>=aSbjHNAN>=[�H=FML F�Y?L R$:W<?:SCD>WF�YZJWGDTiCDhiYZJ�Y`>=a$l��*Y\>DbtÉtu b?HNR$Hf]Sl�]
ANH=<?HDP�hiY`>=aSGDT�Y?L @n�=H=FML R$h\@jANH=<?H=GDhiYK<?>=aS@�Y`>=a�ADCDE=F5GDHNY\>=@Ql
mjb?HNR$T\[MHNCDH=L X+b?>DbKY\H=@naQANT\bZP�aSGNu �?>=aSGDTn:SY?L5>=<Qu F5H=GDT
t

• Y`> ×�o J 5Ip Debye � λDj
�isSGNu HjAN>=F5:SYZJSY`HtAN>=ajF I TiY?u �?TiY\H$LSGDT+Y`HvF5aQCSCD>QU�L R$E[�H$L b?:=GDT\b?HvR$H$LD>=<Qu �?T`LQYZJDbjHNR=Y?u b?HtYZJD@BF5[�H$u <?H=@-UM{S<KkzHNAN:�Y\H�JSCDTiR=YK<?:DbQL HvR$H$L

L :DbKY`Hp:NAN>=a�Y\>pJSCDTiR=YK<?>=F�Y`HNY?L R$:o~?aSb?H=GNL R$:pT`u b?H$L�~QL E=[�>=<?>WY\>=aWGSJD~?T\b?:=@Ql

• YZJDb ©�Ø�Òen�× . 3$Òe54©�Õ�n à ×}Ø8365Ip � Λ0

�nR$H$L�~?T`u � H=GDTw:SY?L}Y\>�ADCDE=F5GDH�GSAN>=<?T`u
b?HpaQANE=< � T`L5GD:Db?>p:SY\H=b

Λ0 >> 1
l

• YZJ à 7�q�H$Ó�3DÖ83DØ¼©�Õ�n à ×}Ø8365Ip � ωj
�is$AD>=a I H=<?HNR=YZJD<Qu �KT`LNY?L @nJSCDTiR=YK<?>=F�Y\HNYQL qR$h\@jY\HNCDH=bKYZX+F5T`L @jYik+bwJSCDTiR=YK<?>DbQu k+bjR$H$LML :DbKYik+b�GDh\F5HfF�Y\>fADCDE=F5GDHMl

• YZJ à 7�q�H$Ó�3DÖ83DØ à 7 {�J Òe5 ß�à . 1 H � νei

�il � F5{?U5R$<QL F�J�YZJD@*F5a I b?:SYZJSY\H=@+ADCDESqF5GDHNY`>=@*GDT+YZJtF5a I b?:SYZJSY\HvF5a?U5R$<?>={SF5Tik+b#R$HDP�>=<Qu �KT`LZY`>v<?:QCD>jAN>=aBP�HtANH$u � >=aSb>$L5F5a?U5R$<?>={SF5T`L @tF�Y\>pADCDE=F5GDHMl
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• YZJDb½J 7 J Õ�5�3$Òe5�H E J o à 7�q�H$Ó�3DÖ83DØ � Ωj
�-R$H$LNYZJDb Ø J 3 0 H$Ø

Larmor � rLj
�is

AN>=aWHNAN>SYKTiCD>={Sbj�=H=FML R$h\@jANH=<?H=GDhiYK<?>=aS@nF�Y`>fGDHDUMbKJSY?L F5GDh\b?>pADCDE=F5GDHMl

¾(¿ ÀKæ6Á=æ�Â�çQèµçQè�é3êZë¡ìZí`î�ïrë¡ðKñ?é0ù`ìZòQí`ê`ï²ð��

�Kó`�Zù`ð\ïrë¡ð\÷iñ �S�#òQó� ?÷¡ûiïõô\ï²ê
Ωe Ã ü Ä ×107B rad/secô\ù`î��Zïrë¡ð\÷`� ðZó

�Kó`�Zù`ð\ïrë¡ð\÷iñ �S�#òQó� ?÷¡ûiïõô\ï²ê
Ωi Å ü Æ`Ä ×103B rad/secøZërö5ï²ð\÷`� ðZó

