1. EISAGWGIKES ENNOIES

1.1 TÐ eÐnai kai poÔ sunantĹme to plĹsma

O ìroc plĹsma (plasma) qrhsimopoiăjhke gia prÿth forĹ to 1929 apì touc Tonks kai Langmuir gia na perigrĹyoun to ionismèno aèrio miac hlektrikăc ekkènwshc. Apì tìte o ìroc autìc epikrĹthse gia kĹje aèrio, tou opoÐou toulĹqiston èna posostì twn atìmwn ă morÐwn tou eÐnai merikĹ ă olikĹ ionismèno.

’Ena aèrio mporeÐ na ionisjeÐ me polloÔc trìpouc. Gia parĹdeigma, sto stèmma enìc astèra o ionismìc ofeÐletai stic sugkroÔseic twn atìmwn miĹc kai h jermokrasÐa tou aerÐou ftĹnei ta 10^6 − 10^7 K (jermikìc ionismìc). ExĹllou, o ionismìc twn planhtikÿn atmosfairÿn prokaleÐtai apì thn allhlepÐdrash thc aktinobolÐac, apì ton ’Hlio kai touc astèrec, me ta Ĺtoma (fwtoðonismìc). To plĹsma sthn atmìsfaira twn astèrwn netronÐwn apoteleÐtai apì hlektrìnia kai pozitrìnia pou dhmiourgoÔntai katĹ to fainìmeno thc dÐdumhc gèneshc, dhladă, apì thn allhlepÐdrash fwtonÐwn me enèrgeia E ≥ 2m_ec^2 (aktÐnwn-g), ìpou m_e eÐnai h mĹza tou hlektronÐou kai c h taqÔthta tou fwtìc, me ta isqurĹ hlektromagnhtikĹ pedÐa twn peristrefìmenwn astèrwn netronÐwn. Sthn epifĹneia thc Ghc to plĹsma spanÐzei, enÿ antÐjeta, an apomakrunjoÔme apì thn epifĹneia thc Ghc, sunantĹme thn ionìsfaira, th magnhtìsfaira kai ton hliakì Ĺnemo pou apoteloÔntai apì plĹsma.

H almatÿdhc anĹptuxh thc fusikăc tou plĹsmatoc ta teleutaÐa sarĹnta qrìnia ofeÐletai sthn prospĹjeia pagÐdeush plĹsmatoc me uyhlă jermokrasÐa (10^8K) kai puknìthta (10^{15}cm^{−3}) mèsa se eidikoÔc antidrastărec me skopì thn ènarxh kai diatărhsh thc purhnikăc sÔnthxhc. H sÔnthxh purănwn deuterÐou (^2H) kai tritÐou (^3H) èqei wc apotèlesma th dhmiourgÐa netronÐwn me mèsh enèrgeia 14.1 MeV (1eV = 1.6 × 10^{−12} erg = 11605 K). H enèrgeia twn netronÐwn mporeÐ na metatrapeÐ se jermikă enèrgeia me apìdosh mèqri kai 40%. Mèqri sămera, kamiĹ mhqană pagÐdeushc plĹsmatoc den èqei petÔqei sunjăkec pou na epitrèpoun thn paragwgă Ĺfjonhc kai fthnăc enèrgeiac kai autì to jèma paramènei anoiqtì. Ja ătan Ĺstoqo na sundèsoume thn anĹptuxh autoÔ tou nèou klĹdou thc fusikăc mìno me tic ergasthriakèc efarmogèc tou. To 99% tou sÔmpantoc brÐsketai se katĹstash plĹsmatoc. ’Etsi, h gnÿsh twn idiotătwn kai thc sumperiforĹc tou plĹsmatoc eÐnai aparaÐthth tìso gia th melèth tou diasthmikoÔ qÿrou kontĹ sth Gh, ìso kai sto hliakì sÔsthma kai sta diĹfora astrofusikĹ antikeÐmena, gegonìc pou odhgeÐ sto sumpèrasma ìti h fusikă tou plĹsmatoc eÐnai mia apì tic basikèc epistămec, h opoÐa ja mac bohjăsei sthn katanìhsh twn perissotèrwn fainomènwn sto sÔmpan.

Ac doÔme ìmwc analutikĹ touc trìpouc dhmiourgÐac tou plĹsmatoc sto ergastărio kai sto diĹsthma kajÿc kai tic mejìdouc melèthc tou.

1.2 Trìpoi dhmiourgÐac tou plĹsmatoc

Sto ergastărio to plĹsma dhmiourgeÐtai apì tic hlektrikèc ekkenÿseic. ’Otan èna isqurì hlektrikì pedÐo efarmosjeÐ se merikÿc ionismèno aèrio, ta hlektrìnia kai iìnta epitaqÔnontai kai apoktoÔn megĹlec taqÔthtec. ’Otan fortismèna swmatÐdia me megĹlh taqÔthta sugkroÔontai me Ĺtoma ă mìria, eleujerÿnoun troqiakĹ hlektrìnia. Ta hlektrìnia kai ta iìnta pou dhmiourgoÔntai me th seirĹ touc, epitaqÔnontai kai ionÐzoun Ĺlla Ĺtoma ă mìria. Sthn kajhmerină mac zwă sunantĹme tètoiec suskeuèc, ìpwc gia parĹdeigma, h lĹmpa fjorismoÔ k.a. H puknìthta tou plĹsmatoc kai h pÐesh diafèroun apì suskeuă se suskeuă, gia parĹdeigma, se lamptărec ekkènwshc h pÐesh eÐnai 1 torr, h arijmhtikă puknìthta 10^9 − 10^{11}cm^{−3} kai h jermokrasÐa hlektronÐwn 10^4K.

To plĹsma mporeÐ na dhmiourghjeÐ kai me jermikì ionismì ìtan h jermikă enèrgeia tou aerÐou gÐnei Ðsh me thn enèrgeia ionismoÔ tou. Gia ta oudètera mìria, h enèrgeia ionismoÔ eÐnai thc tĹxhc merikÿn eV, kai antistoiqeÐ se jermokrasÐa 10^4 − 10^5 K.

Ta mètalla kai oi hmiagwgoÐ perilambĹnoun eleÔjera hlektrìnia, gia parĹdeigma, sta mètalla sunantĹme arijmhtikèc puknìthtec thc tĹxewc 10^{23}cm^{−3}. ’Enac hmiagwgìc perièqei eleÔjera hlektrìnia kai fiopècfl. ’Ena plĹsma apì hlektrìnia kai fiopècfl onomĹzetai fikbantikì plĹsma.fl H melèth enìc tètoiou plĹsmatoc gÐnetai me th boăjeia thc kbantomhqanikăc, miĹc kai h allhlepÐdrash twn geitonikÿn hlektronÐwn gÐnetai shmantikă.

Se Ôyoc 70 − 500 km pĹnw apì thn epifĹneia thc Ghc, h puknìthta tou ionosmènou aerÐou auxĹnei dramatikĹ kai sigĹ-sigĹ arqÐzei na gÐnetai megalÔterh apo thn puknìthta tou mă-ionismènou aerÐou. To strÿma

1.2 Trìpoi dhmiourgÐac tou plĹsmatoc 3

autì onomĹzetai fiionìsfairafl. H arijmhtikă puknìthta tou plĹsmatoc sthn ionìsfaira eÐnai 10^6cm^{−3}, enÿ h jermokrasÐa eÐnai 2000 K. H jermokrasÐa kai h puknìthta metabĹllontai katĹ th diĹrkeia tou eikositetraÿrou, me thn enallagă twn epoqÿn kajÿc kai me th drasthriìthta tou ’Hliou. O trìpoc epÐdrashc thc hliakăc drasthriìthtac sthn ionìsfaira thc Ghc deÐqnei ìti o ’Hlioc den eÐnai mìno phgă aktinobolÐac allĹ kai phgă plĹsmatoc. PlĹsma rèei apì thn epifĹneia tou ’Hliou sto mesoplanhtikì qÿro kai onomĹzetai fihliakìc Ĺnemocfl. H taqÔthta tou hliakoÔ anèmou kontĹ sth Gh eÐnai 250-700 km/s, h arijmhtikă puknìthta 1 − 10 cm^{−3}, enÿ h jermokrasÐa eÐnai 10^5 K. O hliakìc Ĺnemoc fiproskroÔeifl se apìstash 10-13 R_E, ìpou R_E =6400 km eÐnai h aktÐna thc Ghc, sto magnhtikì pedÐo thc, to opoÐo kai sugkrateÐ to plĹsma gÔrw apì th Gh kai dhmiourgeÐ th legìmenh fimagnhtìsfairafl.

H atmìsfaira tou ’Hliou apoteleÐtai apì diĹfora strÿmata, arqÐzontac apì th qrwmìsfaira me arijmhtikă puknìthta 10^{10} − 10^{11} cm^{−3} kai jermokrasÐa 10^4 K. PĹnw apì th qrwmìsfaira brÐsketai to stèmma me puknìthta 10^9-10^8 cm^{−3} kai jermokrasÐa 10^6 K. To eswterikì twn astèrwn, kajÿc kai oi atmìsfairec twn astèrwn brÐskontai se katĹstash plĹsmatoc. Sto eswterikì twn astèrwn h puknìthta eÐnai 10^2 gr/cm^3 kai h jermokrasÐa 10^7 K, enÿ sto eswterikì twn astèrwn pou brÐskontai se proqwrhmèno stĹdio exèlixhc, ìpwc oi leukoÐ nĹnoi, h puknìthta mporeÐ na ftĹsei ta 10^5 − 10^8 gr/cm^3, timèc pou analogoÔn se arijmhtikèc puknìthtec twn hlektronÐwn thc tĹxhc twn 10^{28} − 10^{31} cm^{−3}.

