3. STATIKA KAI ANOMOIOGENH PEDIA

3.1 Kampulìthta twn magnhtikÿn grammÿn

Sqăma 3.1. KÐnhsh fortÐou mèsa se kampulwmènec magnhtikèc grammèc

EĹn to statikì, exwterikì, magnhtikì pedÐo eÐnai kampulwmèno (me aktÐna kampulìthtac R_c) to odhgì kèntro anagkĹzetai na kinhjeÐ katĹ măkoc twn magnhtikÿn grammÿn, enÿ to fortÐo ekteleÐ elikoeidă kÐnhsh gÔrw apì autèc (Sq. 3.1). To odhgì kèntro pou kineÐtai katĹ măkoc twn kampulwmènwn magnhtikÿn grammÿn ufÐstatai th fugìkentro dÔnamh F_c = (mv^2_‖/R_c)e_r, kĹjeta sto magnhtikì pedÐo, Ĺra olisjaÐnei me taqÔthta (blèpe exÐswsh (2.33),

w^c_{Dj} =^{v2‖(er×ez)}

Ω_j R_c (3.1)

ìpou e_z = B/B_0. Thn taqÔthta aută ja thn onomĹsoume olÐsjhsh kampulìthtac kai eÐnai diaforetikă gia ta hlektrìnia kai ta iìnta.

3.2 Anomoiogenèc magnhtikì pedÐo

Otan to magnhtikì pedÐo metabĹlletai lÐgo se apìstash r_L (dhladă ìtan ΔB/r_L << B/L, ìpou L eÐnai mia qarakthristikă grammikă diĹstash tou fusikoÔ sustămatoc), mporoÔme na to anaptÔxoume se seirĹ kratÿntac mìno ìrouc prÿthc tĹxewc, dhladă,

B(r) = B_0 + (r · ∇_0)B + ... (3.2)

ìpou to ∇_0 shmaÐnei ìti h parĹgwgoc upologÐzetai sto odhgì kèntro thc troqiĹc. Epomènwc h kÐnhsh tou fortÐou mèsa sto magnhtikì pedÐo B(r) perigrĹfetai apì thn exÐswsh (1.17), h opoÐa me thn parapĹnw prosèggish grĹfetai,

m_j(dv/dt) = (q_j /c)[(v × B_0) + v × (r · ∇_0)B]. (3.3)

Epeidă o deÔteroc ìroc sto dexiì mèloc thc exÐswshc (3.3) eÐnai mikrìc se sqèsh me ton ìro v × B_0, mporoÔme na upojèsoume, efarmìzontac th jewrÐa twn diataraqÿn, ìti to swmatÐdio diagrĹfei mia fisqedìn periodikăfl troqiĹ me taqÔthta v = v_0 + v_1, ìpou

m_j(dv_0/dt) = (q_j /c)(v_0 × B_0)

(blèpe Sq. 3.2). H apìklish apì thn periodikă troqiĹ perigrĹfetai apì

Sqăma 3.2. KÐnhsh fortÐou se anomoiogenèc magnhtikì pedÐo. H kÐnhsh eÐnai fisqedìnfl periodikă.

ton ìro v_1. Antikajistÿntac thn taqÔthta v sthn exÐswsh (3.3) paÐrnoume

m_j(dv_1/dt) = (q_j /c)(v_1 × B_0) + F_j. (3.4)

H dÔnamh F_j èqei th morfă

F_j =< (q_j /c)v_0 × (r_{L0j} · ∇_0)B > (3.5)

ìpou r = r_{L0j} + δr, to r_{L0j} eÐnai h aktÐna Larmor pou antistoiqeÐ sto magnhtikì pedÐo |B_0|, to δr eÐnai ìroc prÿthc tĹxewc kai o mèsoc ìroc twn timÿn thc sunĹrthshc se mÐa perÐodo upologÐzetai apì th sqèsh < f >= ( ∮ fdt)/T , ìpou T eÐnai h perÐodoc thc kuklikăc kÐnhshc tou fortÐou. H F_j eÐnai Ðsh me th mèsh timă thc dÔnamhc pou askeÐtai sto odhgì kèntro lìgw thc anomoiogèneiac tou pedÐou.

Sto shmeÐo autì eÐnai shmantikì na anafèroume ìti gia th lÔsh tou sustămatoc twn diaforikÿn exisÿsewn efarmìzoume dÔo gnwstèc jewrÐec eÔreshc proseggistikÿn lÔsewn, (1) th jewrÐa diataraqÿn kai (2) th jewrÐa twn mèswn ìrwn. Me th jewrÐa twn mèswn ìrwn apaleÐfoume tic grăgorec kuklotronikèc talantÿseic kai meletĹme thn kÐnhsh tou odhgoÔ kèntrou.

