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2�354765879;:/9;:5<>=�? @A:5B�:5<>CEDGFA9H? I1@J358KBML�BM4N4KOAIP9A4KFRQ =TS/:U6547=G9AFHDG35L5VW@A:U9HQ =TS/XY4[Z
\ ? L�4]? @HLTQT8K@HL^=T4KCESY65LTQ D_XYDG`baEL'3UXYDGFHDGcUBM4J@HL�LYXYDU9A47658KBM4]Q�358KFHDG<>9KI1@b35L5aW:HZ
35SY9KI1@+9;:5<1de:5f�LG@RQ =Gg5<PgYhH=TLTQA9KDG`N2J6547=G9AFHDG35L5VW@A:U9HQ BM35DGcTi;2j=�? @A:5B�:>CEDGFA9H? I1@
BM4k4KOAIP9A4KFRQ =TS^:U6547=G9AFRQ =TS^=TLTQ�35L5VW@A:U9HQ =TS^XY4 \ ? L�3UXYDGFH4]?�@HL'354765479;:RaE4]?M354>9;:5@
LG@HSY65`UB�:l9;:5<_4KOR? B�I1B�:5<lmonUipnAqUr7st35u5@HD�uU9KLG@^9KLv4KOAIP9A4KFRQ =TSwXY4 \ ? Lx4]? @HLTQEXYDR65c
XGQ DxQ BMf�`UFHSwLYXYu'9]LwBM`R6U65DHVEQ =TSlXY4 \ ? LWs�glQ BMD \ cU@HLG35LWsMLG@b:l4K@H8KF;VW4]Q L�XYDG`�354[Z
9]LGCE8KFHDG`U@v9]L�XY4 \ ? L�B�9]LjCEDGFA9H? Ly4]? @HLTQzLG35476U:U9A8KLjBM4vBMf�8KB�:�354�9;:5@{DR6YQ =Gg
4K@H8KF;VW4]Q L�97I1@bXY4 \ ? I1@Yi
d{? LkBM4]Q FHS|LYXYu|4KCELGFH35DHVW8K<147XGQ }GSY6U65DG`U@+9;:J6547X59KDG354KFH4]Q LY=Gg>354765879;:J9;:5<z=�? Z

@A:5B�:5<~CEDGFA9H? I1@N358KBML/BM4~4KOAIP9A4KFRQ =TS|:U6547=G9AFHDG35L5VW@A:U9HQ =TS|XY4 \ ? LWiRd�4KFRQ =T8K<+LYXYu
LG`R9A8K<19HQ <�4KCELGFH35DHVW8K<P4]? @HLTQp�YmonArt�b? @A:5B�:JCEDGFA9H? I1@�358KBML�BM413U:5f�LG@H8K<1BMcU@A9;:5OA:5<
m�XMi f�i-BM4^35L5VW@A:U9HQ =TDGcU<_=TL5aEFH8KCW9A4K<Rs

Tokamak
=Ei 6�i XGr7izm��5rJ�b? @A:5B�:vCEDGFA9H? I1@

B�9]D{35L5VW@A:U9HQ =Tu \ ? XYDR65Dv9;:5<���:5<Rs-9KI1@lX565LG@A:U9;�1@Ys�9KI1@lXYSY65BMLGFH<^=Ei 6�i XMi�m��5r
�b? @A:5B�:�CEDGFA9H? I1@�358KBMLlBM4�Q BMf�`UFHS':U6547=G9AFHDG35L5VW@A:U9HQ =TS^XY4 \ ? L

(lasers,
3YQ =TFHDUZ

=TcU35LY9]Lk=Ei SWi r7iTm��Gr��b? @A:5B�:kCEDGFA9H? I1@+358KBML�BM41=TcU35LY9]Lk=TFHDGcUB�:5<1=TLTQH9A`UF]}Y� \ 4]Q <
FHDG8K<RiPm��5rJ�b? @A:5B�:xCEDGFA9H? I1@�358KBMLvBM4_47XGQ 9KLGf�`U@A9A8K<Ri1m��5rJ��LY9KLGB�=T4K`Rgw=TLTQt354[Z
65879;:�97I1@b:U6547=G9AFHD5@RQ =G�1@�3YQ =TFHDGB�=TDYXG? I1@Yi
2	=�? @A:5B�:�CEDGFA9H? DG`w358KBML�BM4_:U6547=G9AFHDG35L5VW@A:U9HQ =TS�XY4 \ ? Lv3UXYDGFH4]?-@HLe3547654[Z

9;:RaE4]?t354J}GSGB�:l9;:5@^4KOR? B�I1B�:emonUipnAqUrbm��k4K`R9;�1@RQ Lwde:5f�LG@RQ =GgYr+gl354k}GSGB�:'9;:5@
LG@HLY65`R9HQ =Gg \ `U@HLG3YQ =Gg�i�2�LG@HLY65`R9HQ =Gg \ `U@ALG3YQ =Gg�B�9;:5FR? �H479]LTQMB�9HQ <bBM`U@HLGFA9;g5BM4]Q <
Langrange

=TLTQ
Hamilton. � 9;:�BM`U@A8KfM4]Q LxaELe`RX5DU65DRVE? BMDG`U354�9HQ <^BM`U@HLGFA9;gHZBM4]Q <|LG`R9A8K<JVEQ L'9;:�=�? @A:5B�:^CEDGFA9H? I1@�358KBMLlBM4J:U6547=G9AFHDG35L5VW@A:U9HQ =TS^XY4 \ ? LWi

�����W�����b�W�T�t�G�5�t���
Langrange

2 \ cU@HLG3U:
Lorentz

\ Q LGC�8KFA4]Q5LYXYub9HQ < \ `U@HSG354]Q <
Coulomb

=TLTQU9;:5<+}GLGFHcR9;:U9KLG<
B�9]D�uU9HQ-4]? @HLTQtBM`U@HSGFA9;:5B�:�=TLTQt9;:5<^9]LGf�cR9;:U9KLG<Ri��kL \ 4]? OHDG`U354/B�9;:eBM`U@H8Kf�4]Q L
uU9HQM=TLTQT: \ cU@HLG3U:

Lorentz
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FLj = qj [E +
v × B

c
]

XYFHDG8KFHf�479]LTQ+LYXYujVW4K@RQ =T4K`U358K@HD \ `U@HLG3YQ =TuWi~¯°`RXYDR65DRVEQ BM35uG<�9KDG` \ `U@HLG3YQ =TDGc
3UXYDGFH4]?M@HL^VE? @H4]QM354J9;:/}GDYgRaE4]Q L'97I1@/4KORQ B��1BM47I1@

Maxwell.± XYDx9;:5@'4KOR? B�I1B�:{monUipn;²5rJBM`U3UXY4KFHLT? @HDG`U354�uU9HQt9KDv35L5VW@A:U9HQ =TuxXY4 \ ? DxXYFHDUZ
8KFHf�479]LTQ�LYXYul³M´)µ �G�E�!¶ µ � ´ ·�¸�³ �E� µ ¶ ´ ·�¸!s \ :U65L \ g�s

B = ∇× A,
m��TipnAr

DYXYuU9A4kD'@HuG35DG<J9]DG`
Faraday

∇× E = −
1

c

∂B

∂tVWFHSGCE479]LTQps

∇× (E +
1

c

∂A

∂t
) = 0.

± @b:'B�9AFHDGCWg�4K@HuG< \ Q LG@HcUBM35LY9KDG<|4]? @HLTQM3U: \ 8K@b9AuU9A4k`RXYSGFHf�4]QWLGFRQ aE3U:U9HQ =GglBM`AZ
@HSGFA9;:5B�:

ϕ
9A879]DTQ L'�1B�9A4

E +
1

c

∂A

∂t
= −∇ϕ

g

E = −∇ϕ −
1

c

∂A

∂t

m��Ti �5r
uYXYDG`

ϕ
4]? @HLTQT9]D �E¹Eº · �T�T»t��� µ � ´ ·�¸y³ �E� µ ¶ ´ ·�¸!i

d�4~}GSGB�:�uU65L�9]L�XYLGFHLYXYSG@AI�: \ cU@HLG3U:
Lorentz

VWFHSGCE479KLTQ

FLj = −qj∇ϕ −
qj

c

∂A

∂t
−

qj

c
[(∇× A) × v].

� `U3UXYLTQ FH8K@HDG`U354JuU9HQ \ cU@HLG3U: Lorentz
XYFHDG4KFHf�479KLTQ�LYXYD'9KD \ `U@HLG3YQ =Tu

FLj = qj

[

d

dt

(

∂V

∂v

)

−

(

∂V

∂x

)]

uYXYDG`

V = ϕ −
v · A

c=TLTQ
Uj = qjV

4]? @HLTQT: \ `U@HLG3YQ =Gg^4K@H8KF;VW4]Q LWi
2�BM`U@ASGFA9;:5B�:

Lagrange
VWFHSGCE479]LTQps

Lj = Tj − Uj =
mjv2

2 +
qj

c [v · A] − qjϕ.
m��Ti �5r
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2¦BM`U@HSGFA9;:5B�:
Lagrange

\ 4K@'4KOHLGFA9ASY9]LTQtLYXYu�9]Def�FHu5@HDvSGFHL�:�DU6YQ =Gg�4[Z
@H8KF;VW4]Q L�9]DG`_CEDGFA9H? DG` \ Q LY9;:5FH4]? 9]LTQ�B�9KL5aE4KFHS

E =
1

2
mjv

2 + qjϕ.

ÅND \ Q LG@H`UBM35LY9HQ =Tu \ `U@HLG3YQ =Tu \ 4K@x4K35CELG@R? �H479KLTQ�B�9;:{DR6YQ =Gg�4K@H8KF;VW4]Q LeVEQ LY9H?1D
uGFHDG<bXYDG`x4KOHLGFA9ASY9KLTQ�LYXYu�9]Dv35L5VW@A:U9HQ =Tu�XY4 \ ? D�B�9;:5@ \ cU@HLG3U:

Lorentz
4]? @HLTQ

=TS5aE479]DG<kB�9;:5@b9]LGf�cR9;:U9KLWi
� 9KD_? \ Q DbBM`U3UXY8KFALGBM35L/3UXYDGFHDGcU354�@ALbCW9ASGBMDG`U354z=TLTQRLYXYu�9;:5@>4KOR? B�I1B�:k9KDG`�k4KcR9KI1@HLWiHÆkDR65LYX565LGBWQ SG�HD5@A9]LY<z=TLTQH9]L \ cUD�35876U:|9;:5<+4KOR? B�I1B�:5<kmonUipnAqUr�354z9;:5@

9]LGf�cR9;:U9]Ll8Kf�DG`U354

mjv ·
dv

dt
= qjv · F +

qj

c
[v · (v × B)]

g
d(mjv

2/2)

dt
= −qjv · ∇ϕ.

��SG@HD5@A9]LG<Jf�FAg5B�:^9;:5<k9]LG`R9AuU9;:U9KLG<
dϕ

dt
=

∂ϕ

∂t
+ v · ∇ϕ

=TLTQH47XY4]Q \ g>9KDk:U6547=G9AFHDGB�9]LY9HQ =Tu \ `U@HLG3YQ =Tu \ 4K@+4KOHLGFA9ASY9KLTQALYXYuJ9]Dkf�FHu5@HDk8Kf�DG`AZ
354

d(mjv
2/2 + qjϕ)

dt
=

dE

dt
= 0.