òQó� ?÷¡ûiïõô\ï²êVø`ù`ìZòQí`ê`ï²ð��
ωe

ÆKü Ç`È
×104n

1/2
e rad/secô\ù`î��Zïrë¡ð\÷`� öM÷

òQó� ?÷¡ûiïõô\ï²êVø`ù`ìZòQí`ê`ï²ð��
ωi Ã ü ÉSÊ ×103n

1/2

i
rad/secøZërö5ï²ð\÷`� öM÷

òQó� ?÷¡ûiïõô\ï²êBòQó`µ
�Kë¡ðZú\òQî�öM÷
νei

ÊKü Å
Ã ×10−6ne (ln Λ0) T
−3/2
e sec−1ô\ù`î��Zïrë¡ð\÷`� öM÷ÌËªøZërö5ï²ð`÷`� öM÷

òQó� ?÷¡ûiïõô\ï²êBòQó`µ
�Kë¡ðZú\òQî�öM÷
νii

ÈQü Ä
×10−8ni (ln Λ0) T

−3/2

i
sec−1øZërö5ï²ð\÷`� öM÷ÌËªøZërö5ï²ð\÷`� öM÷

êS�ZïO� ÷¡ê
Larmor

ô\ù`î��Zïrë¡ð\÷`� ðZó
rLe

ÊKü É�Ä
T

1/2
e B−1cm

êS�ZïO� ÷¡ê
Larmor

øZërö5ï²ð\÷`� ðZó
rLi Ã ü ÍSÊ ×102T

1/2

i
B−1cm

í����Kð��
Debye λDj Î ü ÈSÉ ×102T

1/2

j n
−1/2

j cm

´Dî±ë¡íZñ ���#ï²ê� ?úiïõô\ï²ê
Ve

ÈQü ÃÌÅ ×107T
1/2
e cm/secô\ù`î��Zïrë¡ð\÷`� öM÷

´Dî±ë¡íZñ ���#ï²ê� ?úiïõô\ï²êBøZërö5ï²ð\÷`� öM÷
Vi Å ü Ä ×105T

1/2

i
cm/sec

ÏFÐ Ñ ù`î°�(ðKñ?øZðZòQû\ïõô\ïrî°�(î��d�Së¡ì�Òrð\÷rï²êKñQò?ï²ð�òQú\ò?ïõô`í`ê
c.g.s.î��Zïrû��+ê`øZûVï¡ñ ��´Dî±ë¡í`ðS�Kë¡êZò	� î°�(øZðZó#î��d�Së¡ì�Òrð\÷rï²êKñQòQî

eV,
�KêKñ

Λ0

ê`øZû Ï Ã ü Ã È ))
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� CDT`u b?>DbKY\H=@!H=aQYK:¬Y\>�R$T\[�ENCDH$L >¬T`u b?H$L+T\{QR$>SCD>gYZX+<?H�b?H�~KX+F5>=aSGST�h\b?H=bADCSJD<?h\F�YKT\<?>f>=<QL F5GD:pY\>=a�ADCDE=F5GDHNY`>=@Qt
Ó ����
��� Ô��WFXS ���NdXS ��I��R����6^ PgÕ�L ���?�6^ P � L X
� 
��INdX L  �N�R�� L 
�� L�L � L W L � [ �R��  SR`� L bQX��` �
 [ �	� L
Ö �?����×� �� X
���I�dXS v�� ���
�� L¶L � L W L � 

�cb	��� Λ0 >> 1 Ø



È�w �*�i���w�0�n���r�W�V���*�W�p�t�r�V�

ÙuÚ �ÜÛ�Ý¨Þuß 	áà�	
]Sl�]Sl ; AN>QCD>QU�u F�YKT�YKJ!P�T\<?GNL R=O�Y\H I {QYZJSY`HMs�Y\>cGQOSR$>=@ Debye,

YZJDb�ANH=<KE=GDTiYK<?>
ADCDE=F5GDHNY\>=@jR$H$L$YZJoF5a I b?:SYZJSY`HoADCDE=F5GDHNY`>=@ � aQAN>DP�h\F�YKTt:SY?L Te = Ti

�-U�L H
Y`HpF5aSF�YZODGDHNY`HpAN>=aWH=b?H=[�h\<?>SbKY\H$L�F�Y\>�� I ODGDH�]Sl¨]Sl]Sl _$l � P�T\<?GD>NR$<?H=FMu H�Y`>=a!ADCDE=F5GDHNY\>=@pF�Y`>dGDT\F5>=H=F�YK<QL R$: I X+<?>d~?T\bfT`u b?H$L�HSqR$<QL �NX+@�UMbKk+F�YZO�l���AN>=<?T`u�b?HpT`u b?H$L=R$H$L$AN>SCD{ I H=GSJSCD:SYKT\<KJWHNAN:�] eV,

T\bKX
JpANaQR$b?:SYZJSY`H!T`u bKH$L

n0 = 10−5cm−3
lMÉnX+@�T`u b?H$LM~?aSb?HNYK:fY\>!ADCDE=F5GSH�b?H

~QL HNYZJD<?T`u Y`H$L�F5TnYK:=F5> I H=GSJSCSO�P�T\<?GD>NR$<?H=FMu H5Ý]Sl Ì$l#�#T+h\b?HtGDHNR$<QL b?:n|�HNCDH � u HnaQANE=< I T`L?h\b?HtH=h\<QL >tHNAN:jAD<Kk(YK:DbQL HjR$H$L?H=bKY?L AN<Kk0qYK:DbQL HnGDT3ANaQR$b?:SYZJSY\H
n = 106m−3