Qrhsimopoiÿntac kulindrikèc suntetagmènec, (blèpe Sq. 3.3) kai analÔontac to magnhtikì pedÐo B = (B_r, B_θ, B_z) h exÐswsh (3.5) grĹfetai

Sqăma 3.3. To sÔsthma suntetagmènwn pou qrhsimopoioÔme gia ton upologismì thc dÔnamhc F_{‖j} .

F_j = F_{‖j} e_z + F_{⊥j}. (3.6)

Apì tic treic sunistÿsec tou magnhtikoÔ pedÐou, h B_θ eÐnai parĹllhlh proc th v_0 kai den suneisfèrei sth dÔnamh F_j, enÿ h B_r suneisfèrei sthn F_‖ kai h B_z sthn F_⊥,

F_{‖j} e_z =< (q_j /c)(v_0 × r_{L0j})(∂B_r/∂r) > (3.7)

F_{⊥j} =< (q_j /c)(r_{L0j}(∂B_z/∂r))(v_0 × e_z) > (3.8)

Sth sunèqeia upologÐzoume thn kĹje sunistÿsa thc dÔnamhc F_j qwristĹ arqÐzontac apì th sunistÿsa thc dÔnamhc katĹ măkoc twn magnhtikÿn grammÿn.

3.2.1 Anomoiogèneia katĹ măkoc twn magnhtikÿn grammÿn

KĹnontac qrăsh twn thc exisÿshc (3.7) upologÐzoume th dÔnamh

F_{‖j} = q_j m_j v_{0⊥}r_{L0j} ⟨ ∂B_r ∂r ⟩ r=0 ê_z = q_j m_j v^2_{0⊥} Ω_j ⟨ ∂B_r ∂r ⟩ r=0 ê_z = 2 [ (1/2)m_j v^2_{0⊥} B_0 ] ⟨ ∂B_r ∂r ⟩ r=0 ê_z

= 2μ_m ⟨ ∂B_r ∂r ⟩ r=0 ê_z (3.9)

ìpou μ_m eÐnai h magnhtikă ropă (exÐswsh (??)).

H exÐswsh Maxwell, ∇·B = 0, se kulindrikèc suntetagmènec paÐrnei th morfă 1 r ∂(rB_r) ∂r + ∂B_z ∂z = 0.

An upojèsoume ìti h parĹgwgoc^{∂Bz}_{∂z} allĹzei argĹ kontĹ sto odhgì kèntro (r = 0) tìte

rB_r ≈ − ∫ r ( ∂B_r ∂z ) r=0 dr

B_r ≈ − 1 2 r ( ∂B_r ∂z ) r=0 . (3.10)

SundiĹzontac tic exisÿseic (3.9) kai (3.10) èqoume

F_{‖j} = −μ_m ( ∂B_z ∂z ) . (3.11)

To fortÐo ekteleÐ sugqrìnwc dÔo kinăseic mèsa se anomoiogenèc magnhtikì pedÐo (∂B_z/∂z ≠ 0), thn kuklikă, me suqnìthta (q_j B_0/m_jc) kai aktÐna Larmor r_{L0j}, gÔrw apì to odhgì kèntro to opoÐo kineÐtai argĹ me taqÔthta v_1 sÔmfwna me thn exÐswsh

m_j

(_{dv‖1} dt ) = −μ_m

(_{∂Bz} ∂z ) . (3.12)

’Eqoume ădh deÐxei ìti h olikă kinhtikă enèrgeia fortÐwn pou kinoÔntai mèsa se stajerì magnhtikì pedÐo paramènei stajeră, d dt [ m_jv^2_‖ 2 + m_j v^2_⊥ 2 ] = 0.

KĹnontac qrăsh tou orismoÔ thc magnhtikăc ropăc (blèpe exÐswsh (??) èqoume d dt [ m_jv^2_‖ 2 + μ_mB_0 ] = 0. (3.13)

PollaplasiĹzontac kai ta dÔo mèlh thc exÐswshc (3.12) me th taqÔthta v_{1‖} èqoume

d(m_jv^2_{1‖}/2) dt = −μ_m ( ∂B_z ∂z ) ( dz dt ) = −μ_m ( dB_z dt ) . (3.14)

SunduĹzontac tic exiswseic (3.13) kai 3.14) sumperaÐnoume ìti h magnhtikă ropă paramènei stajeră,

dμ_m dt ≈ 0,

ìtan to fortÐo kineÐtai mèsa se anomoiogenă magnhtikĹ pedÐa pou upakoÔoun sth sqèsh (|∇B/B| << r_{Lj}/L). H magnhtikă ropă eÐnai èna parĹdeigma adiabatikăc analloÐwthc kai ja to suzhtăsoume analutikĹ sthn parĹgrafo 2.5.