± XYux9;:xBM`U@HSGFA9;:5B�:
Lagrange

3UXYDGFHDGcU354b@HLx`RXYDU65DHVE? BMDG`U354|=TLTQE9HQ <bVW4[Z
@RQ =T4K`U358K@H4K<kDGFH358K<Rs

px =
∂Lj

∂vx
= mjvx + qjAx

m��Ti �Gr

py =
∂Lj

∂vy
= mjvy + qjAy

m��Ti �5r

pz =
∂Lj

∂vz
= mjvz + qjAz.

m��Ti �5r
Ç ¯J9]LG@�9]D|CEDGFA9H? D>X56U:5BWQ SG�H4]QH9;:>9]LGf�cR9;:U9KLk9]DG`>CWIP9AuG<P:JBM`U@HSGFA9;:5B�:

LagrangeVWFHSGCE479]LTQ

Lj = −mjc
2
√

1 − (v/c)2 + (qj/c)v · A − qjϕ.
m��Ti qUr

m�È^4]? OA9A4/uU9HQtVEQ LeCEDGFA9H? L�354/9]LGf�cR9;:U9KL
v << c

:�BMf�479HQ =�Q B�9HQ =GgvBM`U@HSGFA9;:5B�:
Lagrange

XYFHDGBM4ÉV�VE? �H4]QT9;:5@/BM`U@HSGFA9;:5B�:�m��Ti �5r7i r
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�����W�Ë�Ì�b�W�T�t�G�5�t���
Hamilton

± XYux9;:wBM`U@HSGFA9;:5B�:
Lagrange

3UXYDGFHDGcU354b@HLx`RXYDR65DRVE? BMDG`U354|9;:xBM`U@HSGFA9;:5B�:
9]DG`

Hamilton

Hj = p · v − Lj ,
m��Ti Í5r

uYXYDG`^DTQ�9KLGf�cR9;:U9A4K<kaELl`RXYDR65DRVE? �HD5@;9]LTQTLYXYu'9HQ <�4KORQ B��1BM4]Q <�m��Ti �GrÎZ7m��Ti �5r

vx =
px − qjAx

mj

vy =
py − qjAy

mj

vz =
pz − qjAz

mj
.

± @A9HQ =TL5a�Q B�9;�1@A9KLG<~9HQ <N9KLGf�cR9;:U9A4K<N=TLTQU9;:/BM`U@HSGFA9;:5B�:
Lagrange

B�9A:5@k4KOR? B�I�Z
B�:'m��Ti Í5r�}GFR? B�=TDG`U354HsU35479AS/LYXYubLY6RVW4[}GFRQ =T8K<�XYFHSGOH4]Q <RsR9;:5@JBM`U@HSGFA9;:5B�:

Hamil-
ton

VEQ L'9;:5@b=�? @A:5B�:^CEDGFA9H? I1@|XYLGFHDG`UBW? L^:U6547=TFA9]DG35L5VW@A:U9HQ =TDGcbXY4 \ ? DG`Ti

Hj =
(p−

qj

c
A)2

2mj
+ qjϕ.

m��Ti ²5r
2ÏBM`U@HSGFA9;:5B�:

Hamilton
VEQ L�CEDGFA9H? L{XYDG`{=�Q @HDGcU@A9KLTQ1354xBMf�479HQ =�Q B�9HQ =T8K<

9]LGf�cR9;:U9A4K<^m
v ∼ c

r�XYLT? FH@H4]QT9;:�35DGFHCWg

Hj = [c2(p − qjA/c)2 + m2
jc

4]1/2 + qjϕ.
m��Tipn;Ð5r

��SG@HD5@A9]LG<ef�FAg5B�:�9;:5<Ñ4KOR? B�I1B�:5<�m��Ti ²5rl=TLTQ~9KI1@y4KORQ B��1BM47I1@Ò=�? @A:5B�:5<�9KDG`
Hamilton

ẋ =
∂Hj

∂p
,

m��TipnUnAr

ṗ = −
∂Hj

∂x

m��Tipn;�5r
3UXYDGFHDGcU354k@HL'`RXYDR65DRVE? BMDG`U354>9HQ <|9AFHDUfMQ 8K<k97I1@/CEDGFA9H? I1@Yi
� 9HQ <kXYLGFHL5VWFHSGCWDG`U<~XYDG`/LY=TDU65DG`HaEDGcU@>aEL�354765479;g5BMDG`U354>9;:5@|=�? @A:5B�:/CEDGF]Z9H? I1@/358KBMLlBM4JXYFHDG47XGQ 654ÉVW358K@HL'4KOAIP9A4KFRQ =TS^:U6547=G9AFHDG35L5VW@A:U9HQ =TS^XY4 \ ? LWi

Ó � ¸EÔ ¹��t¶ µ �����WÕ È^4]? OA9A4JuU9HQ�:�4KOR? B�I1B�:
Lagrange

d

dt

(

∂Lj

∂p

)

−

(

∂Lj

∂x

)

= 0
m��Tipn;�5r
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=TLY9]LY6UgRVW4]Q�B�9;:5@/4KOR? B�I1B�:xmonUipnAqUr7s

mj
dv

dt
= qj

[

E(r, t) +
v × B(r, t)

c

]

.

çbè ����Õ � `U@ \ `USG�HD5@;9]LG<-9HQ <14KORQ B��1BM4]Q <>m��Ti �5r�=TLTQ5m��Tipn;�5rEaEL>=TLY9]LY6Ug5OHDG`U354�B�9;:5@4KOR? B�I1B�:

d

dt
(mjv +

qj

c
A) −

qj

c

(

∂(A · v)

∂x

)

+ qj
∂ϕ

∂x
= 0.

± @bLG@A9HQ =TLY9]LGB�9;g5BMDG`U354>9;: \ Q LG@H`UBM35LY9HQ =Gg_XYLGFHS5VMI!VWD'354J9]D
∇

∂

∂x
≡ ∇

8Kf�DG`U354
d

dt
(mjv +

qj

c
A) −

qj

c
∇(A · v) + qj∇ϕ = 0.