Tèloc, o mesoastrikìc qÿroc apoteleÐtai apì polÔ araiì plĹsma me arijmhtikă puknìthta 10^{−2} − 1 cm^{−3} kai jermokrasÐa 10^4 K. ParĹllhla sto sÔmpan sunantĹme diĹfora astrofusikĹ antikeÐmena, ìpwc upoleÐmmata uperkainofanÿn, pĹlsarc, astèrec pou ekpèmpoun aktÐnec- Q, energĹ kèntra galaxiÿn, sumperilambanomènwn kai hmiastèrwn, ìpou to plĹsma eÐnai kurÐarqo sustatikì touc.

Prìblhma 1.1: Se poia perioqă jermokrasiÿn (T_e, T_i) periorizìmaste upojètontac ìti to plĹsma eÐnai mh-sqetikistikì? (T_e eÐnai h jermokrasÐa twn hlektronÐwn kai T_i h jermokrasÐa twn iìntwn).

LÔsh: Me polloÔc trìpouc mporoÔme na upologÐsoume proseggistikĹ th jermokrasÐa twn hlektronÐwn kai iìntwn, ÿste h mh-sqetikistikă anĹlush tou plĹsmatoc na eÐnai apodektă, p.q. ìtan oi jermikèc ta-

Sqăma 1.1. ParĹmetroi susthmĹtwn pou apoteloÔntai apì plĹsma.

qÔthtec V_e, V_i eÐnai mikrìterec thc taqÔthtac tou fwtìc c. H jermikă taqÔthta twn hlektronÐwn eÐnai

V_e = 4.2 × 10^7[T_e(eV )]^{1/2} cm/sec kai gia na eÐnai mikrìterh apì th taqÔthta tou fwtìc 3 × 10^{10} cm/sec ja prèpei h jermokrasÐa twn hlektronÐwn na eÐnai T_e < 6×10^9 K ≃ 500 keV. Thn Ðdia perÐpou timă brÐskoume, an kĹnoume qrăsh thc sqèshc m_ec^2 ∼ k_BT_e, ìpou k_B eÐnai h stajerĹ tou Boltzmann . Gia ta iìnta brÐskoume V_i = 9.8 × 10^5[T_i(eV )]^{1/2} cm/sec < 3 × 10^{10}cm/sec, Ĺra ja prèpei h jermokrasÐa twn iìntwn na eÐnai

T_i < 10^{13}K ≊ 900 MeV.

SumperaÐnoume loipìn ìti, ìtan T_e < 500 keV kai T_i < 1 GeV mporoÔme na agnoăsoume ta sqetikistikĹ fainìmena sthn anĹlush tou plĹsmatoc.

Sto Sqăma 1.1 parousiĹzontai oi parĹmetroi diĹforwn fusikÿn susthmĹtwn ta opoÐa apoteloÔntai apì plĹsma. Sto biblÐo autì ja asqolhjoÔme kurÐwc me mh-sqetikistikì plĹsma (v << c) pou apoteleÐtai apì hlektrìnia kai iìnta. SunhjÐzoume na anaferìmaste sth katĹstash aută tou plĹmsatoc wc fiidanikă.’

1.3 Jermikìc ionismìc

’Eqoume ădh anafèrei ìti ènac apo touc basikoÔc mhqanismoÔc dhmiourgÐac tou plĹsmatoc eÐnai oi sugkroÔseic metaxÔ twn atìmwn ă morÐwn tou aerÐou. To fainìmeno autì onomĹzetai jermikìc ionismìc. An h jermikă enèrgeia twn atìmwn ă morÐwn tou aerÐou uperbeÐ to dunamikì ionismoÔ touc, èna shmantikì posostì atìmwn ă morÐwn ionÐzetai. Dhladă gia to udrogìno (to dunamikì ionismoÔ tou eÐnai 13.6eV ,autì shmaÐnei ìti gia jermokrasÐa megalÔterh apì ≈ 10^4K ta Ĺtoma tou udrogìnou ja eÐnai sqedìn ìla ionismèna. Sth sunèqeia ja upologÐsoume to posostì atìmwn pou èqoun ionisjeÐ ìtan to aèrio brÐsketai se jermodunamikă isorropÐa kai èqei jermokrasÐa T .

An upojèsoume ìti h enèrgeia miac sugkekrimènhc stĹjmhc tou atìmou tou udrogìnou eÐnai E_n, sÔmfwna me ton nìmo tou Boltzmann o arijmìc twn atìmwn pou ja brÐsketai sth katĹstash aută ja eÐnai

N_n = Ag_ne^{− Enk}B^T ,

ìpou g_n eÐnai to statistikì bĹroc thc sugkekrimènhc katĹstashc, A stajerĹ kai T h jermokrasÐa tou aerÐou. O olikìc arijmìc twn atìmwn tou aerÐou N upologÐzetai eÔkola apì th parapĹnw sqèsh, N = n=∞∑ n=1 N_n = A n=∞∑ n=1 g_ne^{− Enk}B^T = AZ(T )

ìpou Z(T ) eÐnai h sunĹrthsh epimerismoÔ (blèpe perissìterec leptomèreiec se biblÐa Statistikăc Fusikăc). H enèrgeia E_n eÐnai jetikă kai jewroÔme ìti h basikă katĹstash E_1 = 0. O sqetikìc arijmìc twn atìmwn pou ja katalambĹnoun tic stĹjmec n kai m, me bĹsh ìsa ădh anafèrame, ja eÐnai

N_n N_m = g_n g_m e^{− En−Emk}B^T . (1.1)

An to hlektrìnio aporrofăsei apì mia tuqaÐa sÔgkroush enèrgeia E megalÔterh apo thn enèrgeia ionismoÔ E_∞, ja metaphdăsei apì thn katĹstash n sthn eleÔjerh katĹstash (ionismìc) kai ja kinhjeÐ me taqÔthta v, enÿ h kinhtikă tou enèrgeia ja eÐnai (1/2)mv^2 = E − E_∞. To posostì ionismoÔ twn atìmwn ja eÐnai

N(v) N_n = g(v) g_n e^−

χn+ 12 mv2 kB T (1.2)

ìpou χ_n = E_∞ − E_n kai g(v) eÐnai to statistikì baroc twn katastĹsewn pou mporeÐ na katalĹbei to eleÔjero hlektrìnio ìtan kineÐtai me taqÔthta v.

O upologismìc tou statistikoÔ bĹrouc g(v) sthrÐzetai stic arqèc thc Kbantomhqanikăc. An upojèsoume oti èna eleÔjero hlektrìnio brÐsketai sth jèsh (x, y, z), kai èqei ormă (p_x, p_y, p_z), tìte oi epitreptèc stajmec pou mporeÐ na katalĹbei eÐnai

2dp_xdp_ydp_z h^3 . O suntelestăc 2 ofeÐletai stic dÔo dunatèc katastĹseic pou mporeÐ na pĹrei to hlektrìnio me thn Ðdia enèrgeia lìgw tou spÐn. To statistikì bĹroc upologÐzetai apì th diaÐresh twn pijanÿn katastĹsewn me thn puknìthta twn hlektronÐwn

g(v) =

2dp_xdp_ydp_z n_eh^3 . Antikajistÿntac to statistikì baroc g(v) sthn exÐswsh (1.2) èqoume n_en_i N_n = 2 g_nh^3 e^{− χnk}B^T e^{− p} 2 2mkbT dp

xdp_ydp_z,

kai oloklhrÿnontac sto qÿro twn taqutătwn katalăgoume sth sqèsh

n_en_i N_n = 2 h^3 e^{− χnk}B^T g_n 4π ∫_∞ 0 p^2e^{− p} 2 2mkbT dp

= 2 h^3 e^{− χnk}B^T g_n

(2πm_ek_BT )^{3/2}. (1.3)

QreiĹzetai na kĹnoume miĹ akìma diìrjwsh gia to statistikì bĹroc g_i thc katĹstashc pou ja katalĹbei to ion pou afănei pÐsw to hlektrìnio ìtan feÔgei,

n_en_i N_n = 2g_i g_n

(2πm_ek_BT )^{3/2} h^3 e^{− χnk}B^T . (1.4)

H exÐswsh (1.4) eÐnai gnwstă wc ‘exÐswsh tou Saha’, apì to ìnoma tou indoÔ fusikoÔ pou melèthse prÿtoc tic statistikèc idiìthtec tou ionismènou aerÐou stic Ĺrqèc tou perasmènou aiÿna.