’Ena shmantikì apìtèlesma pou prokÔptei apì th stajerìthta thc magnhtikăc ropăc eÐnai kai h pagÐdeush twn fortÐwn stic magnhtikèc fiĹlec (Sq.3.4a) ă sto magnhtikì dÐpolo thc Ghc (Sq. 3.4b), pou apìteloÔn klasikĹ paradeÐgmata magnhtikÿn pedÐwn pou metabĹllontai argĹ katĹ măkoc twn magnhtikÿn grammÿn.

EĹn èna fortÐo me taqÔthta v brÐsketai arqikĹ sto shmeÐo O (to magnhtikì pedÐo èqei elĹqisto sto shmeÐo O), kai efarmìsoume thn arqă diatărhshc thc magnhtikăc ropăc brÐskoume ìti

m_jv^2_{⊥0}/2

B_{min} = m_jv^2_⊥/2 B

Sqăma 3.4. (a) To magnhtikì pedÐo thc magnhtikăc fiĹlhc kai (b) to magnhtikì pedÐo thc Ghc

kai eĹn to diĹnusma thc taqÔthtac sqhmatÐzei gwnÐa α me th dieÔjunsh tou magnhtikoÔ pedÐou tìte

m_jv^2 sin^2 α_0/2 B_{min} = m_jv^2 sin^2 α/2 B . (3.15)

H gwnÐa α lègetai figwnÐa klÐshcfl (pitch angle). Apì thn exÐswsh (3.15) sumperaÐnoume ìti, ìtan to fortÐo plhsiĹzei th perioqă ìpou to magnhtikì pedÐo eÐnai isqurì, h timă thc gwnÐac klÐshc α metabĹlletai, ÿste na diathreÐtai h magnhtikă ropă stajeră, dhladă

sin^2 α = [ B B_{min} ] sin^2 α_0. (3.16)

Sto shmeÐo P tou Sq.3.4, ìpou to α = 90^o, to fortÐo fianaklĹtaifl kai epistrèfei sto shmeÐo O. To Ðdio ja sumbeÐ kai sto summetrikì tou shmeÐou anĹklashc P^′, me apìtèlesma to fortÐo na paramènei pagideumèno sth magnhtikă fiĹlh ă sto magnhtikì dÐpolo thc Ghc. Sto magnhtikì dÐpolo thc Ghc oi perioqèc pagÐdeushc fortÐwn onomĹzontai Zÿnec Van- Allen, proc timă tou amerikanoÔ epistămona pou tic anakĹluye mèsa sth dekaetÐa tou ’60. EĹn to magnhtikì pedÐo èqei mègisth timă B_{max} mporoÔme na upologÐsoume thn elĹqisth gwnÐa sto shmeÐo O gia na fianaklasteÐfl to fortÐo prin ftĹsei sto mègisto magnhtikì pedÐo. Ja prèpei h gwnÐa klÐshc sto shmeÐo pou to magnhtikì pedÐo eÐnai elĹqisto na eÐnai megalÔterh apì

α_m = sin^{−1} ( B_{min} B_{max}

)_{1/2} . (3.17)

Ta fortÐa twn opoÐwn h gwnÐa klÐshc eÐnai mikrìterh apì a_m ja diafÔgoun sta toiqÿmata thc magnhtikăc fiĹlhc ă apì tic zÿnec van Allen kai ja eisqwrăsoun sthn atmìsfaira thc Ghc. H allhlepÐdrash fortÐwn

Sqăma 3.5. Gwniakă katanomă taqutătwn twn fortÐwn pou pagideÔontai ă diafeÔgoun apì th magnhtikă fiĹlh ă to magnhtikì dÐpolo thc Ghc. FortÐa me gwnÐa klÐshc mikrìterh apì αm diafeÔgoune apì th magnhtikă fifiĹlhfl gia to lìgo autì o kÿnoc pou sqhmatÐzetai lègetai kÿnoc diafugăc (loss cone ).