��SG@HD5@A9]LG<Jf�FAg5B�:^9;:5<|DU6YQ =Gg5<kXYLGFHL5VM�!VWDG`
dA

dt
=

∂A

∂t
+ v · ∇A

=TLTQ�9;:5< \ Q LG@H`UBM35LY9HQ =Gg5<k9KLG`R9AuU9;:U9]LG<
v × (∇× A) = ∇(v · A) − (v · ∇)A

8Kf�DG`U354

mj
dv

dt
= qj [−∇ϕ −

1

c

∂A

∂t
] +

qj

c
[v × (∇× A)].

± @A9HQ =TL5a�Q B�9;�1@A9KLG<x9]Dy:U6547=G9AFRQ =TuÒ=TLTQ135L5VW@A:U9HQ =TuyXY4 \ ? DyLYXYuy9HQ <v4KORQ B��1BM4]Q <
m��TipnArÎZ7m��Ti �5r+=TLY9KLY6UgRVWDG`U354JB�9;:5@/4KOR? B�I1B�:xmonUipnAqUr7i

�! ���élê�*-ê�&pë1ìÌë1*P&~í!î1í�,+ïGðEñGò{ó-ô�ï5ë!êEõ�&pë1ìÌöPïG÷�ø)í
ù XYD5aE879]DG`U354�uU9HQR9]Db4KOAIP9A4KFRQ =Tuk:U6547=G9AFRQ =Tu|XY4 \ ? D|4]? @HLTQHXYLGFHSY6U6U:U65D�B�9]D5@NSGOHDUZ
@HL

Ox (E = E0êx)
4K@A��9]Dy35L5VW@A:U9HQ =TuÑXY4 \ ? DÒ4]? @HLTQP3U: \ 8K@

(B = 0)
iP2

4KOR? B�I1B�:^=�? @;:5B�:5<J9]DG`^CEDGFA9H? DG`_8Kf�4]Q�9;:�35DGFHCWg

mj
dv

dt
= qjE.

m��TipnK�Gr
¯J65DY=G6U:5FA�1@HD5@A9KLG<>9;:5@/4KOR? B�I1B�:xm��TipnK�Gr~8Kf�DG`U354
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v = v0 +
qj

mj
Et

=TLTQR:|=�Q @A:U9HQ =Gg|4K@H8KF;VW4]Q L|9]DG`kCEDGFA9H? DG`JLG`UOHSG@H4]QR354z9]D�9A479AFHS5VMI1@HD|9]DG`kf�FHu5@HDG`
m�LG@

v0 = 0
r

E =
q2
j

2mj
E2

0t2.
m��Tipn;�5r

¯�FH`HaE35uG<|LGcUOA:5B�:5<k9;:5<|uU6YQ =Gg5<k4K@H8KF;VW4]Q LG<k4]? @HLTQ�LG@HSY65DHVWDG<>9KDG`^f�FHu5@HDG`

dE

dt
=

q2
j E

2
0

mj
t.

m��Tipn;�5r
ÆkLGFHDG`UBWQ SG�H4]QHQ \ Q LT? 9A4KFHDk4K@ \ Q LGCE8KFHDU@1VEQ L|XYDR6U658K<�4KCELGFH3UDRVW8K<PB�9]D�4KF;VWLGB�9;gHZ

FRQ D|=TLTQH9]D \ Q SGB�9;:535L�:|354765879;:k9;:5<�=�? @A:5B�:5<z:U6547=G9AFHD5@R? DG`NXYLGFADG`UBW? L|B�9KLY9HQ =TDGc
=TLTQtDG35DRVW4K@HDGcU<b:U6547=G9AFRQ =TDGc'XY4 \ ? DG`l358KBMLvBM4_DG35DHVW4K@H8K<b=TLTQtSYXY4]Q FHD�X565SGBM35L
XY`R=T@HuU9;:U9]LG<

n0
=TLTQtaE4KFH35DY=TFHLGBW? LG<

Te = Ti.
ù XYD5aE879KDG`U354�uU9HQ�9KD�X565SGBM35L

4]? @HLTQ�BM4>aE4KFH35D \ `U@HLG3YQ =Gg�Q BMDGFHFHDYXG? LWiGÅND':U6547=G9AFHu5@RQ D�BM`HVM=TFHDGcU479]LTQ�354J9KLwQ uUZ
@A9]L�=TLTQtf�SG@H4]Q�DGFH3Ugx354_FH`HaE35u

νeimev,
4K@A�û=T4KF \ ? �A4]Q�4K@H8KF;VW4]Q LÑmË}Y6587XY4/4KOR? Z

B�I1B�:Ñm��Tipn;�5rJB�9KDvf�FHu5@HDwXYDG`l354KBMDR65LU}G4]?t35479KLGOHc'9KI1@�BM`HVM=TFHDGcUBM47I1@�m�358KB�:
47654KcHaE4KFA: \ Q L \ FHDG3UgYr7iG2�4KOR? B�I1B�:_=�? @A:5B�:5<J=TLY9AS�3UgU=TDG<J9;:5< \ Q 4KcHaE`U@HB�:5<k9KDG`
:U6547=G9AFRQ =TDGc/XY4 \ ? DG`lm

Ox
rzaELl8Kf�4]Q�9;:'35DGFHCWg

me
dv

dt
= eE − νeimev.

m��TipnAqUr
± @1aE47I1FAg5BMDG`U354PuR9RQAuGB�:N4K@H8KF;VW4]Q LN=T4KF \ ? �H4KQ]9KDJ:U6547=G9AFHu5@RQ D>LYXYu>9]D>:U6547=G9AFRQ =Tu
XY4 \ ? DWsT9AuGB�:�f�SG@H4]QT=TLTQMLYXYu'B�9HQ <�BM`HVM=TFHDGcUBM4]Q <Rs�9AuU9A4

dv/dt = 0
g

E = νeimev/e,
47XY4]Q \ g

νei = n0πe4/m2v3 sM8Kf�DG`U354

E =
n0πe3

mv2
.