EÐnai qrăsimo na aplopoiăsoume akìma perissìtero thn exÐswsh tou Saha jewrìntac oti arqikĹ to aèrio tou udrogìnou brÐsketai sthn basikă katĹstash E_1 = 0 kai na sugkrÐnoume ta ionismèna Ĺtoma me to sÔnolo twn oudèterwn atìmwn tou aerÐou N_0. Sth perÐptwsh aută ta g_i kai g_n ja antikatastajoÔn apo tic antÐstoiqec sunartăseic epimerismoÔ, n_en_i N_0 = 2Z_i(2πm_ek_BT )^{3/2} Z_nh^3 e^{− χ0k}B^T . (1.5)

To posostì twn ionismènwn atìmwn x = n_i N_0 + n_i upologÐzetai apì thn exÐswsh (1.5) x 1 − x = 2Z_i Z_0 [ (2πm_e)^{3/2} h^3 ] (k_BT )^{3/2}

n_e e^{− χ0k}B^T . (1.6)

An h jermokrasÐa k_BT >> χ_0 tìte x → 1, Ĺra èqoume petÔqei ton olikì ionismì tou aerÐou.

Prìblhma 1.2: Qrhsimopoiăste thn exÐswsh tou Saha gia na upologÐsete to posostì twn atìmwn pou eÐnai ionismèno sthn epifĹneia thc Ghc (T = 300K kai pÐesh mÐa atmìsfaira). (Upojèste ìti h jermokrasÐa tou aerÐou paramènei stajeră, to dunamikì ionismoÔ gia tou azÿtou eÐnai tou 14.6 eV kai h arijmhtikă tou puknìthta twn atìmwn n_0 = 3×10^{25}m^{−3}). LÔsh: O tÔpoc tou Saha èqei th morfă

n_i N_0

≃ 2.4 × 10^{21}

T^{3/2} n_e e^{−χ0/kBT}, (1.7)

ìpou n_i h puknìthta twn ionismènwn atìmwn, N_0 h puknìthta twn oudèterwn atìmwn, χ_0 to dunamikì ionismoÔ twn atìmwn, n_e h puknìthta twn hlektronÐwn kai upojètoume n_e = n_i. To dunamikì ionismoÔ eÐnai χ_0 = 14.6 eV, , T = 3 × 10^2 K, kai N_0 ≈ n_0 = 3 × 10^{25}m^{−3} (H jermokrasÐa tou aerÐou eÐnai polÔ mikrìterh apo to dunamikì ionismoÔ kai JewroÔme ìti polÔ lÐga Ĺtoma eÐnai ionismèna). O lìgoc

n_i n_0

≃ 10^{−122}.

SumperaÐnoume loipìn ìti to posostì ionismoÔ twn atìmwn tou azÿtou sthn epifĹneia thc Ghc eÐnai sqedìn mhdèn.

1.4 H sunĹrthsh katanomăc taqutătwn Maxwell

H Statistikă Mhqanikă èqei stìqo na perigrĹyei tic idiìthtec megĹlou arijmoÔ swmatidÐwn (atìmwn, morÐwn, hlektronÐwn, iìntwn, klp). Shmantikă plhroforÐa gia thn statistikă perigrafă tou fiidanikoÔ aerÐoufl (to aèrio mporeÐ na apoteleÐtai apì Ĺtoma, mìria, na eÐnai merikÿc ă olikÿc ionismèno) eÐnai h energeiakă katĹstash enìc antiprwseutikoÔ swmatidÐou mèsa sto aèrio.

An upojèsoume ìti to swmatÐdio brÐsketai sth jèsh r èqei ormă p kai ìti oi dunĹmeic (eswterikèc kai exwterikèc) pou askoÔntai sta swmatÐdia eÐnai amelhtèec tìte h olikă tou enèrgeia eÐnai Ðsh me thn kinhtikă enèrgeia E = p^2 2m . An to aèrio brÐsketai se jermodunamikă isorropÐa tìte me bĹsh to nìmo tou Boltzmann pou anafèrame ădh, h pijanìthta to swmatÐdio na brÐsketai mèsa sto stoiqeiÿdh ìgko r kai r + dr kai ormă metaxÔ p kai p + dp eÐnai

P(r, p)d^3rd^3p ∼ e^{− p}

2/2m kB T d3rd3p (1.8)

ìpou dr = dxdydz kai dp = dp_xdp_ydp_z. An pollaplasiĹsoume thn pijanìthta P me to sunolikì arijmì twn swmatidÐwn kai antikatastăsoume thn ormă apì thn taqÔthta brÐskoume mÐa nèa sunĹrthsh pou ja onomĹsoume sunĹrthsh katanomăc

f(r, v)d^3rd^3v= o mèsoc arijmìc swmatidÐwn pou brÐsketai sto qÿro metaxÔ r kai r +dr kai èqei taqÔthta v kai v +dv.

Me bĹsh ìsa èqoume ădh anafèrei h sunĹrthsh katanomăc enìc idanikoÔ aerÐou, ìtan brÐsketai se jermodunamikă isorropÐa, ja èinai

f(r, v)d^3rd^3v = Ce^{− mv} 2 2kB T d3rd3v

ìpou C eÐnai h stajerĹ kanonikopoÐhshc kai upologÐzetai apì to oloklărwma

C ∫ d^3r ∫ d^3vf(r, v)d^3rd^3v = Ce^{− mv} 2 2kB T = N ă CV ∫_∞ ∞ 4πv^2dve^{− mv} 2 2kB T = CV ( 2πk_BT m )_{3/2} = N.

H stajerĹ

C = n ( m 2πk_BT

)_{3/2}

ìpou n = N/V eÐnai o olikìc arijmìc twn swmatidÐwn anĹ monĹda ìgkou. H sunĹrthsh katanomăc taqutătwn (pou onomĹzetai kai sunĹrthsh katanomăc taqutătwn Maxwell ) paÐrnei th morfă

f_m(v) = n

(_m

2πk_B T

)_{3/2} e^{− mv} 2 2kbT (1.9)

ìpou v = |v| eÐnai to mètro thc taqÔthtac tou swmatidÐou.

O mèsoc arijmìc twn swmatidÐwn anĹ monĹda ìgkou me taqÔthta metaxÔ v kai v + dv orÐzetai apì th sqèsh

F_m(v)dv = 4πn ( m 2πk_BT

)_{3/2}

e^{− mv} 2/2 kB T v2dv. (1.10)

H sunĹrthsh katanomăc F_m(v) eÐnai epÐshc gnwstă wc "katanomă taqutătwn Maxwell” kai eÔkola prokÔptei ìti

∫_∞ 0 F_m(v)dv = n.

Mia seirĹ apì eidikèc sunartăseic katanomÿn taqutătwn prokÔptoun apì th sunĹrthsh (1.9) me aplă oloklărwsh. Gia parĹdeigma h sunĹrthsh katanomăc taqutătwn f(v_x) orÐzetai wc:

f(v_x)dv_x= o mèsoc arijmìc swmatidÐwn me x sunistÿsa thc taqÔthtac metaxÔ v_x kai v_x + dv_x kai prokÔptei apì th sqèsh

f(v_x)dv_x =

∫_∞ −∞ dv_y

∫_∞ −∞ dv_zf_m(v)dv_x = n ( m 2πk_BT

)_{3/2} [∫_∞ −∞ e^−

mv2y 2kB T dv y ]

[∫_∞ −∞ e^−

mvy z2 2kB T dv z ] e^{− mv} 2 x 2kB T dv x = n ( m 2πk_BT

)_{1/2}

e^{− mv} 2 x 2kB T dv x Ĺra f(v_x) = n ( m 2πk_BT

)_{1/2}

e^{− mv} 2 x 2kB T (1.11)

ìmoia prokÔptoun kai oi sunartăseic katanomăc f(v_y) kai f(v_z).

EÐnai endiafèron na upologÐsoume th mèsh taqÔthta v_x

< v_x >= ∫ v_xf(v_x)dv_x = 0

kai th mèsh tetragwnikăc taqÔthta

< v^2_x >= ∫ v^2_xf(v_x)dv_x = k_BT m . SumperaÐnoume ìti h kinhtikă enèrgeia 1 2 m < v^2_x >= 1 2 m < v^2_y >= 1 2 m < v^2_z >= k_BT 2 , Ĺra h enèrgeia isokatanèmetai stic treÐc sunistÿsec thc taqÔthtac.

’Omoia upologÐzoume th mèsh taqÔthta

< v > = 1 n ∫ ∫ ∫ vf_m(v)d^3v = 4π n ∫_∞ 0 v^3f_m(v)dv = 4π n ( m 2πk_BT

)_{3/2} ∫_∞ 0 v^3e^{− mv} 2 2kB T dv

= √ 8k_BT πm (1.12)

H energìc taqÔthta

v_{rms} = √ < v^2 > = √ < v^2_x > + < v^2_y > + < v^2_z > = √ 3 < v^2_x > = √ 3k_BT m (1.13) kai h pijanìterh taqÔthta v_p upologÐzetai apì th sqèsh dF_m dv = 0 ve^{− mv} 2 2kB T + v2(−mv/k

BT )e^{− mv} 2 2kB T = 0 Ĺra v_p = √ 2k_BT m . deÐxame loipìn ìti ìtan to idanikì aèrio brÐsketai se jermodunamikă isorropÐa, mporoÔme na upologÐsoume treic qarakthristikèc taqÔthtec, thn mèsh taqÔthta, thn energì taqÔthta kai thn pijanìterh taqÔthta ă jermikă taqÔthta (V_j). Sth jermokrasÐa dwmatÐou (T = 300K) h energìc taqÔthta thc ammwnÐac eÐnai Ðsh me 500m/s.