uyhlăc enèrgeiac pou dièfugan apì tic zÿnec van Allen me ta uyhlìtera strÿmata thc atmìsfairac dhmiourgoÔn to Polikì Sèlac. H gwniakă katanomă taqutătwn gia ta fortÐa pou pagideÔontai faÐnetai sto Sq. 3.5. ’Ola ta fortÐa me arqikă gwnÐa α ≤ α_m diafeÔgoun apì th magnhtikă fiĹlh, kai o kÿnoc pou sqhmatÐzetai onomĹzetai fikÿnoc diafugăc.fl SunoyÐzontac ìsa anafèrame pio pĹnw ja lègame ìti ta fortÐa pou kinoÔntai mèsa se magnhtikĹ pedÐa pou metabĹllontai katĹ th dieÔjunsh z epibradÔnontai katĹ măkoc tou magnhtikoÔ pedÐou an ∂B_z/∂z > 0, enÿ h kĹjeth sunistÿsa thc taqÔthtac auxĹnei ètsi, ÿste h olikă taqÔthta na paramènei stajeră. MerikĹ fortÐa ja ftĹsoun mèqri to shmeÐo pou h timă tou magnhtikoÔ pedÐou eÐnai tètoia, ÿste to a = 90^o kai ja fianaklastoÔnfl (dhladă ja kinhjoÔn proc thn antÐjeth kateÔjunsh).

Prìblhma 2.3: ’Ena iìn sto diĹsthma pagideÔetai metaxÔ dÔo magnhtikÿn kajreftÿn (blèpe Sqăma 3.6) me (B_{min}/B_{max}) = 1/5 kai arqikă enèrgeia 1 keV (v_⊥ = v_‖ sto kèntro). KĹje fikajrèfthcfl kineÐtai me taqÔthta v_m = 10km/sec.

(a) UpologÐste thn enèrgeia pou ja kerdÐsei to iìn, mèsw anaklĹsewn, prin diafÔgei apì touc dÔo fikajrèftecfl.

Sqăma 3.6. EpitĹqunsh Fermi twn kosmikÿn aktÐnwn.

(b) Pìso qrìno ja qreiasteÐ gia na apoktăsei autăn thn enèrgeia? (UpodeÐxeic: (1) Jewrăste arqikĹ ìti oi kinoÔmenoi magnhtikoÐ kajrèftec eÐnai kinoÔmenoi fitoÐqoifl. (2) UpologÐste ton arijmì twn sugkroÔsewn pou eÐnai anagkaÐec. (3) UpologÐste to qrìno T pou qreiĹzetai gia na dianÔsei thn apìstash L pollèc forèc.)

LÔsh: ’Olec oi taqÔthtec twn fortÐwn ja anafèrontai sto kèntro twn dÔo magnhtikÿn kajreftÿn kai oi deÐktec i kai f dhlÿnoun arqikèc kai telikèc katastĹseic antÐstoiqa.

(a) ArqikĹ v_{⊥i} = v_{‖i}, kai epeidă h magnhtikă ropă (μ = mv^2_⊥/2B) diathreÐtai stajeră, tìte v_{⊥f} = v_{⊥i}, kai mìno h parĹllhlh sunistÿsa v_‖ ja metabĹlletai katĹ thn kÐnhsh tou iìntoc èwc ìtou h gwnÐa klÐshc a pĹrei th qarakthristikă timă

a_m = sin^{−1} [ B_{min} B_{max}

]_{1/2}

kai to fortÐo diafeÔgei apì touc magnhtikoÔc kajrèftec. Apì th sqèsh aută èqoume

sin^2 a_m = v^2_{⊥f} v^2_{⊥f} + v^2_{‖f} = 1 1 + v^2_{‖f} /v^2_{⊥i} = 1 5 . Ara o lìgoc v^2_{‖f} /v^2_{⊥i} = 4 kai v_{‖f} = 2v_{⊥i}. H telikă enèrgeia upologÐzetai apì th sqèsh

E_f = 1 2 M(v^2_{‖f} + v^2_{⊥f} ) = 1 2 M(4 + 1)v^2_{⊥i} = 5 2 Mv^2_{⊥i},

enÿ h arqikă

E_i = 1 2 M(v^2_{‖i} + v^2_{⊥i}) = 1 2 M(1 + 1)v^2_{⊥i} = Mv^2_{⊥i}.

MporoÔme na upologÐsoume to lìgo E_f /E_i = 2.5 kai sunepÿc, h telikă enèrgeia eÐnai E_f = 2.5E_i = 2.5 keV.