m��Tipn;Í5r
ü cU@HD5@A9]LG<>9;:5@/4KOR? B�I1B�:�m��Tipn;Í5r�I1<kXYFHDG<k9;:5@b9KLGf�cR9;:U9]Ll8Kf�DG`U354

v(E0) =

√

n0πe3

meE0
= vD(E)

m��Tipn;²5r
29KLGf�cR9;:U9]LÑLG`R9;geD5@HDG35SG�H479]LTQ�9KLGf�cR9;:U9]L \ Q LGCE`HVMg5<

vD
s-VEQ LY9H?!LG@

v > vD9]DxCEDGFA9H? Dl=T4KF \ ? �H4]QM35479]LGOHc \ cUD \ Q L \ DUfMQ =G�1@_BM`HVM=TFHDGcUBM47I1@/XY4KFRQ BMBMuU9A4KFA:l4[Z
@H8KF;VW4]Q L_LYXYu^LG`R9;gbXYDG`bf�SG@H4]QGSGFHL_BM`U@H4KfT�1<>47XGQ 9KLGf�cU@H479]LTQGLYXYu_9KD_:U6547=G9AFRQ =Tu
XY4 \ ? Dv=TLTQ \ Q LGCE4KcHVW4]Q�97I1@wBM`HVWFHDGcUBM47I1@�m�BM`U@H4KfTg5<�47XGQ 9ASGf�`U@HB�:v=TLY9ASe3UgU=TDG<
9]DG`_:U6547=G9AFRQ =TDGc/XY4 \ ? DG`5r7i
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± @'aE8KBMDG`U354
vD = Ve

B�9;:5@�4KOR? B�I1B�:ym��Tipn;Í5r7s!`RXYDR65DRVE? �HDG`U354_9KD{f�LGFHLUZ
=G9;:5FRQ B�9HQ =Tu'XY4 \ ? D

ED,

ED = n0πe3

mV 2
e

,
m��Ti �UÐ5r

XYDG`|D5@HDG3USG�H479]LTQAXY4 \ ? D
Dreicer,

=TLTQU4]? @HLTQH9]D�:U6547=G9AFRQ =Tu|XY4 \ ? D|XYDG`|LYXYLTQ 9A4]? 9KLTQ
VEQ L'@HLlþ \ Q LGCEcHVWDG`U@YÿY9]L^:U6547=G9AFHu5@RQ L^354>f�LGFHLY=G9;:5FRQ B�9HQ =Gg/9KLGf�cR9;:U9]L'? B�:_354>9;:
aE4KFH3YQ =Gg^9]LGf�cR9;:U9KLWi ± XYu'9HQ <�m��Tipn;Í5r+=TLTQtm��Ti �UÐ5r�XYFHDY=TcRX59A4]Q

E

ED
=

V 2
e

v2
D

⇒ vD = Ve ·

(

ED

E

)1/2

g

VD = Ve

√

ED

E
.

�1XY4]Q \ g�9]D'X565SGBM35L^}GFR? B�=T479KLTQMBM4>aE4KFH35D \ `U@HLG3YQ =Gg�Q BMDGFHFHDYXG? L�=TLTQ�:�LG@HSY65`UB�:
4]? @HLTQR=TLY9]Lb3UgU=TDG<~3YQ SG< \ Q SGB�9]LGB�:5<

Ox
:�=TLY9KLG@HDG3Ugk9KLGf�`R9;gU9KI1@>9KI1@JCEDGFA9H? I1@

4]? @HLTQT:�35D5@HD \ Q SGB�9]LY9;:_=TLY9KLG@HDG3Ug
Maxwell- Boltzmann

fm(v) = n0

√

me

2πkBTe
e
− mev2

2kBTe .
m��Ti �TnAr

ÅND/XYDGBMDGB�9Au/9KI1@kCEDGFA9H? I1@>XYDG`_þ \ Q LGCE4KcHVW4]QpÿpsUVEQ L/=TS5aE4+9HQ 3Ug/9KDG`|:U6547=G9AFRQ Z
=TDGc_XY4 \ ? DG`

E,
`RXYDU65DHVE? �H479]LTQ�LYXYu�9]D'DU65DY=G6Ug5FAI135L

n

n0
=

∫ ∞

vD

fmdv.

± @|aE8KBMDG`U354
E = ED/4

9AuU9A4
vD = 2Ve

=TLTQ
n/n0 = 10−3.

�! ���élê�*-ê�&pë1ìÌë1*P&~í!î1í�,+ïGðEñGòyî1*-,+ð�ó-ê�&pë1ìÌöPïG÷�ø í
d�4765479;g5BMLG354eB�9]D%XYFHDY:RVWDGcU354K@HD�=T4KCESY65LTQ D�9;:5@Ò=�? @A:5B�:�CEDGFA9H? DG`y3U8KBML�BM4
B�9]L5aE4KFHu/=TLTQGDG35DRVW4K@H8K<~35L5VW@A:U9HQ =Tu_XY4 \ ? Dwm

B = B0ez
r1LYXYDG`UBW? L/:U6547=G9AFRQ =TDGc

XY4 \ ? DG`TiWÈ^4]? OHLG354kuU9HQW9]DxCEDGFA9H? Dl47=G9A47654]?E476YQ =TDG4]Q \ g�9AFHD5fMQ SWsW354�B�9]L5aE4KFHu�}YgHZ
35LWs�VWcUFAI�LYXYu{9HQ <w35L5VW@A:U9HQ =T8K<�VWFHLG35358K<Ri ± @x9KD \ Q SG@H`UBM35L{9;:5<l9]LGf�cR9;:U9KLG<
}GFR? B�=T479KLTQU9;:bf�FHD5@RQ =Gg|B�9HQ VW3Ug

t = 0
B�9]D_47XG? XY4 \ D

(xy)
=TLTQU:�9]LGf�cR9;:U9KL/=TLY9AS

3UgU=TDG<|9KDG`�35L5VW@A:U9HQ =TDGc_XY4 \ ? DG`^4]? @HLTQ�3U: \ 8K@wm
v‖(t = 0) = 0

r+g'LG@/35479]LGCE4KF]Z
aEDGcU354~BM4~8K@HL/BMcUB�9;:535L^BM`U@A9A479]L5VW358K@AI1@>XYDG`|=�Q @H4]? 9]LTQ5354~B�9KL5aE4KFAg�9]LGf�cR9;:U9KL
? B�:w354b9;:5@�9KLGf�cR9;:U9]Lx9]DG`wCEDGFA9H? DG`

v‖(t = 0)
9AuU9A4b9KDvCEDGFA9H? Dx47=G9A47654]?�B�9]D
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47XG? XY4 \ D
(xy)