Prìblhma 1.3: Idanikì monoatomikì aèrio puknìthtac n perièqetai se parallhlìgrammo doqeÐo ìgkou V kai brÐsketai se jermodunamikă isorropÐa me to peribĹllon jermokrasÐac T. Na upologisjeÐ o arijmìc twn swmatidÐwn pou sugkroÔontai me th monĹda epifaneÐac twn toiqwmĹtwn sth monĹda tou qrìnou.

LÔsh:

Proseggistikă lÔsh. An upojèsoume ìti h mia pleurĹ tou parallhlogrĹmmou eÐnai parĹllhlh me to epÐpedo Oxy kai epeidă ta swmatÐdia den èqoun kamÐa protimhtèa dieÔjunsh kÐnhshc tìte mporoÔme na upojèsoume ìti n/3 apì ta swmatÐdia pou perièqei to parallhlìgrammo kinoÔntai proc th dieÔjunsh Oz. Ta misĹ apì autĹ èqoun jetikă taqÔthta kai ja qtupăsoun thn epifĹneia A tou doqeÐou. Ta fortÐa pou ja ftĹsoun sthn epifĹneia A se qrìno dt ja brÐskontai mèsa ston ìgko < v > dt

Φ_0 ∼ ( 1 2 ) ( 1 3 ) nA < v > dt = 1 6 nA < v > dt

ìpou < v > eÐnai h mèsh taqÔthta twn swmatidÐwn sto doqeÐo.

Sth monĹda tou qrìnou kai sth monĹda epifĹneiac ja ftĹsoun

Φ_0 ∼ ( 1 2 ) ( 1 3 ) nA < v > dt = 1 6 n < v > .

Akribăc lÔsh. ’Ena tuqaÐo swmatÐdio ja sugkrousteÐ me to toÐqwma an to mètro thc taqÔthtac tou brÐsketai metaxÔ v kai v + dv kai h dieÔjunsh thc taqÔthtac sqhmatÐzei me ton Ĺxona Oz gwnÐa sth perioqă θ + dθ kai ϕ kai ϕ + dϕ. O arijmìc twn fortÐwn pou ja sugkroustoÔn me thn epifĹneia A ja eÐnai

Φ_0 = ∫ v_z >0

f_m(v)v cos θd^3v.

O stoiqeiÿdhc ìgkoc eÐnai

d^3v = v^2dv(sin θdθdϕ) kai sunduĹzontac ta parapĹnw èqoume

Φ_0 =

∫_∞ 0 v^3f_m(v)dv

∫_{π/2} 0 sin θ cos θdθ

∫_{2π} 0 dϕ = π ∫_∞ 0 v^3f_m(v)dv.

SugkrÐnontac th sqèsh aută me thn exÐswsh (1.12) èqoume

Φ_0 = 1 4 n < v > .

ParathroÔme ìti to akribèc apotèlesma diafèrei apì to proseggistikì mìno katĹ 2/3.

1.4.1 Katastatikă exÐswsh idanikÿn aerÐwn

Me bĹsh ìsa suzhtăsame sto Prìblhma 1.3 mporoÔme na upologÐsoume proseggistikĹ th mèsh pÐesh tou aerÐou. Kaje forĹ pou to mìrio proseggÐzei thn epifĹneia A tou doqeÐou me mèsh ormă m < v > kai anaklĹtai me thn Ðdia mèsh taqÔthta kai ja parathroÔme mia allagă thc ormăc Δp_z = −2m < v > . H mèsh pÐesh upologÐzetai proseggistikĹ apì to tÔpo

p̄ = 1 A (2m < v >)( 1 6 nm < v > A) = 1 3 nm < v >^2 = 2 3 n ( m < v >^2 2 ) (1.14)

1.5 Mèjodoi melèthc tou plĹsmatoc 13

To proseggistikì apotèlesma eÐnai to Ðdio me to akribèc, me th diaforĹ ìti sto akribèc apotèlesma sth jèsh tou tetragÿnou thc mèshc taqÔthtac prokÔptei to tetrĹgwno thc energoÔc taqÔthtac (Upìdeixh: Akoloujÿntac ta bămata tou problămatoc 1.3 upologÐste thn katastatikă exÐswsh me bĹsh th sunĹrthsh katanomăc taqutătwn Maxwell.),

p̄ = 1 3 nm < v^2 > (1.15)

SundiĹzontac tic exisÿseic (1.15) kai (1.13) ja èqoume

p̄ = nk_BT . (1.16)

1.5 Mèjodoi melèthc tou plĹsmatoc

To plĹsma diafèrei apì ta idanikĹ aèria se èna basikì shmeÐo: sto ìti parousiĹzei fisullogikĹ fainìmenafl. Ta sullogikĹ fainìmena ofeÐlontai sth megĹlh embèleia twn dunĹmewn Coulomb, gegonìc pou èqei wc apotèlesma ta fortismèna swmatÐdia na mhn allhlepidroÔn mìno mèsw sugkroÔsewn me ta geitonikĹ touc fortÐa allĹ kai na dèqontai thn epÐdrash enìc mèsou hlektromagnhtikoÔ pedÐou, pou dhmiourgoÔn ìla ta upìloipa fortÐa. Se èna megĹlo arijmì fainomènwn pou ja perigrĹyoume se autì to biblÐo oi sugkroÔseic paÐzoun mikrì rìlo epeidă ta sullogikĹ fainìmena exelÐssontai polÔ pio grăgora apì to qarakthristikì qrìno twn sugkroÔsewn.

Oi dunĹmeic barÔthtac èqoun anĹlogec idiìthtec me tic dunĹmeic Coulomb metaxÔ hlektronÐwn kai iìntwn (eÐnai kentrikèc dunĹmeic kai èqoun th morfă 1/r^2). Gia to lìgo autì, h statistikă melèth twn galaxiÿn kai twn astrikÿn smhnÿn basÐzetai se mejodologÐec anĹlogec me autèc pou qrhsimopoioÔme gia th melèth tou plĹsmatoc.

Sth melèth tou plĹsmatoc qrhsimopoioÔme diĹforec proseggÐseic anĹloga me th fÔsh tou problămatoc pou jèloume na analÔsoume kĹje forĹ.

H kÐnhsh fortismènwn swmatidÐwn mèsa se exwterikĹ efarmozìmena hlektromagnhtikĹ pedÐa eÐnai h aploÔsterh perigrafă tou plĹsmatoc kai apodÐdetai apì to nìmo tou NeÔtwna, o opoÐoc sto sÔsthma cgs, to opoÐo qrhsimopoieÐtai sto biblÐo autì, ekfrĹzetai apo thn exÐswsh,

m_j dv dt = F_L = q_j [ E(r, t) + v × B(r, t) c ] (1.17) ìpou F_L eÐnai h dÔnamh Lorentz, m_j kai q_j eÐnai h mĹza kai to fortÐo tou swmatidÐou kai E(r, t), B(r, t) eÐnai ta hlektrikĹ kai magnhtikĹ pedÐa. Oi kinăseic twn fortismènwn swmatidÐwn se sugkekrimènec magnhtikèc topologÐec (p.q. Magnhtikì dÐpolo thc Ghc, magnhtikĹ pedÐa stic mhqanèc sÔnthxhc k.a) mac dÐnoun arketèc plhroforÐec gia th melèth thc pagÐdeushc tou plĹsmatoc allĹ kai thc epitĹqunshc fortÐwn mèsa se isqurĹ hlektromagnhtikĹ pedÐa. Sto deÔtero kefĹlaio ja meletăsoume tic kinăseic twn fortÐwn mèsa se diĹforec gewmetrÐec exwterikÿn hlektromagnhtikÿn pedÐwn, agnoÿntac ta eswterikĹ sullogikĹ pedÐa.

Ta sullogikĹ fainìmena sto plĹsma perigrĹfontai apì tic exisÿseic Maxwell kai apì thn exÐswsh (1.17). Oi exisÿseic Maxwell

∇ · E(r, t) = 4πρ(r, t) (1.18)

∇ · B(r, t) = 0 (1.19)

∇ × E(r, t) = − 1 c [ ∂B(r, t) ∂t ] (1.20)

∇ × B(r, t) = 4π c J(r, t) + 1 c ∂E(r, t) ∂t (1.21)

perigrĹfoun thn exèlixh tou hlektrikoÔ kai magnhtikoÔ pedÐou me dedomèna thn puknìthta fortÐou (ρ) kai reÔmatoc (J) sto shmeÐo me diĹnusma jèshc r th qronikă stigmă t. H puknìthta tou reÔmatoc kai tou fortÐou upologÐzetai apì tic exisÿseic

J(r, t) =

∑_N ′ j=1 vq_j(r, t) ΔV (1.22)

ρ(r, t) =

∑_N ′ j=1 q_j(r, t) ΔV (1.23)

ìpou to v eÐnai lÔsh thc exÐswshc (1.17), N^′ eÐnai o olikìc arijmìc twn fortÐwn mèsa se èna epilegmèno mikrì ìgko ΔV gÔrw apì to shmeÐo r. Gia n swmatÐdia oi exisÿseic (1.17)-(1.23) apoteloÔn èna sÔsthma ν + 4 diaforikÿn exisÿsewn me merikèc paragÿgouc, pou dÐnei mÐa kleistă perigrafă tou plĹsmatoc. Oi kinăseic twn fortÐwn metabĹlloun ta hlektromagnhtikĹ pedÐa, ta opoÐa me th seirĹ touc metabĹlloun tic troqièc twn fortÐwn k.o.k.