(b) An akoloujăsoume tic upodeÐxeic tìte: ìtan to fortÐo kineÐtai me jetikă taqÔthta, enÿ o fimagnhtikìc kajrèfthcfl kineÐtai me taqÔthta v_m < 0, to fortÐo sugkroÔetai mazÐ tou kai h kroÔsh eÐnai elastikă sto sÔsthma anaforĹc tou kajrèfth. ’Etsi to fortÐo ja epistrèyei me thn Ðdia taqÔthta v_0 < 0. An ta megèjh sto sÔsthma anaforĹc tou kajrèfth eÐnai tonoÔmena, tìte oi arqikèc taqÔthtec se autì to sÔsthma anaforĹc eÐnai

v^′_i = v_0 − v_m kai v^′_f = −(v_0 − v_m),

ìpou v_m < 0. An kĹnoume èna metasqhmatismì sto sÔsthma anaforĹc tou fortÐou, tìte

v_f = v^′_f + v_m = −v_0 + 2v_m,

kai afoÔ h v_m eÐnai arnhtikă, tìte h metabolă thc taqÔthtac eÐnai

|v_f | − |v_0| = 2|v_m|.

H metabolă aută anafèretai sthn parĹllhlh sunistÿsa thc taqÔthtac tou iìntoc gia mÐa sÔgkroush, Ĺra h metabolă thc ormăc anĹ sÔgkroush eÐnai

Δp_‖ = 2M|v_m|.

An N to plăjoc twn sugkroÔsewn, tìte

p_{‖f} − p_{‖i} = NΔp_‖ ⇒ N = v_{‖f} − v_{‖i} 2v_m . ’Omwc v_{‖f} = 2v_{⊥i} kai v_{‖i} = v_{⊥i}, Ĺra N = 1/2(v_{⊥i}/v_m).

Apì thn arqikă enèrgeia E_i = 1 keV mporoÔme na upologÐsoume thn v_{⊥i} wc exăc

E_i = 1 2 M(v^2_{⊥i} + v^2_{‖i}) = Mv^2_{⊥i} ⇒ v_{⊥i} = 3.1 × 10^5m/sec,

ìpou M = 1.6×10^{−27} kg h mĹza tou iìntoc kai E_i = 1.6×10^{−16} Joules.

’Ara to plăjoc twn sugkroÔsewn eÐnai

N ≈ 1 2 v_{⊥i} v_m

= 15,

ìpou v_m = 10^4 m/sec.

O qrìnoc pou apaiteÐtai gia na diasqÐsei thn apìstash L, N forèc eÐnai T = NL/ < v_‖ >, ìpou < v_‖ > h mèsh taqÔthta tou iìntoc pou dÐnetai apì th sqèsh

< v_‖ >= 1 2 (v_{‖f} + v_{‖i}) = 1 2 (2v_{⊥i} + v_{⊥i}) = 3 2 v_{⊥i} = 4.6 × 10^5m/sec.

’Ara T = 3.2 × 10^8 sec.

MÐa pio akribăc apĹnthsh ja mporoÔse na dojeÐ sthrizìmenh sto gegonìc ìti kajÿc oi kajrèftec kinoÔntai, to măkoc L metabĹlletai sto qronikì diĹsthma T katĹ ΔL = 2v_mT = 6.4 × 10^{12} m. ’Ara o qrìnoc ja eÐnai T = ΔLN/ < v >= 2.5 × 10^8 sec.

3.2.2 Anomoiogèneia kĹjeta proc tic magnhtikèc grammèc

Ac gurÐsoume tÿra sth melèth thc kĹjethc dÔnamhc F_{⊥j} (exÐswsh 3.8). Ta dianÔsmata r_{L0j}, v_0 kai e_z apìteloÔn èna orjogÿnio sÔsthma suntetagmènwn (Sq. 3.3) Ĺra v_0 × e_z = −(r_{L0j}/r_{L0j})v_0 kai h exÐswsh (3.8) grĹfetai

F_{⊥j} = −(|q_j|/c)v_0 ⟨ r_{L0j}

∂B_z ∂r ⟩ . (3.18)

Sqăma 3.7. To kartesianì sÔsthma gia twn upologismì thc F⊥

O upologismìc thc posìthtac < r_{L0j}^{∂Bz}_{∂r} > gÐnetai eÔkola an qrhsimopoiăsoume èna katĹllhla epilegmèno didiĹstato kartesianì sÔsthma suntetagmènwn (e_1, e_2) kai grĹyoume to diĹnusma thc aktÐnac Larmor (blèpe Sq. 3.7) sth morfă

r_{L0j} = r_{L0j} cos ϕe_1 + r_{L0j} sin ϕe_2. EÐnai gnwstì ìti ìtan

x = r cos ϕ, y = r sin ϕ h parĹgwgoc (∂/∂r) analÔetai ∂ ∂r = ∂x ∂r ∂ ∂x + ∂y ∂r ∂ ∂y = cos ϕ ∂ ∂x + sin ϕ ∂ ∂y . Dialègoume to magnhtikì pedÐo ètsi ÿste (∂B_z/∂y) = 0, dhladă B = B(x)e_3. Epeidă < sin ϕ cos ϕ >= 0 kai < cos^2 ϕ >= 1/2 h exÐswsh (2.33) paÐrnei th morfă

F_{⊥j} = −(|q_j|/c)v_0r_{L0j}e_1 < cos^2 ϕ >

∂B_z ∂x = − |q_j|v_0r_{L0j} 2c ∂B_z ∂x e_1 = −μ_m

∂B_z ∂x e_1.