=T`R=G6YQ =Ggw9AFHDUfMQ Se354_LY=G9H? @HL
rL
VWcUFAIÌLYXYue8K@HLvBM`HVM=T47=TFRQ 358K@HD

B�:5354]? DWsEXYDG`�aEL�D5@HDG35SG�HDG`U354 » ³ ��� ¸%·�� �G�T�T» iE2�DR6YQ =Ggw=�Q @A:U9HQ =Ggx4K@H8KF;VW4]Q L
9]DG`^CEDGFA9H? D_aELl4]? @HLTQM? B�:�354J9;:5@/LGFHfMQ =Gg_9;:5<|9HQ 3Ug�s

E =
1

2
mv2

⊥(t = 0)

VEQ LY9H?Ös5uYX5I1<+g \ :�8Kf�DG`U354 \ 4]? OH4]QpsR:�DR6YQ =Gg�4K@H8KF;VW4]Q L \ Q LY9;:5FH4]? 9KLTQUB�9]L5aE4KFHS�=TLY9KL
3UgU=TDG<k9;:5<k9AFHD5fMQ SG<Ri
ÆkLGFHDG`UBWQ SG�H4]QE4K@ \ Q CE8KFHD5@^@HL�354765479;g5BMDG`U354b9;:5@�=�? @A:5B�:wCEDGFA9H? DG`'358KBMLvBM4

35L5VW@A:U9HQ =Tu�XY4 \ ? D�LYXYDG`UBW? Lx:U6547=G9AFRQ =TDGc'XY4 \ ? DG`l354/9;:5@_}GDYgRaE4]Q L�9;:5<^BM`U@HSGF]Z
9;:5B�:5<

Hamilton.
ÅND \ Q LG@H`UBM35LY9HQ =Tu \ `U@HLG3YQ =Tu�XYDG`_XY4KFRQ VWFHSGCE4]QT9]DlB�9]L5aE4KFHu

35L5VW@A:U9HQ =Tu^XY4 \ ? D
B = B0êz

aEL�4]? @HLTQ
A = −B0yêx.

2�BM`U@HSGFA9;:5B�:
Hamil-

ton
VWFHSGCE479KLTQ

Hj =
1

2mj
[(px + εΩjmjy)2 + p2

y + p2
z]

m��Ti �U�5r

uYXYDG`
ε = 1

VEQ Le9KL{Q u5@A9]Lv=TLTQ
ε = −1

VEQ Le9]Le:U6547=G9AFHu5@RQ LWi�2 BM`U@HSGFA9;:5B�:
Hamilton

4]? @ALTQ1LG@H4KOHSGFA9;:U9;:{LYXYuy9HQ <xaE8KBM4]Q <
x, z

SGFHLÒXYFHDY=TcRX59A4]QzLG358KB�I1<
LYXYuw9HQ </4KORQ B��1BM4]Q <

Hamilton
uU9HQ�DTQEDGFH358K<

px, pz
4]? @HLTQWDU65DY=G6U:5FA�135LY9KLl9;:5<

=�? @A:5B�:5<Ri�2 BM`U@HSGFA9;:5B�:
Hamilton

\ 4K@/4KOHLGFA9ASY9]LTQ�FA:U9ASwLYXYu'9]Dwf�FHu5@HDWs�SGFHL
9]D

Hj
4]? @HLTQt47XG? B�:5<^DR65DY=G6Ug5FAI135L�9;:5<_=�? @A:5B�:5<Ri ± @^aE8KBMDG`U354

px = pz = 0=TLTQ
Hj = E

9AuU9A4J:�4KOR? B�I1B�:xm��Ti �U�5r�VWFHSGCE479KLTQps

2mjE = Ω2
j m2

jy
2 + p2

y

g
y2

a2
+

p2
y

b2
= 1

m��Ti �U�5r
uYXYDG`

a2 = 2E/Ω2
j mj)

=TLTQ
b2 = 2mjE . � 9]D^fT�1FHD_97I1@�CESGBM47I1@Ys59KD�CEDGFA9H? D\ Q L5VWFHSGCE4]QE476U654]Q X59HQ =Ggw9HFAD5fMQ SWi ± XYux9;:5@�4KOR? B�I1B�:�m��Ti �U�5rJ`RXYDR65DRVE? �HDG`U354|4KcAZ

=TDU65L_9;:^BM`U3UXY4KFRQ CEDGFHS_9]DG`
y(t)

=TLTQ
py(t)

=TLTQ5}Y6587XYDG`U354>uU9HQ�4]? @HLTQTLG@ASY65DRVW4K<
354J9HQ <�47=TCEFHSGBM4]Q <JXYDG`^`RXYDR65DRVE? BMLG354JB�9;:5@bXYLGFHS5VWFHLGCEDwnUi �Ti
2�354765879;:w9;:5</=�? @A:5B�:5<b9KDG`wCEDGFA9H? DG`�358KBMLvBM4b:U6547=G9AFHDG35L5VW@A:U9HQ =TSlXY4 \ ? L