EÐnai fanerì, ìti h statistikă perigrafă tou plĹsmatoc eÐnai anagkaÐa, efìson h lÔsh twn n+4 exisÿsewn eÐnai praktikĹ adÔnath. Sto trÐto kefĹlaio ja suzhtăsoume tic exisÿseic Vlasov-Maxwell pou qrhsimopoioÔntai sth statistikă perigrafă tou plĹsmatoc. ’Otan oi leptomèreiec pou prokÔptoun apì th statistikă perigrafă tou plĹsmatoc den ephreĹzoun to fainìmeno pou meletĹme, mporoÔme na oloklhrÿsoume tic exisÿseic Vlasov-Maxwell kai na katalăxoume stic exisÿseic tou reustoÔ plĹsmatoc.

To plĹsma sumperifèretai kai wc agÿgimo ulikì kai wc dihlektrikì, me apotèlesma na diajètei qarakthristikă fisqèsh diasporĹcfl me bĹsh thn opoÐa mporoÔme na upologÐsoume tic suqnìthtec pou mporoÔn na diadojoÔn mèsa sto plĹsma (blèpe Griffiths ‘Eisagwgă sthn Hlektrodunamikă’, tìmoc B, selÐda 115), . Sto tètarto kefĹlaio upologÐzoume th sqèsh diasporĹc kai tic qarakthristikèc suqnìthtec talĹntwshc tou plĹsmatoc.

Sto pèmpto kefĹlaio meletĹme thn eustĹjeia kai astĹjeia tou plĹsmatoc kai sto èkto kefĹlaio ta mh grammikĹ fainìmena.

1.6 Qarakthristikèc parĹmetroi tou plĹsmatoc

1.6.1 To măkoc Debye

H hlektrostatikă dÔnamh metaxÔ twn fortÐwn mèsa sto plĹsma den eÐnai h Ðdia me aută sto kenì (dhladă antistrìfwc anĹlogh tou tetragÿnou thc metaxÔ touc apìstashc (1/r^2) ), giatÐ ta upìloipa fortÐa sto plĹsma fijwrakÐzoun hlektrostatikĹfl to kĹje fortÐo. An kai h jwrĹkish aută èqei dunamikì qaraktăra kai mporeÐ na melethjeÐ me polloÔc trìpouc, ja dÿsoume sth sunèqeia mÐa sqetikĹ aplă perigrafă.

Ac upojèsoume ìti to plĹsma brÐsketai se jermodunamikă isorropÐa kai ìti eisĹgoume swmatÐdio me fortÐo q_T > 0 mèsa sto plĹsma. To fortÐo q_T apwjeÐ ìla ta iìnta kai èlkei ta hlektrìnia. H olikă enèrgeia kĹje fortÐou ja eÐnai

U_j = 1 2 m_j v^2 + q_jφ (1.24)

ìpou φ(r) eÐnai to dunamikì gÔrw apì to fortÐo q_T, pou jèloume na upologÐsoume. ’Otan epèljei jermodunamikă isorropÐa gÔrw apì to fortÐo q_T, h puknìthta twn iìntwn kai hlektronÐwn ja akoloujeÐ th statistikă Maxwell- Boltzmann twn idanikÿn aerÐwn, Ĺra

n_j = n_{0j} exp(−U_j/k_BT_j) ìpou U_j eÐnai h olikă enèrgeia tou swmatidÐou. Gia ta hlektrìnia kai ta iìnta atÐstoiqa ja èqoume

n_e = n_{0e} exp(− m_ev^2 2k_BT_e

) exp [ eφ k_BT_e ]

= n_{0e}(v) exp [ eφ k_BT_e ] , (1.25)

n_i = n_{0i} exp(− m_iv^2 2k_BT_i

) exp [ − eφ k_BT_i ]

= n_{0i}(v) exp [ − eφ k_BT_i , ] (1.26)

ìpou n_{0i}(v) = n_{0e}(v) = n_0 eÐnai h mèsh puknìthta tou plĹsmatoc makriĹ apì to fortÐo q_T. To hlektrostatikì dunamikì φ upakoÔei sthn exÐswsh Poisson

∇^2φ = −4πρ = 4πe(n_e − n_i) − 4πq_Tδ(r) (1.27)

ìpou δ(r) ≡ δ(x)δ(y)δ(z) eÐnai to ginìmeno triÿn sunartăsewn Dirac. AntikajistoÔme ta n_e, n_i apì tic exisÿseic (1.25)-(1.26) kai upojètoume ìti eφ << k_BT_j, diìti diaforetikĹ ta iìnta ja epanasundejoÔn me ta hlektrìnia gia na dhmiourgăsoun Ĺtoma. H exÐswsh (1.27) makriĹ apì to shmeÐo r = 0 grĹfetai

∇^2φ =

4πe^2n_0 k_B ( 1 T_e + 1 T_i ) φ. (1.28)

OrÐzoume to măkoc Debye

λ^{−2}_D = λ^{−2}_{De} + λ^{−2}_{Di} ìpou to

λ_{Dj} = √ k_BT_j 4πn_0e^2

= 7.43 × 10^2 √ T_j(eV ) n_0 cm, (1.29)

opìte h exÐswsh (1.28) grĹfetai se sfairikèc suntetagmènec 1 r ( d^2(rφ)

dr^2 ) = 1 λ^2_D φ (1.30)

kai h lÔsh thc, an jewrăsoume ìti to dunamikì mhdenÐzetai sto Ĺpeiro paÐrnei th morfă, φ(r) =

(q_T r ) exp ( − r λ_D ) . (1.31)

Apì thn exÐswsh (1.31) blèpoume ìti h allhlepÐdrash twn fortÐwn sto plĹsma exasjeneÐ polÔ pio grăgora me thn apìstash r apì ìti h allhlepÐdrash sto kenì (φ ∼ 1/r). ’Ola ta fortÐa summetèqoun sth dhmiourgÐa enìc mèsou hlektrikoÔ pedÐou pou jwrakÐzei to fortÐo q_T (blèpe Sqăma 1.2). To fainìmeno autì thc “jwrĹkishc Debye” eÐnai to prÿto sullogikì fainìmeno pou sunantĹme.

Sqăma 1.2. SfaÐra Debye mèsa se plĹsma uyhlăc kai qamhlăc puknìthtac

ExetĹsame to fainìmeno thc jwrĹkishc Debye se statikă prosèggish, ìmwc ta apotelèsmatĹ mac mporoÔn na genikeutoÔn kai gia kinoÔmena fortÐa. KĹje fortÐo summetèqei sth jwrĹkish ìlwn twn Ĺllwn fortÐwn kai jwrakÐzetai apì ìla ta upìloipa fortÐa. Se èna plĹsma pou brÐsketai se jermodunamikă isorropÐa kai T_e = T_i, h jermikă taqÔthta twn iìntwn eÐnai 43 forèc mikrìterh apì th jermikă taqÔthta twn hlektronÐwn, me apotèlesma h jwrĹkish twn iìntwn na eÐnai polÔ kalÔterh apì th jwrĹkish twn hlektronÐwn miĹc kai ta eukÐnhta hlektrìnia jwrakÐzoun ta duskÐnhta iìnta eukolìtera.

Sthn Eisagwgă dÿsame ènan proseggistikì kai poiotikì orismì tou plĹsmatoc. MporoÔme tÿra na dÿsoume mÐa aparaÐthth sunjăkh gia thn Ôparxh plĹsmatoc. EĹn h dunamikă enèrgeia twn fortÐwn eÐnai polÔ mikrìterh apì thn kinhtikă enèrgeia touc, h epanasÔndesh twn atìmwn eÐnai dÔskolh ă adÔnath. Me Ĺlla lìgia, ìtan isqÔei h sqèsh

φ << k_BT_j , (1.32)

to plĹsma diathreÐtai. H dunamikă enèrgeia kĹje fortÐou lìgw thc parousÐac tou geitonikoÔ tou upologÐzetai proseggistikĹ apì thn exÐswsh eφ = e(e/r) (ìpou r eÐnai h mèsh apìstash apì to plhsièstero geitonikì fortÐo). H mèsh apìstash geitonikÿn fortÐwn mèsa se plĹsma puknìthtac n_0 eÐnai thc tĹxhc tou n^{−1/3}_0 . An kĹnoume qrăsh ìlwn twn parapĹnw sullogismÿn h exÐswsh (1.32) paÐrnei th morfă

Λ_0 = n_0λ^3_D >> 1 (1.33)

ìpou Λ_0 eÐnai h parĹmetroc plĹsmatoc kai eÐnai Ðsh me ton olikì arijmì twn fortÐwn mèsa sth sfaÐra Debye. MporoÔme loipìn na poÔme ìti to plĹsma mporeÐ na upĹrxei sth fÔsh mìnon ìtan to Λ_0 >> 1.