Sto parĹdeigma pou suzhtăsame to magnhtikì pedÐo eÐqe th morfă B = (0, 0, B_z(x)), mporoÔme ìmwc na genikeÔsoume autì to apìtèlesma grĹfontac thn kĹjeth dÔnamh

F_{⊥j} = − μ_m 2B ∇_⊥B^2, (3.19)

dedomènou ìti B_x(0) = B_y(0) = 0.

’Ara h anomoiogèneia kĹjeta proc tic magnhtikèc grammèc tou pedÐou ja prosjèsei mia nèa olÐsjhsh kĹjeta proc tic magnhtikèc grammèc (blèpe Sq. 3.8) thc opoÐac h taqÔthta eÐnai

w^{∇B}_{Dj} = −

(_c

q_j

) (_{μm} B ) (_{∇⊥(B}2_{/2)×B}

B^2 ) . (3.20)

To fortÐo ekteleÐ kuklikă kÐnhsh sto sÔsthma anaforĹc pou kineÐtai me taqÔthta

v_τ = v_{‖1} + w^{∇B}_{Dj} ,

ìpou v_{‖1} dÐnetai apì thn exÐswsh (3.12) enÿ to w^{∇B}_{Dj} apì thn exÐswsh (3.20).

Sqăma 3.8. H anomoiogèneia tou magnhtikoÔ pedÐou anagkĹzei to fortÐo na olisjăsei kĹjeta proc tic magnhtikèc grammèc.

Sthn parĹgrafo (2.2.3) suzhtăsame thn olÐsjhsh kampulìthtac, enÿ se aută thn parĹgrafo meletăsame thn olÐsjhsh lìgw anomoiogèneiac kĹjeta proc th dieÔjunsh twn magnhtikÿn grammÿn. Ta magnhtikĹ pedÐa sto kenì parousiĹzoun kai tic dÔo olisjăseic tautìqrona, giatÐ h kampÔlwsh twn magnhtikÿn grammÿn sunodeÔetai kai apì anomoiogèneia tou pedÐou kĹjeta proc tic magnhtikèc grammèc. JewroÔme èna kampulomèno magnhtikì pedÐo me B = B_θ(r)e_θ. Gia to kenì isqÔei ìti ∇ × B = 0, Ĺra

(∇ × B)_z = 1 r ∂ ∂r (rB_θ) = 0 (3.21)

sunepÿc brÐskoume thn anomoiogèneia sto B_θ ∝ (1/R_c), ìpou R_c eÐnai h aktÐna kampulìthtac tou pedÐou, apì thn opoÐa prokÔptei

∇_⊥B^2 B^2 = − R_c R^2_c

Antikajistÿntac to ∇_⊥B^2/B^2 sthn exÐswsh (3.20) kai prosjètontac thn olÐsjhsh kampulìthtac (exÐswsh 3.1) èqoume

w^{∇B+c}

Dj =^{mj c}_{qj}^{Rc×B}_{R2c B2} [ v^2_‖ +^1_2 v^2_⊥ ] . (3.22)

Prìblhma 2.4: ’Ena swmatÐdio me fortÐo q kai mĹza m th qronikă stigmă t = 0 èqei kinhtikă enèrgeia U kai h taqÔthtĹ tou sqhmatÐzei gwnÐa θ me to exwterikì magnhtikì pedÐo. H èntash tou magnhtikoÔ pedÐou perigrĹfetai apì th sqèsh B = B_0(1 + ax)e_z, ìpou B_0 kai a eÐnai jetikèc stajerèc. Th qronikă stigmă t = 0 to odhgì kèntro brÐsketai sth jèsh (x = x_0, y = z = 0), ìpou to x_0 > 0.

(a) Na brejeÐ h aktÐna Larmor autou tou fortÐou.

(b) Na brejeÐ h magnhtikă ropă tou fortÐou (mègejoc kai dieÔjunsh). (g) Ti periorismoÔc prèpei na jèsoume ÿste h magnhtikă ropă na eÐnai sqedìn stajeră?