LYX565DYXYDTQ 4]? 9KLTQYB�:535LG@A9HQ =TS_uU9]LG@NVE? @H4]QY354~9;:|}GDYgRaE4]Q L/9;:5<>BM`U@HSGFA9;:5B�:5<
Hamil-

ton.
��LY9]LY6UgRVWDG`U354+4KcR=TDU65LbBM4~3YQ L^BM4]Q FHS/BM`U3UXY4KFHSGBM35LY9]LbVEQ L/9]L/fMLGFALY=G9A:5FHQ Z

B�9HQ =TS/9;:5<+9AFHD5fMQ SG<+fTI1FR? <+@HL�65cUBMDG`U354�9HQ <~4KORQ B��1BM4]Q <~=�? @A:5B�:5<km�LGORQ DYXYDTQ �1@A9KLG<
9]LlDR65DY=G6U:5FA�135LY9]L^=�? @A:5B�:5<;r7i
2�LG@HSY65`UB�:_9;:5<J=�? @A:5B�:5<kBM4>XYDU6U65S \ `U@HLG3YQ =TS�BM`UB�9;g535LY9KL \ Q 4K`R=TDR65cU@H479]LTQ

LG@ \ Q LY658KOHDG`U354w9]D�=TLY9ASY6U6U:U65DjBMcUB�9;:535L�BM`U@A9A479]L5VW358K@AI1@jm�uUfMQ�=TLY9AS�LG@HSUZ
VM=G:5@�L \ FHLG@H4]Q LY=GuTr7iY��Q L�XYLGFHS \ 4]Q VW35L_:_=�? @A:5B�:/9]DG`/CEDGFA9H? DG`bBM4JB�9KL5aE4KFHu�=TLTQ
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DG35DRVW4K@H8K<�35L5VW@A:U9HQ =Tu�XY4 \ ? D{LYXYDG`UBW? L�4KOAIP9A4KFRQ =TDGcx:U6547=G9AFRQ =TDGc�XY4 \ ? DG`�4]? @HLTQ
LYX565DGcUB�9]LY9;:vLG@l35479KLGCE4KF;aEDGcU354_BM4^8K@HLvBMcUB�9;:535L�XYDG`x=�Q @H4]? 9KLTQ�354^B�9KL5aE4KFAg
9]LGf�cR9;:U9]L�m

v‖(t = 0)
rb=TLY9AS{3UgU=TDG<l9KDG`eSGOHD5@HL

Oz
=TLTQ!XY4KFHQ B�9AFH8KCE479]LTQ!354

B�9]L5aE4KFAg/VMI1@RQ LY=Gg/9]LGf�cR9;:U9KL
Ωj

VWcUFAIjLYXYu�9]D5@b? \ Q D�SGOHD5@HLWiYÅND'CEDGFA9H? D^B�9]D
@H8KD'BMcUB�9;:535L'XYLGFHLG358K@H4]QTLY=�? @A:U9]D_=TLTQT:_65cUB�:^9KI1@b4KORQ B��1BM47I1@�=�? @A:5B�:5<J4]? @HLTQ
9A479AFRQ 35358K@A:�i12Ï35479]LGCEDGFHSÑXY? B�I�B�9KD�L \ FHLG@H4KQ LY=TuÑBMcUB�9;:535LyVE? @H479KLTQ1354l9]D5@
LG@A9H? B�9AFHDGCED�35479KLGBMf�:53ULY9RQ BM35u^BM`U@A9A479KL5VW358K@AI1@Yi5�kL/47XGQ B�9AFH8
	EDG`U354+B�9]D�aE8K35L
uU9]LG@/aEL�354765479;g5BMDG`U354�9;:5@�3U:lVWFHLG3U3YQ =GgwLY6U6U:U6547XG? \ FHLGB�:lCEDGFA9H? DG`^=TcU35LY9]DG<
B�9]D'��4KCESY65LTQ Dxipipipipi

Ó � ¸EÔ ¹��t¶ µ ���Ë��Õ d�4765479;g5B�9A4^9;:5@l=�? @A:5B�:x:U6547=G9AFHD5@R? DY`x358KBML�BM4^B�9]L5aE4KFHu
=TLTQUDG35DRVW4K@H8K<z35L5VW@A:U9HQ =Tu�XY4 \ ? D�LYXYDG`UBW? L|:U6547=G9AFRQ =TDGcJXY4 \ ? DG`TsHXYLGFHDG`UBW? L�DG35DUZ
VW4K@HDGcU<�X565SGBM35LY9]DG<�XY`R=T@HuU9;:U9]LG<

n0
=TLTQHaE4KFH35DY=TFHLGBW? LY<

Te = Ti.
ÅND�X565LGBM35L

}GFR? B�=T479KLTQ-BM4�=TLY9ASGB�9KLGB�:�aE4KFH35D \ `U@HLG3YQ =Gg5<'Q BMDGFAFHDYXG? LG<^=TLTQ-47=G9H4]? @A479]LTQ�B�9]D
SYXY4]Q FHDWi
çbè ����Õ 2�4KOR? B�I1B�:^=�? @A:5B�:5<J9KDG`_:U6547=G9AFHD5@R? DG`�aELl8Kf�4]Q�9;:�35DGFHCWg

me
dv

dt
= −

e

c
[v × B] − νeimev.