Sto Hliakì stèmma h puknìthta tou plĹsmatoc eÐnai 10^8cm^{−3} kai h jermokrasÐa T_e ≈ 100eV Ĺra λ_D ≈ 1cm kai h parĹmetroc plĹsmatoc Λ_0 ≈ 10^8.

Prìblhma 1.4: JewroÔme dÔo Ĺpeirec, parĹllhlec plĹkec topojethmènec se apostĹseic x = ±d apì thn arqă twn axìnwn. Oi plĹkec eÐnai sundemènec me th Gh (dunamikì mhdèn) kai o qÿroc metaxÔ touc eÐnai omoiìmorfa gemĹtoc me aèrio puknìthtac n_0 kai fortÐou q. (a) Qrhsimopoiăste thn exÐswsh Poisson gia na deÐxete ìti h diaforĹ dunamikoÔ metaxÔ twn plakÿn eÐnai φ(x) = 2πn_0q(d^2 − x^2). (b) DeÐxte ìti gia d >> λ_D h enèrgeia pou qreiĹzetai gia na metaferjeÐ èna fortÐo apì thn plĹka sto kèntro (x = 0) eÐnai megalÔterh apì th mèsh kinhtikă enèrgeia twn fortÐwn.

LÔsh (a) Xekinìntac apì thn exÐswsh Poisson èqoume

∇^2φ = −4πρ ⇒ d^2φ dx^2

= −4πρ,

ìpou ρ = n_0q, Ĺra

d^2φ dx^2

= −4πn_0q. (1.34)

Oloklhrÿnontac thn ex. (1.34), brÐskoume ìti

φ(x) = −2πn_0qx^2 + Ax + B, (1.35)

ìpou A kai B eÐnai oi stajerèc thc oloklărwshc kai prosdiorÐzontai apì tic arqikèc sunjăkec (φ = 0 sta shmeÐa x = ±d). H ex. (1.35) paÐrnei th morfă

φ(x) = 2πn_0q(d^2 − x^2). (1.36)

(b) H enèrgeia enìc fortÐou mèsa ston puknwtă eÐnai Ðsh me

W(x) = qφ = 2πn_0q^2(d^2 − x^2), enÿ h enèrgeia pou apaiteÐtai gia na metaferjeÐ èna fortÐo apì thn plĹka sto kèntro (x = 0) ja eÐnai

W = q(φ(0) − φ(d)) = 2πn_0q^2d^2. EĹn d >> λ_D ă d^2 >>^{kBT}_{4πn0q2} , tìte kai

W = 2πn_0q^2d^2 >> 2πn_0q^2 k_BT 4πn_0q^2 = 1 2 k_BT.

SumperaÐnoume loipìn ìti fortÐa me mèsh taqÔthta Ðsh me th jermikă taqÔthta de mporoÔn na ftĹsoun sto mèso tou puknwtă an λ_D << d. Prìblhma 1.5: JewreÐste èna diasthmìploio pou diasqÐzei èna hlektrikĹ oudètero plĹsma, ìpou oi jermikèc taqÔthtec twn hlektronÐwn kai twn iìntwn eÐnai V_e kai V_i antÐstoiqa, me V_e >> V_i kai h jermokrasÐa twn hlektronÐwn eÐnai T_e. DeÐxte ìti to diasthmìploio ja dhmiourgăsei gÔrw tou èna arnhtikì dunamikì φ kai ìti h mègisth dunată timă tou φ eÐnai (k_BT_e/e) ln (V_e/V_i).

LÔsh: An to diasthmìploio kineÐtai mèsa sto plĹsma, sqhmatÐzontai roèc hlektronÐwn kai iìntwn pou isodunamoÔn me reÔmata puknìthtac J_j = ±n_{0j}V_je, ìpou j = i, e (1.37) gia ta iìnta kai ta hlektrìnia antÐstoiqa. Dedomènou ìti arqikĹ to plĹsma eÐnai hlektrikĹ oudètero, isqÔei n_{0e} = n_{0i}, kai epeidă V_e >> V_i, isqÔei lìgw twn (1.37)

| J_e |>> J_i.

Sunepÿc h roă twn hlektronÐwn upernikĹ th roă twn iìntwn kai to skĹfoc ja fortisteÐ, dhmiourgÿntac gÔrw tou èna arnhtikì dunamikì φ. O rìloc tou dunamikoÔ eÐnai h anaqaÐthsh thc roăc twn hlektronÐwn, Ĺra kajÿc to dunamikì auxĹnetai, to reÔma twn hlektronÐwn meiÿnetai. KĹpoia stigmă ja isqÔsei | J_e |= J_i, kai ta grăgora hlektrìnia ja apokatastăsoun jermodunamikă isorropÐa gÔrw apì to diasthmìploio. Lìgw twn (1.37) kai thc exÐswshc Boltzmann ja isqÔei h sqèsh

n_{0e} exp ( eφ k_BT_e ) V_e = n_{0i}V_i,

apì ìpou prokÔptei h zhtoÔmenh sqèsh φ = k_BT_e e ln ( V_i V_e ) .

1.6.2 Suqnìthta plĹsmatoc

Ja deÐxoume sth sunèqeia ìti ta fortÐa sto plĹsma ekteloÔn periodikă talĹntwsh me qarakthristikă suqnìthta

ω_j = ( 4πn_0e^2 m_j

)_{1/2} (1.38)

thn opoÐa onomĹzoume suqnìthta plĹsmatoc ă suqnìthta Langmuir. Sth sunèqeia ja qrhsimopoiăsoume èna aplì montèlo gia ton upologismì thc suqnìthtac plĹsmatoc.

Sqăma 1.3. ApomĹkrunsh twn hlektronÐwn apì ta akÐnhta iìnta.

Estw ìti mìno ta hlektrìnia kinoÔntai, enÿ ta iìnta èqoun Ĺpeirh mĹza kai paramènoun akÐnhta. EĹn se èna Ĺpeiro kai omogenèc plĹsma èna strÿma hlektronÐwn pĹqouc L metatopisjeÐ katĹ mia apìstash δ << L (Sqăma 1.3), ja dhmiourghjeÐ mèsa sto plĹsma èna hlektrikì pedÐo epanaforĹc E(x), to opoÐo mporoÔme na upologÐsoume eÔkola apì thn exÐswsh Poisson sth mia diĹstash ∂E ∂x = 4πρ.

H puknìthta twn fortÐwn eÐnai ρ = n_0e kai Ĺra to hlektrikì pedÐo paÐrnei thn timă

|E| = 4πn_0eδ.

H exÐswsh kÐnhshc twn hlektronÐwn eÐnai

m_eδ̈ = −e|E| = −4πe^2n_0δ kai perigrĹfei thn talĹntwsh tou metatopismènou strÿmatoc hlektronÐwn. H suqnìthta talĹntwshc twn hlektronÐwn onomĹzetai suqnìthta plĹsmatoc ω_e = (4πn_0e^2/m_e)^{1/2}. An den jewrăsoume ta iìnta akÐnhta, mporoÔme na deÐxoume ìti h suqnìthta plĹsmatoc ja orÐzetai apì th sqèsh

ω_p = √ 4πn_0e^2 m_e + 4πn_0e^2 m_i

. (1.39)

H suqnìthta plĹsmatoc twn hlektronÐwn eÐnai

ν_e ≈ 10^4 √ n_0 Hz.

Sto Hliakì stèmma h qarakthristikă suqnìthta plĹsmatoc twn hlektronÐwn ja eÐnai ≈ 100MHz − 1GHz.

1.6.3 Suqnìthta sugkroÔsewn

Sqăma 1.4. H troqiĹ hlektronÐou sto hlektrikì pedÐo enìc akÐnhtou iìntoc fortÐou e.

H suqnìthta sugkroÔsewn twn hlektronÐwn me ta iìnta prosdiorÐzetai apì th sqèsh

ν_{ei} = n_0σ_{sc}v, ìpou to σ_{sc} eÐnai h energìc diatomă pou orÐzetai sth sunèqeia. Ta hlektrìnia, ta opoÐa jewroÔme ìti kinoÔntai me mèsh taqÔthta v, pou ja prolĹboun na sugkroustoÔn sth monĹda tou qrìnou me to akÐnhto iìn, ja eÐnai autĹ pou perièqontai mèsa se kÔlindro me ìgko (πb^2)v (h sqèsh aută prokÔptei apì thn prosèggish ìti ta fortÐa kinoÔntai mèsa se èna peribĹllon apì sfaÐrec me aktÐna b). ’Ara o arijmìc twn sugkroÔsewn anĹ monĹda qrìnou, dhladă to ν_{ei}, ja isoÔtai me n_0(πb^2)v. Apì autìn to sullogismì prokÔptei h sqèsh

σ_{sc} ≡ πb^2. (1.40) Ja epidiÿxoume sth sunèqeia na broÔme mÐa proseggistikă èkfrash gia thn energì diatomă.