(d) EĹn èna epÐpedo topojethjeÐ sto shmeÐo z = z_0, upologÐste tic suntetagmènec tou shmeÐou pou ja sunantăsei to odhgì kèntro to epÐpedo z = z_0.

(e) KataskeuĹste èna hlektrikì pedÐo pou ja anagkĹsei to odhgì kèntro tou fortÐou na qtupăsei to epÐpedo z = z_0 sto shmeÐo x = x_0, y = 0 th qronikă stigmă t = τ. LÔsh: (a) H aktÐna Larmor

r_L = v_⊥ Ω , ìpou Ω =

| q | B mc , h kĹjeth sunistÿsa thc taqÔthtac eÐnai Ðsh me

v_⊥ = |v| sin θ kai h olikă taqÔthta upologÐzetai apì th sqèsh 1 2 m|v|^2 = U ⇒ |v| = √ 2U m , Ĺra r_L =

√_{2U}

m sin θ (_{|q|B} mc ) = c | q | √ 2Um sin θ B_0(1 + ax_0) .

(b) μ = −|μ|e_z = −μe_z kai μ = mv^2_⊥ 2B = m 2 ( 2U m ) sin^2 θ B_0(1 + ax_0) = U sin^2 θ B_0(1 + ax_0) . (g) H sunjăkh pou prèpei na epalhjeÔetai eÐnai 1 B ∂B ∂x >> r^{−1}_L ,

dhladă h qwrikă metabolă tou pedÐou na eÐnai polÔ megalÔterh apì thn aktÐna Larmor ă a 1 + ax_0 >> c |q| √ 2Um sin θ B_0(1 + ax_0) kai α >> c |q| √ 2Um sin θ B_0 . (d) Sto fortÐo pou kineÐtai katĹ măkoc tou anomoiogenoÔc pedÐou B(x) ja epidrĹsei mÐa dÔnamh

F_{∇B} = −μ_m

∂B_z ∂x e_x = −μB_0ae_x,

Ĺra h olÐsjhsh ja eÐnai

w^{∇B}_D = c qB F_{∇B} × e_z =

−cμa q(1 + ax_0) e_x × e_z,

ìpou

e_x × e_z = −e_y, Ĺra w^{∇B}_D = cμa q(1 + ax_0) e_y.

To shmeÐo pou sunantĹei to epÐpedo to odhgì kèntro èqei tic suntetagmènec z = z_0, x = x_0 kai y = w^{∇B}_D · t + y_0, ìpou t = z_0 v_‖ = z_0 |v| cos θ = z_0 √_{2U}

m cos θ ,

Ĺra y = cμa q(1 + ax_0) · z_0 √_{2U}

m cos θ .

(e) Epeidă jèloume to fortÐo na parameÐnei sthn arqikă tou jèsh, ja prèpei to hlektrikì pedÐo na anastrèyei thn olÐsjhsh pou prokaleÐ h anomoiogèneia tou pedÐou. Dhladă ja prèpei

w^E_D = E × B = − ( μ( ∂B ∂x )e_x ) × B.

UpologÐzoume to |E| kai th gwnÐa β pou sqhmatÐzei to hlektrikì pedÐo me ton Ĺxona z. H kÐnhsh tou fortÐou upologÐzetai apì thn exÐswsh m dv_z dt = qE cos β Ĺra v_z(t) = v_z(0) + qE m (cos β)t = dz dt z(t = t) = z_0 = v_z(0)t + qE 2m (cos β) t^2

kai Ĺra

E cos β =

(z_0 −

√_{2U} m (cos θ) t) t^2 2m q . Tÿra

|w^E_D| = c

E_⊥ B = |w^{∇B}_D | = cμB_0a qB , Ĺra E_⊥ = μB_0a q = E sin β.

’Etsi paÐrnoume

tan β =

(_{μB0a} q ) (z_0−

√_{2U}

m (cos θ) t) t^2 2m q ,

β = tan^{−1} μB_0at^2 2m(z_0 −

√_{2U} m (cos θ)t) ,

kai h èntash tou pedÐou ja eÐnai Ðsh me

E = ( mB_0a q )_2 + ( 2m qt^2

)_2 ( z_0 − √ 2U m (cos θ) t )_2 1/2 .