R$H$L\P�T\<?GD>NR$<?H=FMu Ht]Z�S� � l ; AN>SCD>?U�u F�YKTY`>pGSOSR$>=@
Debye.]Sl �5l-ÉnCDE=F5GDHdP�T\<?GD>NR$<?H=FMu H=@�]Z�S�

eV
�=<Qu F�R$TiY\H$L3GDh\F5HgF5Tf>=GD>QUMT\b?h\@pT � k(YKTrq

<QL R$:¬GDHDUMbKJSY?L R$:zANT\~Qu >gGDT!h\bKY\H=F�J­]Z�S�S�
Gauss

R$H$L(JzANaQR$b?:SYZJSYKEzY`>=a
GDTiY\HS�=ENCSCDTiY`H$L�l ; AN>QCD>QU�u F�YKTVU�L HWAN>$L h\@nY?L GDh\@nYZJD@nANaQR$b?:SYZJSY\H=@�Y\Ho[�>=<KY?u HP�HpF5a?U5R$<?>={S>DbKY`H$L=YK:=F5>pF5a I b?EpGDTiY\H � {�Y`>=aS@nX+F�YKTjb?HpGSJDbâ, �NCDhiAN>=aSb x Y\>GDHDUMbKJSY?L R$:cANT\~Qu >Ms0E=<?HdP�HzHDUMb?>NODF5>=aSGDTWYZJdANH=<?>=aSFMu HdY\>=adF�YZJcGDTiCDhiYZJ
Y`>=a�ADCDE=F5GDHNY`>=@Ql

]Sl Ê$l � ]K�³'jH�aQAN>SCD>QU�L F$P�T`u�Jf>SCNL R=OpT\b?h\<ZUMT`L H�T\b?:=@tJSCDTiR=YK<?>DbQu >=aWGDh\F5H!F5Tvh\b?HENANT`L <?>p>=GD>QUMT\b?h\@nH=h\<QL >oJSCDTiR=YK<?>Db?u k+bNl
� _D�ã'jH!aQAN>QCD>QU�L F�YKT`u�J�T\b?h\<ZUMT`L H�T\b?:=@vJSCDTiR=YK<?>SbQu >NaoF5TwENANT`L <?>�ADCDE=F5GDHMlÉj>$L E¬T`u b?H$L(JgF�JDGDH=FMu H�H=aQY\>={cY`>=azHNAN>QY?TiCDh\F5GSHNY`>=@fU�L H�Y\H�F5aQCSCD>QU�L R$E
[�H$L b?:=GDT\b?HoF�Y\>pADCDE=F5GDHMÝ

]Sl Î l_%WT`u � YKTv:SY?L�Y`>�[�>=<KY?u >fAN>=a�~KJDGNL >=aS<ZUMT`u YKTvHNAN:!Y`H!JSCDTiR=YK<?:DbQL H�R$H$L�L >DbKY`HGDh\F5HfF�YZJpF5[�H$u <?H
Debye

T`u b?H$L5u F5>oR$H$L5H=bKY?u P�TiY`>oHNAN:pY\>f[�>=<KY?u >
qT .]Sl Ë=l�'jHoTiR$[�<?H=F$P�T`u=Y`>pGSOSCD>=@

Debye
k+@tF5aSb?E=<KYZJDF�JWT\b?:=@ I H=<?HNR=YZJD<QL F�Y?L R$>={

I <?:Db?>=awR$H$L5GNL E=@ I H=<?HNR=YZJD<QL F�Y?L R=OD@nY\H I {QYZJSY`H=@tF�Y\>fADCDE=F5GDHMl]Sl K$l y b?H�JSCDTiR=Y?<K:DbQL >!ADCSJDFML E=�?T`L�GDT�Y`H I {QYZJSY`H v0

h\b?H�HNR�u bKJSY`>�[�>=<KY?u >!R$HNY\H
GNu HfYKa I H$u Hf~QL T\{?P�aSb?F�J ê

l�'jHo�=<?T¡P�T`u5JfF5aSbQL F�YZX+F5H!YZJD@tY`H I {QYZJSY\H=@QsMR$ESqP�TiY`HcF�YZJDb�H=< I L R=O�~QL T\{?P�aSb?F�J�s3GDTiYKEcYZJdF5{?U5R$<?>=aSF�J�l( jTik+<KODF�YKTp:SY?L0JHNCSCSJSCDTiA=u ~?<?H=F�JtT`u b?H$LSH=F$P�T\bKOD@QsD:NAN>SYKT*JvF5T#AN<KX(YZJtAN<?>=F5h¡U�U�L F�JwGSAN>=<?>={Kq
GDTtb?HoP�Tik+<ZODF5>=aSGDTt>SY?L5JoANH=<?E=GDTiYK<?>=@nR$<?>={SF5Tik+@jR$H$L�JpF5aSbQL F�YZX+F5H�YZJD@
Y`H I {QYZJSY\H=@tF�YZJp~QL T\{?P�aSb?F�J ê

ANH=<?H=GDh\b?>=aSbvF�Y\HDP�T\<?h\@Ql