Ac upojèsoume ìti èna hlektrìnio me stajeră taqÔthta v plhsiĹzei èna akÐnhto iìn me fortÐo e (Sqăma 1.4). EĹn den lĹboume upìyh th dÔnamh Coulomb, to hlektrìnio ja akoloujăsei mÐa eujÔgrammh kÐnhsh pou ja apèqei, sto plhsièstero shmeÐo, apìstash b apì to iìn. Thn apìstash aută ja thn onomĹsoume parĹmetro kroÔshc. H dÔnamh Coulomb ja anagkĹsei to hlektrìnio na ektrapeÐ katĹ gwnÐa θ pou sqetÐzetai me thn apìstash b. H dÔnamh Coulomb pou dèqetai to hlektrìnio eÐnai

F = − e^2 r^2 e_r (1.41)

ìpou e_r to monadiaÐo diĹnusma thc dieÔjunshc tou dianÔsmatoc jèshc tou hlektronÐou wc proc to iìn. H dÔnamh F epidrĹ isqurĹ sto hlektrìnio, kurÐwc ìtan autì brÐsketai sth geitoniĹ tou iìntoc, kai h allhlepÐdrash aută diarkeÐ perÐpou t ≃ b/v. H allagă thc ormăc tou hlektronÐou eÐnai sÔmfwna me to jeÿrhma ÿjhshc-ormăc, Ðsh me Δ(m_ev) = |F t| = e^2/(bv). Gia sugkroÔseic me gwnÐa apìklishc θ > 90^∘, h metabolă thc ormăc eÐnai thc tĹxewc m_ev, dhladă, Δ(m_ev) = m_ev = e^2/(bv), Ĺra b = e^2/(m_ev^2) kai h energìc diatomă dÐnetai apì th sqèsh

σ_{sc} ≡ πb^2 = πe^4 m^2_e v^4

(1.42)

kai Ĺra

ν_{ei} ≈ n_0πe^4 m^2_e v^3

. (1.43)

EĹn jewrăsoume ìti ta hlektrìnia pou sugkroÔontai me to iìn brÐskontai se jermodunamikă isorropÐa kai kinoÔntai me mèsh taqÔthta Ðsh me th jermikă V_e = (k_BT_e/m_e)^{1/2}, tìte h suqnìthta sugkroÔsewn eÐnai Ðsh me

ν^∗_{ei} ≈ n_0πe^4 √ m_e(k_BT_e)^3

. (1.44)

EĹn lĹboume upìyh kai tic sugkroÔseic pou èqoun gwnÐa apìklishc mikrìterh apì 90^∘, tìte h suqnìthta ν^∗_{ei} ja prèpei na pollaplasiasteÐ me to logĹrijmo tou (b_{max}/b_{min}). To b_{min} = b antikajÐstatai apì tic sqèseic pou proseggistikĹ upologÐsame pio pĹnw, afoÔ lĹboume epÐshc upìyh mac ìti h mèsh taqÔthta enìc hlektronÐou, ìtan to plĹsma brÐsketai se jermodunamikă isorropÐa, eÐnai Ðsh me th jermikă. H mègisth timă tou b eÐnai Ðsh me to măkoc Debye, efìson h dÔnamh Coulomb mhdenÐzetai, ìtan h parĹmetroc kroÔshc eÐnai megalÔterh apì thn aktÐna Debye. Gia tic perissìterec efarmogèc (ergasthriakì kai astrofusikì plĹsma) o logĹrijmoc tou λ_D/b eÐnai metaxÔ 10-20 kai epomènwc mÐa proseggistikă sqèsh gia th suqnìthta twn sugkroÔsewn eÐnai

ν^∗_{ei} = [2.9 × 10^{−5}]n_0T^{−3/2}_e sec^{−1} (1.45)

(blèpe PÐnaka 1.1 gia ln Λ =10) ìpou h puknìthta tou plĹsmatoc metrĹtai se cm^{−3} kai h jermokrasÐa se eV. KĹnontac qrăsh twn exisÿsewn (1.38) kai (1.44) mporoÔme na deÐxoume ìti (ω_e/ν_{ei}) = Λ_0 ≫ 1 (blèpe exÐswsh (1.33)˙), prĹgma pou shmaÐnei ìti h suqnìthta sugkroÔsewn sto plĹsma eÐnai polÔ mikrìterh apì th suqnìthta tou plĹsmatoc. Se pollèc efarmogèc tou plĹsmatoc sth fÔsh kai sto ergastărio ta fainìmena exelÐssontai me qarakthristikoÔc qrìnouc t ∼ ω^{−1}_e . Gia to lìgo autì sthn anĹlush autÿn twn efarmogÿn agnooÔme tic sugkroÔseic.

Prìblhma 1.6: H suqnìthta sugkroÔsewn pou upologÐsame (exÐswsh (1.43) isqÔei gia sugkroÔseic pou èqoun san apotèlesma megĹlh ektropă (megĹlh gwnÐa θ). Diorjÿste th suqnìthta sugkroÔsewn, ÿste na lambĹnontai upìyh kai sugkroÔseic me mikră gwnÐa skèdashc θ.

LÔsh: H parĹmetroc kroÔshc b sundèetai me th gwnÐa ϑ me th sqèsh (blèpe Jewrhtikă Mhqanikă, I. QatzhdhmhtrÐou, teÔqoc A, σ.115)

cot(ϑ/2) = mbv^2 e^2 , ìpou b = e^2 mv^2 1 tan(ϑ/2)

(1.46) kai db = − e^2 2mv^2 dϑ sin^2(ϑ/2)

. (1.47)

H diaforikă diatomă thc kroÔshc eÐnai Ðsh me

dσ = |2πbdb|. (1.48)

Apì tic sqèseic (1.46), (1.47) kai (1.48) èqoume

dσ = ( e^2 mv^2

)_2

2πdϑ 2 sin^{−2}(ϑ/2) tan^{−1}(ϑ/2),

ìmwc epeidă sin ϑ = 2 sin(ϑ/2) cos(ϑ/2) kai tan(ϑ/2) = sin(ϑ/2)/ cos(ϑ/2),

dσ = ( e^2 2mv^2

)_2

2π sin ϑ sin^4(ϑ/2) dϑ. (1.49)

O tÔpoc autìc eÐnai gnwstìc kai wc fitÔpoc tou Ratherford.” MporoÔme tÿra na upologÐsoume thn energì diatomă gia th metabolă thc ormăc (dσ^′), an oloklhrÿsoume thn exÐswsh (1.49), afoÔ thn pollaplasiĹsoume me th sunĹrthsh bĹrouc (cos ϑ − 1) pou antiproswpeÔei th metabolă thc ormăc katĹ thn kroÔsh (giatÐ Δp = p_2−p_1 = p_1(cos ϑ−1), gia ϑ mikrì). ’Ara dσ^′ = (cos ϑ − 1)dσ, ìmwc cos ϑ = 1 − 2 sin^2(ϑ/2), Ĺra dσ^′ = − ( e^4 4m^2v^4 ) 4π sin ϑ sin^2(ϑ/2) dϑ. Gia mikrèc gwnÐec ϑ, sin ϑ ≃ ϑ kai sin^2(ϑ/2) ≃ ϑ^2/4, kai tìte

dσ^′ = − ( 4πe^4 m^2v^4 ) dϑ ϑ . Oloklhrÿnontac èqoume

σ^′ = − ( 4πe^4 m^2v^4

) ∫_{ϑmax}

ϑ_{min} dϑ ϑ = − ( 4πe^4 m^2v^4 ) ln[ϑ]^{ϑmax}_{ϑmin} ă ln ( ϑ_{min} ϑ_{max} ) ∼ ln ( λ_D b_{min} ) , giatÐ h elĹqisth gwnÐa kroÔshc ϑ_{min} antistoiqeÐ sth mègisth parĹmetro kroÔshc b = λ_D kai h suqnìthta sugkroÔsewn eÐnai

ν_{ei} = n_0σ^′v =

4πe^4n_0 m^2v^3 ln ( λ_D b_{min} ) . H elĹqisth apìstash pou antistoiqeÐ sth mègisth gwnÐa ϑ upologÐzetai proseggistikĹ apì ton tÔpo 1/2mv^2 ≃ e^2/b_{min} (gia metwpikă sÔgkroush, kinhtikă enèrgeia ≃ dunamikă), Ĺra b_{min} ≃ 2e^2/mv^2 ≈ 2e^2/mV^2_e . (H akribăc timă den èqei shmasÐa, giatÐ h sqèsh eÐnai logarijmikă.)

1.6.4 Kuklotronikă suqnìthta

Sqăma 1.5. KÐnhsh fortÐou mèsa se stajerì magnhtikì pedÐo.