3.3 Anomoiogenèc hlektrikì pedÐo kai omogenèc magnhtikì pedÐo

H kÐnhsh fortÐou mèsa se omegenèc statikì magnhtikì pedÐo (B = B_0ê_z) anomoiogenèc hlektrikì pedÐo E = E_0 cos(kx)e_x, perigrĹfetai apì tic exisÿseic

v̇_{xj} = q_j m_j

E_x(x) + q_jB_0 m_j c v_{yj} (3.23)

v̇_{yj} = − q_jB_0 m_jc v_{xj.} (3.24)

ParagwgÐzontac kai ta dÔo mèlh twn exisÿsewn (3.23)-(3.24) èqoume

v̈_{xj} = −Ω^2_j v_{xj} ± Ω_j

Ė_x(x) B c (3.25)

v̈_{yj} = −Ω^2_j v_{yj} − Ω^2_j

E_x(x) B c (3.26)

San prÿth prosèggish jewroÔme ìti (Ė_x/B)c << v_xΩ_j, kai Ĺra h lÔsh thc exÐswshc (3.25)- eÐnai x_j = x_0 + r_{L0j} cos(Ω_j t). Gia na broÔme kalÔterh prosèggish gia thn troqiĹ tou fortÐou, antikajistoÔme sthn exÐswsh (3.26) to x apì to omogenèc prìblhma kai upologÐzoume to mèso ìro,

< v̈_{yj} >= − Ω^2_j < v_{yj} >

− Ω^2_j

E_0c B_0

< cos(k(x_0 + r_{L0j} cos(Ω_j t))) > . (3.27)

Skopìc mac eÐnai na upologÐsoume th sunistÿsa thc taqÔthtac pou metabĹlletai argĹ me to qrìno. Epeidă < v̈_{yj} >≃ 0 (blèpe exÐswsh (3.26) kai to Sq. 3.9), brÐskoume ìti

< v_{yj} >= −

E_0c B < cos(k(x_0 + r_{L0j} cos(Ω_jt))) >

AnaptÔssoume to cos(k(y_0 + r_{L0j} cos(Ωt))) se Ĺjroisma hmitìnwn kai sunhmitìnwn kai sth sunèqeia, jewrÿntac kr_{L0j} ≪ 1, anaptÔssoume se seirĹ Taylor qrhsimopoiÿntac touc tÔpouc cos e = 1−e^2/2 kai sin e = e, me e = kr_{L0j} , kai, paÐrnontac to mèso ìro, brÐskoume ìti

w^{∇E}_D ≡< v_{yj} > = c

E × B

B^2

[1 − (1/4)k^2r^2_{L0j}]

= w^E_D[1 − (1/4)k^2r^2_{L0j}]. (3.28)

3.3 Anomoiogenèc hlektrikì pedÐo kai omogenèc magnhtikì pedÐo 17

Sqăma 3.9. KÐnhsh fortÐou parousÐa anomoiogenoÔc statikoÔ hlektrikoÔ kai statikoÔ magnhtikoÔ pedÐou.

H olÐsjhsh w^E_D apoteleÐ mia diìrjwsh sthn olÐsjhsh pou upologÐsame gia to omogenèc hlektrikì pedÐo. Blèpoume, dhladă, ìti sto anomoiogenèc hlektrikì pedÐo h olÐsjhsh exartĹtai apì to eÐdoc tou swmatidÐou. H diìrjwsh aută onomĹzetai fidiìrjwsh peperasmènhc aktÐnacfl, miac kai o ìroc k^2r^2_{L0j} eÐnai shmantikìc ìtan to măkoc kÔmatoc thc anomoiogèneiac eÐnai sugkrÐsimo me ă megalÔtero apì thn aktÐna Larmor.

PROBLHMATA

3.1. ’Ena omogenèc plĹsma udrogìnou, me puknìthta n_e = n_i = 10^{18} m^3 brÐsketai se qÿro ìpou to magnhtikì pedÐo èqei timă B_0 = 1 T kai oi magnhtikèc grammèc èqoun aktÐna kampulìthtac R = 1m. UpotÐjetai ìti ìla ta fortÐa (hlektrìnia kai iìnta) èqoun enèrgeia W = 50 eV katanemhmènh ètsi ÿste W_i = W_e. a) PoioÐ mhqanismoÐ prokaloÔn olÐsjhsh? Pìsh eÐnai h taqÔthta olÐsjhshc (ajroistikĹ apì ìlouc touc mhqanismoÔc)? b) AnaptÔssetai sto plĹsma hlektrikì reÔma? (An nai, pìsh eÐnai h puknìthta tou? An ìqi, giatÐ?)

3.2. An upojèsoume ìti sto kèntro miac magnhtikăc fiĹlhc eleujerÿnoume mia isotropikă katanomă hlektronÐwn, na brejeÐ to posostì twn hlektronÐwn pou pagideÔetai, an to elĹqisto magnhtikì pedÐo eÐnai B_{min} = 200 Gauss, enÿ to mègisto magnhtikì pedÐo eÐnai B_{max} = 4000 Gauss.