ù XYD5aE879]DG`U354xuU9HQzBM4w=TS5aE4wBMcHVM=TFHDG`UB�:{:U6547=G9AFHD5@R? DY`AZoQ u5@A9KDG<wf�SG@H479]LTQ1DGFH3Ug
LG@HSY65DRVM:^9KDG`

∼ mev.
± =TDR65DG`HaW�1@A9]LG<J9]L�}Yg535LY9]LlXYDG`�35LG<�D \ gRVM:5BMLG@/B�9RQ <

4KORQ B��1BM4]Q <�monUi �U�5rÎZ7monUi �U�5r~8Kf�DG`U354
v̈x + νeiv̇x + Ω2

evx = 0
m��Ti �H�Gr

v̈y + νeiv̇y + Ω2
evy = 0.

m��Ti �U�5r
¯|Q \ Q LGCEDGFRQ =T8K<k4KORQ B��1BM4]Q <�m��Ti �H�GrÎZ7m��Ti �U�5r+XY4KFRQ VWFHSGCEDG`U@bLGFA35D5@RQ =Gg_9]LY65SG@A97I1B�:
354bLG@A9H? B�9]LGB�:�iW2 \ cU@HLG3U:'XYDG`'XYFHDY=TLY65DGcU@_DTQ�BM`HVM=TFHDGcUBM4]Q <lm

−mjvνei
r \ 4K@

XYFHDG8KFHf�479]LTQ�LYXYu \ `U@HLG3YQ =TuWi ù XYD5aE879]DG`U354/uU9HQt:wXY`R=T@HuU9;:U9]Lx9]DG`lX565SGBM35LY9KDG<
=TLTQ-:vaE4KFH35DY=TFHLGBW? Le4]? @HLTQ-9A879KDTQ 4K<'�1B�9A4

νei << Ωe
m�VEQ L�XYLGFHS \ 4]Q VW35L�B�9]D

:U6YQ LY=TuÒB�9A8K3535L
n0 ≈ 1010cm−3 s B0 = 100G

=TLTQ
Te ≈ 100eV

8Kf�DG`U354
νei ≈ 30sec−1 << Ωe ≈ 109sec−1 r7i ± @xLG@HLG�A:U9;g5BMDG`U354�B�9HQ <w4KORQ B��1BM4]Q <m��Ti �H�GrÎZ7m��Ti �U�5r+65cUBM4]Q <|9;:5<�35DGFACEg5<

vx = vx0e
iωt m��Ti �U�5r

8Kf�DG`U354
−ω2 + iνeiω + Ω2

e = 0
m��Ti �5qUr

VEQ L
νei = 0

}GFR? B�=TDG`U354x9;:�VW@AI1B�9;gj35LG<e65cUB�:
ω = Ωe. � 9;:�BM`U@H8Kf�4]Q L`RXYD5aE879]DG`U354>uU9HQ�monAr

ω = ωr + iγ
s�uYXYDG`

ωr
4]? @HLTQY9]D^XYFHL5VW35LY9HQ =Tu�358KFHDG<>9;:5<
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9]LY65SG@A97I1B�:5<xm�XYDG`xBMcU35CWI1@HLv354_uGBMLe4]? XYLG354/358Kf�FRQt9;�1FHLv4]? @HLTQ�XYDU65cw=TD5@A9AS
B�9]D

Ωe
r�=TLTQ

γ
9KDlCELG@A9]LGB�9HQ =Tu^=TLTQ�m��5r

ωr >> γ,
aELl8Kf�DG`U354

−(ω2
r + 2iγνei) + i(ωr + iγ)νei + Ω2

e = 0.

ü cU@HD5@A9]LG<�B�9;:>BM`U@H8Kf�4]Q L>9;:>3YQ VWL \ Q =GgN4KOR? B�I1B�:N`RXYDR65DRVE? �HDG`U354�9]D>XYFHL5VW35LY9HQ =Tu
=TLTQMCELG@A9KLGB�9HQ =Tu'358KFHDG<J9;:5<�BM`Uf�@HuU9;:U9KLG<

ω,

ω2
r = Ω2

e − γνei ≈ Ω2
e=TLTQ

γ = νei/2g
ω = Ωe + i(νei/2).

± @A9HQ =TL5a�Q B�9;�1@A9]LG<l9]D
ω
B�9;:5@e4KOR? B�I1B�:�m��Ti �U�5rbaEL

8Kf�DG`U354
vx = vx0e

νeit/2eiΩet

uG35DTQ L�VEQ L'9KD
vy
aELl8Kf�DG`U354

vy = vy0e
νeit/2eiΩet.

2�9KLGf�cR9;:U9]Lb9KDG`k:U6547=G9AFHD5@R? DG`>LY=TDU65DG`HaE4]?R3YQ L/CWa�? @ADG`UBMLbLGFA35D5@RQ =Ggk9KLY65SG@A9KI�Z
B�:�sW4K@A��:�DU6YQ =Gg_9]DG`^4K@H8KF;VW4]Q L

E =
1

2
me|v|

2 =
1

2
mev0e

νeit.

� `U3UXY4KFHLT? @HDG`U354_uU9HQ�9KD�:U6547=G9AFHu5@RQ D�f�SG@H4]Q-354^XYDR65cvLGF;VWDGcU<�FH`HaE35DGcU<vm τ ∼
1/νei

r+4K@H8KF;VW4]Q L^:'DYXYDT? L�35479]LGCE8KFH479KLTQ�B�9KLxQ uU@A9]L'358KB�I�9KI1@bBM`HVM=TFHDGcUBM47I1@Yi

�! ��� *-,+ð�ó-ê�&pë�0�õEí-ö-0
�zSG@|9KD�CEDGFA9H? D_8Kf�4]QTLGFHfMQ =TS_9KLGf�cR9;:U9]L

v‖ = 0
sG9]D�35L5VW@A:U9HQ =Tu_XY4 \ ? D/XYDG` \ :HZ

3YQ DG`UF;VW4]? 9]LTQWLYXYuw9;:5@/=�? @A:5B�g�9]DG`'358KBMLwB�9]DxB�9]L5aE4KFHuw35L5VW@A:U9HQ =TulXY4 \ ? Dw8Kf�4]Q
35L5VW@A:U9HQ =Gg/FHDYX5g

µm = IS/c
sGuYXYDG`

I
4]? @HLTQU9]D_FH4KcU35L/XYDG` \ :53YQ DG`UF;VW4]?Y9KD_XY4[Z

FRQ B�9AFH4KCEuG354K@HDkCEDGFA9H? D_m
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