H kÐnhsh fortismènwn swmatidÐwn mèsa se qronikĹ stajerì kai omogenèc magnhtikì pedÐo perigrĹfetai apì thn exÐswsh (1.17) m_j dv dt = q_j(v_j × B/c). (1.50)

EĹn to magnhtikì pedÐo eÐnai B = B_0e_z kai h taqÔthta v_j analujeÐ se mÐa sunistÿsa kĹjeth proc to magnhtikì pedÐo kai mÐa parĹllhlh, dhladă v = v_⊥e_⊥ + v_‖e_‖, tìte h exÐswsh (1.50) grĹfetai

dv_‖ dt = 0 (1.51) kai dv_⊥ dt = ( q_jB_0 m_jc ) v_⊥ × e_z. (1.52)

An ekfrĹsoume thn taqÔthta sto epÐpedo (xy) se kartesianèc suntetagmènec ja èqoume v_⊥ = v_xê_x+v_yê_y kai h exÐswsh (1.52) ja metatrapeÐ se dÔo exisÿseic

dv_x dt = − ( q_jB m_jc ) v_y (1.53)

dv_y dt = ( q_jB m_jc ) v_x (1.54)

ParagwgÐzontac tic exisÿseic (1.53)-(1.54) wc proc to qrìno katalăgoume stic sqèseic

d^2v_x dt^2 = − ( q_jB mc )_2

v_x (1.55)

d^2v_y dt^2 = − ( q_jB mc )_2

v_y. (1.56)

Oi diaforikèc exisÿseic (1.55)-(1.56) èqoun th morfă thc exÐswshc tou armonikoÔ talantwtă kai oi lÔseic touc eÐnai

v_x(t) = v_⊥(t = 0) sin(Ω_jt) (1.57)

v_y(t) = −εv_⊥(t = 0) cos(Ω_jt). (1.58)

ìpou ε = 1 gia ta iìnta kai −1 gia ta hlektrìnia kai

Ω_j ≡

|q_j|B_0 m_jc

(1.59) eÐnai h kuklotronikă suqnìthta. Oloklhrÿnontac tic exisÿseic (1.51), (1.57) kai (1.58) kai dialègontac katĹllhla to sÔsthma anaforĹc, katalăgoume sthn exÐswsh thc troqiĹc tou fortÐou

z(t) = v_z(t = 0)t (1.60)

x(t) = ( v_x(t = 0) Ω_j ) sin(Ω_j t) = r_{Lj} sin(Ω_jt) (1.61)

y(t) = ε ( v_x(t = 0) Ω_j ) cos(Ω_j t) = εr_{Lj} cos(Ω_jt) (1.62)

ìpou h aktÐna kai aktÐna r_{Lj} = (v_⊥/Ω_j) eÐnai gnwstă wc aktÐna Larmor. H kÐnhsh twn iìntwn eÐnai dexiìstrofă enÿ twn hlektronÐwn aristerìstrofh. Ara to fortÐo ekteleÐ (dexiìstrofh gia ta iìnta kai aristerìstrofh gia ta hlektrìnia) elikoeidă troqiĹ (Sqăma 1.5). Sto Hliakì stèmma to magnhtikì pedÐo pĹnw apì ta kèntra drĹshc eÐnai ≈ 100G kai h qarakthristikă kuklotronikă suqnìthta twn hlektronÐwn eÐnai ≈ 300MHz sugkrÐsimh me thn suqnìthta plĹsmatoc.

1.7 AnakefalaÐwsh

Sto kefĹlaio autì anaferjăkame stouc trìpouc dhmiourgÐac tou plĹsmatoc, stouc trìpouc melèthc tou kai stic qarakthristikèc paramètrouc pou paÐzoun apofasistikì rìlo sth melèth tou. Ston PÐnaka 1.1 parajètoume tic basikèc paramètrouc tou plĹsmatoc.

Anakefalaiÿnontac upenjumÐzoume ìti orÐsame:

• to măkoc Debye (λ_{Dj} ), mÐa posìthta pou sqetÐzetai me ta sullogikĹ fainìmena kai orÐzei thn aktÐna thc sfaÐrac gÔrw apì ta hlektrìnia kai iìnta ìpou to hlektrostatikì dunamikì eÐnai diĹforo tou mhdenìc.

• thn parĹmetro plĹsmatoc (Λ_0) kai deÐxame ìti to plĹsma mporeÐ na upĹrxei mìno ìtan Λ_0 >> 1.

• th suqnìthta plĹsmatoc (ω_j ), pou qarakthrÐzei tic hlektrostatikèc talantÿseic twn hlektronÐwn kai iìntwn mèsa sto plĹsma.

• th suqnìthta sugkroÔsewn (ν_{ei}). H sÔgkrish thc suqnìthtac plĹsmatoc me th suqnìthta sugkroÔsewn kajorÐzei to rìlo pou ja paÐxoun oi sugkroÔseic sto plĹsma.

28 EISAGWGIKES ENNOIES

• thn kuklotronikă suqnìthta (Ω_j) kai thn aktÐna Larmor (r_{Lj}), pou apoteloÔn basikèc paramètrouc sto magnhtismèno plĹsma.

PÐnakac 1.1. ParĹmetroi PlĹsmatoc

kuklotronikă suqnìthta Ωe 1.8 ×10^7B rad/sec hlektronÐou kuklotronikă suqnìthta Ωi 9.58 ×10^3B rad/sec prwtonÐou suqnìthta plĹsmatoc ωe 5.64 ×10^4n^{1/2}e rad/sec hlektronÐwn suqnìthta plĹsmatoc ωi 1.32 ×10^3n^{1/2}_i rad/sec prwtonÐwn suqnìthta sugkroÔsewn νei 2.91 ×10^{−6}ne (ln Λ0) T^{−3/2}e sec^{−1} hlektronÐwn-prwtonÐwn suqnìthta sugkroÔsewn νii 4.8 ×10^{−8}ni (ln Λ0) T^{−3/2}_i sec^{−1} prwtonÐwn-prwtonÐwn aktÐna Larmor hlektronÐou rLe 2.38 T^{1/2}e B^{−1}cm aktÐna Larmor prwtonÐou rLi 1.02 ×10^2T^{1/2}_i B^{−1}cm măkoc Debye λDj 7.43 ×10^2T^{1/2}_j n^{−1/2}_j cm jermikă taqÔthta Ve 4.19 ×10^7T^{1/2}e cm/sec hlektronÐwn jermikă taqÔthta prwtonÐwn Vi 9.8 ×10^5T^{1/2}_i cm/sec

(’Olec oi posìthtec ekfrĹzontai sto sÔsthma c.g.s.

ektìc apì tic jermokrasÐec pou ekfrĹzontai se eV, kai Λ0 apì (1.14))

KleÐnontac autì to kefĹlaio eÐnai eÔkolo tÿra na dÿsoume ènan plhrèstero orismì tou plĹsmatoc:

PlĹsma eÐnai èna merikÿc ă olikÿc ionismèno aèrio sto opoÐo kuriarqoÔn ta sullogikĹ fainìmena kai sto opoÐo isqÔei Λ_0 >> 1.

PROBLHMATA

1.1. UpologÐste th jermikă taqÔthta, to măkoc Debye, thn parĹmetro plĹsmatoc kai th suqnìthta plĹsmatoc (upojèste ìti T_e = T_i) gia ta sustămata pou anafèrontai sto Sqăma 1.1.

1.2. H jermokrasÐa tou plĹsmatoc sto mesoastrikì qÿro den eÐnai akribÿc gnwstă. MporeÐ na eÐnai kai polÔ qamhlìterh apì 1eV, enÿ h puknìthta eÐnai n_0 = 10^{−5}cm^{−3}. Pÿc eÐnai dunatì to plĹsma na diathreÐtai se tìso qamhlă jermokrasÐa?

1.3. Se èna makrinì GalaxÐa upĹrqei èna aèrio apì prwtìnia kai antiprwtìnia me puknìthta n = 10^6m^{−3} kai jermokrasÐa 100 K. UpologÐste to măkoc Debye.

1.4. PlĹsma jermokrasÐac 100 eV brÐsketai mèsa se omogenèc exwterikì magnhtikì pedÐo me èntash 1000 Gauss kai h puknìthtĹ tou metabĹlletai. UpologÐste gia poièc timèc thc puknìthtac ta fortÐa ja sugkroÔontai tìso suqnĹ metaxÔ touc ÿste na mhn ‘blèpoun’ to magnhtikì pedÐo, Ĺra ja agnoăsoume th parousÐa tou sth melèth tou plĹsmatoc.

1.5. (1) Na upologisjeÐ h olikă enèrgeia enìc hlektronÐou mèsa se èna Ĺpeiro omogenèc aèrio hlektronÐwn.

(2) Na upologisteÐ h enèrgeia enìc hlektronÐou se Ĺpeiro plĹsma. PoiĹ eÐnai h shmasÐa autoÔ tou apotelèsmatoc gia ta sullogikĹ fainìmena sto plĹsma?

1.6. DeÐxte ìti to fortÐo pou dhmiourgeÐte apì ta hlektrìnia kai ionta mèsa sth sfaÐra Debye eÐnai Ðso kai antÐjeto apì to fortÐo q_T .

1.7. Na ekfrasjeÐ to măloc Debye wc sunĹrthsh enìc qarakthristikoÔ qrìnou kai miĹc qarakthristikăc taqÔthtac sto plĹsma.

1.8. Ena hlektrìnio plhsiĹzei me taqÔthta v_0 èna akÐnhto fortÐo kata mÐa tuqaÐa dieÔjunsh ê. Na brejeÐ h sunistÿsa thc taqÔthtac, kĹjeta sthn arqikă dieÔjunsh, metĹ th sÔgkroush. Jewrăste ìti h allhlepÐdrash eÐnai asjenăc, ìpote h se prÿth prosèggish mporoÔme na jewrăsoume oti h parĹmetroc kroÔsewc kai h sunistÿsa thc taqÔthtac sth dieÔjunsh ê paramènoun stajerèc.